Hom stacks
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Abstract

We study Hom 2-functors parameterizing 1-morphisms of algebraic
stacks, and prove that it is representable by an algebraic stack under
certain conditions, using Artin’s criterion. As an application we study
Picard 2-functors which parameterizes line bundles on algebraic stacks.

1 Introduction

Let S be an affine noetherian scheme over an excellent Dedekind domain. Let 2~
and % be separated algebraic stacks of finite type over S. The Hom 2-functor
HCH (2, %) is a contravariant 2-functor from the category of affine noetherian
schemes over S to the 2-category of groupoids given by

HOH (2, %) (T) = HOMp (2 x5 T,% x5 T).

The right hand side is the groupoid of 1-morphisms.
The purpose of this paper is to show the following theorem:

Theorem 1.1. If 2 is proper and flat over S, the 2-functor 7 = HCH (X , %)
is an algebraic stack in Artin’s sense [Ar2].

Here “in Artin’s sense” means that the diagonal 5 — S x g J€ is repre-
sentable and locally of finite type.

It is already known (see [Ol1, 2.1]) that if X is a proper flat algebraic space
and Y is a separated algebraic space of finite type, the functor J2#(X,Y) is
representable by an algebraic space. Moreover if X and Y are quasi-projective
schemes, #0# (X,Y) is also a quasi-projective scheme. This is proved by the
fact that the map

JOH(X,Y) — Hilb(X xY)
f +— graphof f

is representable by an open immersion.
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Unfortunately, we can not use this technique in the case of algebraic stacks,
because we do not have “Hilbert stacks” for algebraic stacks yet. The Quot
functors of Olsson and Starr ([OS],[O13]) does not work for our purpose. The
functor Quoty,,. , parameterizes closed substacks of 27 x &, but graphs of
1-morphisms are not closed substacks in general, even if stacks Z and # are
separated. For instance, the graph of id : 2~ — £ is the diagonal 2" — Z'x Z,
which is not a closed immersion unless 2" is representable by an algebraic space.

Olsson [Ol1] studied this problem when 2 and % are Deligne-Mumford
stacks. He investigated the map

HOH (X, V) — AU (X, V)

mapping a morphism to that of coarse moduli spaces. Even this technique does
not work for Artin stacks, because they do not have coarse moduli spaces in
general.

We prove Theorem 1.1 by verifying Artin’s condition [Ar2] directly. The
most essential part of the proof is the deformation theory of morphisms of
algebraic stacks, based on the author’s previous work [Ao].

As an application, we prove that the Picard 2-functor [LM, 14.4.7] that
parameterizes line bundles on an algebraic stack is representable by an algebraic
stack in Artin’s sense. This is a generalization of Artin’s results on algebraic
spaces ([Arl, 7.3], [Ar2, Appendix 2]).

1.2 Conventions and notations

In this paper we refer to [LM] for definitions and basic properties of algebraic
stacks. Especially we assume all algebraic stacks are quasi-separated [LM, 4.1]
unless mentioned. Algebraic stacks as in Artin’s definition [Ar2, 5.1] is called
“algebraic stack in Artin’s sense”.

We denote schemes and algebraic spaces by Italic letters like X,Y and T,
and algebraic stacks by script letters like 2°, % and 7. Subscriptions like Z7
mean base change 2" x g T. Superscripts like X*® are used to denote simplicial
algebraic spaces.
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2 Deformation of morphisms of algebraic stacks

In this section we study the deformation theory of 1-morphisms of algebraic
stacks. This is a generalization of Illusie’s work [I1, 1T 2.2].



2.1 Definitions and Statements

Deformations of 1-morphisms are defined as follows. Let 2" and % be sepa-
rated algebraic stacks over a scheme T and f : 2" — % a 1-morphism over T'.
Consider the 2-commutative diagram of solid arrows:

X g

\f\\
4 7%
T T.
Here i, j and k are closed Immersions ; defined by square-zero ideals I, J and K.
Then a deformation of f is a pair (f,\) where f is a l-morphism from 2" to

% over T and A: foi=>jo fisa 2-isomorphism. A morphism from (f, ) to
(g, ) is a 2-morphism « : f = g such that 2-morphisms

*

B —
k

i*aou,/\:foz':>j0f

are equal.

We denote the category of deformations of f by Defm(f) and the set of its
isomorphic classes by Defmz(f).

In this section we prove the following generalization of [Il, IIT 2.2.4].

Theorem 2.1.1.

(1) There exists an obstruction o € Extl(Lf*Lg/T,I) whose vanishing is
equivalent to the existence of a deformation.

(2) If o =0, the set Defmr(f) is a torsor under ExtO(Lf*Lgy/T, I).

(3) The automorphism group of any deformation of f is isomorphic to
Ext " (Lf*La,r,1).

In the proof of Theorem 2.1.1, we need the deformation theory of morphisms
of schemes over algebraic stacks.

Let .7 be an algebraic stack, x : X — 7 and y : Y — 7 schemes over .7,
and f: X — Y a morphism of schemes with y o f = x. Consider the diagram
of solid arrows:




Here 4, j and k are closed immersions defined by square-zero ideals I, J and K.
Then we define a deformation of f to be a pair (f,~y) where f is a morphism
X — Y which satisfies f oi=jo fand 7 is a 2-isomorphism ¥ o f = T whose
restriction y o f = x is equal to the identity.

We denote the set of deformations of f by Defm & (f).

Proposition 2.1.2.

(1) There exists an obstruction o € Extl(Lf*Ly/g,I) whose vanishing is
equivalent to the existence of a deformation.

(2) If o =0, Defmr(f) is a torsor under ExtO(Lf*Ly/g, I).

Remark 2.1.3. The torsor actions and isomorphisms in Theorem 2.1.1 and
Proposition 2.1.2 are functorial on 2, % and T etc. For example, if T' — U is
a morphism of schemes, we have natural “forgetting” map

C : Defmy(f) — Defmy(f)
and the group homomorphism
D :Ext®(Lf*Ly 7, 1) — Ext®(Lf*Ly v, )

induced by the morphism Ly, — La/p [LM, 17.3(3)]. Then for any [f] €
Defmr(f) and o € EXtO(Lf*Lg/T,I), we have

Note that this is true for schemes and simplicial algebraic spaces (See the proof
of [I, IIT 2.2.4]). We prove a special case of this for Proposition 2.1.2 which is
necessary for the proof of Theorem 2.1.1. A proof for general case is straight-
forward.

2.2 Proof of Proposition 2.1.2

The strategies of proofs of Theorem 2.1.1 and Proposition 2.1.2 are the same as
those of [Ao] and [O12].

Step 1: Choose good presentations of algebraic stacks and make associated
simplicial algebraic spaces.

Step 2: Compare deformations in the 2-category of algebraic stacks and those
in the category of simplicial algebraic spaces.

Step 3: Compare the Ext groups.

Proof of Proposition 2.1.2. Let P°: T° — 7 be a presentation with 7 affine.

By [012, 1.4], the obstruction for existence of a deformation of T to T is in
Ext? (Lo /T P%"I) and the set of isomorphism classes of such deformations is a



torsor under Ext! (Lpoy 7, PO*I). Both of these groups are zero because Ty — 7

is smooth and T° is affine. Therefore there exists a unique deformation 70 — 7.
Let T* = cosqy(T° — .7) and T* = coqu(TO —T). Consider the diagram

obtained by base changes T®* — .7 and T — 7

Then by construction Xe coqu(X 0 X) and Ye coqu(Y0 —7Y). There-
fore f‘ X* — Y* descends to a morphism f X — Y. Thus we can define a
map A’ : Defmre (f*) — Defm o (f).

The map A’ is bijective: the inverse is obtained by the base change.

Let I* = ker(Og. — Ox-«). By the construction of cotangent complex [LM,
17.5], the homomorphisms

Py Ext'(Lf*Lx;z,I) — Ext'(f*" Lxe 1o, I*)

are isomorphisms for all i.

By [II, IIT 2.2.4], the obstruction for the existence of deformation of f* is in
Ext! (f*"Lxe/pe,I°%) and the set Defm(f*®) is a torsor under Exto(f'*LX./T. JI®).
These proves the proposition. O

Next we prove that the action of Ext groups are functorial on .7.
Let f: X — Y be a morphism over 7 as in Proposition 2.1.2 and 7 — U
a morphism to a scheme. Here we consider a deformation diagram:

i
|

Proposition 2.2.1. The natural map

C : Defm #(f) — Defmy (f)



18 compatible with the homomorphism of groups
D :Ext’(Lf*Ly;7.1) — Ext’(f*Ly,u,I).

Proof. Let TY — 7 be a presentation and T* = cosqy(T° — 7). Consider the
diagram obtained by base change:

P

The map C' factors as

Defm 7 (f) % Definze (f*) <2 Defmy (f*)
<% Defmy (Py o f*) = Defing (f o PY) =% Defmy(f)
and D factors as
Ext®(Lf* Ly, I) 22 ExtO(f*" Lye 7o, 1%) 22 Ext®(f** Ly, I°)
L2 BxtO (P o £*)* Lyju, I°) = Ext®((f o PY)* Ly u, I°)
L4 Ext®(f* Ly, D).

The compatibility of isomorphisms C; and D; is obvious by the definition of
the action of ExtO(Lf*Ly/g, I) in the proof of Proposition 2.1.2. That of Cy
and D5 follows from the case of simplicial algebraic spaces. For C3 and D3, it
follows from the definition of the morphism P¢*Ly,y — Lye,y [1l, 1T 1.2.7].
For C4 and Dy, it is trivial. O

2.3 Proof of Theorem 2.1.1: Step 1

Let Py : Y° — % be a presentation of %, 27 = 2 x5 Y% and X° — 2"
a presentation of Z”. Then the composition Px : X° — 27 — 2 is a pre-
sentation of 2. We may assume X° and Y© are affine. Sinc/ev X0 —>N3£” and
YY — % are smooth, we have the unique deformations X9 — 2 and Y° — %



Let X® = cosqy(X%— 2) etc. We obtain the following diagram:

r——T.

Let I* = ker(O g, — Oxe) = P31

2.4 Proof of Theorem 2.1.1: Step 2

The map -
A : Defmr(f*) — Defmr(f)

is defined by sending f' : X* — Y* to the morphism of associated stacks
f:Z -,

Proposition 2.4.1. The map A is surjective.

Proof. Fix [f] € Defmp(f). First we claim that [f] is in the image of A if
Defmay (f°) is not empty. To see this, let (}6,7) € Defmg (f°). We define
f' = cosqo(fo,'y) : X* = Y* as follows. Since X* and #* are the images of
cosq,Al/)y thg/ similar discussion as in [Ao, 3.1.3], to give F it suffices to give

f': X1 — Y1 This is equivalent to give a triple (]70 op1, 00 pa, €), where
e:Pyoflop = Pyoflop,

is a 2-morphism. Now we put € = pjv o piy L. Then A(f*) = [f]

By Proposition 2.1.2 the obstruction for the existence of (f9,7) is in
Ext"(Lf% Lyo,q,1°). This group is zero because X is affine and Lyo /g is
quasi-isomorphic to a locally free sheaf {2y, . O

Corollary 2.4.2. The obstruction for existence of deformation of f is in
Ext'(f**Lye/r,I*).



For each [f] € Defmy(f), let C be the composition of maps

€0sqq « b2l
Defmg (f°) —= Defmg (f*) for_gsrt Defmy(f*®).

By Proposition 2.2.1, this is compatible with the group homomorphism
D : Ext®(Lf* Lyo,a,1°) — Ext®(f**Ly, /7. I*).

Proposition 2.4.3. The set Defmy(f) is the set OfEXtO(LfO*LYO/Qy, 1°)-orbits
in Defmy(f®) by the action induced by D.

Then

Proof. Suppose thatj‘,ﬁ’ € Defmp(f*®) satisty A(E) = A@) = []7]~
(9°,0) =

there exists (f9,7), (¢°,0) € Defma (f°) such that C(f°,~v) = f* and C
g*. Since Defmgy (f0) is a EXtO(LfO*Lyo/Qy, I9)-torsor, there exists
o€ EXtO(LfO*Lyo/@/,IO) such that o - (}6,7) = (gNO,cS). Hence D(o) fe=ge.
Conversely, suppose that f®,g* € Defmy(f*®) satisty D(o)- f* = g*® for some
o € Ext’(Lf" Lyo,g,1°). Let [f] = A(f:) and choose (?6,'7) € Defmg (f°)
such that C(F,v) = f*. Then C(o - (?6,7)) = D(o) - f* = g*. Therefore
A(g*) = (] O

Proposition 2.4.4. Fiz an object f of Defmy(f). Then Aut(f), the group of
automorphisms of deformations, is isomorphic to ker(D).

Proof. Fix f* € Defmy(f*) such that A(f*) = [f] and (f,~) € C~1(f*).

First we identify Aut(f) with a subset of Defma (f°) and construct set-

theoretical bijection from Aut(f) to C~1(f*). Let o € Aut(f) and let 3 be the
composition of 2-morphisms

By o025 Fo Py 8 o Py 0 o O
Then the triple (f9, f°, 3) defines a morphism
dazioeﬁx@ﬁ:?l.
This is an element of Defmyo(A o f9). Here Y is a scheme over Y° by p; :

Yyl - Y0,

X0 X0

Aof® da
o

P\ Y v

Y0 > y0



The map

pt : Defmg (f°) = Defmg (p o Ao ) —  Defmyo(A o f°)

() = (P o)
is a bijection and compatible with isomorphism
Py Bxt? (L Lyo o, I°) = Bxt®(L(pr o Ao [*) Lyosa, I°)
5 Ext®(L(A o f2)*Ly1y0,1°)
induced by plLyo/@ = Lyiyo.
Now (fO o') is in C’l(f’) if and only if jfvol = f0 and iy OPT’Y/A =
p5yopiy~ . The latter is equivalent to
Pi(v ) = p3(y ),

1 —1

which implies the existence of o € Aut(f) such that v oy™' =y o0 Pyaoy
Thus we can identify Aut(f) with C~1(f*®) as subsets of Defmg (f°).

Next we see that the group structure of Aut(f) is compatible with that of
ker(D) acting on C~1(f*®). The composition aoa’ corresponds to the morphism

dooor = (f9, 0,70 Px a0 Px o' oy~ ) : X0 - Y1,

This is equal to the composition

KO NS (I cS o)
p1Y°p2
Y2=Y0x5Y0xzY0
(dar do) |12T;D|13Tpls
J/ RAR
—~ douda/ 0
X0 i, Xz Y

aoa

1

On the other hand, the group structure of
Ext’((Ao f°)*Ly, vy, 1°) 2 Derpo(B*, I°)

is given by taking sum of derivations D, DO/A:/B1 —/>VIO. Here B* denotes the
coordinate ring of Y*. Pulling back by p12 : Y2 — Y1, we identify D, with a
derivation

B2 = By @ppop; B 2 10
T®yY = Da(z®y) =2Da(1®y).



Pulling back by pa3 : Y2 — Y1, D,/ is identified with

B? = By @y po; B! 2% 10
TRy = Do (z®y) =yDo(z®1).

The morphism (d,,d,) as above corresponds to a derivation

D
B3 = B1 ®p’1‘BOp§ Bl ®PIBOP§ B1 E— IO
rTRy®1 — yDa(z®1)
1y®z —  yD,(1® 2).

Then the morphism d,o corresponds to the composition:

B2 =B @ppop; B — B 2 10
TRY — IRley — D(z@1e)(1®1®y))
=yD(z®1®1)+2D(1®1Qy)
=Do(r®y) + Do (z @ y)
Thus group structures of Aut(f) and Dergo(B!, I°) are compatible. O

2.5 Proof of Theorem 2.1.1: Step 3

The following lemma completes the proof of Theorem 2.1.1.
Lemma 2.5.1.
(1) There is an isomorphism
Ext'(f**Lye 7, 1°) — Ext'(Lf* Ly, I).
(2) The cokernel of D : EXtO(LfO*LyD/@,IO) — Exto(f'*Ly./T,P) is is0-
morphic to ExtO(Lf*Lgy/T, I).
(3) The kernel of D is isomorphic to Ext_l(Lf*Lg/T,I).

Proof. The morphisms
Y % T

induces a triangle in D(Oy-)
LPy" Loy — Lys/r — Ly 9y — LPy" Loy p[1],
and this in turn induces a long exact sequence

0 — Ext™ ' (Lf**LPp*Ly7,1°)
— Ext®(Lf**Lye/s,1°) — Ext’(f**Lyep,I*) — Ext®(Lf**LPp*Ly 7, 1°)
— Ext"(Lf**Lye/s,1°) — Ext'(f**Lyep,I®) — Ext'(Lf*"LPp*Ly 7, 1°)
— Ext®(Lf**Lye/a,1°) —

10



By the similar discussion as in [012, 4.7],

Ext’(Lf** Ly o, 1%) = Ext'(Lf*" Lyo g, 1°)

and the right hand side is zero for ¢ > 0. The isomorphism P%* : DT (Og) —
DT (Ox-+) induces isomorphisms

Ext’(Lf**LPy " Loyr,I°) = Ext'(LPY"Lf*Ly 7, 1°) 2 Ext'(Lf*Lay 7, 1).

3

O

Artin’s criterion

In this section we prove Theorem 1.1 by verifying the following Artin’s criterion

[Ar2,

(1)
(2)

5.3].
A is a limit-preserving stack.
J¢ satisfies Schlessinger’s conditions.

(S1) If A” — A and B — A are homomorphisms of noetherian rings over
S and A’ — A is a small extension, then for any f € J7(A) the
natural functor

Hp(A' x4 B) — A5(A) x H7(B)

is an equivalence of categories. Here ¢} (R) denotes the subcategory
of #(R) consisting of objects g such that g|4 ~ f and morphisms «
such that a|4 =idy.

(S2) If M is a finite A-module and f € J#(A), then
Dy(M) = Ob H#j(A+ M)/ ~
is a finite A-module.

Compatibility with completion.
If A is a complete local noetherian ring with maximal ideal m, the functor

H(A) — I{A_mj‘f(A/m"H)

n
is an equivalence.

Conditions on modules of obstruction, deformations and infinitesimal au-
tomorphisms.

For any f € #(A) and a finite A-module M, there exists a module of
obstructions O¢ (M), a modules of deformations D (M) and a modules of
infinitesimal automorphisms Auts(M) which satisfy the following condi-
tions:

11



(a) compatibility with étale localization:
If A — B is étale and g is a image of f in J#(B),
Dy(M ® B) = D¢(M)®a B
etc.
(b) compatibility with completion: R
If m is a maximal ideal of A and A is a completion with respect to
m, R
Dy(M) ® A 2 lim D (M/m" M)
etc.
(c) constructibility:
There is a open dense set of points of finite type A — k(p) such that
Dy(M) ® k(p) = Dy (M @ k(p)).

etc.

(5) For any f € s#(A) and o € Aut(f), if a|x = id for dense set of points of
finite type A — k, then o = id.

3.1 Preliminaries

We can reduce many properties of 77 to that of # by the following observations.

Lemma 3.1.1. Let 2 and % be algebraic stacks over S and X — Z a pre-
sentation of 2. Let X' = X x o~ X°. Then the category HOMg (2, %) is
equivalent to the following category:
o An object is a pair (f°, a) where f° is an object of #(X°) and o : p f° =
psf0 is a morphism in Z(X1).
o A morphism from (f°, a) to (g%, B) is a morphism « : f° = ¢° in #(X°)
such that piyoa = Bopiy in Z(X1).
Proof. This follows immediately from the fact that 2" is a stack associated to
the groupoid X' = XO. O

Lemma 3.1.2. Lety : % — S be an algebraic stack over a scheme S, ¢ : T — S
a morphism of schemes and x : Z7 — T an algebraic stack over T'. Then the
natural functor

HOMT(%T, @T) — HOMs(%T, @7/)
is an equivalence of categories.

Proof. It 27 is a scheme, this is clear by the construction of fiber products [LM,
2.2.2]. In the general case, let X — 27 be a presentation and X! = X%x 4 X°.
Then by the case of schemes we have

(X0 ~ #(X9)
(XY ~w(XH.

The result follows from Lemma 3.1.1. O



3.2

Limit preserving stack

Fix a presentation X — 2 and let X' = X% x 5- X". Then if {U; — U} is an
étale covering, so is {Xf; — X[} for k = 0,1. The conditions of stacks for
follows from those of #':

(1)

Let f and g be objects of #(U) and ¢, : f = g be morphisms in 52 (U).
Suppose that ¢|; = ¥|; in F2(U;) for all i. By Lemma 3.1.2, ¢ and ¢ are
identified with morphisms in HOM(Z2y,#%). Let ¢ and ¢, morphisms in
% (XY) corresponding to ¢ and 1) by Lemma 3.1.1. Then <p/|ng = ¢/|X3_
for all ¢ imply ¢’ = 1)'. Hence ¢ = .

Let f and g be objects of S(U) and ¢; : f|; = g|; morphisms in 2 (U;).
Suppose that ¢;]i; = p;li; for all i and j. Let (f°, «) and (¢°, 8) be pairs
corresponding to f and g, and ¢} morphisms in %/ (X ) corresponding to
@i Then ¢ifxo = ¢j|xy imply existence of ¢ : 2= g% in (X))
such that ¢'|x, = ¢j. Since

P3¢ | xu, © alxy, = Blxy, o PiY|xy,

hold for all 7,
Py’ oo = fopi
and ¢’ corresponds to a morphism ¢ : f = g in S (U) such that ¥|; = ¢;.
Let f1 be objects of %(UZ) and ©ij - fZ|ZJ = fj|¢j Inorphisms in %(UU)
which satisfy cocycle conditions:
piklijk © ijlijk = Piklijh-
Let (f?, ;) be pairs corresponding to f; and ¢}; morphisms in @(X&j)

corresponding to ¢;;. Then by the cocycle conditions

’ / 7
ijk|X3ijk °© %‘j|xgijk = %k|xgijk,

there exists an object f° of #/(X?) and morphisms 1] : f0|X3‘ = f9 such
that ¢j; o ¥ilxp = ¥jlxy - Let

* -1 * * *
Bi=p3v; oaiopivy:pifolxy = p3f’lxy, -
Then

1
Bilxu,, =p3¥i  |xu,, ©qilxy,, ©Pivilxy,

=1 r —1 / /
= pat; |XUU °opapi; © ij|XU,ij © DI OPT‘/)HXUU

—1
:p;'@[];' | xu OO‘j|XUij OPWHXU”.

ij

= /@j|XUU .

13



Therefore there exists 3 : pif° = p3f° in Z(X};) such that §|x, = fi.
The pair (f°,3) defines an object f of ##(U). The morphism ¢ satisfies

P50 Blxy, = ai o piy;.
Therefore ¢} corresponds to v; : f|; = fi such that ¢;; o ¥;|;; = ¥;l4;.
S is limit-preserving by [LM, 4.18].

3.3 Schlesinger’s conditions

First, let ¢ : A” — A and ¢ : B — A be homomorphisms of noetherian rings
over S and suppose ¢ is a small extension. Let f € #(A). By Lemma 3.1.2,
the condition (S1’) on . is equivalent to the equivalence

HOMf(%A/XAB, @) = HOMf(%A/, @) X HOMf(%B,g/).

Let X° — 2" be a presentation. Since .2 is of finite type over noetherian
base, we may assume X is a noetherian affine scheme Spec R.

Lemma 3.3.1. The homomorphism
T:R® (A xaB) — (R®A) Xpga (R® B)
r®(a,b) — (red,reb)
is an isomorphism.

Proof. The kernel of the projection A’ x4 B — B is isomorphic to ker ¢ and
the kernel of (R ® A’) Xxpga (R® B) — R ® B is isomorphic to ker(idg ®¢).
Since R is flat, the horizontal sequences of the following diagram are exact:

0—=R®kergp————R® (A x4 B)———> R®B——>0

| | |

0—=RQkerp —= (R A') Xxpga (R®B) ——= R® B——=0.

It is easy to check that this diagram commutes. Therefore 7 is an isomorphism.
O

Let X! = X% x4 X0 and (f°,«) a pair correspond to f : 2 — % as
in Lemma 3.1.1. By the condition (S1’) for #" and Lemma 3.3.1, we have an
equivalence

Do (X1 5) 5 Hpo(X%) x Do (XE)

Since the functor Isom(p f9, p3 f9) is represented by an algebraic space, we also
have

0 0 ~ 0 0 0 0
Isoma(pffxg/XABap;fxg/XAB) — Isoma(p*{fxg/,piX%/)xIsoma(p’{fX%,piX%)

14



These equivalences proves (S17).
By Theorem 1.1, we have

Dfxo (M) = EXtO(LfZOL%AO/AmeOM)'

This is a finite Ag module because Lf} Lo 4o/Ao 18 coherent and X4, is proper
over Ag. This proves (S2).

3.4 Compatibility with completion
Let A, = A/m™*1. The functor
H(A) — Lim H(A,).
is equal to the functor
m: HOMA(Z4,%4) — LimHOM a4, (24, ,%4,,).
First note that 7 is a bijection if 2" and ¢ are schemes [EGA, I 10.6.1].

To see 7 is fully faithful, let f,g be objects of the left hand side. Fix a
presentation Y — %4 and let 27 = 24 xja, Y3, 2y = 24 Xga, Y] and
X' = X X g, Zy. Fix a presentation X4 — 27 of 2. Then the composition
XY — 24 is a presentation of 24. Let f%,¢° : X4 — Y{ be morphisms
induced by f and g.

XO
|
0
2 ! Y9
%f %g

Let X} = X% X, X4 and Y} =YY xg, Y{. Then the set of 2-morphisms
Hom(f, g) is equal to the set of morphisms a : X4 — Y} such that p; o =



fOproa=g"and aop =aops.

X4 Yi

7

il

0= 110
XA\JYA

2. =

The sets Hom(X9,Y}), Hom(X9,Y?) and Hom(X1,Y}) are equal to limits of
its reductions, hence the set Hom( f, ¢) is also equal to the limit of its reductions.

To see 7 is essentially surjective, let {f,} be an object of the right hand
side. Let X9 — 204, and Y{ — %, be presentations such that X9 and
Y3 are affine and fo lifts to fg : X — Y2 . Let X} = X9 X 2, X9,
Yi =Y3 X @, YQ and fg : X} — Y4 amorphism induced by fo and fg.

For each n, by [012, 1.4], there exists a unique deformation X0 (resp. Y,?) of
X9, (resp. Y3 ) to 24, (resp. %,). By Theorem 2.1.1 there exists a unique
deformation f, : X4 — Y2? of f§. Let X0 = l'l)nX,? and Y9 = l'i)an. These
are schemes over A and X°® A,, 2 X!, Y°® A, 2 Y, for each n. Since the
map

Hom(X°, V%) — lim Hom(X?, V%)
p—
is a bijection, we have a morphism f°: X° — Y,

Let X' = X% x4, X% and Y! = Y? xg, Y. By the similar discussion
there is a morphism f!: X! — Y!. Now the pair (f°, f!) induces a morphism
I Za — %4 whose restriction is isomorphic to {f,}

Remark 3.4.1. This discussion will be clearer if we use the theory of “formal
algebraic stacks” [Iw].

3.5 Conditions on modules

By Theorem 2.1.1, the modules Oy (M), Ds(M) and Auty(M) are represented
as follows:

Of(M) =Ext" (Lf*Ly, a, 2% M)
Dy(M) =Ext*(Lf*Ly, /4, 23 M)
Auty(M) =Ext " (Lf*Ly,/a, 23 M)

Here x4 denotes the structural morphism 24 — Spec A.
The compatibility with étale localization is equivalent to that the maps

Ext'(Lf*Lag, 1 ® B) = Ext'(Lf*La,/a, 1)@ B (i =~1,0,1)
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are isomorphisms for any étale localization A — B. Since Lp,4 = 0, we have
Loy p = Lgy s, which induces the desired isomorphisms.

The compatibility with completion follows from 3.4.

The constructibility of these modules follows from the semicontinuity theo-
rem for proper algebraic stacks (Theorem A.1).

3.6 Quasi-separation of the diagonal

Let f € s(A), o € Aut(f) and suppose that «; = id for dense set of points
A — k. Fix a presentation P : X° = Spec R — 2. Then P*«a is an automor-
phism of Pa*f € #(X9). The set of points R ® A — k' which factors through
R ® k with o = id is dense in X9, and P*alr = id on such points. Hence
P*a = id because % is a quasi-separated stack. This implies o = id.

4 A remark on quasi-separation

It is hard to show that the stack J# is quasi-separated, in other words, it is an
algebraic stack in the sence of [LM, 4.1]. In the case of Deligne-Mumford stacks,
Olsson [O11] needed some extra hyposeses on corse moduli spaces to prove this.
In our case we have the following partial result.

Proposition 4.1. Let 2" and % as in Theorem 1.1. Suppose that & = X is
representable by an algebraic space and % has a proper presentation Y° — % .
Then the stack # = AQH (X, %) is quasi-separated.

Proof. What we have to show is that if f and g are objects of F#C# (X, % )(T),
then the algebraic space Isomr(f, g) is separated and quasicompact over T'.

Let Xf = Xr X f Y,JQ, Xg = Xr X g% YYQ, X,% = Xf X Xr Xg and fo,go :
X2 — Y2 morphisms induced by f and g.

fO
//—\
X5 9 Y2

Xf/ Xg/
N

XTVQ/T
g

Let X1 = X% x 9., X3 and Y} = Y2 x5, V2. Then X9 and X1} are proper and
flat algebraic spaces over T'. Therefore the functors #Q# (X%, Y}), #0# (X3, X 1)
and J2# (X}, Y}) are representable by separated algebraic spaces over 7.
The algebraic space Isomr(f,g) can be identified with a closed subspace of
SN (XY, Y}) whose point « satisfies proa = f0, ppoa = ¢° and aop; = aops.
Hence Isomy(f, g) is separated and quasicompact. O
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5 Application: the Picard stack

Let 2" be an algebraic stack over S. The Picard 2-functor Hic o from the
category of affine noetherian schemes over S to the 2-category of groupoids is
defined by

Pic g (T) = the category of line bundles on Z7.

as in [LM, 14.4.7]. Then we have

Theorem 5.1. If 2 is proper and flat over S, then Pic - is an algebraic stack
in Artin’s sense.

Proof. To give a line bundle on 2 is equivalent to give a morphism 2 —
BG,,. Here BG,, denotes the classifying stack of the multiplicative group G,,.
Therefore

Picg = HOH (X, BG,,).

This is an algebraic stack in Artin’s sense by Theorem 1.1. O

A The semicontinuity theorem for proper alge-
braic stacks

Let x : 2 — T be a proper algebraic stack over an affine scheme T" = Spec A
and % a coherent sheaf on Z". Suppose that T is reduced and .% is flat over T'.
For each point t of T', let 2% be the fiber over t and %, = F ®Qo, k(t).

Theorem A.1.
(1) The function on T defined by
t — dimy) H' (23, )
s upper semi-continuous on Y .
(2) There is an open subscheme U C X in which
R'z,.7 ®o, k(t) — H (24, F)
is an isomorphism.

The proof is almost the same as one in [Mu, 5]. The key is the following
lemma:

Lemma A.2. Let &, T and % be as above. For each positive integer N, there
18 a complex
K*: 0-K'->K'—. ... KY -0

of finitely generated projective A-modules and isomorphisms
HY(Z xrSpecB,F x4 B) ~ H(K*®4B) (0<i<N)

functorial on A-algebra B.
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Remark A.3. This is a generalization of the second theorem in [Mu, 5]. The first
theorem in [Mu, 5] which claims direct images of proper schemes are coherent
also holds in the case of proper algebraic stacks [Fa, Theorem 1]. We have
to limit ¢ < N because cohomological dimension of an algebraic stack may be
infinite. Note that Lemma 1 and Lemma 2 in the proof of [Mu, 5] concern only
modules on A, and the same discussion applies to our case.

Proof of Lemma A.2. Let P° : X° — 2 be a presentation with X° affine and
X* = cosqy(X?— 2). Then by cohomological descent, we have an isomorphism

HY (%, 7))~ H(X*, P*7).

Since XU is affine and 2" is separated, X" is affine for all n and H! (X", P"*.%) =
0 for i > 0. Let
Cc" = H°(X", P"*.%)

and C* be the alternating cochain. Then we have
HY (2, F)~H(C*).

Note that H!(C*®) is a finite A-module because .Z is coherent. Moreover, for
any A-algebra B,

Py X% := X" xp Spec B — 2 xr Spec B =: 25
is a presentation from affine scheme and
HY(X%, Pp*F @4 B) ~ H (X", P"*.F)®4 B
because % is flat. Therefore we have functorial isomorphisms
HY (23,7 ®4 B)~ H(C*®4 B) (i>0).

Now replace C'* by its truncation 7<nyC*® and construct K*® by descending
induction as in [Mu, 5 Lemma 1]. This is the desired complex. O

Fix N sufficiently large. Then by Lemma A.2, We can reduce Theorem A.1
to statements in homological algebra as in corollaries of [Mu, 5]. Proofs of these
corollaries also works for our case.
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