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Abstract
We define new L2-invariants which we call the secondary Novikov-Shubin
invariants. We calculate the first secondary Novikov-Shubin invariants of finitely
generated groups by using random walk on Cayley graphs and see in particular
that these are invariant under quasi-isometry.

1 Introduction

In this paper we study the secondary Novikov-Shubin invariants. These new L?2-
invariants are naturally defined by a modifying the original definition of the Novikov-
Shubin invariants (Section 2). By using the secondary Novikov-Shubin invariants, we
can study density functions whose Novikov-Shubin invariants are infinite. It is known
that the first Novikov-Shubin invariants of finitely generated groups classify infinite
virtually nilpotent groups ([5, Lemma 2.46.]). By using the first secondary Novikov-
Shubin invariants, we would like to study finitely generated groups which are not
virtually nilpotent. We prove the following in Section 4.

Theorem 1.1.

Let G be an infinite amenable finitely generated group and 0 < a < 1. Then,
(1) A1(G) = 0 & p(n) £ exp(—n?) (0 < Vb < 1),
(i) A1(G) = £~ < p(n) 2 exp(—n®) (0 < Vb < a) and p(n) £ exp(—n) (a < Vb < 1),
(iii) B1(G) = o0 < p(n) < exp(—n®) (0 < Vb < 1).

In particular the first secondary Novikov-Shubin invariants of finitely generated
groups are invariant under quasi-isometry.

Here f31(G) is the first secondary Novikov-Shubin invariant of G (Section 3) and
p(n) is the asymptotic equivalence class of the probability of return after n steps for
random walk on Cayley graph of G (Section 4).

Example 1.2.
If U is a non-trivial finite group and d = 1,2, ..., then the asymptotic equivalence
class of U1 Z% is exp(—n%®2) ([8, Theorem 3.5.]). Thus

BLUZY = d.
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In particular any positive integer can occur as the first secondary Novikov-Shubin in-
variants of finitely generated groups. In the case where d = 1, we know the spectral
density function of UVZ ([3, Corollary 3.], [2, Theorem 5.], [1, Theorem 1.1.]). Hence
we can also get

S(UZ) =1
by a direct calculation.

Remark 1.3.
The asymptotic equivalence class of Z 1 Z is exp(—n'/3(In(n))*?) (|8, Theorem
3.11.]). Thus
BUZZ) = 1.

Though exp(—n'/3(In(n))?/?) and exp(—n'/3) are not asymptotically equivalent, their
first secondary Novikov-Shubin invariants are equal.

Gromov indicates that the Novikov-Shubin invariants of a certain class of groups
may be invariant under quasi-isometry ([4, p.241]). Naturally we can formulate the
following conjecture.

Conjecture 1.4.
The secondary Novikov-Shubin invariants of groups of finite type are invariant un-
der quasi-isometry.

The author does not know whether these conjectures are true. The Novikov-Shubin
invariants of amenable groups are studied by Roman Sauer ([9]).

The author would like to express his gratitude to my adviser Professor Tsuyoshi
Kato for numerous suggestions. The author would like to express his gratitude to
Professor Masaki Izumi who taught him the outline of the proof of Claim 4.5.

2 The secondary Novikov-Shubin invariants of den-
sity functions

Definition 2.1.

We say that a function F :[0,00) — [0,00] is a density function if F' is monotone
non-decreasing and right-continuous. If F' and F' are two density functions, we write
F < F'" if there exist C' > 0 and € > 0 such that F'(\) < F'(CX) holds for all A € [0, €.
We say that F' and F' are dilatationally equivalent (in signs F ~ F') if I < F' and
F' <X F. We say that F is Fredholm if there exists A\ > 0 such that F(\) < oo, in
which case we write F+(\) := F(\) — F(0). If F and F' are two Fredholm density
functions and F+ ~ F'* we say that F and F' are dilatationally equivalent up to
L2-Betti numbers.

If F and F’ are two Fredholm density functions which are dilatationally equivalent,
surely F and F are dilatationally equivalent up to L?-Betti numbers.

We will recall the definition of the L2-Betti numbers and the Novikov-Shubin in-
variants of density functions. For the details, we refer to [5, Chapter 1, 2.].
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Definition 2.2.
Let F be a Fredholm density function. The L?-Betti number of F is

bY@ (F) := F(0).

Its Nowvikov-Shubin invariant is

o m(F(N) — F(0))
alF) = lminf —— s ——

provided that F(\) > b (F) holds for all A > 0. Otherwise, we put a(F) := oo™ .

The L2-Betti numbers of density functions are invariant under dilatational equiv-
alence and the Novikov-Shubin invariants of density functions are invariant under di-
latational equivalence up to L*-Betti numbers ([5, Chapter 2.]).

Definition 2.3.
Let F' be a Fredholm density function. The secondary Novikov-Shubin invariant of
F s
.~ In(=In(F(A) = F(0)))
BUF) := liminf n(\) !

provided that F(\) > b@(F) holds for all A > 0. Otherwise, we put B(F) := co™.

Lemma 2.4.
Let F' and F' be two Fredholm density functions. Then,

F+ < F* = B(F) > B(F").

In particular the secondary Novikov-Shubin invariants of density functions are in-
variant under dilatational equivalence up to L?-Betti numbers.

Proof. Since F+ < F'*, there exist C' > 0 and € > 0 such that F+()\) < F"+(C\) holds
for all A € [0, €. Hence,

In(—In(F+(\))) S In(—In(F"*+(C)))) _ In(— In(F"*+(C)))) . —In(CX)
—1In(N) - —1In(A) —In(CX\) —In(CX) + In(C)"
Since (e
—In(CA) + In(C) 1A= 04,
we have
B(F) = B(F).

O

We find the following relationship between the Novikov-Shubin invariants and the
secondary Novikov-Shubin invariants.



Lemma 2.5.
Let F' be a Fredholm density function. Then,
(i) a(F) = oot < [(F) = oot
(i) a(F) <oo= [(F)=0
Proof. (i) is clear by definition. We will prove (ii), that is,
B(F) >0 and B(F) # oo™ = a(F) = cc.

Since

T In(— In(F+(\)))
BUF) = lminf ——— "=
for Ve > 0, 1 > 3)\y > 0 such that
In(—In(F+(N)))
~ Ae(0,M0] —In(\)

Hence for VA € (0, Ao],

When we take

then for VA € (0, \o),

%5(}?)(— In(A)) < In(~ In(F(\))).

Thus
exp(34(F)(=In(V)) _ —In(F*(\)
—In()\) - —lIn(}))
Since
exp(38(F)(—1n(\)))
Y — 00 (A — 0+4),
we have
a(F) = oo.

]

We see that any possible value can occur as the secondary Novikov-Shubin invariant
of a density function.

Example 2.6.  Let us define density functions Fy for s € [0, 00]U{occ™} by Fs(0) =0
and for X > 0 by

FO(A) = A

Fald) = exp (— exp (§)> ,

For()) = 0.



Then we can check for s € [0, 00] U {oo™},

BFY) = s.

3 The secondary Novikov-Shubin invariants of groups

Definition 3.1.

Let X be a free G-CW-complex of finite type. We define its cellular p-th spectral
density function and its cellular p-th secondary Novikov-Shubin invariant by the the
cellular L*-chain complex C (X) of X as follows:

. 2
Fy(X) = FlGlimge,,) : im(cpar)t — CP(X))
C*C ‘im c
= tr/\/(G) E)\Z o pH)L,

Bp(X) = B(E(X)),
where N'(G) is the group von Neumann algebra of G.

The dilatational equivalence class of F,(X) is invariant under G-homotopy equiv-
alence ([5, Theorem 2.55. (1)]). Hence ,(X) is also.

Remark 3.2. In the case when X is a cocompact free proper G-manifold without
boundary and with G-Riemannian metric, by using L?-de Rham complex, we can define
its analytic spectral density function and its analytic secondary Novikov-Shubin invari-
ant. However when we regard X as a free G-CW-complex of finite type, its cellular
spectral density function and its analytic one are dilatationally equivalent ([5, Theo-
rem 2.68.]). Hence its cellular secondary Novikov-Shubin invariant is the same as its
analytic one.

Definition 3.3.

Let n be a non-negative integer or n = oco. Define F,, to be the class of groups
for which BG are CW-complexes which have a finite number of p-dimensional cells for
p < n, where BG are the classifying spaces of G.

Example 3.4.
GeFy & G:adiscrete group,
GeF, & G:a finitely generated group,
GeF, & G:a finitely presented group,
GeFo & G:agroupof finite type.

Definition 3.5.
Let G € F,,. Then for1 <p<mn,

Fy(G) = F,(EG),
b(G) = VP(EG),
ap(G) = op(EG),
Bp(G) = B(EG),



where EG is the classifying space for free proper G-actions.

4 The first secondary Novikov-Shubin invariants of
groups

Let G be a finitely generated group and S be a finite set of generaters of G. The
Cayley graph Cs(G) of (G, S) is the following connected one-dimensional free G-CW-
complex. Its O-skelton is GG. For each element s € S we attach a free equivalent G-cell
G x D! by the attaching map G x S° — G which sends (g, —1) to g and (g, 1) to gs.
We will study the first secondary Novikov-Shubin invariant of Cs(G). We can identify

cs : O (Cs(@)) — CP(Cs(@))

with

@rs—l—l : @ZQ(G) - l2(G>7

sES seS

where 71,(30,cq Ag9) = D gcq Aggh ™! (hyg € G, Ay € C).
The following is clear since F}(X) and F(Cs(G)) are dilatationally equivalent up
to L2-Betti numbers ([5, Lemma 2.45, Theorem 2.55. (1)]).

Lemma 4.1.
Let G be a finitely generated group and let X be a connected free G-CW-complex of
finite type. Then for any finite set S of generaters of G, we have

Ai(X) = B(Cs(G)).

In particular 5, (Cs(Q)) is independent of the choice of the finite set S of generaters
and we have

51(G) = 51(CS(G))'

Moreover we will prove that 3, (G) is invariant under quasi-isometry. We can assume
that S is symmetric, i.e. s € S implies s~! € S and S does not contain the unit element
of G. We will recall simple random walk on Cg(G). The probability distribution is

. |S|7t ifg e S,
p.G—>[O,1Lg|—>{0 ifgéS

Thus the transition probability operator is

1
P = Z T P(G) — I*(G),
ses ’ ‘
in particular,

, 1 .
P =1id— MCSCS.



Then for n € Zxg
p(n) = trne) P"

is the probability of return after n steps for random walk on Cayley graph. It is well
known that p(n) on n € 2Z>¢ is a non-increasing function.

In the following, we regard p(n) as the function which is defined only on the even
numbers.

Definition 4.2.
Let u,v be two positive non-increasing functions defined on the positive real azis.
We write u < v if there exists C' > 1 such that

Vi >0, u(t) < Cu(t/C).

We say that u and v are asymptotically equivalent (in signs w ~v) if u < v and v < u.
When a function is defined only on the even numbers, we extend it to the positive real
axis by linear interpolation. We will use the same notation for the original function
and its extension.

Remark 4.3.

The asymptotic equivalence class of p(n) is invariant under quasi-isometry ([7,
Theorem 1.2]).

In particular the asymptotic equivalence class of p(n) is independent of the choice
of the finite symmetric set S of generaters of G.

Theorem 4.4.
Let G be a finitely generated group and 0 < b < 1. Then,

(i) G is non-amenable or finite < (1(G) = oo™,

(ii) G is infinite amenable and p(n ) < exp(—n®) = B1(G)

(iii) G is infinite amenable and p(n) £ exp(—n®) = £1(G)

2b
P

< i3

Proof. If G is finite, then obviously (;(G) = oot. Hence we can assume that G is
infinite. We have

F(A) = tine) (Xp-aa)(P)) = Fi-(Cs(G)) (V2IS|A).

Indeed, because try(q) E§Sc§ = 0 when G is infinite ([5, Theorem 1.35. (8)]),

FiH(Cs(G)(V/2[S]A) = tra(q) E;fgii — trave) E®

cscy

= trav(g) E2C|SSC|§ — () ESSCS = trae EZlS‘
trae) (X (zg1¢s€8)) = tiwe (X © 1)(P))
= trae) (Xp-aa (P)),

where f(u) :=1 — u. Then
Pi(G) = 26(F).



(i) is clear since it is well known that the spectrum of P contains 1 if and only if G is

amenable. For n € 27,

(1= 2)"(X[-1,-14 + Xp-a)(P) < P™.

Hence
(1= A)"F(A) < p(n).
Also
P < (1= N)"X(=14x31-0)(P) + (X[=1,- 190 + X1=2,1)(P).
Claim 4.5.

When —1 € o(P), we have

trN(G)(X[fl,*lJr)\}(P)) = tr/\/'(G)(X[lf)\,l](P))'

We will prove this after the proof of this theorem.
By Claim 4.5, when —1 € o(P), for X € [0,1]

p(n) < (1=XA)"+2F())
When —1 ¢ o(P), for A € [0,1 +info(P)),
p(n) < (1 —X)"+2F(X).
Hence if A > 0 is sufficiently small,
p(n) < (1 —X)"+2F(X).
We will prove (ii). By (1) and p(n) < exp(—n®), for 0 < 3C < 1

p(n)
= Ao
ot exp(—Cnb)
= T

F()\) (Vn € 2Z,)

(Vn : sufficiently large even number).

Hence we have

exp(—Cn?)
NV

== (16

where [[v]] is the gratest even number not greater than v. Then

1 1/(1=b+e) 1 1/(1—b+e)
— -2< <| = .
(5 n=(5)

8

(Vn : sufficiently large even number).

For 0 < Ve < b, we put



When A > 0 is sufficiently small,

1 1 1/(1=b+e) 1 1/(1—b+e¢)
() =) .

By (3) and (4), when we sufficiently reduce A > 0 if necessary,

exp(— Cng\)

CFO) < =1

< exp

> =

b/(1-b+e) .
) (1= 0@

C /1 b/(1—b+e) 1
9 X ( )<b—e>/<1—b+e>

= exp

>

{(1—A)%}

C /1 b/(1—b+e) ) 1 (b—€)/(1—b+e)
2\ P
1 b/(1—b+e€) C 1 —¢/(1—b+e)
B (e 9=
(A) :2(3)

IN IA
@ [©]
» »
o o
/_\
/‘\
> =
N———
<
c-'
kS
v
——

Hence

—In(—InCF(\))

>
In(\) - In(\)
() +n(9)
—In(\)
b o)
1—b+e€
Thus for 0 < Ve < b,
b
F) = F) >
B(F) = B(CF) 2 +——
Hence b
> —

Next we will prove (iii). Since p(n) £ exp(—n®),
1
1>VC >0,VN >0,3n > N (n € 2Z~g) s.t. p(n) > Eexp(—C’nb).

When we fix 1 > C > 0, we put Ac := {n € 2Z-o|p(n) > & exp(—Cn)}. By (2), for
n € A¢ and A > 0 which is sufficiently small,

2F(A) > p(n) — (1— A" > éexp(—C’nb) (1=



Hence
2F(\) > exp(—Cn®) — (1 — \)™. (5)

o]

Then for A which is sufficiently small,

b
For Vr > 18’

1 1 2170

By (5) and (6), when we sufficiently reduce A > 0 which satisfies n) € A¢ if necessary,

2F(X)
> exp(—Cnb) — (1 - A)™
> exp (—20 —(1-=X) N7

v
@

>

o]

Hence

o <20 (2) - (1o () fee- ()W)

Let 1 > ¢ > 0. Then for A > 0 which is sufficiently small,

i (1me | (3) {oe- (1)) <000

and (7), we have

Since



Thus
~In(=In(FV)) _ WEC(F) +D+In(2))
In(\) - —In(\)
— 7 (A= 04).

Because (3(F) is defined by using “lim inf”,
BF) <.

Thus we have ;
Fy< ——.
8F) < 17

Now Theorem 1.1. is clear.
Finally we will prove claim 4.5.

Lemma 4.6. Let G be a finitely generated group and S be a finite symmetric set of
generaters of G where e ¢ S. Then,

o(P)> —1=3f:G — S': group homomorphism s.t. f(s)=—1 (Vs € S),
where P 1= 1 3 cgT1
Proof. Since o(P) 5 —1,
I(€n)nen C ZQ(G) s.it. |6l = 1, | P&+ &ull — 0 (n — o0).
Then,
(P& +&n&adl < 1P& + &allllGnl
— 0 (n — o0).

Since

S| (P& + & &n) = 2D (rebn+&n )

seS

= Z«Ts +re-1 + 2)57” fn>

ses
and rs + ry—1 + 2 is a positive operator, we have
((rs + o1 +2)6n, &) — 0 (n — 00).
Because r4-1 is unitary,
((rs + e +2)6n,60) = (s + 1)én, &n) + ((re + 1)n, &n)
= ((rs + 1)&n, &n) + (&ns (s + 1)&n)

= 2Re((rs +1)&,, &)
= 2Re((1+7y-1)&n, 716
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Thus for Vs € S,

Hrsfn‘i‘gnuz = ReH’r’an—i—anQ
= Re((rs + 1)&, (rs + 1)&,)
= Re((rs + 1)&n, 756n) + Re((rs + 1), &n)
— 0 (n — o00).

Here we define for Vs;,, Si,, ..., S,

)

f(shsiz e Sim) = lim <r3i15i2"‘5im€n7 €n>

n—oo

This is well-defined since for Vs € S

lim <Ts£n7 €n> =-1

n—oo

and for Vs; , Sy, ...,8i,,, €95

TSiQ" Sipi1 fn, £n> <r521 SigSipma1 5717 £n> ’

Il
—
~
>
»

IA
=
w

™)

!

(
= gty s n) + (P Ty s )]
[y o E) - (g o Tt
sy G (17,2060
o Enlll(1 76

0 (n — o0).

Proof of Claim 4.5. For V§ = Y {9 € I*(G), we define

This is unitary on [?(G) and U(e) =

Indeed, by Lemma 4.6,

Urs(€)

Hence we have

= [(9)&-

geG

e (e € I’(G)). Moreover we have Ur,

= Zf 5998 !

geG

= Zf fggs !

geG

= - Z f(g)fggs_l

geG

- _TSU(é-)

UPU ' =—P.

12
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Since U is unitary,

UXj-1,-14n(P)UTY = UESU™!

_ EgPU*1
= X1-1n(UPUTY)
= X[—L—H—A}(_P)
= X[lf)\,l}(P)'
Thus,
trara) (X[-1,-142 (P)) (X[-1,-14x(P)e, €>
= (Xo1-10n(P)U e, U e)
(UX—1,-14(P)U e, €)
= <X[1 ,\1]( Je, )
= trye) (Xp-ay(P))-
O
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