SYMMETRY CHARACTERIZATION
OF QUASISYMMETRIC SIEGEL DOMAINS
BY CONVEXITY OF CAYLEY TRANSFORM IMAGES

CHIFUNE KAI

ABSTRACT. In this paper we characterize symmetric Siegel domains among qua-
sisymmetric Siegel domains by means of the Cayley transform introduced by
Dorfmeister. We show that a quasisymmetric Siegel domain is symmetric if and
only if its Cayley transform image is convex.

1. INTRODUCTION

In the previous paper [7], we characterized symmetric tube domains (or sym-
metric Siegel domains of type 1) among homogeneous ones by convexity of Cayley
transform images. The present paper is a continuation of [7] to non-tube type Siegel
domains. Specifically, we treat here quasisymmetric Siegel domains. This class of
Siegel domains is strictly wider than the class of symmetric ones, and one can find
a complete list of classification of irreducible quasisymmetric Siegel domains in [14,
p.240] and [15]. There are already some works on characterization of symmetric do-
mains among quasisymmetric domains: a characterization by the non-positivity of
the sectional curvature with respect to the Bergman metric [1], an algebraic one by
means of the Jordan algebra representations associated with the domain [2, Subsec-
tion 3.7], [14, Theorem V.3.5], and one by means of the infinitesimal automorphisms
of the domain [3, Theorem 3.3|, [14, Proposition V.4.8].

In [3] Dorfmeister defined a Cayley transform for a quasisymmetric Siegel do-
main by using the Jordan algebra structure and the Jordan algebra representation
attached to the domain. When the domain is symmetric, this Cayley transform can
be identified with (the inverse of) the Cayley transform introduced by Kordnyi and
Wolf in [9], where their terminology is a Lie-theoretic one.

Our main theorem states that for an irreducible quasisymmetric Siegel domain
D, the Cayley transform image of D is convex if and only if D is symmetric.

We now describe the organization of this paper. In Section 2, we collect a few
basic facts concerning quasisymmetric Siegel domains. The definition of our Cayley
transform C is given and the main theorem is stated. In Section 3, the “only if”
part of the main theorem is proved. Our tool is a criterion due to Dorfmeister
(see Proposition 2.5). In Section 4 we verify that the Cayley transform image is
convex for the symmetric case. The main task is to identify our Cayley transform
with the Cayley transform defined in terms of the structure of Jordan triple system
introduced in the ambient vector space of D (see [10] and [14]). Then the image is,
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up to a linear isomorphism, the open unit ball for a certain norm, and the required
convexity follows immediately.

Thanks are due to Professor Takaaki Nomura for the encouragement and the
advices in writing this paper.

2. PRELIMINARIES

2.1. Quasisymmetric Siegel domains. Let V' be a finite-dimensional vector space
over R. An open convex cone €2 C V is called a homogeneous convex cone if €2 con-
tains no entire straight line (not necessarily passing through the origin) and the
linear automorphism group G(§2) of © defined by

G(Q) :={g € GL(V) | g2 =}

acts transitively on €. Let  C V be a homogeneous convex cone. Put W := V,
the complexification of V. We denote by w — w* the complex conjugation of W
with respect to V. Let U be a finite-dimensional vector space over C. We assume
that a Hermitian sesquilinear map @ : U x U — W (complex linear in the first
variable and antilinear in the second variable) is Q-positive:

Q(u,u) € Q\ {0} for any u € U \ {0}. (2.1)
The Siegel domain D defined by these data is
D :={(u,w) €U x W |Rew — 1Q(u,u) € Q}. (2.2)

Let x be the Bergman kernel of D, that is, the reproducing kernel of the Bergman
space of D. By [6, Lemma 5.1] we know that x is expressed in the following form by
means of a strictly positive C* function 7 on €2 which has a holomorphic extension
to the tube domain 2 + ¢V

k(21 22) = (w1 +wy — Q(ur,uz)) (25 = (uy,w;) € D).
Moreover, by [6, §1]  is homogeneous: there exists an integer k such that
n(Az) = Nen(z) (A>0, z€Q). (2.3)
Let us take any £ € Q and fix it. We know by [4, §2] that the bilinear form
(z|y), = DyDylogn(E) (r,y e V)

defines a positive definite inner product on V, where D, f(u) := <& f(u+ tv)| —0
(u,v € V) for smooth functions f on V. We extend (-|-) , to W by complex bilinearity
and denote it by the same symbol. We define a sesquilinear form (:|-)y on U by

(U1|U2)U = <Q(U1,u2)|E>n (Ul,UQ c U) (24)

Then (-|-)y is a positive definite Hermitian inner product on U. For every w € W,
we define a complex linear operator ¢(w) on U by

(p(w)us|ug)y = <Q(U1,U2)|w>77 (w e W, u,ug € U). (2.5)
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Evidently the assignment w — @(w) is also complex linear. By definition we have
¢©(E) = 1d. We introduce a product on V' by

(zylz), = —3D.DyD.logn(E)  (z,y,2€ V), (2.6)

Since 1 is a C*° function, this product is commutative. Moreover we see by (2.3)
that F is a unit element.

From now on we assume that D is quasisymmetric, that is, we assume that the
vector space V with the product zy defined by (2.6) is a Jordan algebra. This means
that, in addition to the commutativity of the product, we have x(z%y) = 2?(xy) for
all z,y € V. Furthermore, this Jordan algebra is Euclidean in the sense of [5].
Indeed, (-|-) , 1s an associative inner product: every Jordan multiplication operator
is self-adjoint relative to (-|-),. Moreover by [3, Theorem 2.1] € is self-dual with
respect to (-|-) ,- In this paper we suppose further that D is irreducible, so that 2
is also irreducible (see [8, Theorem 6.3]) and V' is simple. We have the following
proposition due to Dorfmeister [3, Theorem 2.1 (6)] (see also [11, Proposition 4.5]),
where we note that W is a complex Jordan algebra in a natural way.

Proposition 2.1. The linear map ¢ : w — @(w) is a x-representation of the Jordan
algebra W

p(w) =p(w)"  (weW), (2.7)

plwiwz) = 3 (p(wi)p(wz) + p(wa)p(wi))  (wi, w2 € W), (2.8)

where, if A is a complex linear operator on U, then A* stands for the adjoint operator

of A with respect to (|')y.

Let Ey, ..., E, be a Jordan frame of V', that is, a complete system of orthogonal
primitive idempotents. Clearly, these elements also form a Jordan frame of W. Let
us put Uy, := @(Ex)U (k = 1,...,r), and recall the Hermitian inner product (-|-)y
defined by (2.4).

Lemma 2.2. The operators ¢(Ey) (k = 1,...,r) are orthogonal projections onto
Ug, and we have an orthogonal direct sum U =U; @ --- @ U,.

Proof. 1t is evident from (2.7) and (2.8) that the operators ¢(FEj) are mutually
orthogonal self-adjoint idempotents with ¢(Ey) + - - - + ¢(E,) = Id. O

The Euclidean Jordan algebra V' has the Peirce decomposition: if we put

V(a, %) ={veV]a = %v} (aeV),
Vi = RE; (1=1,...,7r),
Vij =V(Eg, 5)NV(E;3) (1<j<k<r),
then V' decomposes into the following orthogonal direct sum:

1<j<k<r

We pllt ij = (ij)(c (1 S ] S k S ’I“).
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Lemma 2.3. For wy; € Wy; (k> j), one has
(1) @(we;)U; C Ug.

(2) ¢(wr;)Ur C Uj.

(3) w(wirs)Ur =0 if I # j, k.

Proof. We have Ejywy; = %wkj. Hence

(wij) = ©(Er)p(wi) + ©(wi;)e(Ex). (2.9)

Applying (2.9) to u; € U;, we get o(wgj)u; = @(Ex)p(wgj)u;, so that we have
o(wgj)u; € Uy, and the statement (1) holds. By a similar argument, we get (2). To
prove (3), let I # j, k. Application of (2.9) to the vector u; € U, yields ¢(wy;)u; =
©(Er)p(wg;)w. Similarly we have ¢(wy;)w = ¢(Ej)p(wr;)w. Hence ¢(wy,)w €
U;NU, ={0}. O

Let (vq]vg),, := tr(viv2) be the inner product of the Euclidean Jordan algebra V
defined by the trace function of V. We know by [5, Proposition I1.4.3] that (-|-),, is
associative. Since Ey, ..., E, are primitive idempotents, we have (Ey|Ey),, =1 (k=
1,...,7). Since V is assumed to be simple, it follows from [5, Proposition I11.4.1]
that the associative inner products (-|-), and (-|-),, are proportional to each other.

We put G, := ||Ek||727 > 0, independent of k. Then we have clearly
1y = Fo e (210
We introduce a positive definite Hermitian inner product (-|-)y on W by
(wi|wo)w = (wi|wy), (wy, we € W).

Then the subspaces {W}; }1<j<k<, are orthogonal to each other with respect to (-|-)w
and we have by (2.5)

(p(w)u|ug)r = (Q(uq, uz)|w*)w (we W, up,uy € U). (2.11)
Moreover we have
(@ylz)w = (ylz"2)w. (2.12)
Proposition 2.4. (1) For k > j,u; € U;,uy, € Uy, one has Q(u;, uy) € Wi;.
(2) If u; € Uj, then one has Q(u;,u;) = 35" Hu]HQUE]
Proof. (1) Let w € W be arbitrary. Then by (2.12), (2.11) and (2.8)
(E;Q(us, up)|w)w = (o(Ejw*)u;|ug)u
= 3 (p(w)uile(Ej)ur)v + 5(p(w)u;lug)o
= 3(Quz, we)|w)w,
where the last equality follows from Lemma 2.2. Thus E;Q(u;, ux) = 3Q(u;, up). In
a similar way we obtain EjQ(u;,u) = $Q(uj, ug). Hence Q(uj, uy) € Wy;.

(2) An argument similar to (1) shows E;Q(u;,u;) = Q(u;,u;). Hence Q(u;,u;) €
W;; = CE;. Let us put Q(uj,u;) = AE; (A € C). By (2.4) we have

i[5 = (@Ceg, w1, = AE;ly
Therefore we get A = ||E]||a/2 ||u]||2U, which completes the proof. O
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To prove our main theorem, we quote the following criterion.

Proposition 2.5 ([2, Corollary 1]). The irreducible quasisymmetric Siegel domain
D is symmetric if and only if there exists a Jordan frame fi,..., f, of V_such that

with Uy := o(fr)U we have o(Q(uq,uz))uy =0 for all uy € Uy and ug € Us.
2.2. Cayley transform and main theorem. We put

S ={(u,w) € U x W | w+ E is invertible in the Jordan algebra W}.

If (u,w) € D (the closure of D), then by (2.1) and (2.2) we have w + E € Q + iV,
so that w + E' is invertible. Hence

Dc.s. (2.13)
Moreover, it is clear that .# is an open set. We define the Cayley transform C by
Cluw) = (20 (w+ B) ) u, (w—E)w+ E)7)  ((wuw) e ).
We set
I = {(u,w) € U x W | E — w is invertible in the Jordan algebra W}.

The inverse map of C is given by

Cil(uaw) = (90 ((E - w)il) u, (E + U))(E - U))il) ((u7w) S j)
Now our main theorem is stated as follows:

Theorem 2.6. Let D be an irreducible quasisymmetric Siegel domain. Then, C(D)
15 convex if and only if D is symmetric.

3. PROOF OF THE “ONLY IF” PART OF THE MAIN THEOREM

Let D be an irreducible quasisymmetric Siegel domain. In this section we show
that the convexity of C(D) implies that D is symmetric. Before proceeding, we note
that the Shilov boundary of D coincides with the set X:

Y ={(uv,w) €U xW|Rew = 1Q(u,u)}.

Let us assume that C(D) is convex. Let j, k be integers with 1 < j < k < r.
Let us take any non-zero u; € Uj,uy € Ui. We consider the following two points
21,22 € pI%

21 = (U, wsy) 1= (uj + wp, SQ(uj + wp, vy + wy) + i Im Q(uy, uy))
2y = (Uzy, Wsy) 1= (—Uj + U, %Q(—Uj + up, —u; +up) — i Im Q(Upuk)) .
By Proposition 2.4 (2) we have
21 = (u + ke, (260) " Mluglly By + (2600) " uelly Ex + Q(uj,ur)),
2 = (—uj 4wk, (260) " luglly Bj + (260) " ukllyy Br — Q(uz,ur)).



6 CHIFUNE KAI

We shall compute the Cayley transforms of z1, zo. For simpilicity we put
ik = (Q(uy, ur)|Q(uy, ur)), ,
5= 1+ @0 wglll s o= 1+ (280) 7 el (3.1)
T .= 5j5k — (Qﬁo)_lq]'k.
Since z; € D, the element w,, + F is invertible in W by (2.13). Hence [12, Lemma
10.2] together with (2.10) gives 7 # 0 and
(ws, + E)” Z Ep + 77 (0kEj + 0;Ex — Q(uy, uy,)) -
m#j,k
Therefore we have by Lemmas 2.2, 2.3 and Proposition 2.4 that
o ((way + B)71) sy = 771 (p1t + Gun — o(Q(uy, we)) (uj + w)) -
Thus we get
Cz) = (27" By + Sy — p(Q g, up)) (g + 1),
= Y Ent (1=2r710) Bj + (1—277'6;) Ex + 27_1Q(uj,uk)).

m#j,k

A similar argument gives
Clz) = (27" (=0t + dyus = p(Quzyw)) ;= wa)
= > Ent+(1-2r70) B+ (1—277'5;) By — 27'_1Q(uj,uk)>.

m#j7,k
We consider the midpoint & of C(z) and C(z2): & = (ug, we) := 3(C(z1) + C(22)).
We have

ug = 277 (Gu — (Q(uy, ur) ;)
we=— Y Epn+(1=2r"0)E; + (1-2r'6,)E
m#j3,k
Since C is continuous in the open set .# which contains D, we see that C(D) is
convex. Hence ¢ € C(D), so that C™1(¢) € D.
We shall compute 5’ :=C71(¢). First we have
(BE—we)™ = 27 By + (r(26:) 7' E; + 7(20,) ' Ey) -
m#7.k
Since ug € Uy by Lemma 2.3 and Proposition 2.4, it follows from Proposition 2.2
that if we put ¢’ = (ug, we ), then
Ugr = Uy — 5;190(Q(uj, ug))u;, we = (7'5,;1 —1)E; + (7'5]._1 — 1)E.
Since & € D, we have
Re Wer — %Q (U,g/, U£/) S ﬁ
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Hence it follows from Proposition 2.4 (2) that
(Re7)d, ' —1) E;
+ ((Re7)d; " =1 —(280) " ||Juw — (5]-_1g0(Q(uj,uk))ujH?])Ek €.
Therefore the coefficient of Fj must be non-negative:
(Re7)05 " — 1 — (260) 7" [Jur — 07 0(Quy, wn) uy |}, > 0. (3.2)
Here by (2.5), we have
e = 57 o(Qus, )
= [Jurlly; + 07 1o (Q g, i) sl — 207 Re(o(Q(uy, ) Jus ur)u
= [[urlly; + 07 19 (Qug, w) sl — 207 Re g
By this equality and (3.1) the left-hand side of (3.2) equals
(5j5k; —(26,) ' Re qjk) 5;1
— 1= (260) " (Ilurlly, + 657 l(Q(u, wn) sl — 267" Re g
= (250)715;2 (6; Re qjx — [l(Q(uj, Uk))“y”é)
Hence we have
(14 (260) " usllyy) Re gz — lo(Q(uj, ur) uy 7, = 0. (3.3)

Since (-|-), is complex bilinear, we can find § € R such that
Re (Q(e"uj, ur)|Q(e"u;, uy > = 0.

Replacing u; by eu; in (3.3), we get ng( (uj, up))usll; = 0, ie., p(Quy, uy))u; =
0. Now Proposition 2.5 tells us that D is symmetric.

4. THE CASE OF SYMMETRIC DOMAINS.

In this section we verify that the Cayley transform image of a symmetric Siegel
domain D is convex, keeping to the notation in Section 2. Since symmetric Siegel
domains are quasisymmetric, we can define a linear map ¢ : W — EndcU and
equip W with a complex Jordan algebra structure with unit element E as we did in
Section 2.

4.1. Jordan triple system associated with a symmetric Siegel domain.
Symmetric Siegel domains are described in terms of Jordan triple systems (JTS).
Here we recall that a finite-dimensional complex vector space Z is called a Hermitian
JTS if Z is endowed with a real trilinear map {-,-,-} : Z x Z x Z — Z such that

(JTS1) {z,y, 2} is complex linear in x, z and antilinear in y.
(JTS2) {z,y, 2} = {z,y,2}.
(JTS3) {a,b,{z,y,2}} = {{a,b,2},y, 2} —{z,{b,a,y}, 2} + {z,y,{a, b, 2} }.

For z,y € Z, we define x0y € EndcZ by (z0y)z := {z,y,2}. A Hermitian JTS Z
is said to be positive if the trace form (z,y) — Tr(z0y) is positive definite.
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We now describe how a structure of JTS is introduced in the ambient vector
space of D. We put Z := U@ W. Define a real trilinear map {-,-,-} : ZxZxZ — Z
by

{r+a,y+0bz+c}
= 1p(c)p(b")z + (3p(a)p(b")z + 30(Q(z,y))z + 30(Q(z,y)x)  (4.1)
+ ((ab*)c + a(b*c) — b*(ac) + 3Q(z, o(c")y) + 3Q(z, p(a*)y)),

where z,y,2 € U and a,b,c € W. Clearly (JTS1) and (JTS2) hold. We see
by [14, Chapter V, §4, Exercise 5 (c)] that {-,-,-} satisfies (JTS3), so that Z is
a Hermitian JTS. Proposition I11.4.2 of [5] together with (2.10) gives Tr L(xy) =
(rBo) ! (dim V') (x]y), . Hence it follows from [14, Chapter V, §4, Exercise 5 (a)] that
forx e Uyae W,

Tr((z + a)0(z +a)) = (rB) (dim V + %dim U)(||a||12/v + ||£L‘||(2])

This shows that Z is positive.
Now we have introduced a structure of positive Hermitian Jordan triple system
in Z. The following equalities hold:

ww' ={w, E,w'} (w,w" € W), (4.2)
Qu,u’) = 2{u,u', £} (u,u' € U),
o(w)u = 2{w, E,u} (we W, uel).

4.2. Convexity of the Cayley transform image. To verify that the Cayley
transform image of a symmetric Siegel domain is convex, we quote some results
of [10]. Though the contents of [10] are written in terms of Jordan pairs, we can
translate them easily into the language of Jordan triple systems (see [10, 2.9]). If
we write [+, -, ] for {-,-,-} used in [10], the translation is as follows:

[z,y, 2] = 2{z,7, z}. (4.3)
Then, the positive Hermitian JTS Z gives a Jordan pair with a positive Hermitian
involution by [10, Corollary 3.16]. It should be noted that our translation is different
from [10, 2.9] by the multiplication constant 2. This modification is made for E to
be a tripotent in the sense of [10].

An element e € Z is called a tripotent if {e, e, e} = e. We know by [10, Corollary
3.12] that every = € Z can be written uniquely as x = Aje; + -+ - + A\, e, where the
e; are pairwise orthogonal non-zero tripotents which are real linear combinations of
powers of x, and the \; satisfy 0 < A\; < --- < \,,. We call the \; the eigenvalues of
x. We denote by |z| the largest eigenvalue of x. Then we see by [10, Theorem 3.17]
that |- | is a norm on Z, called the spectral norm. Let us denote by B the open unit
ball for the spectral norm.

By (4.2), E is a tripotent. Definition (4.1) of the triple product shows that
U (resp. W) is the %—eigenspace (resp. l-eigenspace) of the operator ECJE. In
particular, F is a maximal tripotent, and Z = U@ W gives the Peirce decomposition
of Z with respect to E. By (4.2) and (4.3), the Jordan algebra structure on W
defined at the beginning of [10, §10] coincides with ours. Moreover the product
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o defined in [10, §10] is w ou = p(w)u(w € W, u € U). Hence we see by [10,
Proposition 10.3] that the Cayley transform ~g defined in [10, §10] corresponding
to E is

ve(u,w) = (V2p((B —w) u, (E+w)(E—w)™).
Now [10, Corollary 10.9] tells us that yg(B) = D. If we define a linear map 7" on

U x W by T(u,w) := (v2u,w) (u € Uyw € W), then vz = C~' o T. Therefore we
get C(D) = T(B), which clearly implies that C(D) is convex.

REFERENCES

[1] D’Atri, J. E., Sectional curvatures and quasisymmetric domains, J. Diff. Geom. 16 (1981),
11-18.

[2] D’Atri, J. E., and J. Dorfmeister, Flat totally geodesic submanifolds of quasisymmetric Siegel
domains, Geom. Dedicata 28 (1988), 321-336.

[3] Dorfmeister, J., Quasisymmetric Siegel domains and the automorphisms of homogeneous
Siegel domains, Amer. J. Math. 102 (1980), 537-563.

[4] —, Homogeneous Siegel domains, Nagoya Math. J. 86 (1982), 39-83.

[5] Faraut, J., and A. Kordnyi, “Analysis on Symmetric Cones”, Clarendon Press, Oxford, 1994.

[6] Gindikin, S. G., Analysis in homogeneous domains, Russian Math. Surveys 19-4 (1964),
1-89.

[7] Kai, C., and T. Nomura, A characterization of symmetric tube domains by convezity of
Cayley transform images, To appear in Diff. Geom. Appl.

[8] Kaneyuki, S., On the automorphism groups of homogeneous bounded domains, J. Fac. Sci.
Univ. Tokyo 14 (1967), 89-130.

[9] Korédnyi, A., and J. A. Wolf, Realization of Hermitian symmetric spaces as generalized half-
planes, Ann. of Math. 81 (1965), 265-288.

[10] Loos, O., “Bounded symmetric domains and Jordan pairs”, Lecture Notes, Univ. California
at Irvine, 1977.
[11] Nomura, T., On Penney’s Cayley transform of a homogeneous Siegel domain, J. Lie Theory

11 (2001), 185-206.

[12] —, A characterization of symmetric Siegel domains through a Cayley transform, Transform.
Groups 6 (2001), 227-260.
[13] —, Geometric norm equality related to the harmonicity of the Poisson kernel for homogeneous

Siegel domains, J. Funct. Anal. 198 (2003), 229-267.

[14] Satake, I., “Algebraic structures of symmetric domains”, Iwanami Shoten and Princeton
Univ. Press, Tokyo—Princeton, 1980.

[15] Takeuchi, M., On symmetric Siegel domains, Nagoya Math. J. 59 (1975), 9-44.

DEPARTMENT OF MATHEMATICS, FACULTY OF SCIENCE, KYOTO UNIVERSITY, SAKYO-KU
606-8502, KyoTo, JAPAN
E-mail address: kai@math.kyoto-u.ac. jp



