A CHARACTERIZATION OF SYMMETRIC SIEGEL DOMAINS
BY CONVEXITY OF CAYLEY TRANSFORM IMAGES

CHIFUNE KAI

ABSTRACT. In this paper we show that a homogeneous Siegel domain is symmetric
if and only if its Cayley transform image is convex. Moreover, this convexity
forces the parameter of the Cayley transform to be a specific one, so that the
Cayley transform coincides with the inverse of the Cayley transform introduced
by Koranyi and Wolf.

1. INTRODUCTION

A homogeneous Siegel domain is a higher dimensional analogue of the right
(or upper) half plane in C, and is mapped to a bounded domain by the Cayley
transforms introduced by [17]. Among homogeneous Siegel domains, we have an
important subclass consisting of symmetric ones. In our previous paper [9], we gave
a symmetry characterization for tube domains (homogeneous Siegel domains of type
I) by convexity of the Cayley transform images, and in [7], for quasisymmetric Siegel
domains. This article is the final step of these works and establishes the same type
of symmetry characterization theorem for general homogeneous Siegel domains.

We mention here some of the works about characterizations of symmetric Siegel
domains: a characterization by a certain norm equality related to the Cayley trans-
form image [15], one by the commutativity of the Berezin transform and the Laplace-
Beltrami operator [16], and one by the harmonicity of the Poisson-Hua kernel [18].
In the latter two, the geometric backgrounds of the symmetry characterizations are
clarified through norm equalities involving the Cayley transforms. In [3], we can
find several characterizations of symmetric Siegel domains concerning the isotropy
representation and the action of the automorphism group of the domain. Differ-
ential geometric characterizations by means of the Bergman metric are given in [4]
and [2], and an algebraic one in terms of the defining data of Siegel domains in [23,
Theorem V.3.5] and [5, II, Sdtze 3.3, 3.4].

Let us present the convexity of Cayley transform image of a symmetric Siegel
domain. In the case of one complex variable, the Cayley transform
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maps the right half plane to the open unit disc, which is obviously a convex set.
We have a similar situation for symmetric Siegel domains. Since a symmetric Siegel
domain is a Hermitian symmetric space of non-compact type, it has a canonical
bounded realization, namely, the Harish-Chandra realization. In [11], Kordnyi and
Wolf defined in a Lie-theoretic way (the inverse of) the Cayley transform which maps
a symmetric Siegel domain to its Harish-Chandra realization. It is known that the
Harish-Chandra realization coincides with the open unit ball for the spectral norm
defined for the Jordan triple system canonically associated with the domain (we refer
the reader to [12, §10], [11] and [7] for details). Thus the Cayley transform image of
a symmetric Siegel domain is a convex set. We shall show that this convexity char-
acterizes symmetric Siegel domains among homogeneous ones. Before proceeding,
we would like to mention that it is shown in [13] that the Harish-Chandra realization
of a symmetric Siegel domain is characterized essentially among bounded realiza-
tions by its convexity. In other words, the Cayley transform is essentially the only
bounded convex realizaion of a symmetric Siegel domain.

In this article we deal with the family of Cayley transforms defined by Nomura
[17]. This family is parametrized by the admissible linear forms on the normal j-
algebra associated with the Siegel domain. If the domain is quasisymmetric and
the parameter is a specific one, the corresponding Cayley transform is the same
as Dorfmeister’s one given in [6] which we used in [7], and in particular if the
domain is symmetric, our Cayley transform with the specific parameter coincides
with Koranyi-Wolf’s one. Moreover, our family includes Penney’s Cayley transform
defined in [19] which is associated with Vinberg’s *-map of the underlying cone of
the domain, and Nomura’s one associated with the Bergman kernel (resp. the Szego
kernel) of the domain appearing in [14], [15] and [16] (resp. [18]).

Let us fix the notation in order to present our results. Let €2 be a homogeneous
convex cone in a real vector space V. We put W := V¢, the complexification of
V. Let U be another complex vector space and ) : U x U — W an Q-positive,
Hermitian sesquilinear map. The Siegel domain D for these data is defined by

D :={(u,w) e U x W | Rew — 3Q(u,u) € Q}.

In case U = {0}, the domain D is called a tube domain. We note that the tube
domain Q+:V is contained in D in such a way that DN ({0} x W) = {0} x (Q+iV).
We denote by Cs the Cayley transform for €2 + ¢V, where s is the parameter of the
family of Cayley transforms (see Section 3 for the definition). Using Cs, we introduce
the Cayley transform Cg for D. If D is a tube domain, then Cg reduces to Cs.

Our first main theorem is a refinement of [9, Theorem 1]. Let Q° be the dual
cone of €2. For the tube domain ©° + ¢V, the Cayley transform C7 is defined in a
way similar to Cs. In [9, Theorem 1], we characterized symmetric tube domains by
requiring the convexity of both of Cs(2 + iV') and CF(2° + ¢V). In this paper we
show that the condition concerning CF can be removed:

Theorem 1.1. C5(Q+14V) is a convex set if and only if Q+1V is symmetric and the
parameter s is a specific one so that Cy coincides with the Cayley transform defined
in terms of the Jordan algebra structure associated with €.
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Here we note that 244V is symmetric if and only if ) is a symmetric cone. Our
second main theorem generalizes Theorem 1.1 to the case of homogeneous Siegel
domains.

Theorem 1.2. Cs(D) is a convez set if and only if D is symmetric and the parameter
s is a specific one so that Cs coincides with Kordanyi-Wolf’s Cayley transform.

Our way of proving Theorem 1.2 is as follows. First, the convexity of Cs(D)
implies the convexity of C5(Q2+ V). By Theorem 1.1, Q + 4V is symmetric and the
parameter s is a specific one. With this we show that D is quasisymmetric and Cq
is identical with Dorfmeister’s Cayley transform which we used in [7]. Then by [7,
Theorem 2.6] we conclude that D is symmetric.

The organization of this paper is as follows. In Section 2, we summarize the
structure theory of normal j-algebras. In Section 3.1, we introduce the pseudoinverse
maps and then in Section 3.2 the Cayley transforms of homogeneous Siegel domains.
There we present the precise statement of Theorem 1.2 as Theorem 3.1. In Section
4, assuming that the domain is quasisymmetric, we compare our Cayley transform
with Dorfmeister’s one. We collect in Section 5 some facts which hold without any
restrictions on the homogeneous Siegel domain for later use. The proof for Theorem
1.1 (the precise statement is Theorem 6.1) is given in Section 6. Theorem 1.2 is
proved in Section 7.

Thanks are due to Professor Takaaki Nomura for the encouragement and the
advices in writing this paper. The author is also grateful to Professor Hideyuki Ishi
for stimulus discussions about the contents of this paper.

2. HOMOGENEOUS SIEGEL DOMAINS

The structure of a homogeneous Siegel domain is described in terms of a normal
j-algebra. Our references are [20], [21] and [22]. A triple (g, J,w) of a split solvable

real Lie algebra g, a linear operator J on g with J? = —I and a linear form w on g
is called a normal j-algebra if the following two conditions hold:
J(X,Y] = [JX,JY]) = [JX,Y]+ [X,JY] for all X\ Y € g, (2.1)
(x|y)w == ([Jx,y], w) defines a J-invariant inner product on g. (2.2)

Let (g,J,w) be a normal j-algebra. We put n := [g,g] and a := n*, the or-
thogonal complement of n with respect to the inner product (:|-),,. Then a is a
commutative subalgebra of g such that ad a is a set of simultaneously diagonalizable
operators on g. Let g = a® ), N, be the corresponding eigenspace decomposition
of g, where A is a finite subset of a* \ {0}, and for a € a*, we have put

n,={Xeg|[H X|=(H,a)X foral H € a}.

The subspaces n,, (a € A) are orthogonal to each other relative to the inner product
(|')w- The number r := dima is called the rank of g. We can choose a basis
Hy,...,H, of a so that with E,, :== —JH,, (m = 1,...,r), we have [H;, E;] =
0By (1 < j <k <r). Let aj,...,a be the dual basis of a* with respect to
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Hy, ..., H,. Then the elements of A are of the following forms (not all possibilities
need to occur):

slap—ay) (1<j<k<r), s, (1<m<r),
Ay (1<m<r), %(ak—i-ozj) (1<j<k<r),
and we have n,, =RE,, (m=1,...,7). We set
=2 Ny 8(0) = a@n(),

j<k

1/2 Z N, /25 Z Ny, P Zn (ap+aj)/2s

i<k

and put H := Hy+---+H,, F := E1+---+E,. We see that the subspaces g(0), g(1/2)
and g(1) are the 0,1/2 and 1-eigenspaces of ad H respectively. Moreover we have

l9(), 8(0)] C gla + 5), (2:3)
where if a4+ > 1, then we put g(a + ) = {0}. Also we have
INap—aj)/2 = Nagray2 (1 <7<k <r),

INa,, ;2 = o,/ (1<m<r),
so that Jg(0) = g(1), Jg(1/2) = g(1/2). We note that
JT = —[T, E] (T € g(0)), (2.4)
JThj = —[Tejs Ej] - (Thj € Nay—ay)/2)- (2.5)

The subspace n(0) is a nilpotent Lie subalgebra. Let
N(0) :=expn(0), G(0):=expg(0), A:=expa.

Then G(0) = A x N(0) and G(0) acts on V := g(1) by adjoint action. We put
2 := G(0)E, the G(0)-orbit through E. Then we know that 2 is a regular open
convex cone in V' on which G(0) acts simply transitively. Since g(1/2) is invariant
under J, we can introduce a complex structure on g(1/2) by —J. We denote by U
this complex vector space. The Lie subalgebra g(0) acts on U complex linearly by
adjoint action. We put W := V¢, the complexification of V' and denote by w +— w*
the complex conjugation of W relative to the real form V. We define a sesquilinear
map Q : U x U — W by

Qu,u') :== [Ju,u'] — i[u, ] (u,u" € U). (2.6)
Then we see that this map is Hermitian and 2-positive:
Qu,v') = Q' u)”  (u,u’ €U),
Q(u,u) € Q\ {0} for all u € U \ {0}. (2.7)
The Siegel domain corresponding to these data is defined by
D :={(u,w) e U x W | Rew — 3Q(u,u) € Q}. (2.8)
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We know that the Lie group G := exp g acts on D simply transitively on D by affine
automorphisms. Every homogeneous Siegel domain is obtained from a normal j-
algebra in this way. Throughout this paper, we always assume that D is irreducible.
Hence the cone € is also irreducible by [10, Theorem 6.3].

Finally, we remark here that the Shilov boundary ¥ of D is described as

Y ={(uv,w) €U x W |Rew — 3Q(u,u) = 0}.

3. CAYLEY TRANSFORMS

3.1. Pseudoinverse maps. A linear form w on g satisfying (2.2) is said to be
admissible. We know the set of admissible forms. To describe it we define E, €
g-(m=1,....r) by (E;,E}) =6, (j=1,...,7) and E}, =0 on g(0) ® g(1/2) &
Jn(0). For s = (s1,...,s,) € R", we set E} := > s, E" and (vi|vg)s := (v1|v2) s
for v1,vo € V. We say that s = (s1,...,s,) € R" is positive and write s > 0 if
s1>0,...,8. > 0. Then [17, Proposition 3.4] says that the set of admissible linear
forms on g coincides with

a*+{E;|s>0}.

Further we know by [17, Lemma 3.2] that the description of the structure of g in
Section 2 is independent of the choice of the admissible linear form w.
For s = (s1,...,s,) € R", we define a one-dimensional representation x5 of A by

Xs (exp <Z thm)) = exp (Z smtm> (tm € R).

Since G(0) = A x N(0), we can extend s to a one-dimensional representation of
G(0) by putting xs|y( ) = 1. In what follows, we write hv for h € G(0) and v € V
instead of (Ad h)v for simplicity. Recalling that G(0) acts simply transitively on €
by the adjoint action, we transfer ys to a function Ag on €:
Ag(hE) := xs(h) (h € G(0)).
We remark that by [17, (3.15)], we have for s > 0,
(1|va)s = Dy, Dy, log A_4(E) (v1,v9 € V).
Let s > 0. For z € Q, we define the pseudoinverse Zs(x) of = by
<Is(x)|y>s = _Dy log A—S(ZU) (y € V) (31)

We call Zs : Q — V the pseudoinverse map. We see that Zs(F) = F and Zg gives a
diffeomorphism of €2 onto 2%, where €2° is the dual cone of € realized in V' by means
of the inner product (-|-)s:

QP ={x eV | (z]y)s >0 forally € Q\ {0}}.

Let G(0)¢ be the complexification of G(0). We extend (:|-)s to W by complex bilin-
earity and denote it by the same symbol. We know that Zg is analytically continued
to a rational map W — W which is G(0)c-equivariant: Zs(hz) = Sh™'Zi(z) (h €
G(0)¢), where for a linear operator T on W, T stands for the transpose of T relative

to (:[)s-
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Starting with the dual cone Q°, we get a similar map Z; : 2 — Q. We see that
Z7 is analytically continued to a rational map W — W which is G(0)c-equivariant:
Zx(5h'z) = hZi(z) (h € G(0)¢). Thus Zg is a birational map with Z;! = Z7.
Moreover, we see by [17, Theorem 3.19] that Zs (resp. Z7) is holomorphic on Q + iV’
(resp. Q% +iV') and Zs(Q2 + V') (resp. Z2(Q2° +iV)) is contained in the holomorphic
domain of Z} (resp. Z).

3.2. Parametrized family of Cayley transforms. We keep to the notation in

Section 3.1 and continue to suppose that s > 0. We define a sesquilinear form (-|-)s
on U by

(ul\u2)s = <Q(U1,U2)’E>S = <Q(u1,u2), E:> (ul,u2 € U) (32)
Then (|-)s is a positive definite Hermitian inner product on U. The subspaces
Na,./2 (m =1,...,r) are orthogonal to each other with respect to (-|-)s. For u € U,

we set [|ulls 1= (u|u);/2 Let u,, € n,,,/2. Then we see by (2.6) that Q(tn,, um) € na,,.
Moreover we know by (3.2) that

Qtm, Up,) = S;zl”um”gEm (3.3)
For every w € W, we define a complex linear operator ¢s(w) on U by
(ps(w)urlug)s = (w|Q(u1, uz))s (ur,up € U). (3.4)

The assignment w — pg(w) is also complex linear and ¢g(E) = id.
We put
S={weW|w+EecQ+iV}, S:={(u,w)eUxW |weS}.
The Cayley transform Cg: S — W for the tube domain €2 + ¢V is defined by
Cs(w) = FE —2Z4(w + F) (w e S).

Observe that the closure Q + iV is contained in S. Using Cs, we introduce the
Cayley transform Cs : S — U x W for D by

Cs(u,w) := (2ps(Zs(w + E))u, Cs(w)) ((u,w) € S). (3.5)
By [17, Theorem 4.17], the Cayley transform image Cs(D) of D is bounded.

Note that since the definition of the Hermitian map @ in [17] is different from
ours (2.6) by the multiplication constant 1/2; the Siegel domain dealt in [17] is
expressed as T'(D), where T'(u, w) := (vV2u,w) ((u,w) € U x W). This modification
is made so that we have Re(ui|us)s = (ui|ug)ps for ui,us € U. However, the
pseudoinverse map Zg, the linear map ¢s : W — End¢ U and the Cayley transform

Cs are the same as those of [17].
We see that the inverse maps of Cs, Cs are given by

CiMw) =2T}(E —w) - FE (w € S%),
CoH(u,w) = (ps(E —w) 'u, O (w) - ((u,w) € 87),

where we have put

St ={weW|E—-weQ®+iV}, S ={(u,w) e Ux W |we S}
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We would like to remark that our Cayley transform Cg for the tube domain
1+ iV is identical with the Cayley transform given in [9]. In [9], we started with
a homogeneous convex cone () and a split solvable Lie group H acting simply tran-
sitively on Q. If we take G(0) as H and E as the base point, V' = g(1) becomes a
clan with the unit element E by the following product:

Ay = [Jx,y] (x,y € V).

Moreover the normal decomposition of the clan V' is given by V = Zkz i Magtay)/2
(see also [4, Section 2]). Hence the inner product (-|-)s and the pseudoinverse map
Zs defined in [9] coincide with ours.

Now we are in position to state our main theorem in its precise form:

Theorem 3.1. Let D be an irreducible homogeneous Siegel domain. Suppose that
the parameter s = (s1,...,s,) € R" is positive. Then Cs(D) is a convez set if and
only if D is symmetric and sy = -+ = s,.

4. QUASISYMMETRIC SIEGEL DOMAINS

Let D be the homogeneous Siegel domain defined by (2.8). Since D is holomor-
phically equivalent to a bounded domain, the Bergman space of D has the repro-
ducing kernel called the Bergman kernel, which we denote by x. By homogeneity
we have an explicit expression for . Let

by, = 3 dimg ng,, /2 (m=1,...,7),
Ngj 1= dimn(ak+aj)/2 (1 <7< k< 7’),

dm;:1+%znmi+52nim (m=1,...,r),

<m i>m

bi=(bi,....b), d:=(di,....d).
Then by [15, 1.3], we have for z; = (uj,w;) € D (j = 1,2),
K(21,22) = A_za-b(w1 + ws — Q(ur, uz))

up to a positive constant multiple.

If the cone Q is self-dual with respect to the inner product (:|-)sqip, that is,
Q = Q%+P then D is said to be quasisymmetric. We quote here the following
criterion due to D’Atri and Dotti:

Proposition 4.1 ([4, Proposition 3]). The Siegel domain D is quasisymmetric if
and only if
(1) ny; are independent of k, j,

(2) b, are independent of m.

We assume that a paramter s = (sy,...,s,) is positive. We introduce a non-
associative product on V' by

(zy|2)s = —3D,DyD.log A_(E) (z,y,2 € V). (4.1)
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Lemma 4.2. Even if s is replaced by s’ := ps (p > 0), the product defined by (4.1),
the pseudoinverse map ZLs, the linear map ps and the Cayley transform Cs all remain
the same.

Proof. By definition, we have (-|-)¢ = p(:|-)s and A_g = AP _  so that the product
defined by (4.1) will not change under the replacement of s by s’, and Zy = Zg by
(3.1). Moreover, since (-|-)g = p(-|-)s, we know by (3.4) that pg = 5. Therefore we
have Cy = Cs. O

Let us suppose that D is quasisymmetric and s; = --- = s, > 0. In view of
Lemma 4.2, we simply write Z, ¢ and C instead of Zg, s and Cg respectively in this
section. Noting that 2d;+b, = - - - = 2d,+b, by Proposition 4.1, we know by Lemma
4.2 and [6, Theorem 2.1] that the vector space V' equipped with the product defined
by (4.1) is a Jordan algebra with the unit element E. This means that in addition
to the commutativity zy = yx, we have the Jordan identity z(x%y) = 2?(xy) for all
x,y € V. The complexification W of V is a complex Jordan algebra in a natural
way. The following proposition is due to Dorfmeister (see also [14, Section 4]).

Proposition 4.3 ([6, Theorem 2.1]). The linear map ¢ : w +— (w) is a *-
representation of the Jordan algebra W :

p(w*) =pw)*  (weW),
p(wiwg) = 5 (p(wi)p(we) + e(w)p(wr))  (wy, wy € W),

where for a linear operator T on U, we denote by T* the adjoint operator of T
relative to (+|)s.

Moreover since 2d;+0b; are all equal for j = 1,...,r, we know by Lemma 4.2 and
[14, Proposition 4.4] that Z(w) = w™" for invertible w € W, where the right-hand
side is the Jordan algebra inverse of w. Hence it holds that

Clu,w) = (20((w + B) Hu, (w — E)(w+ E)™) ((u,w) € S).

Here we note that p((w + E)™!) = p(w + E)~! by Proposition 4.3 and ¢(FE) = id.
Thus our Cayley transform C coincides with the Cayley transform treated in [7].

5. BASIC FACTS

We collect here some of the facts that are true without any restrictions on
the homogeneous Siegel domain D. In this section we always suppose that the
positive integers j, k,[ satisfy 1 < j < k < < r and wy; € (n(akJraj)/g)(c,wlj €
(Nay+a;)/2)C Wik € (N(aytay)/2)C

We set

S = 2([Jwyy, wig] + [Jwig, wij]) € (N(aytar)/2)c-

We put v[jw] = (w|w)s (w € W), where we note that v[iw] = —v[w]. Since the
clan structure in V' is introduced in a manner compatible with the normal j-algebra
structure as we remarked at the end of Section 3, we can quote the following two
propositions from [8], where we note that they are valid not only for real ¢;, ¢,
but also for complex t;,tx, ;.
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Proposition 5.1 ([8, Proposition 4.2]). Let t;,tx,t; € C. Then one has
exp (Jwij + Jwy;) exp (Jwy,) exp (t;H; + tpHy + t,H) E
Z En+e"E; + (et’“ + (281,) el v[wyy ]) £,
mtj.k,l
+ (e + (2s) e vlw] + (25) " e v[wy]) By
+ ewyy + eYwy; + (e ISk + et‘“wlk) )

Proposition 5.2 ([8, Proposition 4.6]). One has

S(exp(lej + Jwy;) exp(Jwy,) exp (t;H; + ti Hy, + tzHl))_lE

Z E, + (e_tj + (2Sj)_1 (e_t’“ + (23k)_1e_tll/[wlk]) v[wi;]
mt gkl
+ (2s;) e wlwy] — Sj_leitl<Slk’wlk>S> E;
+ (e_t" + (st)_le_th[wlkD E,+e E
+ (6_“ S(ad Jwyj)wy, — (e + (2$k)_le_tlu[wlk])wkj)
+ e~ (3(ad Jwy,)w — wy;) — e My
We use also the following two lemmas to compute the Cayley transforms.

Lemma 5.3. (1) For all x € V', one has ps(z) = ady Jx + (ady Jz)*.
(2) The linear operators ps(E,,) (m =1,...,1) are orthogonal projections onto

nam/g .

Proof. (1) Definition (2.6) of @ and the Jacobi identity together with the fact that
ad Jx commutes with J gives

(ad J2)Q(u,u') = Q(u, (ad Jz)u') + Q((ad Jx)u, u').

Hence it follows that

(Q(u,u)*(ad Jz)E)s = ((ad Jx)*u|u')s + ((ad Jx)u|u')s. (5.1)
Here we note that $(ad Jz)E = 2. In fact, we get by (2.4) that for any v € V|
(vP*(ad Jo)E)s = ([J[J,v], E], Eg) = (v]z)s.

Therefore, the left-hand side of (5.1) is equal to (¢(x)u|u’)s, and the proof is com-
pleted.
(2) The linear operator 2ady H,, is an orthogonal projection onto n,,, /2, and thus
it is self-adjoint. Hence (1) yields ¢s(E,,) = 2ady H,,, and (2) follows.

O

Lemma 5.4 ([14, Lemma 3.4]). ¢s(°*(Ady h)z) = (Ady h)3¢s(z)(Ady h) for all
heG0) and x € V.

We have some inequalities concerning the dimensions of the root spaces of g.

Lemma 5.5 ([15, Corollary 4.4]). (1) If ny # 0, then one has nij > ny;.
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(2) If n; # 0, then one has ni; > ny.
Proposition 5.6. For vy € N, 1a;)/2 and u; € Ny, /2, one has
I(ad Jvgg)usllz = (255) " lowg |13 ]1u]l3-
Proof. We have [Juj,u;] = Q(u;,u;) = s; ' ||u;||2E; by (2.6) and (3.3). Taking the
commutator with Juy;, we see by the Jacobi identity and (2.5) that
([Tvkj, us), Jug] + [Ty, Jogg), ug) = —s7 | 2ok

Taking the commutator with Jv; once again, we obtain

([ Torg, ws], Jugl, Jvig) + ([ Tug, Jvig], ugl, Jog) = 857 g || 2[Tveg, vrg)- (5.2)
Since Jug; € N(ay—ay)/2 and [Jogj, ], [Juj, Jog] € 0y, /2, one has

[[Jorgs ugls Jug] = [[Juy, Juwg], Jukg] = 0.

It follows from the Jacobi identity that both terms of the left-hand side of (5.2) are
equal to [[Juk;, Ju;l, [Jvk;, uj]]. Since the operator ady Juy; is complex linear, we
have [Jug;, Ju;] = J[Jvk;, u;j]. Hence we see by (5.2) that

[ T[T vk, wsl, [Tveg, wi]] = (285) 7 gl [Tveg, o).
Applying EZ to the both sides, we obtain the proposition by (2.6) and (3.2). O

If ng; # 0, then Lemma 5.6 says that for a non-zero vg; € (g, 4a,)/2, the linear
map Ny, 2 > u; — (adJug;)u; € ng, o is injective. Hence we get the following
lemma.

Lemma 5.7. If ng; # 0, one has b; < by.

Lemma 5.8 ([8, Lemma 7.5]). Let a,, € R (m = 1,...,7) and vi; € Ny ta;)/2-
Then we have Y, apEy + vy € Q if and only if ay, >0 (m=1,...,7r) and aja;, —
(2s1) v [z > 0.

Furthermore we have

Lemma 5.9. Let a,, €R (m =1,...,7), 05 € Nayya;)/2 and Uik € Wgtay)/2- Then
we have Y am B, + v + vy, € Q if and only if
(i) am >0 (m=1,...,7r),
(i) ajarar — ar(2s) " vglls — a(2s0)HowllZ > 0.
Remark 5.10. The conditions (i) and (ii) imply that
aja; — (2s1) " Hoyll2 > 0, arar — (250) ok llZ > 0.

Proof of Lemma 5.9. For simplicity we set vy := Y apEp, + 015 +vy,. Let us assume
that v, € Q. Then it is clear that a,,, > 0 (m =1,...,7). It follows easily from (2.6)
and (3.3) that [Jwy;, v;] = —(ajs;) " ||v;||2E;. Hence we have by [8, Lemma 4.1],

vy 1= (exp Jwy;)vy = ZamEm + (al — a;1(2sl)_1\|vlj||§)El + Uy.
m#l
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Since exp Jw;; € G(0), we have vy € Q = G(0)E. Therefore we obtain (ii) by
Lemma 5.8.

Conversely we assume that (i) and (ii) hold. Then we have vy € €, so that
vy = (exp Jwy;) "ty € Q. O

6. REFINEMENT OF THE PREVIOUS THEOREM

Before proving Theorem 3.1, we would like to present here a refinement of [9,
Theorem 1].

Theorem 6.1. Let s = (s1,...,8,) € R" be positive. Then Cs(2 + iV') is a convex
set if and only if Q is a symmetric cone and sy = -+ = s,.

In view of [9, Theorem 1], it is enough to prove the “only if” part of Theorem
6.1. More precisely, our only task is to prove Propositions 7 and 13 of [9] under the
single assumption that Cs(€2 + V') is convex. Now we suppose that Cs(Q2 + V) is
a convex set. As in the previous section, we assume that the positive integers 7, k, [
satisfy 1 <j < k<l<r.

6.1. First step. First we show that s; =--- = s,.
Proposition 6.2. If ng; # 0, then one has s, = s;.

Proof. Since the inequality s; > sj is shown by [9, Lemma 5] under the same as-
sumption as here, it suffices to show that s; > s;. Let us take any non-zero § € R
and non-zero vgj € N(q,1a,)/2- Let us compute the Cayley transform images Cs(z1)

and Cs(2) of the following two points of Q + iV:
1 = Z(éEk -+ Ukj), Z9 = —’L((SEk —+ Ukj)-
We set
p = log((2sk) vk ll2 + 1 +46).
If we put in Proposition 5.1
ti=1,=0, ty = p, wy; = wy, = 0, Wy = 1k,
then the formula in Proposition 5.1 becomes exp J(ivy;) exp(pHy)E = 21 + E. Put
n := exp J(ivg;) exp(pHy). Since Zs(z1 + E) = Zs(nE) = 5n~ ' E, we have by Propo-
sition 5.2
Co(z21) == > En+ (2677(25;) o2 — 1) Ej + (1 — 2e7) By + 2ie vy,
m#j,k
Replacement of 6 by —¢ and vy; by —uvy; respectively gives
Co(22) = = > Em+ (2¢77(28;) o2 — 1) Ej + (1 — 2¢77) By, — 2ie Puy,.
m#£j,k

Consider ¢ := £(Cs(z1) + Cs(22)), the midpoint of Cs(21) and Cs(22). We have

§=—= Y En+ (2(Ree?)(2s) Mlvgll2 = 1) Ej + (1 — 2Ree ) By — 2(Im e ?)vy;.
m#£j,k
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Since Cs(Q 4 iV) is a convex set, too, we have £ € Cs(Q2 +14V), so that C71(¢) €
Q+aV.
We shall compute C

S

1(¢). We put in Proposition 5.2

ty = —Tog (1= ((2s1)lowsl12 4+ 1) " (255) o 12),
t, = —log(Ree™®), t =0, (6.1)
_ -1
wkj = (5((28k) 1HU]€J'H§ + 1) Ukj, Wik — wlj = 0,

and set 7 := exp(Jwy;) exp(t; H;+t,Hy). Here we note that the established inequal-
ity s; > sj, gurantees t; € R and that Ree™ > 0 implies ¢;, € R. Then the formula in
Proposition 5.2 becomes 57 'E = 271 (E — £). Since 277 (E — &) = Z: (5 'F) = 7jE,
we have by Proposition 5.1
C;l(f) = (etj — 1>Ej + (et’“ -+ etj(QSk)ilekjug — 1)Ek + etj'wkj.
Since C;1(€) € Q + iV, we know by Lemma 5.8
(et = 1) (e + e(2) w2 = 1) — (250 w22 0. (62)

Multiply the both sides by e~ ((2s;) ~*|Jvg;]|2 + 1)2. Then (6.1) and some simplifi-
cation yield

((2s) " Hlvwg [z + 1) (28) " lvwglls (e — 1) — 6*(2s5) ™ [Jows [l = 0.
Further simplification using e’ = (Ree?) ™! ((Ree?)?+ (Im e?)?) and ||vy;||s # 0 gives

_ 2 _ _
(2sk) " Hlvaglls +1)7 = (@si) " Hlvwsllz +1) = 6% (55 — sn).

Since the left-hand side is independent of §, and since s; > s, the arbitrariness of
0 forces s; = si. O

We now obtain the following proposition by Asano’s theorem [1, Theorem 4]
from Proposition 6.2, as we did in [9, Proposition 9].

Proposition 6.3. The numbers s,, (m =1,...,r) are independent of m.

6.2. Second step. In view of Proposition 6.3, we put for simplicity s = s, (m =
1,...,r), independent of m.

Proposition 6.4. If ny, # 0, then one has ny; = ny;.

Proof. Let us assume that ny # 0. By Lemma 5.5 (1) it is enough to show that
ny; < ng;. Let us take any non-zero vy € 0a,4a,)/2. For every vy € Ny +a;)/2, We
have *(ad Juy)vij € Moy 4a;)/2 by [8, Lemma 4.4] and [8, Lemma 7.7]. We shall prove
that the linear map n(q,4a;)/2 2 vy + °(ad Jug)vyj € N, 4a,)/2 18 injective, which
implies n;; < ny;.

Let us suppose that vj; € M, 4a,)/2 and *(ad Juy)v;; = 0. Let § € R and consider
the following two points of Q +iV:

2 = 1(0E; + vy, + vy5), zg = —i(0 By + vy, + vij).
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We set in Proposition 5.1
ti=te=0,  t;=log(1+ (28) " ul|Z + (25) |uy,||2 +46),
wy; = 0, wy; = 5, Wi = Wi,

and 7 := exp Jw;; exp Jwy, exp(t;H;). Then the formula in Proposition 5.1 becomes
nE = 2z + E. Since Zy(z; + E) = Z,(nE) = *n~'E, we know by Proposition 5.2
(note that *(ad Ju;;)uy, = 5(ad Juy)v; = 0 by [8, Lemma 7.7])

Colz1) == Y Bt (2071 (29) M uyll; — 1) B,
m#j,k,l
+ (2¢71(28) Yol — 1) B + (1= 2¢7 ) Ey + 2iqg vy + 2iq oy,

where we have put
q =1+ (25) vl + (25) oy lg + 26
A similar argument gives
Cs(22) == Y Em+ (20 '(29) oyl = 1) B
m#£j,k,l
+ (207 (28)  lowells = 1) B + (1 — 277 By — 20 "oy — 207 o

We set & := 3(Cs(21) + Cs(22)), the midpoint of Cs(z1) and Cs(z2). Then
§=— Y En+(2Re(q)(25)  uyli — 1) E;
m#jk,l

+ (2Re(q")(2s) Moz — 1) B + (1 —2Re(q 1)) By
— QIm(q_l)vlj — QIm(q_l)vlk.

By the convexity of Cy(2+ V), we have & € Cs(Q +iV), so that C71(€) € Q +iV.
Let us compute C;1(£). Put in Proposition 5.2

wy; =0, wy, = (Re ¢) ™! (Im q) vy, wy; = (Req) ™ (Im q)uvy,
t; = —log(1 — (Req)"(25)[luy13), (6.3)
tp = —log(1 — (Req)™'(25)'[luwl;), @ =—log(Re(¢™)),
where we note that ¢;,%;,%, € R. We set
n = exp Jwy; exp Jwy, exp(t;H; + tp Hy, + t,H)).

Then the formula in Proposition 5.2 becomes 57 'F = 274 E — £) by virtue of
*(ad Juy)u; = 0 and [8, Lemma 7.7] again. Since 2} (E — &) = ZX(5 'E) = 7jE,
we get by Proposition 5.1
C'S_l(f) = (etj - 1)EJ + (et’“ - 1)Ek
(e (28) el + e (25) g I — 1) B+ ey + o,
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Since C;1(€) € Q + 4V, we know by Lemma 5.9 (ii) that
(e — 1){(€tj —1)(e" + e (28) " Jwmlls + € (25) " lwylls — 1)
— 2 (28)fugll2 ) — (9 = 1) (28) |2 = 0.
After some simplification, we obtain
(e = D) (et = 1) (e = 1) = e9(28) |2 } > (€ — 1)e (25) " e
Multiplying both sides by e %e ' we see by using (6.3) that the above inequality
becomes, after dividing by (Req)™3(2s)™*|lvw|?,
(Req)(e" — 1)(25) vl > 2(Im q)*(2s) vy Iz (6.4)
By €'t = (Req) ™! ((Req)? + (Im¢)?), we arrive at
(28) o lls(X? = X) = 0%(2s) " [luy s,

where X = 1+ (2s) oul|2 + (2s) !uy]|2. Since § € R is arbitrary and the
left-hand side is independent of §, we must have v;; = 0, which we had to show. [

Now that Propositions 7 and 13 in [9] are proven without using the convexity of
C(Q® +iV), the proof of Theorem 6.1 is completed.

7. PROOF OF THE MAIN THEOREM

Let D be the homogeneous Siegel domain defined by (2.8). If D is symmetric
and the parameter s satisfies s; = --- = s, > 0, then we know by Section 4 that Cg
is identical with the Cayley transform treated in [7], so that the Cayley transform
image Cs(D) is a convex set by [7, Theorem 2.6]. We now prove the “only if” part
of Theorem 3.1.

Lemma 7.1. One has
Cs(D)N ({0} x W) ={0} x Cs(Q + V).

Proof. Since DN ({0} x W) = {0} x (2 +:V'), we have clearly by (3.5) that Cs(D) N
({0} x W) D {0} x C5(Q +4V). For (u,w) € D, we have w € Q + iV by (2.8) and
(2.7). Hence we have Cs(D) N ({0} x W) C {0} x C5(2 4 1V). O

Lemma 7.2. Let 1 < j < k < r. Foruy € g2 and vgj € Moy ta;)/2, ONE has
(ad Jug;) up, € 0y, 2.

Proof. If u' € (ng,0)* = > mej Mo /2, then we have (ad Jug;)u’ = 0. Hence
((ad Jogj) uglu')s = (ug](ad Jugj)u')s = 0.

This implies (ad Jugj)*ur € ng, /2. O

From now on, we assume that Cs(D) is a convex set. By Lemma 7.1, C5(Q2+iV)
is also convex, so that () is a symmetric cone and s; = --- = s, by Theorem 6.1.
Then we know by [24, Proposition 3| that ny; (1 < j < k < r) are independent of
J, k and they are all non-zero. We set s := s, (m =1,...,r), independent of m, as

in the previous section.
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Proposition 7.3. Let 1 < j <k <r. For any non-zero vj € Wa,1a;)/2, the linear
map (ad Jug;)*|, 1o Tag/2 = Moy /2 is injective. Hence we obtain by, < b;.
ag

Proof. Let us assume that uy € n,, /2 and (ad Jug;)*u, = 0. Let § > 0 be arbitrary.
We consider the following two points on the Shilov boundary of D:

21 = (Uy, w,, ) 1= (uk, %Q(uk, ug) + i(0Ey + ’Ukj)),
2o = (Usyy, W, ) 1= (—uk, %Q(uk,uk) —i(0E + Ukj)).
We know by (3.3) that
ws, = ((28) "kl + i6) By + iy, Wy = ((28) M ukll2 — i6) Ex — vy

Let us compute the Cayley transforms & := C (z1) and & = Cs(22) of z1,25. In
what follows, we will write & = (ug;, we,) (j = 1,2). We put

= log(1 + (25) ™" [Jugllg + (25) " lugg I3 + 26).
We set in Proposition 5.1,
ti=1=0, ty = p, wy; = wy, = 0, Wy = 1k,
and put 1 = exp Jwy; exp(txHy). Then the formula in Proposition 5.1 becomes
nE = w,, + E. Since Zs(w,, + E) = Zs(nE) = %n~ ' E, we have by Proposition 5.2,
Is(w,, + F) Z En+ (1= (25) e P||lug||2) Ej + € P By — ie Puy;.
m#j,k
Hence we get by Lemma 5.3 and the assumption (ad Juy;)*u, = 0,
ug, = 2e Py,
=— Z En+ (s7'e P|lugillz — 1) E; + (1 — 2 P) By + 2ie Puy;.
m#£j,k
Similarly, we have
ug, = —2e Puy,
— Z E,, + (sile*ﬁﬂvkjﬂg — 1)Ej + (1 —2e7P) By — 2ie Puy;.
m#j,k
We set £ = (ug, we) = %(51 + &), the midpoint of &; and &. Then
ue = 2i(Im e P)uy,
— Y En+t (s Ree?)|ogll2 — 1) Ej + (1 — 2(Ree ™)) By — 2(Ime P)vy;.
m#j,k

Since Cs(D) is a convex set, one has £ € Cs(D).
To compute the inverse Cayley transform C;1(€) of &, we put, in Proposition

5.2,
—log(1 — (2sRee?) vk 2), t, = —log(Ree™®), =0,

B N B 1 , (7.1)
wy; = wy, = 0, wy; = (Ree?) ™ (ImeP)vy,,
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and set 17 := exp Jwy; exp(t; H; + tyHy), where we note that ¢;,t, € R. Then the
formula in Proposition 5.2 becomes S 'E = (E — wg). Since 277 (E — we) =
Z:(5y'E) = E, we have by Proposition 5.1

Cs M we) =(e" — 1)E; + (e + (25) e ||wkj||2 — 1) Bk + " wy;.
On the other hand, we know by Lemma 5.4 that
ps(E —we) = 2(Ady 771)"(Ady 7).

Since ad Juy; commutes with J, we also have (ad Juy;)*Jur = 0. Since ue =
2i(Im e P)uy, it holds that

QDS(E — w5)71u§ = % AdU ﬁ(AdU exp(thj -+ tka))*’LL£
= 1" (Ady exp Jwy;)ue
= i(Ime P)e*uy,
where the last equality follows from (ad Jwy;)u, = 0. Therefore we get

C. 1 (6) :(i(Im e PYeruy, (e — 1) E; + (etk + (28) el w2 — 1)Ek + etjwkj).

We put ¢ = (u¢,we) = C;1(€). Since Cs(D) is convex, we get ( € D, so that we
know by (2.8), we — 2Q(u¢, uc) € Q. Hence it follows from (3.3) that
(€ = 1)E; + (e + (25) e [lwy;llg — 1 — (25) " (Ime )%™ [lur ) B

+ etfwkj e Q0.
Then by Proposition 5.8

(e — 1) (™ + (25) "€ wg s — 1 — (25) 7" (Tm e 7)€ ||uy )

— (25)7"e™ |lwgs g > 0.
A simplification gives
(e = 1)(e" — 1 — (25) " (Tm e P)%e™ Jug||3) — (25) 7" e"[|wi; 12 > 0.
Multiplying both sides by e~%  we obtain by (7.1) that
1 — (Ree!)™ — 8*(Ree?) ?|lug |2 > 0,

where we have divided the inequality by (2s)~!||vg;]|2 > 0. This must be true for
any 6 € R, so that we have u;, = 0. Therefore the linear map (ad Juy;)*|

nak/Q ’
Mgy 2 — Nay/2 1S Injective.

We know by Lemma 5.7 and Proposition 7.3 that dimn,,, ,» (m =1,...,r) are
independent of m. Now Proposition 4.1 tells us that D is quasisymmetric. Since
s1 = --- = 5., we see by Section 4 that Cg coincides with the Cayley transform
defined in [7]. Therefore it follows from [7, Theorem 2.6] that D is symmetric.
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