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Abstract

We introduce an algorithm which transforms a discrete group G into another
one Gy which has some particular properties. For example when G is a non-
amenable group, then G does not satisfy an algebraic version of the zero-in-the-
spectrum conjecture. Moreover when G is a finitely generated free group, then
Gy is also finitely presented and the p-th group homology of Gy have infinite
rank for all p > 3.

1 Introduction

In this paper we study some geometric properties of finitely presented groups. Here
we will give an algorithm W which transforms a discrete group G into another one Gy.
Gy is given by successive procedures: taking infinite sums of GG, a semi-direct product
with Z and an HNN-extension (Section 2). We show that when G is a finitely presented
group, then Gy is also the same. In the case when G satisfies some conditions, then
Gy shows particular phenomena in the so-called zero-in-the-spectrum conjecture by
Gromov ([3]), the Baum-Connes conjecture and the group homology.

Firstly we will give an application to the zero-in-the-spectrum conjecture. The
conjecture claims that for a closed, aspherical and connected Riemannian manifold
M there always exists some p > 0, such that zero belongs to the spectrum of the
Laplace-Beltrami operator A, acting on square integrable p-forms on the universal
covering M of M. Let H, (G; N(G)) be the homology of G with coefficients in a group
von Neumann algebra N(G). It is known that if BG is a closed manifold, then the
conjecture is equivalent to an algebraic condition that for some p > 0, H, (G; N (GQ)) #
0 holds ([4, p.438]). Naturally we can generalize it to an algebraic version of the
zero-in-the-spectrum conjecture.

Conjecture 1.1.
Let G be a discrete group. Then for some p >0, H, (G;N(G)) # 0 holds.

Several counterexamples are known for finitely generated groups, but they are in-
finitely presented. In this paper we show that many Gy are finitely presented groups



which do not satisfy Conjecture 1.1. Actually, the following theorem is proved in
Section 3.

Theorem 1.2.
Suppose that G is a non-amenable group, then Gy satisfies H, (Gy; N (Gy)) = 0.
In particular when G is a finitely presented and non-amenable group, then Gy is a
finitely presented group which does not satisfy the algebraic version of the zero-in-the-
spectrum conjecture.

Next we study the relation of Gy to the Baum-Connes conjecture. The conjecture
identifies G-equivariant K-homology with G-compact supports of the classifying space
EG for proper actions of G and the K-theory of the reduced C*-algebra C}(G) ([6]).
The following theorem is proved in Section 3.

Theorem 1.3.
Suppose that G has Haagerup property, then Gy satisfies the Baum-Connes conjec-
ture.

It is known that the Baum-Connes conjecture implies the zero-in-the-spectrum
conjecture in the case when BG are closed manifolds ([6, p.61]). On the other hand
the situation is completely different when BG are far from being manifolds. Let G
be finitely presented, non-amenable and has Haagerup property. For example, a free
group of rank m > 2. Then Gy satisfies the Baum-Connes conjecture, but does not
satisfy the conjecture 1.1. Therefore,

Corollary 1.4.
The Baum-Connes conjecture does not imply the algebraic version of the zero-in-
the-spectrum conjecture for finitely presented groups.

Finally we will calculate the group homology of Gy coming from free groups in
Section 4. Let H, (G;Z) be the group homology of G.

Theorem 1.5.
Suppose that G is a free group of rank m > 1, then Gy satisfies the following.

H,(Gy;Z) has infinite rank (Vp > 3),

H2 (G\Ify Z) ~ Z2m+m2,
H(Gy;Z) = zZmt

In particular Gy is a finitely presented group of infinite type and its rational coho-
mological dimension is infinite.
Moreover U is injective on the class of free groups.
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2 Construction of the algorithm WV

Definition 2.1.

Let n be a non-negative integer or n = oo. Define F,, to be the class of groups
for which BG are CW-complexes which have a finite number of p-dimensional cells for
p < n.

Example 2.2.
GeFy & G:adiscrete group,
GeF, & G:a finitely generated group,
GelF, & G:a finitely presented group,
GeFo <& G:agroupof finite type.

Also we will use [g, h] := g 'h~1gh, g" :== h='gh (g,h € G).

We will construct the algorithm
V:Fyg— Fo.G— Gy
passing through three steps.

Construction of the algorithm W.
Let G® (k € Z) be infinite copies of G. We identify G® with G. Let us put

G = @ G(k), Hy = @ G @ G’(?l“), Ky = EB GG g GBI,

keZ leZ leZ

G := Gy X Z is an HNN-extension of Gy = @ G™ by the isomorphism
keZ

Go = Go; g™ — g,

H, := Hy X Z is an HNN-extension of Hy = @ G g g+ by the isomorphism
I€Z.

Hy % Hy; g s g,

Ky := Ky x Z is an HNN-extension of Ky = @ GO @ GB*Y by the isomorphism
leZ

Ky = Ko; g® = g**?.

Then we have presentations as:

Gl = <G7a | [G7Ga ](O ke Z)>7
_ ) (1) (GO (G ](k € Z), >
= <GO’G ’b‘ (GO (GO [GD (GO0 £kez) [’
_ a0 qw | 6V (GO) ]k € ), >
o= <G0’G | GO, (GO)H GO, (GO0 4 k € Z)




Let us regard H; and K as subgroups of G by

Hy — G599, gW b g, g% d®

Kl — Gl;g(0)79(1)7c = g’ga7a3.

Definition 2.3.
Gy is an HNN-extension of Gy by the isomorphism

Hy = Ki;99, g0, b= g, W, c.
Then we have a presentation as:

Gy = <G,a,t’ [;’:G;T]((ga)tijaizg)’e G), (a*) = a® >

Here we claim the following.

Claim 2.4.
When
9" =9,(9")" =g"(g € G),(a®) =’ 1 =[G, G,

then .
1=[G,G" (0 £k eZ).
Proof. We have
1 — [G7Ga]ata_1 — [C;a7 Ga2]ta_1 — [Ga7Ga3]a_1 — [G, GaQ]
and
1=[G,G" =[G, G”).
Suppose 1 = [G, G*] for 1 < k < 3N (N > 1). Then since 2N +1 < 3N,

2N 3N+1
=1 it

1=[G,G G, Ge

3N+2
].

1= [G, Ga ata—1 — [GayGazu\”rl)]ta*l — [Ga’ Ga:”(N*l)]a*l — [G, Ga
Then since 2(N + 1) <3N + 1,

2N+1
]

1— [G Ga2(N+1)]t _ [G GaS(N+1)]
Hence 1 = [G,G*] for 1 < k < 3(N +1) (N > 1). Consequently 1 = [G,G"] for
k > 1. Moreover

—k

1= (G, G 1" ) =[G G = 6,6

for k > 1. Thus 1 = [G,G*] for 0 # k € Z. O



Corollary 2.5.
Let

In particular when G is finitely presented or generated, Gy has the same property
respectively.

Remark 2.6.
We can modify the algorithm. We fix an integer ¢ > 2. Let us put

H(’) = @ G g G+ g ... g Glatta—1)

lEZ

K, = @ GUaHDY g U gy L gy e+ DI+a-1)

</

H, = Hé X 7 is an HNN-extension of H(l) by the isomorphism
H(; = Hy; g — gk+a),
K, = K(/) X 7 is an HNN-extension of K(') by the isomorphism
K(/] el Ko;g(k) N g(k+q+1)'
Gy is an HNN-extension of Gy by the isomorphism

Hy = K599, 9%, g0 0 e g0 g gl e

?

Gy = <Sz‘(1§i§m),a,t il < ”)[ $11<k<q-L1<ij<m) >

)— 0<k<qg—1,1<i<m), (a9 = ait!

(s;

However for simplicity we will deal with the only case of ¢ = 2.
If G is a finitely generated free group of rank m > 1, then
H\(Gy;Z) =2 Gy /|Gy, Gy] = (si(1 <i <m),t) =27z
Accordingly,

Corollary 2.7.
U is injective on the class of free groups.

Here we will collect the groups appearing in the construction of the algorithm W.
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Notation 2.8.

G = (s;(1<i<m)|r(l<i<n)),
& = @
keZ

7

(k) :
= (sWa<i<mren)| T SismRED). ,
[s; 7, s [(1 <i,5 <m,k#1€Z)

Hy, = @G(Ql) e G(?H—l) = Gy,

leZ

KO — @G(Sl) @ G(3l+1),
lez

G1 = GO X 7.

= (ss(1<i<m)alr(l<i<n)[si,s?](1<i,j<m,0#keZ)),
H1 = H()NZ

© (1) r (1 <i <n), [sO, (s)A < i j < mok € Z),
= (s 85 (1<i<m)b 0) / (0)\ph1 [.(1) / (1)\pk S
[s; 7(‘9] )71 [s; ,(S]- )11 <i,5 <m,0#k€Z)
Kl = KO x 7
© 1) rO M1 <i <n), [ ()1 <i,j <mk e Z),
= (s s (T<ism)el o] T 0 1) (0o o
[Si 7<S ) ]7[8i 7(8]' ) ]1§Z7JS ,O;AkEZ)

Gy = <si(1 <i<m),a,t

Proposition 2.9.
Gy is torsion-free if and only if G is torsion-free.

Proof. Gy is an HNN-extension of G; and G is an HNN-extension of GGy. Thus this
proposition is clear by the torsion theorem for HNN-extensions ([5, p.185]). O

Proposition 2.10.
The cohomological dimension of Gy is infinite if and only if G is not trivial.

Proof. G has a torsion element if and only if Gy has a torsion element by Proposition
2.9. Then the cohomological dimension of each is infinite. If GG is torsion-free and not
trivial, then G D Z. Thus Gy D @Z. Consequently the cohomological dimension of

keZ
Gy is infinite. If G is trivial, then Gy = (a,t | (a?)" = a®). Hence Gy is a one-relator
group. Therefore the cohomological dimension of Gy is two. ]

3 Counterexamples to the algebraic version of the
zero-in-the-spectrum conjecture

We will get counterexamples to the algebraic version of the zero-in-the-spectrum
conjecture for finitely presented groups.



Definition 3.1.
Let d be a non-negative integer or co. Define Z4 to be the class of groups for which
H, (G;N(G)) =0 hold for p < d.

Lemma 3.2.
Let d, e be a non-negative integer or co. Then

(1) Let G be the directed union U G, of subgroups G; C G. Suppose that G; € Z4 for
iel

eachi € I. Then G € Z,. )

2) If G contains a normal subgroup H C G with H € Z,, then G € 2.

3) IfGeZ,and H € Z,, then G X H € Z41041.

4) 2y is the class of non-amenable groups.

5) Let G = Gy x4 Gy where A — Gy and A — Gy. Suppose that G1,Gy € Z, and

A€ Z4,4. Then G € Z,.

(6) Let G = Hxy = (H,t|60(a) =a') where AC H and 6 : A — H. Suppose that

HeZ;and Ae Z4_1. Then G € Z,.

Proof. (1) ~ (4) are proved in [4, p.448]. (5), (6) are clear by Mayer-Vietoris sequences
([1, p.178)). O

Proof of Theorem 1.2.

When G is non-amenable, then Gy, Hy € Z,, by Lemma 3.2 (1), (3), (4). Moreover
G1,Hy € Z by Lemma 3.2 (2) or (6). Accordingly Gy € Z, by Lemma 3.2 (6).

In particular when G is finitely presented and non-amenable, Gy is a counterexam-
ple to the algebraic version of the zero-in-the-spectrum conjecture for finitely presented
groups by Corollary 2.5.

O

Proof of Theorem 1.3.
If G has Haagerup property, then @ G® has Haagerup property, too. So
—K<k<K
EB G™ satisfies the Baum-Connes conjecture ([6, p.43]). Gy and Hy satisfy the
—K<k<K
Baum-Connes conjecture because Gy and Hy are directed unions of @ G") for
—K<k<K
all K € Z ([6, p-38]). Gy and H; satisfy the Baum-Connes conjecture because G; and
H, are HNN-extensions of Gy and H, respectively ([6, p.40]). Therefore Gy satisfies
the Baum-Connes conjecture because Gy is an HNN-extension of Gy on H; ([6, p.40]).

U

Remark 3.3.

Unfortunately any Gy can not be a counterexample to the zero-in-the-spectrum
conjecture in the case when BG are closed manifolds because if G is not trivial, then
the cohomological dimension of Gy is infinite and if G is trivial, Gy satisfies the
Baum-Connes conjecture.



4 The group homology of Gy coming from a free
group

In this section, we calculate the group homology of Gy coming from a free group
G. Let the generaters of G be s;(1 <i < m).

Proof of Theorem 1.5.
We will follow five steps.
Firstly we can decide the group homology of Gy, Hy and K, by

Hy(GiZ) = 0(n>2),
H(G;Z) = (si(1<i<m)),
Hy(G;Z) =~ Z.

and Kunneth formula. In fact

(k1) (k2) (kn)
X 52 % X S,

H,(Gy=HyZ) = > 1),

( 0 0 ) <(1§Zl,lg,..., §m k1<k’2<"'<k3n)>(n )
Ho(G():H(),Z) = 7.

(k) o o) o s lb) (] < g -

H.(KyZ) — 50 X 8,7 X 5. (1_@1,22,...,zn_m, > 1

(Ko;Z) <k1<k‘2<-- k k;=0, 1 mod 3) (n=1),

Ho(Ko;Z) = Z.

Secondly we will decide the group homology of G;. G; = Gy x Z is an HNN-
extension of Gy = @ G™® by the isomorphism
keZ

0 : Gy = Go; 55’“> — sz(kﬂ).
Thus we can use a Mayer-Vietoris sequence
- Hy(G: Z) 3 Hy(Go; Z) — Ho(G1;Z) — Hy 1(Go; Z) —
where o, = 0, — id,.

Claim 4.1. «, is injective for n > 1.

Proof. Let us put k := (ky, ko, ..., ky),1:= (1,1,...,1),i:= (i1,i,...,i,) and s¥ :=
(kl) (k2) (k)

X 852 X X S,
Now ozn(si‘) = 5k+1 sk If o, (DS ALsK) = 0, then ST(M_, — Ml )sK) = 0. Hence
A = Al_;. Because H,(Go; Z) is finitely generated, A} = 0 (Vi,V k). O
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k) _ k+1 k
Because a,(s) = s; 7 — s and

H,(Gy;Z) = H,(Go; Z) | an(Hn(Go; Z))

for n > 2,
(0) (k2) (kn)
H,(G:7) = [ XS XS, ] > 9
(G 2) <(1§21,22,...,in§m,O<k2<~~<kn) (n>2),
Hi(Gi;Z) = Gi/[G1,Gi] = (si(1 < i< m),a),
Ho(Gl,Z) = Z,
where [s;; O % s( 2 x sgf”)] denotes the equivalence class of sg?) X 1(52) - X sgf")

1Il]‘.](G07 )/Oén< n(G07Z))

Thirdly we will decide the group homology of H,. H; := Hy x Z is an HNN-
extension of Hy = @ G @ G+ by the isomorphism
lez.

0 : Hy = Hp; s s 512,

Thus we can use a Mayer-Vietoris sequence

— H,(Hy:Z) =3 H,(Hy;Z) — H,(Hy;Z) — H,_{(Hy; Z) —

where o, := 6§ —id,. We have the following by the same argument as that in the proof
of Claim 4.1.

Claim 4.2. a;l is injective for n > 1.
Because a,(sK) = skT2 — sk and

H,(Hy; Z) = H,(Ho; Z) ), (Ho(Ho; Z)

for n > 2,
[sl(-?) X 52(52) X - X s(k")]
~ 1<i,09,0 0yt <my, 0< ko <--- <k,
H(H:z) = (| @ ok By ") =2,
[s3,) X 83,7 X oo x s3]
(]_ < i1,19,..0,0, <M, 1 <ky<--- <kn)
Hi(Hy;Z) = Hy/[H, H]= (" s"1<i<m),b),
Ho(Hl,Z) = ZJ
where [sz(-?) X 3(52) X e X s(k")] and [s;, (1) 8552) X e X s(k")] denote the equivalence
classes ofs )><s(k2) xg(k" and sil) XSESQ) X e X Z(n ) in H,(Hy;Z)/o,(H,(Hy; Z))
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respectively.

Fourthly we will decide the group homology of K;. K; := Ky x Z is an HNN-
extension of Ky = @ G®) @ GB*Y by the isomorphism
lez

0" Ky = Ky; sgk) — SEHS).

Thus we can use a Mayer-Vietoris sequence

1"

- — H(Ky;Z) 23 H,(Ky; Z) — Hy(Ky;Z) — H,_1 (Ko, Z) —

where o, = 9;; — 1d,. We have the following by the same argument as that in the
proof of Claim 4.1.

Claim 4.3. o, is injective for n > 1.
Because a (sK) = sit3 — sk(ky <ky < -+~ <k, k; =0, 1 mod 3) and

H,(Ky;Z) = Hy(Ko; )/04 ( n(Ko; Z))

forn > 2
[SE?)XSZQ)X ><s( )} (1 <iy,igy ..., i, <m,
~ 0<k‘< <l<:n,k:_0,1 mod 3
[“ ><5 X“‘st‘n (1 <iq,09,. .., 0, < m,

1<k:2< - <ky, k;=0,1 mod 3)
H\(K;7) = Kl/[Kl,K]—((O) sV <i<m), o),

(2 ’l

where [s (1) >< s(k2) X +oe X sgf”)]” and [s (11) X 5(52) - X s(k" ]" denote the equivalence
classes of si ) % s(k2) XX s(k ") and 5(1) X s( 2 En ") in H,(Ky,Z)/a, (H,(Ky; 7))

respectively.

Finally we will calculate the group homology of Gy. Gy is an HNN-extension of
(G by the isomorphism

b H1—>K1,( bl—>5(0) ()

7,7’L7 2727

Thus we can use a Mayer-Vietoris sequence
s Hy(Hy;Z) % Ho(Gw; Z) — Ho(Gwi Z) — Hy 1 (His Z) —

where (3, 1= ¢, —i.. We use 1l := (0,1y,..., n), (q

l = q2,...,q )(Q1,Q2,---
0,1, ¢1 <2l+q < ...<2l,+¢,). Since 5,([s; l+q])

ot e
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Bo([s21). Thus Ker 3, D ([s2 — [s2])(0 < 2, < ... < 21,)). Hence Ker 3,

1

has infinite rank for n > 2. Thus H,;1(Gy;Z) has infinite rank, too. Also since
Ker 8, = (s, sy = 72 and Hy(Gy;Z)/B(Ho(Hy; Z)) = (s x siV]y = zm*,

1 199 21 2

Hy(Gy:; Z) =2 72"+ Hence

H,.(Gy;Z) has infinite rank (¥Yn > 3),
H(G7) = 2,

Hi(Gy;Z) = Gu/[Gu, Gy] = (si(1 <i<m),t),
Ho(Gu:Z) = 7.

O

Let G5 be Gy. In this section, we proved that for n = 0,1, 2, GG,, coming from a
free group of rank m > 1 is in F,, and the p-th group homology of GG,, has infinite rank
for any p > n+ 1. It is known when n is a non-negative integer, then F,, 2 F,+1 ([2]).
Here we will formulate the following conjecture.

Conjecture 4.4.
When n is a non-negative integer, then there is G € F, of which the p-th group
homology has infinite rank for any p > n + 1.

The author does not know whether this is true or not except for the case n =0, 1, 2.
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