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Abstract

We give a new definition of an elementary transformation of vec-
tor bundles (resp : reflexive sheaves) on regular schemes, by using
Maximal Cohen-Macaulay sheaves (resp : torsion free sheaves) on
their divisors. This definition is a natural extension of that given by
Maruyama in [Mar] and has a connection with that given by Sumihiro
in [Su-2] and [Su-3]. On nonsingular quasi-projective varieties over an
algebraically closed field, we can construct, up to tensoring line bun-
dles, all vector bundles and reflexive sheaves from trivial bundles by
this new elementary transformation. As an application, we give a suf-
ficient condition for a coherent sheaf of rank one on a hypersurface in a
projective space to be locally free. As an example of this construction,
we can show the explicit data to construct the Tango bundle, which is
the only known indecomposable rank two bundle over P3 (ch(k) = 2).

0 Introduction

Originally, an elementary transformation is the theory on ruled surfaces,
which enables one to construct a new ruled surface from given one. In [Mar],
Maruyama generalized this method to apply to the construction theory of
vector bundles. By using his idea and theory, we can construct a lot of
interesting vector bundles on schemes, especially those on low dimensional
projective varieties. On the other hand in [Su-2] and [Su-3], Sumihiro gave
an another definition of an elementary transformation of vector bundles on
schemes, which is related closely to the geometric characterization of the
original elementary transformation. Let us review them.

The definition of an elementary transformation given by Maruyama is
very useful to construct vector bundles and has a lot of applications and
examples. However in higher dimensional cases, there is a disadvantage that
not all vector bundles can be constructed from trivial bundles by this method.



The definition given by Sumihiro can be applied to the vector bundle
construction on higher dimensional cases. i.e., by using this theory, we can
construct, up to tensoring line bundles, all vector bundles on any dimensional
nonsingular quasi-projective varieties over an algebraically closed field from
trivial bundles. However, this elementary transformation needs a lot of ge-
ometric data and is hard to make examples. Note that the explicit relation
between these two was not clear.

In this article, we give a new definition of an elementary transformation
of vector bundles on regular schemes by using Maximal Cohen-Macaulay
sheaves on thier divisors. This is a natural extension of Maruyama’s defini-
tion and in the special case, it can be interpretated to Sumihiro’s definition.
i.e., by this theory, we can make it clear the relation between the two defini-
tions of an elementary transformation. From this viewpoint, we can obtain
several results not only on vector bundles but also on reflexive sheaves by
using torsion free sheaves on divisors. Consequently, we can construct, up
to tensoring line bundles, all the vector bundles and reflexive sheaves from
trivial bundles on nonsingular quasi-projective varieties over an algebraically
closed field of any characteristic by this method. This is one of the main re-
sults in this article and described in Theorem 1.2. As an application of this
elementary transformation, we will consider the sufficient condition when a
given coherent sheaf is locally free. The motivation to this problem is Hor-
rocks’ famous criterion ([OSS], Theorem 2.3.1), which tells us when a given
vector bundle on P} splits into the sum of line bundles. According to this
criterion, the given vector bundle E splits if and only if H* (P}, E(k)) = 0
for all integers k € Z and ¢ = 1,--- ,n — 1. Then it is natural to consider
whether the same condition is sufficient for a coherent sheaf on some varieties
to split into the sum of line bundles or be locally free. By using our elemen-
tary transformation, we can show that on a hypersurface Z in P} (n > 5)
whose singular locus is of codimension more than or equal to 5, a rank one,
Maximal Cohen-Macaulay sheaf F' generated by two global sections is locally
free if and only if it satisfies the Horrocks’ condition. This is stated in Propo-
sition 4.3. As an actual construction, we shall show explicit data to construct
the Tango bundle, which is the only known indecomposable 2-bundle on P,
where k is an algebraically closed field of characteristic two. This is given in
section five.

Contents of this article are as follows.

In section one, we give a new definition of an elementary transformation
by introducing the concept of ET-data (Z, F'), and investigate its basic prop-
erties. The main result is Theorem 1.2 as the above. The relation between
a definition given here and Maruyama’s one is described in Remark 1.2 and
one between ours and Sumihiro’s one in Proposition 1.5.



In section two, we relate the new definition to the result in [Su-3], which
gives a geometric interpretation to our definition (Theorem 2.1). Explicitly,
we can construct the data for our elementary transformation from a normal
(or integral) divisor and Weil divisors on it which satisfy certain conditions.
In other words, we can characterize Maximal Cohen-Macaulay modules on
a divisor by Weil divisors on it. Moreover using our result, we can give the
answer to the problem which was raised in [Su-3] (Corollary 2.9).

In section three, we consider the condition when the elementary trans-
formation commutes with restrictions to a hyperplane or a closed subscheme
(Proposition 3.1, 3.2). These results will play an important role in the next
section.

In section four, we apply the new elementary transformation to investigate
the freeness of a given coherent sheaf. We give a sufficient condition for a
sheaf on a hypersurface Z in P}, which is of rank one, reflexive and Maximal
Cohen-Macauley, genereated by two global sections to be locally free. It is
the same as Horrocks’ splitting criterion but it demands for the hypersurface
Z to have its codimension of singular locus more than or equal to five. If not,
i.e., when the codimension of singular locus is less than or equal to four, the
given condition is not sufficient. That is described in Proposition 4.3 and the
counter example on a hypersurface with higher dimensional singular locus is
also described in this section.

In section five, we show the explicit data to construct the Tango bundle,
which is the only known indecomposable rank two bundle on P (ch(k) = 2).
This is a new way to construct this bundle.

Notation. In this article, the term vartiey means an integral algebraic
scheme over a field. We use the terms vector bundle and locally free sheaf
interchangeably. We often denote a locally free sheaf of rank r by r-bundle
and a reflexive sheaf of rank r by r-reflexive sheaf. We often consider the
ideal sheaf of a Weil divisor W on Z, which is a divisor of a variety X. Then
the ideal sheaf of W considered as the closed subscheme of X (resp : Z)
is denoted by I(W) (resp : Iz(W)). Gr(n,k) represents a Grassmannian
which parametrizes k-dimensional linear subvarieties in P}. By Assy (F') for
a coherent sheaf F' on a noetherian scheme X, we denote associated points
of F' as an Ox-module. We denote the sets of an r x r matrices with entries
in a ring A by M(r, A).
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for a lot of advices and supports. The author also thanks to many friends
who kindly helped the author a lot of times.



1 A new definition of an elementary trans-
formation and its properties

At first, let us give a new definition of an elementary transformation of
vector bundles on regular schemes as follows. Here, we generalize it to apply
to reflexive sheaves.

Definition 1.1

Let X be a regular scheme, E be an r (> 2)-bundle on X, and m be an
integer such that 1 < m < r — 1. We say that the triple (Z, F,p) is m-
elementary-transformation-data for E (m-ET-data for E, in short) if Z is an
effective reduced divisor on X, F' is an Oz-module of rank r — m, which is
Maximal Cohen-Macaulay (MCM, in short. For its definition, see the remark
below) and there is a surjection ¢ : E — F as Ox-modules.

Moreover, let X and m be the same as the above, E be an r-reflexive
sheaf on X. Then we say that the triple (Z, F,y) is m-weak-elementary-
transformation-data for E (m-w-ET-data for E, in short) if Z is an effective
reduced divisor on X, F' is a torsion free Oz-module of rank r —m, and there
is a surjection ¢ : F — F as Ox-modules.

Note that we usually denote ET-data (or w-ET-data) (Z, F, ) by (Z, F)
if there is no confusing.

Definition 1.2
With the above notation, when (Z, F’) is m-ET-data (resp : w-ET-data) for

E, we say that ker(p) =: elemp(FE) is an elementary transformation of E by
(m-)ET-data (Z, F) (resp : (m-)w-ET-data (Z, F)).

Remark 1.1

Let X be a Noetherian scheme and F' be an O x-module. Then we say that F
is a Maximal Cohen-Macaulay Ox-module if for all x € X, depthy  (F) =
dim O%X .

In Maruyama’s definition ([Mar]), the above F' is not MCM but a vector
bundle on Z. As we saw in the introduction, his definition and results are not
fully applied to the higher dimensional cases (for details, see Remark 1.2).
Here, we simply extend his definition (it is easy to see that vector bundles
on a divisor of a regular scheme are MCM) to get a stronger result on higher
dimensional cases and for reflexive sheaves.

The following lemma is easy to see from the discussion on the depth,
using Auslander-Buchsbaum formula and results in [H3].



Lemma 1.1

If (Z, F) is ET-data for an r-bundle E, then elemp(E) is a vector bundle on
X of rank r. If (Z, F) is w-ET-data for an r-reflexive sheaf F, then elemp(E)
is an r-reflexive sheaf on X.

From this lemma, we can see that when given a data (Z,F), we can
construct a new vector bundle or a new reflexive sheaf elemp(FE) from the
given sheaf F. Now, let us show the main result of this article obtained by
the extended definition of an elementary transformation.

Theorem 1.2

Let X be a nonsingular quasi-projective variety over an algebraically closed
field k, Ox (1) be an ample line bundle on X, and E be an r(> 1)-bundle
on X (resp : r-reflexive sheaf on X ). Then there is 1-ET-data (Z, F) (resp
: 1-w-ET-data) for O% such that Z is normal and elemp(O%) ~ E ® L for
some line bundle L € Pic(X). Moreover when dim X > 2, we can take Z as
an integral divisor.

Proof. At first, we prove this theorem when F is a vector bundle. Ten-
soring Ox (1) sufficiently many times, we may assume that E is very ample.
Then there are global sections sy, - ,s, € H°(X, E) such that if we denote
the divisor in P(F) defined by the section s; by D; (i = 1,--- ,r), then the in-
tersection DyN---ND, is a smooth subscheme of pure codimension r in P(E).
Then if we put Z := Z(s1/A- - NSy ), Wi = Z($1/A - -A§;A\-+-Nsp) (i=1,---,71)
and U = Z \ B (where B = Ni_;W;), from the calculation of its Jaco-
bian we can see that Z N U is a smooth divisor of U and Sing(Z) = B.
If B contains a point whose codimension is 1, then since dim7*(z) > 1
for all z € B (7 : P(E) — X is a canonical projection), it holds that
dim7'(B) > dim Z, this is a contradiction. Hence all the points which be-
long to B have codimensions more than one. This implies that Z is regular
in codimension one. Moreover, since Z is Cohen-Macaulay, it satisfies Serre’s
criterion for normality. Hence Z is normal and if dim X > 2, it follows that
Z NU # ¢ and it is a nonempty smooth divisor in U # ¢. So we can also
see that Z is integral in that case.

Now, let us see the exact sequence O% (ot por) E — F — 0 which is

induced by the sections sy, -, s,. If we put ey, -, e, as free basis of O} ,
Xy, -+, X, as free basis of E, (z € X) and if we put s; = (s;1, -+, S;) at z,
then the morphism O% — E can be written as the matrix ‘S = *(si;)j ;.
If we denote the image of e; by Y; (i = 1,--- ,r), it can be written as Y; =
s X1+ -+ 85X, Solocally FF= ®AX;/>  AY;. Then this is 0 if and only
if there exists an r x r matrix T such that T'S = ST = I,. If we consider the
adjoint matrix of S, it is easy to see that such T exists if and only if s = det .S
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is a unit at that point. This is equivalent to = ¢ Z. So Supp(F) = Z and
easily we can see that F'is an Oz-module. Next, we show that F'is an MCM
sheaf on Z of rank 1. Noting that s is a local equation of Z = Z(s1A---As,),
this follows from the following lemma.

Lemma 1.3

Let A be a Cohen-Macaulay Noetherian local ring, r(> 1) be an integer, and
S, 8" € M(r, A) berxr matrices such that SS’ = S'S = s, for some nonzero-
divisor s € A\ AX. We denote the image of a € A in A/sA =: A by @ and
we also assume that rank S # 0 and rank S” # 0. Then M := (A")/Im(1S) is
a Maximal Cohen-Macaulay A/sA-module.

Proof of lemma. Put dimA = n > 1. Clearly, A and A are Cohen-
Macaulay local rings. Hence there is a regular sequence (s = 21, 29 - - - , 2,) for
A. We shall prove that (z3,-- - ,Z,) is a regular sequence for M by induction
on its length. Assume that (Z3,---,Z_1) is a regular sequence for M (where
2 <l<n+1). Take Y, @X; € M (where {X;}/_, are the free basis of A").
Assume that 2> @;X; = 0 in M/(Z3,- -+ ,Z_1)M. Then there are elements
b;, cri € A such that z le aX; =Y, bY;+ Z: ) 22;12 crizkX; (where
S = (si) and Y; = 377, 55X;). Then for all j =1,---,n, we have

r -1
Za; = Z biSij + Z CkjRk- (1)
=1 k=2

Let us put S’ = (d;;). Multiplying d;, to the equation (1) above and taking
a sum on index j, we have

<l Z a;djp = sby, + Z Z 2 Crjdjp (2)

7j=1 k=2

for all p = 1,--- ,n. Since (21 = 5,29, -+, 2) is a regular sequence for A,
there are elements ej, fy, € A (j=1,---,m. k=2,---,1— 1) such that

r

-1
Z aidi; = sej + Z 2k fij (3)
k=2

=1

for all j. On the other hand, we have s/, a;X; = >/, | a;d;;Y; since
SS" = 5'S = sl,. Hence it holds that

SzaiXi:SZ€Y+Zzzksz i+ (4>
=1

i=1 k=2



Since A is local and Noetherian, the sequence (29, - , z,_1, $) is also a regular
sequence for A. Hence we have Y/ a;X; € Y1 _| AY; + 22;12 Yo Az Xs)
and the lemma is proved.

Proof of theorem, continued.

At last, let us show elemp(E) ~ O%. Let {U;};c;r be an affine open cov-
ering of X on which E (resp : elemp(E)) has G;; (resp : H;;) as a transition
matrix on U; NU;. Then it is easy to see that ©S; = G;; 'S; by definitions of
Gij and S; = (s1,- -, S;)|v,- On the other hand from the exact sequence

0 —elemp(E) - E— F — 0,

we see that 'S;H;; = G;; 'S; for all ¢, j. This implies that H;; = I,. Hence
we can see that elemp(FE) ~ O%. Thus we can get the following diagram.

Note that rankz(S;) = r —1 and this implies ranky F' = 1 and ranky F’' =
r — 1. Then seeing the first column of this diagram, we can find the 1-ET-
data (Z, F') for O% such that elemp (O%) ~ E(—Z), which is what we want
in case that F is a vector bundle.

Next, we must prove the statement of the theorem when F is reflexive.
From the result of [H3], there is a non empty open set U C X such that
codimyx (X \ U) > 3 and E|y is locally free. Since U is nonsingular and
quasi-projective, we can apply the same discussion of the vector bundle case
to the vector bundle E|y on U. Note that by the above fact, we only have
to consider the case when dim X > 3 (Otherwise F is automatically locally
free). Since all the points belonging to Z \ U are of codimension > 2 in Z,
we can also use Serre’s criterion and from the fact that ZNU is integral and
normal, we can see that Z is also integral and normal. Now, the statement
follows immediately from the fact that if we put j : U — X as an open
immersion, then j,(E|y) ~ E and that the direct image of MCM sheaves on
Z NU which have a surjection from a vector bundle on U is a torsion free
Oz-module on Z. q.e.d.



Remark 1.2

Let us show the reason why we extended the data F from line bundles (de-
fined by Maruyama) to MCM sheaves here. i.e., if F is a line bundle, we
cannot apply the above discussion on P} (n > 4), hence for example, we
cannot construct the Horrocks-Mumford bundle on P} (Horrocks-Mumford
bundle is an indecomposable 2-bundle on P¢. See [HM] for the construction
of this bundle). This is shown by Sumihiro in [Su-2], and let us review here
to see the difference of two definitions.

At first, we must remember the Grothendieck-Lefschetz theorem. That
implies if Z is an effective divisor on P} (wheren > 4 and k is an algebraically
closed field of characteristic zero), then it holds that Pic(P}) ~ Pic(Z) ~
Z-0z(1). Now, let us take arbitrary 1-ET-data (Z, I) for O, (n > 4) such
that F is locally free (i.e., F' is a line bundle). Then we can see that the
elementary transformation elem F(O%’Z) =: I by these data always splits. In
fact, Grothendieck-Lefschetz theorem implies that Pic(P}) ~ Pic(Z) in this
case. Hence we can write F' ~ Qz(k) for some integer k € 7. Consider-
ing the long exact sequence of the following exact sequence induced by our
elementary transformation

O—>E—>O%Z—>F—>O,

we can see that H'(Py, E(l)) =0 (Yl € Z, i = 1,2,--- ,n — 1). Hence by
Horrocks’ splitting criterion (for example, see Theorem 2.3.1 in [OSS]), we
can conclude that this E splits into the sum of line bundles. So if we want to
construct an indecomposable 2-bundle on the higher dimensional projective
space, we have to use MCM sheaves on divisors.

Next, let us consider the geometric characterization of this definition.
i.e., we shall show the relation between projective bundles of a given vector
bundle and its elementary transformation by using blowing up and blowing
down.

Proposition 1.4

Let X be a nonsingular quasi-projective variety over an algebraically closed
field, E be a locally free sheaf of rank r (> 1) on X, and (Z, F') be m-w-ET-
data for E (1 < m <r —1). Then for elemp(E) = E’, we have the following
commutative diagram of exact sequences.



0 E E F 0
0 F El;, —~—F 0
0 0

Then (Z, F') is (r—m)-w-ET-data for E’. Let us put P(F) =Y C P(E),
P(F') ==Y C P(F), and u : B — P(E) (resp : ' : B — P(FE’)) be a
blowing up of P(E) (resp : P(E’)) with the center Y (resp : Y'). Then
there is an isomorphim ¢ : B’ — B which makes the following diagram
commutative.

B 7 B
P(lEu;) P(;)
NS

Proof. The proof is almost parallel to that in [Su-2|, to which the reader
should refer. When (Z, F) is ET-data for E, then this is just the special case
of Theorem 1.5 in [Su-2], because we can consider the statement in terms of
(2) in Proposition 1.5 we will show later.

Next, let us consider when (Z, F') is w-ET-data. We begin with the affine
case, i.e., on Spec(A) = U C X. Then E is the sheafification of the free
module ®]_,; AX;, (where {Xi,...,X,} is the system of coordinates) and
E' := elemp(F) is the sheafification of the reflexive A-module M. Now let
us fix the prime ideal P € Spec(A) with ht(P) = 1. Since the codimension
of Sing(£’) in X is more than or equal to three, Mp is a free module. Let
{Y1,..., Y.} be the coordinate system of Mp such that Y; € M for 1 <i <r.
Let Sp be the matrix such that

"Yy,.... V) =Sp HXy,..., X,).
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By the same way as above, there exists the matrix Sg € M(r, Ag) for each
Q) € Spec(A) with ht(Q) = 1 such that

“Yq,....Y,) =S80 (X1, ..., X,).

Since A is rexlexive, it holds that S := Sp € M(r, A) for all P with height
one. By the same way, we may assume that det(S) = s, where s is the
defining equation of the divisor Z on U. Then we can find the elements
Fy,... F,suchthat {Yy,--- Y, Fy,---, F,} is a generator of M over A. By
the choice of {Y7,...,Y,}, each F} is linearly dependent over A. So there are
elements o;, 3;; € A (1 =1,---,v, j=1,---,r) such that

a; Iy = Zﬂtii (=1 ,0).
i=1

Now, recall the exact sequence of given data. It is as follows:

0 0
| |
FLAX, ——@]_ AKX,
ts/\L tS S\L
0 M i1 AX; F 0
! ! H
0 F’ i—1(A/sA)X; —=F —0
| |
0 0

where S = (s;) is defined above and " = (sj;) is its adjoint matrix.
By the above consideration, we can write the image of F; by 'S as F; =
(1/a;) sz BjisikXi. Now, we can write the blowing up B of P(FE) with

center Y as

B = ProjA[X1,~-~ ,XT][Y1,~-~ Y, Fpy - ,Fv]
Yi1 Yir fin fiv

J

= Uiil,m Ty j=1,r Spec A['rila T, Ty ’ ) ’ )
Yij Yij Yij Yij

Yi1 Yir fi fiv
U (Ui:Lm,T, j=1,- v SpeCA[xily e 7Ii7’][_7 S A T ) _])7
J fij fij~ Jij fij
h N Y as = ider the blowi B
where x;; = ?,yl-j = Z and f;; = X ext we consider the blowing up

of P(E’) with center Y. Let {(X/,... ,ZXT’, F,...,F,} be the generators of
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M and {Y?,...,Y,'} be the coordinate system of E(—Z) as we saw above.
Then we can see that

B = PI“OjA[X{,--- 7X7,~7F1/7"' ,Fé][}/{,"' 7YZ]
Y; Y
= Ui,j=1,---,7‘ SpeCA[’x;D T 7']7;7’7 i/17 e 7filv][i/17 T, _31”]
Yij Yij
Xi X7 Yi Yir
U (Uizl,---,v, j=1,-r SpeCA[Fi,a ) ?i/: z’lla e ,fZ/U][_Z,], Tty y_;]]a
X! Y! F'
where z}; = YJ(, Yy = f]/ and f; = YJ/ Let us put
AZ] = A['rila e 7Iir][%7 e 7%7 &7' te 7&]7
Yij Yij Yij Yij
Yi1 Yir fir fiw
Bi' ::A'xila"' yir]l T T Ty T v T 0T s T D
= Al A Sy
yz{l yzlr
A;j - A[‘x;l? e 7]:;7"7 z’llv T 7fz'/v][%7 T y_;]]a
X! X! y, y,
I 1 r ! ! i1 ir
Bz'j = A[Fz/a 7?;7]2’17"' ’fw”y_;]’ 7%]7
and put
SpecAZ-j Uija
Spec Bij = ‘/ijy
Spec Aij/ = Uij/,
Spec B;;' = V.
Let us define the field homomorphism (as A-algebras) ¢ : Q(A[Xy, -+, X,]) —

Q(A[X], -+, X]]) by sending X; to Y/. Since SS" = 5'S = sl,, this is
an isomorphism. Moreover, it is easy to see that ring homomorphisms
wij + Ay — Al and ny; @ By — Bj;, which are canonically induced from
the field isomorphism ¢, are ring isomorphisms and induce isomorphisms
Uij = U; and Vj; ~ V7, for all i,j. Hence in the affine case, we can see that
B ~ B’ as desired.

Next, let us check the patch of two affine open sets. Take two affine
open sets U = SpecA and V = SpecA’. On U, let us assume that Z
is defined by s € A, the homogeneous coordinates of P(FE) is denoted by

(Xi,, X}, Y C P(E)is defined by ¥ = Yo = -+ = Y, = [} =

11



... = F, = 0, where Y; = 25:1 s;jX; and F} is the same as the affine
case. Simillarly on V, let us assume that Z is defined by ¢t € A’, the
homogeneous coordinates of P(FE) is denoted by Z;,---,Z,, Y C P(E)
is defined by Wy, = Wy = .- = W, = G; = --- = G, = 0, where
Wi = > t;Z; and {G;} corresponds to {F;} when considered on U.
We put S = (s;;) and T" = (¢;;). Now we can choose a transition matrix
C € M(r,H*(U N V,0Ox)) such that *(Xy,---,X,) = 'C YZ,---,Z,).
Then there exists a matrix H € M(r, H*(UNV,Ox)) such that S 'C = HT.
Let us denote the other coordinates of P(E) or the equations of Y’, as the
same as the affine case, by Xj, Y/ = > s}, X}, Z, W/ = t,,Z}, and put
'C = (cij), H = (hij), S" = (si;) and T = (t};). Then we can see that since
S'H = (s/t) 'CT', it holds that Y, s/ e = (s/t) D4 ¢mrl);. Then it holds
that for Yu - Q(A[Xla T 7X7“]) - Q(A[X{7 U 7X7/~])7

/,
v (Tim) = yj—/m - Zslka’;/Zsile;
Yy L k
= D O )/ 3 (3 i)
% ! k !
= N cmtnZi) Y cutiuZ
k,l k,l
k k

On the other hand on V', for vy : Q(A'[Zy, -+, Z,]) — Q(A'[Z1,--- , Z]]) we
have

<Pv($im) = @V(Zcmkzk/zcikzk)
k k
= D Wi/ ) caW (5)

k

and so they are equal. Since the morphism from B to B’ is completely
determined locally by the free part of E, we can conclude that py|yny =
¢v|uny and hence the proposition is proved. q.e.d.

By the definition, we have a relation between algebraic data and geometric
one as follows. The proof is trivial by the results in [Su-2].

Proposition 1.5

Let X be a regular scheme, E be a vector bundle of rank r > 1, and m be an
integer such that 1 < m < r — 1. Then there is a one to one correspondence
between the following two sets.
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(1) (r — m)-ET-data (Z, F) for E.
(2) Sumihiro’s ET-data (Z,Y) for E. i.e., the pair (Z,Y") where Z is a reduced
divisor on X and Y C P(FE) is a closed subscheme satistying m(Y) = Z by
the canonical projection m : P(E) — X. Moreover they satisfy for every
x € Z, there is an affine open neighborhood U = Spec A C X of x such that
1) E‘U ~ ®"Oy.
2) Let s € A be a local equation of Z on U. Then on 7' (U) ~ U xP"" 1
Y is defined by the following linear equations

Si1X1+"'+SirXT:O(i:1,2,"',T) (6)

where s;; € A and X, ---, X, are homogeneous coordinates of Pt

3) Put S = (si;); j=;- Then the rank of S at every generic point of Z is
m. Moreover, there exists a matrix S’ € M(r, A) such that SS" = 5'S = s,
and the rank of S’ at every generic point of Z is r — m.

Proof. From (1) to (2), it is sufficient to put P(F) =: Y C P(E) and
check properties by using Theorem 1.2. From (2) to (1), it is easy to see by
using the results above. q.e.d.

This proposition tells us that our new definition shows the relation be-
tween Maruyama’s one and Sumihiro’s one. Next, let us investigate some
properties of an elementary transformation.

Lemma 1.6

Let X and X' be regular schemes, f : X' — X be a morphism, E be an
r-reflexive sheaf on X, and (Z, F') be m-w-ET-data for E. If f is flat, then
(f*Z, f*F) is also m-w-ET-data for f*E and it holds that f*(elemp(E)) ~
elempp(f*E).

Lemma 1.7

Let X be a regular scheme, FE be an r-reflexive sheaf on X, and (Z,F)
be m-w-ET-data for E. If L is a line bundle on X, then it holds that
elemp(F) @ L ~ elempg(E ® L).

Lemma 1.8

Let X be a regular scheme, F; (resp : Ey) be an ri-reflexive sheaf on X (resp
: ro-reflexive sheaf on X ), and (Z, Fy) (resp : (Z, F»)) be my-w-ET-data for
Ey (resp : mg-w-ET-data for E,). Then

(1) elemp, (Ey) @ elemp, (Ey) ~ elemp,gp, (F1 & E»).

(2) Assume that m; = mg = m and ry = ro = r. If there exists an isomor-
phisms ¢ : £y — FEy and p : Fy — F, which makes the following diagram
commutative.
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E1 —— F1

#| le

E2 —_— F2
Then it holds that elemp, (E;) ~ elemp, (Es).

These lemma follow easily from usual discussions on exact sequences, so
we left the proofs to the reader.

For an application of this aspect, let us show the simplest condition when
two elementary transformation data commute.

Proposition 1.9

Let X be a regular scheme, E be a reflexive sheaf of rank r(> 1) on X,
(Z,F,p1) (resp : (Z',F',p2)) be m (resp : m')-ET-data for E. Let us put
elemp, (E) =: E; and f; : E; — E (i =1,2). If py0 fy (or pg0 f1) is surjective,
then we can define elemp, (elemp, (E)) =: Ey9 and elemp, (elemp, (E)) =: Ey;.
Moreover they are isomorphic.

Proof. We may assume that ¢; o f5 is surjective. Then we have the
following exact sequences.

O El fi E ®1 F1 O
<P20f1\1/ ‘ 902\1/ ’w
0 F, > F, 0 0

Then by the snake lemma, we have
ker(yq) — ker(y) — coker(pq 0 f1) — 0,

this is equivalent to
E2 90£f2 Fl — O

Hence we can define Ej9, Fo; and moreover, we have Ejy ~ ker(¢; o fa) ~
EsNker(py) ~ E1 N Ey ~ Ey Nker(psg) ~ ker(pg 0 f1) ~ Eoy. q.ed.

Remark 1.3

The geometric correspondence of this proposition in the view of Proposi-
tion 1.5 is as follows : If we put Y; := P(F;) C P(F) (i = 1,2), then the
assumption of this proposition corresponds to Y1 NYy = ¢. i.e., in Sumi-

hiro’s elementary transformation, elemy, (elemy, (E)) ~ elemy, (elemy, (E)) if
Yiny; =o¢.
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2 Geometric ET-data and divisors

In this section, we shall investigate the relation between our ET-data for an
r-bundle E on a nonsingular variety X and the set (Z, Wy,---,W,), where
Z is a normal divisor of X and each W, is an effective Weil divisor of Z
satisfying some conditions, which are called (semi-)invertible along Z. These
data (Z, Wy, ---,W,) and the concept ”invertible along Z” were introduced
by Sumihiro in [Su-3]. By using this concept, we can understand a geometric
characterization of our elementary transformation.

At first, let us begin with a definition of the property of sections of an
MCM sheaf, which will play an important role in this section.

Definition 2.1

Let X be a nonsingular variety over an algebraically closed field k, r(> 1)
be an integer, (Z, F') be 1-ET-data for O%, and put E := elemp(OY%). Then
we say that the data (Z, F) is geometric ET-data if Z is normal and on any
affine open set U of X which intersect with Z, no rows of the matrix which
corresponds to the morphism E — O over U vanish when restricted to Z.

Before the statement of the main theorem in this section, we review a
definition of ”invertible along Z” in [Su-3] and give an extended definition of
it.

Definition 2.2

Let X be a noetherian scheme, Z be an effective normal Cartier divisor on X
and Wy, -+ W, (r > 2) be effective Weil divisors on Z such that for all i, j =
L,---,r, W; and W; are rationally equivalent. Let us put W; = Wi+ (f;) for
fi € k(Z). For each x € B = N_W;, m = dim((I(W;)./1(Z).) @ k(x)) is
independent of i. We assume that for these Weil divisors, it holds that m < r.
Then we can choose elements sj; € Oy x (i =1,---,r. j=1,---,m) such
that I;(W;), = I(W,)/1(Z)s = (514, -+ ,Smi) and Sj; = f;S;1 (where 5j; is
the image of s;; by the morphism Ox — Oy). We say then that Wy, --- W,
are invertible along Z if there is a sequence of integers {i; < iy < -+ <
im} C{1,2,---,r} and T € M(m, O, x) such that AT = TA = sI,,, where
A = ()i j=is i, and s is a local equation of Z at .

Moreover, let X be a noetherian scheme, Z be an effective normal Cartier
divisor on X and Wy, --- , W, (r > 2) be effective Weil divisors on Z such
that for each i,j5 = 1,---,r, W; and W; are rationally equivalent. Let us
put W, = Wy + (f;) for f; € k(Z). Then we say that Wy, --- W, are semi-
invertible along Z if for each x € B = N[_;W;, we can take the generators
(515, -+ ,57) of Iz(W;),, not necessarily minimal one, which satisfy 5;; =
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fis;1 (i,j = 1,---,r) and there exists a matrix T € M(r, O, x) such that
ST =T8S = sl, (where S = (sj;)j ;- and s is a local equation of Z at x).

We will see later that invertible along Z implies semi-invertible along
Z. Now, the next theorem shows the connection between our elementary
transformation and Sumihiro’s geometric data (Z, Wy, -+, W,.).

Theorem 2.1
Let X be a nonsingular variety over an algebraically closed field k, Z be a
normal divisor of X and r(> 1) be an integer. Then there is a one to one
correspondence between the following two sets.
(1) {(Z, F)| geometric ET-data for O%}/ ~.
(2) {(Z,Wy,--- ,W,)| the set of an effective normal divisor Z of X and effec-
tive Weil divisors W1, --- W, of Z such that for all ©,7 = 1,--- ,r, W; and
W; are rationally equivalent and semi-invertible along Z}/ ~.

Where (Z, F, ) ~ (Z,F',¢') in (1) if there are isomorphisms f : F' — F'
and v : O% — O% which make a following diagram commutative

Oy ——F

|

u
Oy ——

and (Z,Wy,--- W) ~ (Z,W{,--- ,W/) in (2) if there are isomorphisms
g: Iz (Wy) — Iz(W]) and v : O — O} which make the following diagram
commutative with respect to the rational functions fi,--+ , fr, fi,-, f. €
k(Z) such that W; = Wy + (f;) and W]/ =W+ (f}) (i =1,---,r).

2

fi .
Iz(Wl) {—}> OZ

Mo
Iz(W7) = O

Proof. This proof proceeds in several steps. Note that since Z is a disjoint
union of integral normal divisors, we may assume that Z is integral. At first,
let us define the sets Sy and Sy as S; = {Wy, .-+, W,| effective Weil divisors
on Z such that for all 7,5 = 1,---,r, W; and W; are rationally equivalent
and semi-invertible along Z}/ ~, and Sy = {(Z, F')|geometric ET-data for
O%}/ ~, where the equivalence relations are the same as the above. The
way of our proof is to construct maps from S; to Sy and its converse.

Step 1. Construction of the map 0 : S; — Ss.
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At first, we construct the map § : S; — Sy. This is easy to con-
struct by results in section one of this article. i.e., let us take the element
Wy, W} € Sy and f; € k(Z) as W; = Wy + (f;) for i = 1,--- r.
Then from the morphism ~ : I;(W;) — O defined by (f1,---, f;), we can
construct the following diagram.

0—— E(—7) oy— - p——=9
oo H
0——=17(W7) oy F 0
| |
0 0

The definition of being semi-invertible along Z and Lemma 1.3 imply that
F is an MCM Ogz-module of rank » — 1 and (Z, F') is 1-ET-data for O%. So

let us define §({Wy,--- ,W,}) = {O% A Q- 0} in terms of the above
diagram. Note that the class 6({Wi,---, W, }) is independent of the choice
of rational functions {f;}/_, from the defintion of the equivalence relation in
Sy. The only nontrivial part is whether (Z, F) is geometric or not. To see
that, from the above diagram and the definition of geometric ET-data, we

can understand that in the middle row of the diagram 0 — E(—Z) = O% LA
F — 0, the assumtion that (Z, F') is geometric ET-data is equivalent to say
that any rows of @ are not 0 on any affine open sets which intersect Z. On
the other hand, it is an easy conclusion that all elements of the i-th row of &
generate the ideal sheaf of W; over Z. So if the i-th row of @ is 0, then it is
equivalent to say that W, N U = Z N U for some open set U C X such that
UNZ # ¢. Since Z is integral and W; is a divisor on Z, this is impossible.
So (Z, F) is geometric ET-data and § is well defined.

Step 2. Construction of the converse map 0" : Sy — Sj.

Let us consider the converse of Step 1. i.e., from geometric ET-data
(Z,F) € Sy, we want to construct {Wy,--- ,W,} € S;. At first, see the
following diagram. This is canonically obtained from the geometric ET-data

{0 5 F — 0} €S, and F' = ker(y: O — F).

17



0—— E(~2) o, ~p—~p
¢ C

0 F o F—>0
| |
0 0

In Step 2 and Step 3, we shall use the notation in this diagram. Put
o = (s1, -+ ,s,), where s; € H*(X, F). We want to construct Z and W; (i =
1,---,7) by using these data. At first, let us prove the following.

Proposition 2.2
With the above notation, Z = Z(sy A+ N\ s;.).

Proof. We may consider this locally. i.e., on an affine open set U=Spec(A)
such that U N Z # ¢. We may assume that U is integral. Put S’ = /|y =
(si7)i j=1 and S = aly = (dij); j—;- Since SS" = 'S = s, (s : alocal equation
of Z on U), we have detS # 0. By the assumption that ranky(F) =r — 1,
it follows that rankS = 1. So there are elements f; = @;/b (a;,b € A, b # 0)
such that f;(dy1, - ,di,) = (diy, -+ ,dy,) for alli = 1,--- 7 (d;; is the image
of d;; by the morphism A — A/sA). Notice that since (Z, F') is geometric
data, (ds, - ,di) # (0,---,0) for all i. Hence " "'detS = s" '/ # 0 (v’ €
A). Since s is prime (if necessary, replace U by smaller one) and b # 0, we see
that detS = s"tu for some v € A. Combining this equation with SS" = sI,.,
we see that u(detS’) = s. If s|lu, then detS’ is a unit in A and so det.S” is also
a unit. This contradicts the assumption that rankS’ = r — 1. Thus s|detS’
and detS’ = su™!, hence the proposition is proved. q.e.d.

By this proposition, we may assume that on any affine open sets U C X
which intersect with Z, the matrices S’ defined in the above proof satisfy
detS” = s, where s is a local equation of Z on U.

Next, we prepare some facts about B = N_, W, and F’.

Lemma 2.3

If we put Wy = Z(sy A=+~ A5 AN---ANs.) (i=1---,r)and B =nN[_ W,
then codimy(B) > 2. Moreover, if we put V.= 7\ B and j : V — Z, then
we have j,j*F' ~ F".

Proof. We use the same notation as in Proposition 2.2. Taking xy --- , x,
as regular coordinates at x € X and using the Jacobian of S’, it is easy to
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see that B C Sing(Z) since N]_; W; is generated by all » — 1 minors of S” and
since a local equation of Z is detS” by Proposition 2.2. Then the normality
of Z implies that 2 < codimy(Sing(Z)) < codimg(B).

Next, it is obvious that F” is MCM. Hence it holds that depth, , F, =
dim O, z. In particular, we can see that F'is reflexive on Z. Thus j, j*F y F’
follows from the general property of reflexive sheaves. q.e.d.

Now, we are able to prove that each W, what we have constructed is an
effective Weil divisor on Z.

Proposition 2.4
With the above notation, W; = ¢ or it is an effective Weil divisor on Z for

all i. For all i,5 = 1,---,r, W; and W; are linearly equivalent. Moreover,
I;(W;) ~ F' for all i.

Proof. At first, we prove that F”|y is an invertible sheaf on V = Z \ B.
In the second place, we prove that F’|, ~ I,(W;)|y for all i. So by Lemma
2.3 and the isomorphism ¢; : j.(Iz(W;)|v) ~ Iz(W;), we can see that they
determine effective Weil divisors on Z. The latter isomorphism ¢; follows
from the fact that Z is normal and the ideal sheaves of Weil divisors are
determined on the open set whose complement has codimension more than
or equal to 2. e.g.,on V C Z.

In the previous diagram, put o’ = (sy,- - ,s,) where s; € H°(X, E). On
an affine open set U, =SpecA,, put s; = (sf,---,s3.), 'S, = '(s§;) = |u,
and 'S, = '(df;) = aly,. SuS, = S,S. = sl, (where s is a local equation
of Z on U,) and rankzS, = 1 is obvious. In particular, the assumption
that (Z, F) is geometric ET-data implies that all the rows of ag,, that is,
all the columns of S, are not zero vectors (where @ is the image of o by the
morphism Ox — O). Hence if on Z N U, = Spec A, = Spec(4,/sA,) we
put V% = Spec A,[1/d%], then from the assumption we have

Vit &= d; #0 = d %0( LT

Hence it suffices to prove the invertibility of F” on each open set V5 since
Us NV = Uge, 20 V. To see this, since P %d_z] =0 on ¢ # V2, we have

iy 137

S_;li:_zd:q'.s?k (I=1--,7) (8)
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On the other hand on V;%, (Notice that this is not empty by (7)), we have

_ ds
F=-Y g =1, ) o)
k#i —im

Using the fact that rank;S;, = r — 1 on Vjj # ¢, the equations (8) and (9)
imply that

dT _ d%de —
z
As the image of F/!_Uamz — @TOZ_\ znu,, F' is generated by all the column
vectors of aly, = 'Sg, that is, {(d%,---,dg)} for i = 1,--- . By (10), we
see that on V% # ¢, I is generated by one element (d%,---,d%) and from

(7) this is not a zero vector since Vg # ¢. Hence F'|y is a line bundle and it

a
has the transition matrix % on Vg NV3.

a

Next, for comparing F” Wijth I,(W,), take an another open set U, =SpecA,

such that U,NZ # ¢. Let us denote the transition matrix of E(—Z2) on U,NU,
by Gp,. Then we see that Gy, 'S, = S;. Taking the cofactor and transposi-
tion of this equation, it holds that S, = (g;;)5,, where (g;;) is the transposed
cofactor of G, Hence on V5 NV, it holds that

%=297nm

- Zng )T (m= 1, T, (11)

Ja
This implies that the transition matrix of F'| on V{NV%is ———~—=. On
Zn 1 gk”dnj

the other hand, Iz(W),) is generated on V;§ by dlp, KX ,d;%p by the definition.
Again by (10), it is generated on Vi # ¢ by one element dfp and on V% # ¢

by d—zp (Notice that this is not zero since V;$ # ¢. This fact also implies that
W, # Z for all p). Therefore I(V,) is also a line bundle on V' which has

a a
&, = d—_ as the transition matrix on V}} N V. Since this is the
dzp Zn 1 gkndn]
same as that of F'|y, we see that |y ~ Iz(WW,)|y for all p and from the
first consideration in this proof, we see that all W are effective Weil divisors
on Z (including the case that some of {W;}!_, are empty).
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To prove that they are mutually linearly equivalent, we have to notice that
since codimy(B) > 2, it is enough to show that they are linearly equivalent
on V = Z\ B. From the above proof, {W;}7_, are all effective Cartier divisors
on V. It is easy to see that Oy (W;) ~ Oy (W;) as invertible sheaves on V' for
all 7. So they are linearly equivalent as effective Cartier divisors. Of course,
this means that they are linearly equivalent as (locally principal) effective
Weil divisors on V. q.e.d.

Consequently, we could have constructed W7y, --- W, from an element
(Z,F) of S;. By Proposition 2.2, Lemma 2.3 and Proposition 2.4, we can
see that (Z, Wy,---,W,) is semi-invertible along Z and W; and W; are ra-
tionally equivalent for all i, =1,--- 7. i.e., (Wy, -+, W,) € S;. So putting

8 ({O% SF - 0}) := {Wy,---,W,} with above terms, we can define
0" : Sy — S and it is easy to see this is well defined. Now from the construc-
tion of J, its image is determined by the inclusion F' ~ I;(W;) — @©"Oy
and the next proposition implies the original data can be recovered. i.e.,

58" = ids,.

Proposition 2.5

Let us fix an isomorphism I;(W;) ~ F’ the existence of which is proved in
Proposition 2.4. Then the homomorphism F' — &"Oy coincides with the
one I(Wy) > g~ (gf1, - ,9f) € & Oy (where f; € k(Z) is the rational
function such that W; = Wy + (f;)).

Proof. We can define a homomorphism ¢ : Iz(W)) (Frrofr) ®"Oy. Thus

we have only to check the coincidence locally, i.e., on an affine open set
U = SpecA that intersects Z. Notice that because of the following diagram,
this coincidence is enough to be checked on V' = Z \ B (the two columns
are isomorphisms induced from the proof of Proposition 2.4 and from the
normality of 7).

HOU, I;(W,)) —= & HO(U, Oy)

| |

HYU NV, I(Wh)ly) 26 HY(U NV, Oy)

In the proof of Proposition 2.4, we know that on Vj # ¢, F' is gen-
erated by (d%,---,d%). Then considering the fact that (d%,---,d%.) =
diy(fi, -+ fr) (i = 1,---,7) and that I5(W;) is generated by df; on V3,
the proposition follows immediately. q.e.d.
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Note that the class of §6'({O0% — F — 0}) as the element in Sy is
independent of the choice of an isomorphism F’ ~ I,(W;) in Proposition
2.5. This follows from the definition of the equivalence relation in S; and
from the fact that differences between the isomorphisms above are only units
since Iz(W;) and F” are line bundles.

Step 3. The proof of ¢'d = idg,.
At last, we shall prove that §'d = idg,. Let us begin this step with the
following lemma.

Lemma 2.6

Let us define S| := {Wh, .-, W,| effective Weil divisors on Z such that W;
and W; are rationally equivalent for all 1,5 = 1,--- ,r, and invertible along
Z}] ~ (where the equivalence relation is the same as that of Sy). Then
S; C Sy

Proof. Take {Wy,--- W,} € S] and fix a point € B = Nj_;W,. Let us
put m =dim(Iz(W;), ® k(z)) < r and take f; € k&(Z) (i = 1,---,r) and
$ji € Opx (1 =1,---,1, j =1,---,m) so that I,(W;), (sh,--- s Smi)
and f;5;1 = 5;; (where 5j; is the image of s;; by the morphism Ox — Oy).
We may assume that there is a matrix 7" € M(m, O, x) such that for A =
(s5i)i%=1, AT =TA = sl,,, where s is a local equation of Z at z. Let us put
form+1<75<nr,
Sji = 0 (1<z<m),

s0; (m+1<i<r),

5:(311'):(13 sfin)

where B = (Sji)lgjgm, m+1<i<r- Then it is obvious that [Z(VVZ):E = (S_M, cee ,S_m)
and f;s;1 = 5j; for all 4, j. Moreover, if we put

s=(0 )

and put

then this is defined as the element of M(r, O, x) by using the discussion in
section one of [Su-3] and SS" = S’S = sI, is obvious. Hence the proposition
follows. q.e.d.

Applying the process used in the proof of Lemma 2.6, we can regard all
the elements in S7 as in S;. By this lemma, we can see that ”semi-invertible
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along Z” is a natural extension of "invertible along Z”7. So we can use the
simillar way to [Su-3] for the proof of this step.

Now, we shall show 6’6 = 1g,. To see this, we must check that whether
for {Wy,--- W, } € Sy, we can recover it from its image 6({Wy,---, W, })
through ¢’. i.e., we must check whether the same statement of theorem in
section one in [Su-3] holds when {Wy,---,W,} are not invertible along Z
but semi-invertible along Z. If this is proved, then by the construction of §
and ¢', it follows that §'0 = 1g,. So what we have to prove is the following.

Proposition 2.7

Let X be a Noetherian scheme and Z be a normal divisor of X. Take
W = {Wy,--- ,W,} € Sy and put 6(W) = {O% — F — 0}. If we put
elemp(O%) = E(—Z), then there are global sections sy, ,s, € H'(X, E)
such that Z = Z(sy N---Ns,) and Wy = Z(sy A=+~ N5 AN---As,.) for all i.

Proof. This can be proved by almost the same way as Theorem 1.2.3 in
[Su-3] in case that r = m. Between the proofs of Theorem 1.2.3 in [Su-3] and
this theorem, there is only one difference. That is, for each x € B = N[_, W,
the generator of I;(W;), is minimal or not. However, in Sumihiro’s proof,
this condition only works when proving that detS = s"~!'u and u € (’); X
where S = (s;); ;—; are the generators of I7(W;), as Definition 2.2 and s is
a local equation of Z at x € B. So to finish this proof, it is sufficient to show
the following proposition and if it is proved, Proposition 2.7 can be proved
by the same way of [Su-3].

Proposition 2.8
With the above notation, det S = 5" 'u and u € O .

Proof. Put f; = @;/b, b # 0 (where @; is the image of a; by the mor-
phism Ox — Oy). Then the i(> 1)-th column of b(detS) is “(a;s1; +
shyiy -+ , ;8.1 + shy;) for some elements h;; € O, x. So b 'detS = "'/
for some v € O, x. By the assumption that SS" = S'S = sl,, we have
u(detS’) = s for someu € O, x. If s|u, then detS" is a unit and so rankS’ = r.
On the other hand, since S’S = 0 and rank(S) > 1 (since S # 0), we see that
dim(ker S’) > 1. This is a contradiction. Hence s|detS’ and the proposition

is proved. q.e.d.

Now, let us finish the proof of Theorem 2.1. By Proposition 2.7, we
can recover the data W = {Wy,--- W, } € S; by using the map § from
(W) ={0% — F — 0}. Hence we can see that 6’6 = 1g,. Therefore, the
one to one correspondence between S; and Ss is gotton and Theorem 2.1 is
proved. q.e.d.
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Remark 2.1

It is obvious that not all ET-data {®"Ox LRy A 0} (where X, Z are as the
above and F' is an MCM Oz-module of rank r —1 > 0) can be contained in
Sy but it is easy to see that if an MCM sheaf F' is generated by r-sections,
we can find r-generating sections which make (Z, F') geometric ET-data by
changing bases. Hence we can construct all the MCM sheaves which are of
rank r—1 > 0 and generated by r-sections from the data of S;. Theorem 2.1
is, in some sense, a geometric characterization of MCM sheaves on divisors.

Now, as in the remark of section one in [Su-3], when Wy,--- W, are
just only mutually linearly equivalent, we can construct from this data £ =
E(Z,Wy,---,W,) : a torsion free coherent sheaf of rank r on X, which is
obtained as the kernel of the surjection O% — coker(Iz(W;) — O%). In
[Su-3], it is proved if (W7y,--- W) is invertible along Z, then E is locally
free. Let us consider the necessary and sufficient condition that £ becomes
locally free in case that X is a regular algebraic scheme over a field k = k,
Z is an effective normal divisor on X and r > 1 is an integer.

It is obvious from the above discussion that £ = E(Z,Wy--- ,W,) is
locally free if and only if F' is MCM of rank » — 1. Looking at the diagram
in Step 1, we see that if E is locally free, then &"Ox — F' is geometric
ET-data. Hence we get the next conclusion.

Corollary 2.9

Let X be a nonsingular variety over an algebraically closed field and Z be
an effective normal divisor on X. Let Wy, --- W, (r > 2) be effective Weil
divisors on Z and assume that W; and W; are linearly equivalent for all i, j =
1,---,r. Then E(Z,Wy,--- ,W,) is locally free if and only if {Wy,--- W,}
is semi-invertible along Z.

Proof. If {Wy,--- ,W,} € Sy, then E is locally free by Lemma 1.1 and
Lemma 1.3. Conversely, if F is locally free, then from the above discussion
we see that {&"Ox — F — 0} € Sy and if we send this element by ¢’, the
image is obviously {W3,---,W,}. Since the image of §' is contained in S}
(this follows from the proof of Theorem 2.1), we have the conclusion. q.e.d.

At last of this section, we shall show a way to construct MCM sheaves
on divisors from geometric data (Z, Wy, ---,W,). The key point is that the
assumption Z is normal in Theorem 2.1 is not necessary when we do not
need geometric data.

Theorem 2.10

Let X be a noetherian scheme, Z be an effective integral Cartier divisor
which has no embedded prime cycles. Let Wy, --- W, (r > 2) be effective
Weil divisors on Z which satisfy the following conditions.
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1) There are elements f; € k(Z) (i = 1,---,r) which induce, by its
multiplication, an Oz-module isomorphisms f; : I;(W;) — I5(W;) for each
1.

2) With respect to the isomorphisms of 1), they are (semi-)invertible along
Z.

Then the cokernel of the O z-module morphism 15(W7)
MCM Oz-module of rank r — 1.

17 oo fr .
(b2 dr) Oy is an

Proof. This follows from Lemma 1.3. For an explicit proof, see Theorem
4.3 in [A]. q.e.d.

In [Su-3|, the normality of Z and invertible along Z are assumed. Here,
we only need that Z is integral and semi-invertible along Z. This will be
used in section five to construct the Tango bundle.

3 The commutativity of a closed immersion
and an elementary transformation

In this section, let us consider when an elementary transformation and a
closed immersion commute. They are used in the next section. The main
result of this section is as follows.

Proposition 3.1

Let X be a nonsingular variety over an algebraically closed field k, I be an
r(> 1)-bundle on X, Z be an effective integral divisor, and (Z, F') be m-
ET-data for E (1 < m <r —1). Let us take a nonsingular effective divisor
D C X. Assume that Z' == Z N D C D is an effective integral divisor of
D. Let us put E' := elemp(E). Then E'|p ~ elemp|,(E|p) if and only if
Assx(F)ND = ¢.

Proof. Let us consider the following exact sequence of the elementary
transformation 0 — ' L B — F — 0. Restricting this sequence to D, we

obtain the sequence E'|p Tl E|p — F|p — 0. What we must show is that
flp is injective precisely when Assy(F) N D = ¢. This can be seen if we
prove Assx(F) N D = ¢ precisely when Tor} (F, Op) = 0. This is easy to see
if we consider the projective resolution 0 — Ox(—D) — Ox — Op — 0 of
Op. Tensoring F to this resolution and considering when F(—D) — F is
injective, it is precisely when Assy(F) N D = ¢. q.e.d.

The next proposition requires more conditions but contains a more general
result. i.e., we consider the restriction not only to divisors but also to closed
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subschemes of any dimension. Moreover, it has an application to the geo-
metric data. i.e., when given a closed subscheme H C X, geometric ET-data
(Z, F) for O% which corresponds by Theorem 2.1 to (Z, Wy,--- ,W,) € Sy,
and the bundle F := elemp(O%) = E(Z, Wy, --- ,W,) constructed by these
data, we consider when the restrected vector bundle E|g and the bundle con-
structed by restricted data E(Z N H,W; N H,--- W, N H) are isomorphic.

Proposition 3.2
Let X be a nonsingular variety over an algebraically closed field k of dim X =
n > 1, Z be an effective integral divisor, (Z, F') be m-ET-data for O% (r >
1, 1 <m < r—1). Let us take a nonsingular closed subscheme H C X
of dimension | (1 <1 < n —1). Assume that H N Z is a locally complete
intersection and 7' := Z N H is an effective integral divisor of H. Let us put
E :=elemp(O%). Then

(1) If rank(F|y) = r — m, then it holds that E|y = elemp, (OF).

(2) Assume moreover that (Z, F') is geometric ET-data which corresponds
to (Z,Wy,--- ,W,) € S;. Let us put £ = E(Z,Wy,--- /W,). If Z' ¢ W; for
all i, then E|y ~ elemp, (O}) ~ E(Z', Wi NH,--- W, N H).

Proof. (1) Let us denote F|g by G. Pick and fix x € Z’. Let us rep-
resent O, 7z = Oy x/(aq, g, -+ ,au41), where (aq, -+, qq1) is a regular se-
quence in O, x and generate the defining ideal of H N Z at z. If we prolong
(a1, -+, qq1) to the maximal regular sequence (g, -+, 1, Qi =+, ),
then we can prove that (aj 2, -, ) is a regular sequence for G, by the
same way of Lemma 1.3. Hence this is MCM on Z’. Moreover, since rank G =
r —m, we have Supp(G) = Z'. So we have a surjection E|g — elemq(O%)
and this is an isomorphism since locally, they are both free modules of the
same rank over a local Noetherian ring.

(2) From the proof of Theorem 2.1, it is sufficient to show that ¢ : E|g —

% is geometric ET-data. For Theorem 2.1 states that if so, there exists the
data (Z',W{,--- W) € Sy such that E(Z',W/,--- W) ~ E|g and by the
construction, it is obvious that (Z', W{,--- \W/) = (Z', WinH,--- ,W,.NH).
Now, let us put ¢;; as an image of s;; in O, g, where x € B = NW; and
{sji}j=1 represent the usual generators of I;(W;), (i = 1,---,7) as in section
two. Let us put ¢;; as its image in Oz . What we must show is that no rows of
t(tj;) vanish. If t;; = - - - = ¢,; = 0 for some 4, then it implies that (sy;, - -+ , $,;)
are contained in the defining ideal of Z N H. This means that there exists
an open set U # ¢ which intersects with Z and W; NU D Z' NU # ¢. This
contradicts our assumption. q.e.d.
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4 The Splitting Criterion of rank one coher-
ent sheaves on a divisor in P}

In this section, we shall consider all the problems on P}, where n > 3 or
4, and k is an algebraically closed field. In Remark 1.2, we saw that in our
elementary transformation, elemp((’)%,g) (n > 4) splits if F is a line bundle.
It is natural to consider that this converse is true or not. i.e., if elemF(O%Z)
splits, then is F locally free on Z7 In this section, we consider this problem
in a certain situation and give some answer and some counter-example.

At first, let us recall the result stated in section one, which gives a splitting
condition for elemp(Opy ).

Lemma 4.1 ([Su-2])
Let X be P} (n>4), (Z,F) be 1-ET-data for O%, and elemp(0%) =: E. If
F' is a line bundle on Z, then E splits into the sum of line bundles.

Proof. See Remark 1.2. q.e.d.

Note that this lemma cannot be applied to the case of vector bundles
on the projective line, plane, and 3-fold. This follows from the result in
[Mar], i.e., all the bundles (including indecomposable bundles) on them can
be constructed by Maruyama’s elementary transformation.

Secondly, we need the following lemma, which is the splitting criterion of
2-bundles constructed by 1-ET-data (Z, F') for (91232 when n > 3.

Lemma 4.2
Let X be P} (n > 3), (Z,F) be 1-ET-data for O% and E := elemp(O%).
Let us see the following diagram of our elementary transformation.

0 0
| |
~7) — Ok (~2)

0—> 0%

—~

!
0 E 0%

0 F’ 02, F 0
|
0

Then E splits if and only if H(Z, F'(k)) = 0 for allk andi = 1,--- ,n—2.
(resp : H(Z,F(k)) =0 for all k andi=1,--- ,n—2).

27



Proof. If E splits, then from the exact sequence
0—O0%(~2Z)—=E— F —0,

we have the statement on F’. Conversely if H(Z, F'(k)) = 0 for all k € Z
and i = 1,---,n — 2, then the same exact sequence implies H (X, E(k)) = 0
for all integers k and i = 1,--- ,n — 2. By Serre duality, H" (X, E(k))
also vanishes for all k£ € Z. Hence by Horrocks’ splitting criterion, F splits
into the sum of line bundles. The result for F' can be gained from the exact

sequence
0—-EFE—-0% -F—0

and repeating the same discussion as in the case of F’. q.e.d.

Note that this lemma cannot be applied to the vector bundles on the
projective plane, since Z is a one dimensional variety in this case and so
HY(Z,F'(k)) = 0 for all k € Z never happen.

Whether the converse of Lemma 4.1 hold or not is a natural question.
i.e., given 1-ET-data (Z, F) for O%n and if F = elemF(O%n) splits, then
is the MCM sheaf F a line bundle?” Or generalizing this problem from the
viewpoint of Lemma 4.2, when given a coherent sheaf F' on a projective
variety X which satisfies H (X, F(k)) =0 (i = 1,---,dim X — 1), then is
the sheaf F' splits into the sum of line bundles? This is of course not true in
general, and we will show a counter example in this section later. However,
in a special situation, we can prove an affarmative result to this problem by
using the elementary transformation.

Proposition 4.3

Let Z be an effective divisor of P}, where k is an algebraically closed field
and n > 5. Assume that codimy(Sing(Z)) > 5. Let us take an MCM O-
module F' of rank one, which is generated by two global sections. Then F
is a line bundle if and only if H'(Z, F(k)) = 0 fori = 1,--- ,n — 2 and all
keZ.

Proof. Note that in this situation, (Z, F') is 1-ET-data for Of;. Let us
k

put E := elemp(Op;). Assume that F is a line bundle. Then by Lemma 4.1,
k

FE splits into the sum of line bundles. So Lemma 4.2 implies H*(Z, F(k)) = 0
fori=1,---,n—2and all kK € Z. Hence if part is true. Let us assume the
converse. We prove this direction by induction on n. At first, we prove when
n = 5. By Bertini’s theorem, there is a non empty open set U’ C Gr(n,n—1)
such that for all H € U’, a divisor Z N H of H ~ P™ ! is smooth. Since
F is coherent, Ass(F) consists of only finitely many points. So the set of
hyperplanes in P} which contain points of Ass(F') becomes a closed set D
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in Gr(n,n —1). Let us put U := U’ \ D # ¢. Then for each H € U, F|y is
an MCM Ozng-module of rank 1 by Proposition 3.1. Hence for all H € U,
(ZNU, F|g) is 1-ET-data for O% and it holds that E|y ~ elemp, (0%). On
the other hand, let us put forx € X, S, = {H € Gr(n,n—1) |z € H}. Then
since S, ~ P! we see that there are only finitely many points {x; };c; such
that S,,NU = ¢. Put V- = Z\{x;}ic;. Then for all z € V', there is at least one
H € U which contains x. Now, let us fix for each z € V one H, € U which
contains x. Note that by the assumption, Grothendieck-Lefschetz theorem
holds on Z N H. Combining this result with the above consideration, we
can see that for all x € V| there is an isomorphism ¢, : Op, nz(k) — F|g,
(where k is an integer and independent of z, since we take H generally and
the first chern class of F' does not change. This follows immediately if we
consider the locally free resolution of F', i.e., 0 — F — 0% — F — 0 and
by the definition of U). Let us extend the morphism ¢, to the one on Z. It
is impossible for all € {x;};cr, but we have already omitted these points.
So we can get the exact sequence

0—F(k)—Flk+1)— Flg,(k+1)—0
for all x € V. Now, from the assumption and the following exact sequence

0 — Hom(Oz(k—1),F)— Hom(Og(k), F) — Hom(Oznm, (k), Flu,)
— Ext'(Oz(k—1),F) = H(F(-k+1)) =0,

we can extend ¢, to the one on Z. Let us denote it by f, : Oz(k) — F.
What we have proved is that for each x € V', there exists H, € Gr(n,n — 1)
such that « € H, and on H,, there is an isomorphism ¢, : Ozng, (k) — F|u,
which extends to f, on Z. Fix one such point z € Z and f = f,. We shall
prove that this is in fact an isomorphism. Let us restrict f to H' = H, for
y € V. Since ZN H # ¢, we also have Z N HN H' # ¢. Hence f|gnm # 0.
Since the first chern class of F|g is equal to k and F|g is a line bundle
on a smooth divisor of dimension more than three, Grothendieck-Lefschetz
Theorem implies that f|g is an isomorphism. Hence f is surjective on V' by
Nakayama’s lemma. Since Oy (k) and F are rank one and torsion free sheaves,
we can see that f is injective. Then on V, f is an isomorphism and since F'
and Oz(k) are reflexive sheaves and codimy(Z \ V') > 2, we can extend this
isomorphism to Z. Thus we have finished the proof when n = 5. For general
n, we can apply the same discussion by using the inductive assumption. i.e.,
the general cutting of given data (Z, F') on P} satisfies the same condition
of the statement. Hence by induction, F' is a line bundle when restricted to
general hyperplanes. So the same discussion on n = 5 can be applied. q.e.d.
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This proposition is not true on a divisor Z such that codimpr (Sing(Z7)) <
4. Let us make a counter example as follows.

Let us put P = P}, k as above, n > 4, and put XY, Z, W,--- as
coordinates of P. Consider a divisor D C X defined by XY — ZW =0
and Weil divisors W, = (X = W =0), Wo = (Y = Z =0)in D. It is
easy to see that Sing(D) is a linear space of codimension three in Z. For
example when n = 4, Sing(D) = {(0: 0:0:0 : 1)} and when n = 5,
it is a projective line. In particular, D is normal. Of course, W; is not a
Cartier divisor. If we put f = Z/X € k(D), we can see that W, and W, are
rationally equivalent and they are invertible along D by this rational function
f . Hence from these data, we can construct a diagram of an elementary
transformation (using Theorem 2.10) and from the easy calculation, we can
see that elempr(0%) ~ Ox(—1)%. We can also see that B = W, N Wy # ¢
implies that F'is not a line bundle. i.e., even if the elementary transformation
of O%’Z by the data (D, F) is a splitting bundle, F' is not always locally free.
This also gives an MCM Op-module of rank one, generated by two global
sections and HY(D, F(k)) =0 forall k € Z and i = 1,2,--- ,n — 2, however
not a line bundle.

Remark 4.1
In the above discussion, we used the fact that F' is line bundle if and only if
B = ¢ if and only if VW; is a Cartier divisor. This is easy to show.

5 An Example

In this section, we shall show an example of a vector bundle construction by
an elementary transformation introduced in this article. What we are going
to construct is the bundle, constructed by Tango in [Ta-1], which is the only
known indecomposable rank two bundle on P} where k is an algebraically
closed field of characteristic two (for our convenience, let us call this bundle
Tango bundle and denote by Er). Here, we assume that the chern polynomial
of Er is adjusted as ¢;(Er) = 1—6t+12t2. Now, let us find 1-ET-data (Z, F')
for O%,z such that elemF(O%z) ~ FEp. This construction is as follows.

On P}, let us put U; = (P})x, and define an ideal sheaf I, .J C Ops. For
that purpose, let us define the local generators of I and J on each open set
U, as follows.

Iy, = 1/ XS( XS+ X2X2X2+ X2X3 X2+ (X2X2+ X3X2)w, XX+ X2X7+
Xng.T + Xéng + leng + XZX%.T) (Where T = XOX3 + X1X4 + X2X5),
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Iy, = 1/X9(X0 + X§, X{X3 + XiX2 + X3X{x),

Iy, =1/ XS( XS+ XEX2X2+ X2XIX2+ (X2X2+ X2 X 2w, X X2+ XIX2+
X3 X7x),

Iy, = 1/X§(X! X3 + X3 X2 + X5 X7z, X7+ X5),

Iy, = 1/X{(X{X? + X5X7 4+ X2X§r + X5 X§ + X3 X5 + XiX5z, X§ +
XEXPX3 4+ XIXFX2 + (X7X7 4+ X3X2)x),

Iy, = 1/ XS(X{X2+ XEX2+ X2X220, XS+ X2X2X2+ X3X2X2+ (X23X2+
X3X2)x),

o, = 1/XG(X5 X3 + X{XF + X7 X2z + X{X2 + X(X35 + X§ X7z, X§ +
XEXTX3 4+ XIXFX2 + (X3X5 + X7 X7)w),

Jl, = 1/ X8 XEX2+ X3X2+ X2X 20, X0+ X2X2X2+ X2X2X2+(X2X2+
X3 X3)x),

Jlo, = 1/X8(XX2 + X2X2 4 X2X2z, X6 4 X6)
Juy = 1/ X3(X3 + X5, X3 X7+ X5 X7 + X5 X3u),

Jg, = 1/ X3( XS+ XEXEX2+ X2X2 X2+ (X2 X2+ X2X2) o, X§X24+XIX2+
X3 X3x),

Jlu, = 1/ XS XS+ X2X2XZ2+ X2XPX2+(X2XI+ X3X2) o, XiX2+X1X2+
X3 Xix + X2 X5 + X{XE + XiX2x).

Now, let us define Z as the zero scheme of (X? + X§ + X§ + X2X2X2 +
X2XIX2+(X3X2+X2X2)x = 0), and take a rational function f = (X2 X3+
X{XE+ X2X20 + X{X2 + X X3+ XgX3x) /(XS + XEX2X2 + X2X2X2 +
(XgX2+X2X2)x) € k(Z). We have finished the preparation for constructing

our (Z, F).
By the calculation, we can see that Z is integral (but not normal) and
that Ii|UiﬂUj ~ Ij|UiﬂU]-7 Ji|UiﬂU]- >~ Jj|UiﬂUj for all ’L,j = O, cee ,5. Hence they

define ideal sheaves I,J C Opi. Note that from this definition, the closed
subschemes defined by I and J are contained in Z. From the calculation,
we can see that f defines an isomorphism from I to J. Note that both data
cannot be patched if the characteritc of the base field is not two. In the
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above notation, let us put the generator of I (resp : J) on U; as (t};,t4;)
(resp : (t%,,15,)), where the order is the same as the above one. e.g.,

= 1/XQ(XP+ XFX7X3F + XIXPX2 4+ (X3 X35 + X5 X2)x),
19, = V/XS(XoX?4+ XEX2+ X2X2r + Xy X2+ X{X2 + X2X27).

We can check that (fti,, fty,) = (tiy, thy) for i = 0,--- 5 (where 7;; is the
image of ¢;; by the morphism Ox — Oy). Then let us define a rank one Oy4-
module F" as the cokernel of the morphism / = O3 If we denote the zero
scheme of I (resp : J) by Wy (resp : W), it is obvious that they are rationally
equivalent and from the choice of generators, we can see that (W;, Ws) are
invertible along Z with respect to the isomorphism induced by f. Here, by
using Theorem 2.10, we can see that (Z, F') is 1-ET-data for (’)1232. Let us

put E(—6) = elemF((’)%i) and we shall show that E(—6) ~ Ep. To see

this, put T = (tfj)i,j:m. Then we can make the diagram of our elementary
transformation as follows.

0 — E(—6) —— Oss F 0
J ¢ H

0 I 0% F 0
| |
0 0

Note that from the construction of I and .J, the injection « is represented
on U; by 'T;. Hence if we denote the transition matrices of E(—6) on U;NU;
by Ni;, then we have

tT‘z‘Nij = tj} (Zaj = 07 75) (12)

This follows from id o a|y, = aly, o N;;. Therefore we can calculate the
transition matrix of £(—6) from these data and comparing them with the
one calculated in [Ta-2], we can conclude that {NV;;} is the transition matrices
of (E7(6))*. Since (Er(6))* ~ Er, we can conclude that E(—6) ~ Er.

Note that since this Z is integral but not normal, we cannot replace
these ET-data by geometric ET-data. Of course, if we can find more general
sections of Er (and this is possible if tensored enough ample line bundles),
it can be possible.
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