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In [6], symmetry relations (Ch. VI, (6.6)) and special values (Ch. VI,
(6,117)) of Macdonald symmetric polynomials have been given. By a com-
binatorial argument similar to the one employed in their paper, we see
that for any (k,r,n)-admissible partition A, the multiplicity of the factor
(1 = tF*1g"=1) in r.hus. of (6,117) is [#41)- Moreover, for p € m, N or m, v,
the same results as Lemma 3.12 follow as well. Hence from symmetry re-
lations, through the same argument as Theorem 3.13, we conclude that
the Macdonald symmetric polynomial is well-defined and satisfies the wheel
conditions if A is (k, r,n)-admissible.
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monomial symmetric polynomials are linearly independent, it follows that

Z expep =0

pempt1,a(m(A))

P k p
in Rﬁ%kJrl/(R%;Rl—i—zp Crh). Note that Ju k41 = g/.ioﬂ ZP Crl. There-
fore in Ras g1/ Jm k+1, we have

Z CAplpy = E Cpey-

pETE1,a(m(A)) PETR4 1, | Zd+1,p <M

For any (k,r,k + 1)-non-admissible partition A € w1 such that A\; <
M, there exists some d and m so that A € mp41.4(m). Moreover, the set
Th+1,d(m) contains at most one (k,r, k + 1)-non-admissible partition X, and
for all p € mj41,4(m) such that u # A, we have i > A. Therefore ey can be
written in Ry gy1/Tmk+1 as follows:

o /
ey = E Cplu-

:“’>A7.“'1 <M

Let A € m, be a (k,r,n)-non-admissible partition such that Ay < M. Then
there exists ¢ such that A\; — A1 < 7. Weset p:= (Xs, -+, \iap) € mpy1 and
vi= (A1, N1, Aitka1,c » An)- Since p is (k,r,k + 1)-non-admissible,
from the above argument, we can rewrite p as a linear combination of greater
monomials {e,; 1 > p} in Ragpy1/Tme+1- Hence ey can be rewritten in
Rt/ Tum as follows:

eEx = e€euey

= E Culeul €y

By <M

== E C)\EN -

N =M <M

Here, in the last =, we set X' := p/ Uw.

If ey is still (k,7,n)-non-admissible for some X', we further rewrite ey as
a linear combination of greater monomials. Since {\ € 7,; A1 < M} is a
finite set, this procedure stops in finite times. ([

Corollary 4.2. dimJ](‘f;’T) < #{A € m; A is (k,r,n)-admissible and A\; <

By Corollary 3.14 and Corollary 4.2, we complete the proof of Theorem
3.6.

5. APPLICATION TO MACDONALD SYMMETRIC POLYNOMIALS

We can apply the method in Section 3 to a proof of Theorem 1.1.
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In this space,

k41

_ P _ . Pjtj
0 = r;= E He”T

11t +igp1=d j=1
1,20

= E TP1V1+'~'+pk+1I/k+1 E Hell’j

k+1 k+1 L 1
veZE HEZZL 305 mi=d J

v <r—2 pj=vi+(r—1)r; k€L

— E E TP1V1+"'+]7k+1Vk+1 Z H ey,
J

:\\Gﬁk+1 veG11A MEZ’;SI,EJ pi=d J
<r—2 ke ’
1=r ;Lj:)\j-l—(r—l)h'j,h'jelzo

We set 71414 := {\ € Tp41; |A| = d}. For a sequence of nonnegative integers
m := (mg, - ,my_2) such that ) m; = k+1, we define a subset 7,11 4(m)
by

Tht1,d(m) == {p € mpy1.4 5 {4 s = a mod (r — 1)} = m, for every 0 < a <7 —2}.

We denote by mg’\) the multiplicity of i in A. Define m(}) := (m(({\), e ,mf,)i)g).
Then,
rg = Z Z Cxpulpu Z Pt PV
A€M 1 \pEMps1,a(m(N)) SISTEER)
A1 <r—2

= ) ST cauen | a7,

A€M 41 \PEML41,a(m(N))
A1 <r—2

Here, ¢y, = HimEA)!/ IL mgm! and my is the monomial &y -symmetric
polynomial (not Laurent).
Since A1 < r — 2, the degree of

(23) > > Capeu | ma(zy, o Thy1)

AETpy1 \p€mppr,a(m(A))

)\1 ST‘—Z
in each variable x; is less than » — 2. On the other hand, we can choose the
values of ; from 70,71 ... 7772 independently. Hence the expression (23)
(d) (d+1)

is identically zero in the quotient space RM.k+1/(RM.k+1 + Zp Crh). Since
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is the orthogonal complement of jﬂ(};’r) with respect to the coupling (,). For
p=(p1,  ,Prs1) € Z’”’l, let 7’5 be the coefficient of 2%

e(th1z) - e(rlh+iz) = ngzd.

d

By the symmetry of exchanging z <+ z7* in the current e(z), we have rd =
rﬁd. We denote by Jjs the ideal of Rj; generated by the elements Td

Set Jun = Jum N Raryn. Then the space (22) coincides with Jaz,,. Since

dim Rysp/ Tarn = dim j](\;’r), the condition (20) is equivalent to the relations
in the quotient space

TS =0 for all b= (p17 to 7pk?+1) € Zk+1 and d > 0.

Proposition 4.1. The image of the set {ex; A € 7, is (k,r,n)-admissible,\; <
M} spans the quotient space Raf /T n-

Proof. We introduce a total ordering for partitions and monomials. For two
partitions A and p such that |A\| > |p|, we define A > p. For two partitions
A and p such that |A\| = |u|, we define A\ > p if Ay > p1 or A1 = p1, A2 > po
or \1 = p1,A2 = pg,A3 > pug or ---. We define for the corresponding
monomials ey and e, ey > €.

Let us calculate 7’5.

k+1 M
e(thz) - e(rPF1z) = H E { €|ij|(Tp‘7Z)7"7
j=1li;=—M
k+1
= 2. > ITe™5+ > eajaes
deZ i1+t =|d] j=1 AETL 41
;>0 A>|d]
Hence, for any nonnegative integer d,
k+1
7’§= E Heiijm + E C)\’de)\.
i1+ Fippr=d j=1 AETR 41
i;>0 IA|>d

We define RS\/J 1 DY
d . _
RM,k+1 = @ Cen,
)\eﬂ'k+1,|/\‘2d,A1§M

and we consider a quotient space

(d) (d+1)
Ry /(R iy + Z Crl)

pEZkJFl



10 MASAHIRO KASATANI

We have shown u,(Py) = 0 at the specialization (16) for all u € 7r:’7N.
Hence from Remark 3.3 and Remark 3.10, we conclude that ¢(Py) satisfies
the wheel condition (17).

O

Corollary 3.14. The space I'*") and I](‘f[’r) are well-defined for any positive

integer M, and we have J](‘f;,r) > I](\I/;,r).

4. ESTIMATE OF dim JZ(‘;’T)

We have already constructed the polynomials satisfying the zero condi-

tions. In this section, we show that Jﬁ’qﬁ) = I](‘f:[’r)

estimate of the dimension of J](\g’r).

Fix g(, g}, g5, g5 > 1 such that g, = ¢} + g5 + g5. We take the limit
t—=1,g—=71,a— 7% b— —70, ¢c— 792112 d 5 7952 where 7 is
a primitive (r — 1)-th root of unity. In this limit the wheel condition (17)
reduces to

(20) f=0 if z; = Pz (1<i<k+1)
for all p1,--+ ,pr+1 € Z and zg € C. We denote by Jk) C A, the space of

(BC)p-symmetric polynomials satisfying (20). We define

j](‘f;’r) ={fe€ j(lc"");deggc1 <M}

by giving an upper

Note that dimc(“’bm?d) Jz(é‘;”“) < dimg¢ j]("/;ﬂ“).

We consider the commutative ring Ry := Cleg,e1,e,: - ,epr] for inde-
terminates {e;}. We count the weight of e; as 1 and the degree of ¢; as 1.
We set ey := [[;" ;e for X € m,. We denote by Rur,, C Ry the space
spanned by the monomials ey such that A € 7, and \; < M.

We use the dual language (see [2]). There is a nondegenerate coupling:
(21) Ry X Apr = C;

<6,\,T/T\L”> = 5)\.#.

We introduce an abelian current

M

e(z) = Zei(zi + 27") + ep.

=1
It satisfies

<6(21)6(22) to 6(271)7 f> = f(217227 e 7271,) for f € j_\n,M-

Then for any f € j](\;’r), we have

(e(TPrz) - -e(rPrt12)e(zpa2) - -€(2zn), f) =0 forall (p1, -+ ,prs1) € Zk+L,
Hence the space

(22) spanc{e(mz) - - - e(P**1z)e(zp42) - - - e(2n)
} 23 Zk+2,77" ,%n € Capla' L, Pk+1 € Z}
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(i) for each 7, #(¢(C;)) > N in C(u, b, c,d);
(ii) for all choices of ¢; € C; , Z(g(c1,-++ ,¢n)) > 0 (resp. > 0).

Motivated by the observation above, we define certain sets of partitions.

Definition 3.11. A partition 7 is called thick if n; > 7,11 > 0 for all ¢.
For a thick partition n € m,, a set of N" partitions is defined by m, n :=
{p € mn; pi =i +d; for all i where 0 < d; < N —1}.

For a thick partition n € m,_, we define 71':71]\, = {p € mpy 1 — pprr <
ropi =ik +di—p for k+1 <7 <n where 0 <d; <N —1}.

When we use these sets m, y and 7T7I7.N7 we choose a sufficiently large
N such that N > M and any thick partition 5 such that n; — n,41 >
max (M, 2[7](r — 1)), i > max(M,2[z47](r —1)). We do not specify N
and 7 in the below.

Lemma 3.12. For p € m,n or p € 7r;77N, P, has no pole at the specializa-
tion (16). Moreover

_ [ﬁ] if p € Ty,N (77 € 7771))
Z(ug(Py)) =
(uo(Py)) {[k+1]_1 ifpen n (n€my).

Proof. If p is an element of m, y or W;]’N, then p; > piypqr for 1 <2 <
n —k — 1. Hence from Lemma 3.4, we see P, has no pole at (16).

If o € my N , then for each 1 <[ < [k b i > pipggyi-r (1 <0 <
n—(k+1)l+1)and p; > piypq1p (1 <3 <n—(k+1)l). Hence from
Proposition 3.8, Z(uo(Py)) = 41l

If p e 7r7 ~» then w1 — ppy1 <7 — 1. Hence from Proposition 3.8, (¢,1) =

(1

,1) is the only different situation from the case p € m,n. Therefore
Z(uo(Pu)) = [l = 1. O

Now we are ready to prove a part of Theorem 3.6.

Theorem 3.13. For any (k,r,n)-admissible A\, Koornwinder-Macdonald poly-

nomial Py has no pole at the specialization (16) and ¢(Py) satisfies the wheel

condition (17).

Proof. Since A is (k,r,n)-admissible, Z(uo(Py)) = [37] from Corollary 3.9.
Let N > || and let p € m,) n where n € 7,. Then from Lemma 3.12,

P, has no pole at the specialization (16) and Z(u¢(Fy,)) = [431]- From the

duality relation (12),

Therefore, Z(u,(Py)) > 0.

Since this holds for all p € m; n, from Remark 3.10, we see that P, has
no pole at the specialization (16).

Let € W;],N (n € my—1). Then from Lemma 3.12, P, has no pole at the
specialization (16) and Z(uo(Py)) = [7i7] — 1. From the duality relation
(12), through the same argument as the above, Z(u,(Py)) > 1.
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Here, we define a subspace I*") of Al
T07) = spang(y, p.o.a) {9 (Pa); A is (k,r,n)-admissible },
and we set
I](VIIC’T) 1= Spanc(yp.e,a) 1P (PA); A 18 (k,7,n)-admissible and Ay < M}.
First, we prepare some propositions and lemmas.

Definition 3.7. For p € C(t,q,b,c,d), we denote by Z(p) € Z the multi-
plicity of (¢h+1)/mglr=1/m _ ) in p. That is,

p= (tk+1qr—1 _ 1)Z(p)pl’
where the factor p’ € C(t,q,b,c,d) has neither pole nor zero at (16).

Proposition 3.8. For any partition A € 7, we have
Z(uo(Py) = #{(i,1) € ZZ s\ — Nig by = (r — 1)+ 1}
—#{(4,0) € Z203 X\ — Nigpgeap = (r — DI+ 1}

Proof. Recall Remark 2.4. The factor P)a\hff has the factors of the form
(1 —1t*qY) (z,y € Z>o).

If j—i+1=(k+1)l and \; — A\j > (r — 1)l + 1, then uy(Py) has the
factor (1 — tt+Dlg=Dl) in the numerator of P/{Mff. If j—i=(k+1)
and \; — \; > (r — 1)l + 1, then ug(Py) has the factor (1 — t*F+Digr—1l)
in the denominator of P;\Mf 7 Otherwise, there does not exist the factor
(1- t(k+1)lq(r71)l) in P;h'ff'

On the other hand, P{"™ and ijgle have neither pole nor zero at the
specialization (16).

0

Corollary 3.9. For any (k,r,n)-admissible A, we have Z(uo(Py)) = [347]-

Proof. Since \j — X\jyr > 1,
Z(u(Py) = #{(i,1) € Z2p5i + (k+ 1)l =1 < n}
—#{(i,0) € Z2;i + (k+ 1)l < n}
= > max{(n— (k+1)l+1),1} = Y _max{(n— (k+1)I),1}

I>1 >1
- n
k41

Remark 3.10. For g € A,,, we take an integer N such that the degree of g
in each variable z; is less than N/2. Then to prove that g = 0 (respectively,
g has no pole) at the specialization (16), it is sufficient to show that there
exist n subsets Cy,--- ,C, C C(b,c,d)[qg*!, tT1], which satisfy the following
two conditions:

O
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Lemma 3.4. If A € m, satisfies
Ai—,\i+k+1>2[kn?} (r—1) forl<i<n—k—1,
then Py has no pole at the specialization (16).

Proof. Suppose that there exists p such that ¢(E,(X)) = @(Ex(X)), that
is

{p(t" "¢ a+ 7" g a1 < i < n}
= {p(t""¢Ma+ 1t MaT) 1 < i <)

1

Since u and a = bedg™+ are generic, it must be satisfied that

{o(¢= kD=t gharaii) o | € Zsgand 1 < (k+1)l+i < n}
= {p(n~BHDI= Aoy s 1 € Zog and 1< (k+ 1)1 47 < n}
for1 <:<k+1. Hence
{r =Dl + psrygi ;L €Z>0and 1 < (k+ 1)l +1i < n}
={(r —Dl+Ap41)i4i 5 L €Z>pand 1 < (k+ 1)l +1 < n}

for1 <:i<k+1.

Then for any 1 < ¢ < k + 1, there exists I; > 0 such that (r — 1)l; +
K(k4+1)l;+i = Ai and there exists Il > 0 such that (r — 1)I} + At 1)l +i = Hie
If I} # 0, then by the hypothesis,

i = Bt = (r = DG4 Apynesi — X+ (r = 1

< (r=1D+1;) -2 [kLH] (r — 1)l

< z[kil](r—n(l—z;)

< 0.
Hence I} must be equal to 0, namely A\; = ;. Inductively, we have Aht1)l4+i =

H(k+1)14i Tor all I > 0. It follows that A = u. Therefore from Lemma 2.1, P,
has no pole at the specialization (16). O

We are going to construct a basis of JJ(\];"T).

Definition 3.5. X € 7, is called (k,r,n)-admissible if
(19) XNi—Aigg =T (1<Vi<n-—k).
Our main result is

Theorem 3.6. For any (k,r,n)-admissible A\, Koornwinder-Macdonald poly-
nomial Py has no pole at the specialization (16). Moreover, for any positive
integer M, we have

k,r k,r
I = g,
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Remark 2.4. Note that in (14), there appear only factors of the form (1 —
tq¥), z,y € Z>¢. In (13), there appear only factors of the form (1 —t*q¥a?),
z,y € Z>o. In (15), there appear only factors of the form (1 — t®q¥a?),
(1— tgvab), (1 — t*q¥ac), (1 — t*gad), 2,y € T,
3. THE SPACE IJ(\?") AND J](V‘]f”‘)
In this section, we describe zero conditions and construct symmetric
Laurent polynomials satisfying the zero conditions.
First, we describe a specialization of the parameters. Let k,r be integers
such that 1 <k <n—1and r > 2. Let m be the greatest common divisor
of (k+1) and (r —1). Let w be a primitive m-th root of unity. Let w; € C

be such that wyfl)/m = w.

Definition 3.1. For an indeterminate u, we consider the specialization of
t and g:

(16) t = u(rfl)/m,q — wluf(k{»l)/m.

Then for integers ¢,y € Z, t*qY = 1 ifand only if z = (k+ 1),y = (r—1)!
for some [ € Z. Moreover, the multiplicity of (tF+1/mglr=1/m _ ;) in
(t(k+1)lq(r71)l _ 1) is 1.

We define the subject of our study. We denote by Al the corresponding
space Al, := A, ® C(u,b,c,d).

Definition 3.2. A sequence (s1, -+ ,8k+1) (1, ,Sk+1 € Z>p) is called a
wheel sequence if s1+ -+ spy1 =r — 1. For f € Al,, we consider the
following wheel condition:

f=0, ifx;p1 =1t (1 <1< k)

for all wheel sequences (s1,- -+, Sk+1)-

We consider the subspace J*7") C Al
(18) JE) = {f € AL; f satisfies (17)}.

n?

(17)

We denote by A;L* 1y the subspace consisting of f € A/, such that the degree
' (k,r)

of f in each z; is less than M. We set J,,” " := Jkr) A A -
Remark 3.3. For any partition p € 7, u,(z1)/uy(zrer) = thgl—re,
Hence the condition p3 — pry1 < r — 1 corresponds to the existence of the
wheel sequence: sgy1 = r —1 — (u1 — pr41) > 0. The wheel conditions
for f(z) € A}, correspond to u,(f) = 0 at the specialization (16) for any
partition p € m, such that p1 — ppy1 <r —1.
For f(t,q,b,c,d) € C[t,q,b,c,d], we use a specialization mapping ¢
P - C[t, q, b7 2 d] — C(ua b7 2 d)
f(t7 q7 b’ c? d) '_> f(u(ril)/n.L’wlui(k{»l)/?n’b7 c’ d)7
and we extend ¢ to those elements of the field C(¢,q,b,c,d) for which the
specialized denominator does not vanish.
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Then the eigenvalue Ey(X) of the operator D(X) is given by
D(X)Py = E\X)P

E'/\(X) = H(X + tnfiq/\i (abcdqil)l/Z + t77l+iq*/\i (abcdq’l)’l/z).
=1
We use the dominance ordering A > p for partitions A and p. We have

Lemma 2.1. Let ¢y, be
Py =:m) + Z C,\Hﬁ’LM.
p<A

If there does not exist v < A such that Ex(X) = E,(X) at a certain spe-
cialization of parameters, then for any pu < A, cx, has no pole at the same
specialization.

Proof. Tt is clear from the defining equality of Py

DX)-E,(X
qhe ) - ,<(X>) .

In the rest of paper, we always assume
(11) a = bedg ™t

From Lemma 2.1, we see that Py has no pole at (11). The condition (11) is
called the sel f-duality condition. We set A,, := A,, ®c C(t,q,b,c,d).
From [1], we have the following propositions:

Proposition 2.2 (duality). For all A\, u € 7, Koornwinder-Macdonald poly-
nomials Py and P, € A, satisfy the following duality relation:

UM(P/\) _ u/\(Pu)
uo(Py)  uo(Ppu)
Here, the definition of u, is the one in (6).

(12)

Proposition 2.3.
UO(P,\) — P;mn % Pd?ff % Psingle

2n+41—
(13) psum . — IIt (AitA; /')(t " - Ja q))\ Y
A T t2” i—jq2- Q),\
A

7<]
dtfj (A=) /2 aq)A =X

14 t
( ) 711 t] 5 q) ’

(t" a2, t"‘_iab, t"ac,t"ad; q),,
(t”f'ia, _t'nf'ia7 t"iiaql/Q, _tnffiaql/Z; q))\i, :

single —\
(15) Py :=Ha i

7

-1 i
Here, (a;q); := [[,—y(1—aq’) and (a1,a2, -+ ,ap;9); := (a1;q)i(a2;q); - (ap; @)
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To be precise,

D, = > Ujepetg)(@)Verge (@) Tesq

‘]C{lf" 7"’}7US|J‘ST
6]‘::E1,j€J

€4 €5 €5 €4
l—axijl—bm/ l—cx/ 1—da;7/

Verk(z) = H Qs

1—29 1+ x;’ 1-— q1/233;‘7 1+ ql/Qx;j

jeJ J
N N
1-— toce.’x,il 1-— the.’a:,f'
% t—l J ) J )
1 o €5 €j/ 1 . €5 €j/
§d'€,5<i" LTy i T
R tx:-jxk 1-— tm;‘jxlzl
8 H t l—xﬁ‘jka 1—z72t
jeJ ke K Jr J 7k
Ui o(2) (1) 1—az'l—ba; 1—cz 1—dz
Kp\&) = {— Z Ha* € € 1/2. .4 1/2 €
Lk Ljepier & 1A L= ¢! 1+ ¢'/%a)
e=+1,l€L
_ €16 1 _ 4 —1,.—€, ¢
" H t_ll te,'x,; 1—1tq x; lxy,
= B 1€, T
wenier LT @ T 1—gle May,
€] g —1
o H tfll_txl zp 1 —tz;' z,
1— xe’xk 1— xslm_l
leL ke K\L ! 1k
and
Qg = (_1)7'75 2 : (tnflla* + tfuqtll a;l) . (tnfl,-,_.;a* + tfnﬁl»l,-,_.;a;l),

r<h<-<l,_s<n

where a, := (abedg~1)V/? | Teyq = H].EJTWM , and

1
(Tﬂ:j,qf)(xl"" 7w7l) = f(xla"' 7wj—17qi LjyLjt1y "

For an indeterminate X, by taking the linear combination of {D,}, we

can define the operator D(X)
D(X) = i:DQX’H,
i=0
where {D};0 < i < n} are defined inductively as follows
D, =1
Dj = Di—> ai;Dj.

j<i

T )
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assuming that the former is already proved. The details of the proofs are
given in the main body of the paper.
In order to study the values of Py on the submanifold (4), we use (7) by

choosing = (u1,... ,un) in such a way that
(8) Hi — Hit1 = 84 fOI‘Z.:].,...,]f,
9) pi — pit1 > 2[4 l(r —=1)  fori=k+1,...,n—1

From the definition of the Koornwinder-Macdonald polynomial P, it has
no pole at the specialization (2) if (9) is valid. Without specialization (2)
we have an explicit formula for uy(Py) and ug(F,), and we can easily count
the order of zeros (or poles) for them. Using (7), we can prove that u,(Py)
vanishes at (2). Since there exist enough p’s satisfying the conditions (8)
and (9), the Laurent polynomial Py itself should vanish at (4).

This much is the proof of the first half of Theorem 1.2. Let J®*) be
the space of symmetric Laurent polynomials P of type (BC ), satisfying the

wheel conditions, and for a positive integer M, let J( be its subspace
consisting of P such that the degree of P in each Varlable x; is less than
M. Because of the invariance for z; < a:i_l, the dimension of this subspace
is finite. From the first half of the proof, we have a lower estimate of the
dimension of J }é’r). We give an upper estimate of the dimension of the
same space by considering its dual space. This is a standard technique
originated in the paper by Feigin and Stoyanovsky [3]. Showing that these

two estimates are equal, we finish the proof of Theorem 1.2.

2. PROPERTIES OF THE KOORNWINDER-MACDONALD POLYNOMIALS

Let n be the number of variables. We denote by W,, the group generated
by permutations and sign flips (W,, & &,, X (Z2)"). We consider a W,,-
symmetric Laurent polynomial ring

(10) A, = C[a:l yre ,acffl]W".

We denote by 7, the set of partitions of length n, A = (Ag,---, ;). We
denote by m) a monomial W,,-symmetric Laurent polynomial:

my(z) = Z Hx;/’

veW, 1

The Koornwinder-Macdonald polynomial Py(z) corresponding to A is a
simultaneous eigenfunction of the difference operators {D,;1 <r < n} (see

r)

[1]). The corresponding eigenvalues E( are of the form

B =i (@) + Y angiine(2))
0<s<r

where z) = (" 1¢™ (abedg™ )1/2 " 2¢*2 (abedq ™ )1/27.. 0 (abedg™ )1/2)
and Qr s Ec[til’ i17 il’bil’ il,dil,(abcdq )i1/2]‘
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The condition that a polynomial vanishes on the submanifold (4) is called
the wheel condition corresponding to the submanifold (4) and a partition
A satisfying the condition (3) is called a (k,7,n)-admissible partition. Note
that if we set s =7 —1— Zle si, it follows that xpq1 /21 = tg®+! from
(4) and (1) .

In this paper, we obtain a similar result in the case of n-variable symmet-
ric Laurent polynomials of type (BC),,. Here we say a Laurent polynomial
in the variables z1,... ,z, is of type (BC),, if and only if it is symmetric
and invariant for the change of the variable z; to xl_l. The original case
in [2] corresponds to A,. We use the self-dual Koornwinder-Macdonald
polynomials Py of type (BC),, [4, 1] in order to characterize the space of
symmetric Laurent polynomials of type (BC),, satisfying the wheel condi-
tions. The Koornwinder-Macdonald polynomials depend on six parameters
t,q,a,b,c,d. The self-duality requires

(5) a= qilbcd.
We set W, := &,, X (Z3)". Our main result is

Theorem 1.2. Let A = (\q,... ,\,) be a (k,r,n)-admissible partition. Then,

the self-dual Koornwinder-Macdonald polynomial Py € C(t,q,b,c,d) [a:lil, e L
has no pole at (2), and when it is specialized at (2), it satisfies the wheel
conditions corresponding to (4). Conversely, the space of symmetric Lau-

rent polynomials of type (BC'),, in C(u,b,c,d) [wlil, o2t e satisfying the

wheel conditions s spanned by the self-dual Koornwinder-Macdonald poly-
nomials Py specialized at (2) where X are (k,r,n)-admissible partitions.

Although the statement of Theorem 1.2 is quite analogous to that of
Theorem 1.1, our proof of Theorem 1.2 is different from that of Theorem
1.1 given in [2]. In fact, our method gives an alternative proof simpler than
the one given in [2] for the A,, case. We use the duality relation for the self-
dual Koornwinder-Macdonald polynomials Py. In [5], we obtain a further
result by an application of the method used in this paper.

Let us explain the duality relation and the method of our proof. Let

u = (p1,...,un) be a partition. For f € C(t,q,b,c, d)[a:lil,... 21, we
define a specialization u,(f) of f by
(6) U’ﬂ(f) = f(tnilq'ulaa tanq,u,za’ e ’qllm,a).

Here, a is given by (5). In particular, we have

uo(f) = f(t" ta,t" 2a,... ,a).
The duality relations reads as
(7) u/,,(P)‘) _ UA(P/L).
ug(Py)  ug(Py)
To prove the two statements, (i) Py has no pole at (2), and (ii) Py spe-

cialized at (2) satisfies the wheel conditions corresponding to (4), we use the
duality relation with special choices of p. Here, we explain only the latter
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ABSTRACT. A characterization of the space of symmetric Laurent poly-
nomials of type (BC), which vanish on a certain set of submanifolds
is given by using the self-dual Koornwinder-Macdonald polynomials. A
similar characterization was given previously for symmetric polynomials
of type A, by using the Macdonald polynomials. We use a new method
which exploits the duality relation. The method simplifies a part of the
proof in the A, case.

1. INTRODUCTION
Let k,r,n be positive integers. We assume that n > k+1andr > 2. In
[2], n-variable symmetric polynomials satisfying certain zero conditions are
characterized by using the Macdonald polynomials [6] specialized at

(1) tk+1qr71 —-1.

To be precise, the paper [2] works in the following setting. Denote by m the
greatest common divisor of k41 and r—1. Let w be an m-th primitive root of

k r—
unity. Then, the variety given by ¢ e q w = w is an irreducible component

of (1). It is uniformized as follows. Let w; € C be such that wy_l)/m =
w. We consider the specialization of ¢,q in terms of the uniformization
parameter u,

(2) t= u(r_l)/7'l, qg= wyu~ kD7

The following result was obtained in [2].

Theorem 1.1. For a partition A = (A1,... ,A\,) satisfying
(3) Ai=Aipp 21 (1<i<n—k),

the Macdonald polynomial Py € C(t,q)[z1,... ,2,]%" has no pole at (2), and
when it is specialized at (2), it vanishes on the submanifold given by

(4) xi/xip1 = tq" for1 <i<k
for each choice of non-negative integers s; such that Zle s; <r—1. Con-
versely, the space of symmetric polynomials P € C(u)[z1,... ,a:n]e" sat-

1sfying the above condition s spanned by the Macdonald polynomials P
specialized at (2) where X satisfies (3).
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