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1. INTRODUCTION

In this article, we review theory of Floer homology of Lagrangian submanifolds
developped in [13] jointly with Oh, Ohta, Ono. We include some of new results
whose detail will appear later in [12] and also some results which will be included
in a revised version of [13]. In this article, we emphasise its application to symplectic
topology of Lagrangian submanifold. In other surveys [10, 11, 26], more emphasise
is put on its application to Mirror symmetry.

The author would like to thank the organizers of the school “Morse theoretic
methods in non-linear analysis and symplectic topology” to give him an opportunity
to write this article. He would also like to thank his collaborators Y-G. Oh, H. Ohta,
K. Ono and acknowledge that many of the results discussed in this article are our
joint work.

2. LAGRANGIAN SUBMANIFOLD OF C"

In this section we extract some arguments of the Floer theory and use it to
study Lagrangian submanifolds of C™. We do not introduce Floer homology in this
1
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section yet. Let x; + v—1y;, ¢ = 1,--- ,n be the canonical coordinate of C". We
put the standard symplectic structure w = 3" dx; A dy; to C™.

Definition 2.1. An n dimensional submanifold L of C™ is said to be a Lagrangian
submanifold if w|p, = 0.

In this article we always assume that our Lagrangian submanifold is compact.
For a Lagrangian submanifold L C C™ we define an energy function E : 71(L) —
R by

(2.1) Ep(y) = XZ:/SI Y widy; = /D2 uw.

Here u : D? — C" is a map with u(9D?) C L and [u(0D?)] = 7.

Remark 2.1. For a general Lagrangian submanifold L C M, we can define Ep :
Hy(M, L) — R in the same way.

The following result due to Gromov is one of the most basic results of symplectic
topology.

Theorem 2.1 (Gromov [18]). EL # 0 for any embedded Lagrangian submanifold
LccCr.

Theorem 2.1 in particular implies Hy(L; Q) # 0 for any Lagrangian submanifold
L of C". To state the next result we need to define Maslov index of Lagrangian
submanifold.

Definition 2.2. The set of all real n dimensional R linear subspaces V' of C™ with
wl|y = 0 is called Lagrangian Grassmannian. We write it as GLag, .

Let Gr,, be the set of all real n dimensional R linear subspaces V' of C", that is
the Grassmanian manifold.

Lemma 2.2. m(GLag,) = Z. The map GLag, — Gry, induces a surjective
homomorphism Z = w1 (GLag,) — 71(Gry,) = Zs.

See for example [1] for its proof.
In case L C C™ is a Lagrangian submanifold, we define a map T, : L — GLag,
by

(2.2) Tir(p) =T,L € GLagy,.

Definition 2.3. The Malsov index ny, : m1(L) — Z = m(GLag,) is a homomor-
phism induced by T'y,.

Remark 2.2. In case of general Lagrangian submanifold . C M, we can define
nL : m2(M, L) — Z in a similar way. The composition of mo(M) — m3(M, L) and
nr coincides with 3 — 23N ct(M), where ¢!(M) is the first chern class.

Lemm 2.2 imnplies that, if L is oriented, then image of 77, is in 27Z.

Theorem 2.3 ([13]). Let L C C" be a Lagrangian submanifold. If H*(L; Q) = 0
and if L is spin, then np # 0.

Remark 2.3. We actually do not need to assum L is spin. See [13].
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Let us consider the case L = S! x S™ for example. The assumption of Theorem
2.3 is satisfied if n > 2.

Forn =1, L = S! x S1, it was proved by Viterbo [34] and Polterovich [28], that
there exists v € m1(L) such that E(y) > 0 and ni(y) = 2. For general n we can
prove the following.

Proposition 2.4 ([25, 13]). Let L = S' x S™ C C" be a Lagrangian submanifold
with n > 2. We choose the generator v € m (L) = Z, such that E(vy) > 0.

If n is odd then there exists a positive integer  such that np(¢y) =n+ 1.

If n is even then either ng(v) = 2 or exists a positive integer € such that ng,(¢y) =
2 —n.

Remark 2.4. In case nr(y) > 0, Proposition 2.4 follows from [25]. Proposition
2.4 follows from the results of [13] directly as we will see in §5, though it was not
written in its 2000 version explicitely.

Actually, in the case n is even, we can show 7y, (y) = 2. Namely we can exclude
the second case. See §13.

Before proving the results stated above we mention some of the constructions of
Lagrangian submanifolds. See [2] for detail.

We say i : L — C™ is a Lagrangian immersion if i is an immersion, dim L = n
and if i*w = 0. The map T4y, : L — GLag, is defined in the same way.

Two Lagrangian immersions g, i1 are said to be regular homotopic to each other
if there exists a faimily of Lagrangian immersions s s € [0, 1] joining them.

Theorem 2.5 (Gromov[19]-Lees[23]). (1) There exists a Lagrangian immersion
i: L — C"if and only if TL ® C is a trivial bundle.

(2) We assume that TL @ C is trivial. Then i — [ig] induces a bijection from
the set of regular homotopy classes of Lagrangian immersions i : L — C" to the set
of the homotopy classes of maps L — GLagy,.

The proof is based on Gromov’s h-principle. See [9].

Theorem 2.5 implies that every element of 7, (G Lag, ) is realized by a Lagrangian
immersion i : S® — GLag,. (We remark that Theorem 2.1 implies that none of
them is realized by a Lagrangian embedding.)

Theorem 2.6 (Audin-Lalonde-Polterovich([2]). If i, : L — C™ is a Lagrangian
immersion and ip : L' — C™ is a Lagrangian embedding then there exists a La-
grangian embedding i : L x L' — C"™™ such that T% : L x L' — GLagnim is
homoltopic to sum o (Tiy, ® Tir). Where sum : GLag, X GLagy, — GLagnim i
given by (VW) —V o W.

Proof: Let us take f : L — R™ C C™ such that I = (ig,f) : L — C"t™ ig
an embedding. Clearly I*w = 0. Then Weinstein’s theorem (see [1, 9]) implies
that there exists a neighborhood U of I(L) in C"*™ and a symplectic embedding
I' :U C T*L x C™ such that I’ o I is an embedding g — ((g,0),0). Then, for small
€, themap I, : Lx L' — T*L x C™, I,(q,Q) = ((¢,0),€i1/(Q)) sends L x L’ to
I'(U). Weputip =10l : Lx L — Cvtm, O

We take L = S™ and L' = S'. We remark that there is an obvious La-
grangian embedding S — C. Maslov index of it is given by ng:1[S?] = 2. Hence
we have an embedding S! x S® — C"*! such that ngi1xsn([S']) = 2. Note
regular homotopy class of Lagrangian immersion of S' x S™ is identifided with
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m1(GLagy,) X m,(GLagy,). The construction above realize any elements of the form
(2,a) € m1(GLagy,) X m,(GLag,) as an Lagrangian embedding.

In [28] Polterovich constructed a Lagrangian embedding S x $?"~! ¢ C?" such
that 1z (y) = 2n, as follows'. (y € m (L) is a generator with E(y) > 0.) Let
S§2n=1 = {# € R™||#| = 1}. We then put L = {07 € C*"|7 € S™"1. 0 € C,|0| =
1}. We can show that L is diffeomorphic to S x S?"~! and is a Lagrangian
submanifold. We can also prove nz(v) = 2n.

In case k = 2, L = S' x S3, then n7(v) is 2 or 4 according to Proposition 2.4.
They both actually occur. In case k = 3, L = S' x S°, Proposition 2.4 implies
nr(7) is 2 or 6. They again both occur. In case k = 4, L = S* x ST, Proposition 2.4
implies g (7) is either 2, 4 or 8. 2 and 8 occur. However example with nz(v) = 4
does not seem to be known.

Problem 2.1. Are there any Lagrangian submanifold L C C?" diffeomorphic to
St x §27=1 guch that nr(y) # 2, 2n.

As for the the other factor ma,_1(GLagay,), there is no restriction in the case
Ng1xs2n—1(7) = 2. However, in other case, especially in the case 1g1yg2n-1(7) = 2n
the following seems to be open.

Problem 2.2. For which homotopy class « € ma,,—1(GLags,), the class (2n,a) €
m1(GLaga,) X man—1(GLagsy,) is realized by a Lagrangian embedding ?

The first case to study seems to be the case of S x $3. We remark Theorem 13.1
determines when the regular homotopy class of Lagrangian immersion St x §?™ —
C?m+1 i realized by a Lagrangian embedding. We will discuss more results on
Lagrangian submanifolds in C™ in §§11,12,13.

3. PERTURBING CAUCHY-RIEMANN EQUATION

Let us start the proof of Theorems 2.1,2.3. We use the moduli space of holomor-
phic disks which bound L. We define it below. Let 5 € mo(C™, L) = 71 (L).

Definition 3.1. We consider a map ¢ : D? — C™ with the following properties.

(1) ¢ is holomorphic.
(2)  (0D?) C L.
(3)  The homotopy type of ¢ is .

We denote by Int .//\Z(L; B) the set of all such maps. We can define a topology
on it (see [13]).

We consider the group PSL(2;R). It can be identified with the group of biholo-
morphic maps D? — D2 We denote {g € PSL(2;R)|g(1) = 1} by Aut(D?1).
(Here we identify D? = {z € C||z| < 1}, PSL(2;R) = Aut(D?). Aut denotes the
group of biholomorphic automorphisms.) Then we put

 Int M(L; B)
T Aut(D2,1)

 Int M(L; B)

1The author thanks Polterovich who pointed out his example and corrected an error author
made during author’s lecture at Montreal.
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The moduli spaces Int M (L; 8), Int M(L; 8) can be compactified by including
stable maps (from open Riemann surface of genus 0). (See [13] for its precise
definition.) We denote them by M\(L;ﬂ), M(L; B) respectively. These moduli
spaces are used to define and study Floer homology of Lagrangian submanifold.
We will discuss it in §5. In this section we use it more directly to prove Theorems
2.1,2.3.

For this purpose, we use a similar but a different moduli space using perturbation
of the Cauchy-Riemann equation (which is the equation that ¢ is holomorphic) by
Hamiltonian vector field. We need some notations to describe it.

Definition 3.2. For each positive R we consider a smooth function xr : R — [0, 1]
such that

(1) xr()=1,if |t| > R,
(2) XR(t) =0, if ‘t| <R- 1,
(3)  The C* norm of xg is bounded uniformly on R.

We next take a smooth function H : C* — R of compact support and let
(3.1) Xpg=JgradH
be the Hamiltonian vector field generated by it.

Definition 3.3. We consider a map ¢ = ¢(7,t) : R x [0,1] — C with the following
properties.

(3.20) G0 =7 (G0 = xalr) Xnlo(r,1).
(3.2b) ¢(7,0),0(1,1) € L,
(3.2¢) /]RX[O,I] Pw < 00.

We denote by NV (R) the set of all such .

Note (3.2a) implies that ¢ is holomorphic outside [—R, R] x [0,1]. Therefore
(3.2¢) and removable singularity theorem of Gromov [18] and Oh [24] imply the
following.

Lemma 3.1. There exists Do, P—oo € L such that lim, 10 o(7,1) = Pioo.

We remark that D?\ {1, —1} is biholomorphic to R x [0, 1]. Hence element ¢ of
N (R) may be regarded as a map @ : (D?,0D?) — (C", L).

Definition 3.4. Let N(R;3) be the set of all ¢ € N(R) such that the homotopy
class of p is .

For a fixed py € L, let N(R;3;po) be the set of all element of ¢ € N(R) such
that lim, o ¢(7,t) = po. We define N'(R;po) in the same way.

Let exp;EXH : C" — C” be a one parameter group of transformations associated
to XH

Assumption 3.1. exp;# (L)NL = 0.

Since L is compact we can always find H satisfying Assumption 3.1. Now the
following three propositions are basic points of the proof of Theorems 2.1,2.3.
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Proposition 3.2. There exists C depending only on H and L (and independent of
R) such that if N(R;3) # 0 then

(3.3) BNw>—C.

The proof is based on well established argument and is omitted. We remark that
Definition 3.2 (3) is essential for the proof of Proposition 3.2.

Proposition 3.3. If Assumption 3.1 is satisfied then, there exists Ry depending
only on H and L such that N(R) =0 for R > Ry.

Proof. (Sketch) If not there exists ¢; € N(R;) with R; — co. We can use Proopsi-
tion 3.2 and elliptic regurality to show the existence of ; € [-R; +2,R; —2], 5 >0
such that the C* norm of ¢; on [1; — §, 7 + d] x [0,1] is bounded and that

(3.4) lim w'w=0.
100 [: —68,7:+8]x[0,1]
(3.4), (3.2a) and elliptic regurality implies that

lim sup
10 ¢e(0,1]

)
a—f(n,t)—VHH = 0.

This implies
lim dist (exp{(H (¢(7i,0)), (i, 1)) =0.

In view of (3.2b) this contradicts to Assumption 3.1. O

For the next proposition we need an assumption.
Assumption 3.2. If E(3) > 0 then nr(5) <0.

Let By =0 € mo(C™, L).
Proposition 3.4. Under Assumption 3.2, we may choose py such that N'(0; 8;po) =
0, for any B # Bo.
Proof. (Sketch) We have
(3.5) dim M(L; 5) = n+n2(6) - 3,
(see [13)]), for B # . Hence, by Assumption 3.2 we have

dim U oSN <n+nL(B)-3+1<n-2.
peEM(L;3)

Therefore we may take py which is not contained in the union of e (1.5 o(Sh)

for various 3. We remark that the equation (3.2a) is the Cauchy-Riemann equation
when R is zero. Proposition 3.4 holds. O

Lemma 3.5. N(0; Bo;po) is one point.

The lemma follows immedately from the fact that each element of N'(0; 3p) is a
constant map. We put

(3.6) N(B;p0) = | N(R; B;po) x {R}
R>0

We can perturb our moduli spaces so that N'(3;po) is a manifold with boundary.
Now we are in the position to prove Theorem 2.1. The main point is as follows.
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Lemma 3.6. If E: m(C", L) — R is zero then N'(3;po) s compact.

Proof. (Sketch) We prove by contradiction. Let ¢; € N (R;; Bo; po) be a divergent
sequence. We may assume by Proposition 3.3 that R; converges to R. Then there
exists p; = (7;,t;) € R x [0, 1] such that

(3.7) (dy, 1] = supf{duspil | € R x [0,1]}.
We put ¢; = 1/D;. We consider the following three cases separately.

Case 1 : |dp, ;| = D; diverges. D;dist(p;, O(R x [0,1])) = C; — oo.

Case 2 : |dp, ;| = D; diverges. D;dist(p;, O(R x [0,1])) is bounded.

Case 3 : |dp,¢i| = D; is bounded. |7;| diverges.

In Case 1, we define h; : D*(C;) — C" by h;(2) = @i(eiz + pi) — wi(psi). (3.7)
implies that dh; is uniformly bounded. Moreover h;(0) = 0 and |doh;| = 1. Hence,
by elliptic regularity, h; converges to h : C — C™. Since |dph| = 1, h is not a
constant. On the other hand, by (3.2a),

Oh; Oh;
o {2

where C' is a constant independent of i. Therefore h is holomorphic. Moreover by
(3.2¢) the integral fD2(R1) hjw is uniformly bounded. If follows that fD?(Ri) h*w is

A DZ(CZ)} < ¢C

finite. Hence the holomdrphicity of h implies that h is a constant map. This is a
contradiction.

In Case 2, we consider a similar limit and obtain a map h : h = {z € C|Imz >
0} — C™ which is nonconstant and holomorphic. Moreover h(R) C L and |, p 7w is

finite. Therefore by removable singularity theorem of Gromov [18] and Oh [24], h
can be extended to h* : D? — C" with h™(0D?) C L. (Namely when we identify
D?*\ {1} =h, h* = hon h.) Since E = 0 by assumption, it follows that

/h*w :/ ht*w = 0.
[} D2

Therefore, since h is holomorphic, A is a constant map. This is a contradiction.

We next consider Case 3. We can show that D; is bounded away from zero
in the same way as the Case 1. We define h; : R x [0,1] — C" by h;(z) =
vi(z = (7:,0)). Since |7;| diverges it follows that h;, after taking a subsequence
if necessary, converges to a holomomorphic map h : R x [0,1] — C™ which is
nonconstant. Moreover h(R x {0,1}) C L. Furthermore :

/ hw < limsup/ Yiw < 00.
Rx[0,1] Rx[0,1]

By Lemma 3.1 and E = 0, we find that fo[o 1w = 0. Since h is holomorphic,
this implies that h is a constant map. This is a contradiction.
The proof of Lemma 3.6 is now complete. O

Now the rest of the proof of Theorem 2.1 is as follows. We remark that
(3.8) dim N (R; 3) = n +nc(B)
can be proved in the same way as (3.5). Then

(3.9) dim V' (R; 8; po) = nz(6)
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and hence

(3.10) dim A (8; po) = n.(8) + 1.

In particular 9CN (Bo; po) is a one dimensional manifold. It is compact by Lemma
3.6. Its boundary is one point by Proposition 3.4, Lemma 3.5. This is a contradic-
tion.

Thus we proved Theorem 2.1. O

Remark 3.1. To make the above argument rigorous we need to find a perturbation
by which various moduli spaces have fundamental chain. We omit the arguments
on transversality in various places of this article. We explain one novel argument
on transversality in §6, however. We do not discuss sign (orientation) either. Those
points are discussed in detail in [13]. (The detail of the new argument on transver-
sality in §6 will be in [12].)

4. MASLOV INDEX OF LAGRANGIAN SUBMANIFOLD WITH VANISHING SECOND
BETTI NUMBER.

In this section, we continue the argument of the previous section and sketch the
proof of Theorem 2.3. We here assume 7y, : m2(C", L) — Z is zero. It follows from
(3.9) and (3.10) that dim N (83;pg) = 1, dim N (R; 3;po) = 0, dim M(L; 3) = n — 3.

We next need the following result :

Theorem 4.1 ([13, 31]). A spin structure of L determines an orientation of

M(L; B), N(B;po) ete.

Hereafter we assume that L is spin and use the orientation obtained by Theorem
4.1. Since we do not assume F = 0, Lemma 3.6 does not imply compactness of
N(B;po). We are going to study its compactification. We use our assumption
nr, = 0 in the next lemma.

Lemma 4.2. If ny, = 0, we may choose py such that, for any ¢ € M(L;3), we
have po ¢ ©(S).

Proof. Since dim M(L;3) = n — 3, it follows that the union of all ¢(S*) for ¢ €
M(L; B) is n — 2 dimensional. The lemma follows. O

Using Lemma 4.2, we can describe compactification of N'(8; pg) and of N'(R; 3;po).
We put A = (R x {0,1}) U{—o0} in this section. We define

ev: N(R;B;p0) Xx A— L
by
(4.1) ev(p, (1, £1)) = ¢(7,£1), ev(p,—00) = lim o(7,t).

T——00

We also define M\(L;ﬁ) — L by

(4.2) ev([p]) = lim o(7,t).

T—+00

Now we have
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Proposition 4.3. We assumen, = 0. Then N (R; 3;p0), N (R; 8; po) has compact-
ifications CN(R; B;p0), CN(R; B; po) which has Kuranishi structure with boundary.
The boundary is identified as

ICN(R; Bipo) = | M(L:iB1) xo (N(R; Baspo) x A) B # Bo
B1+B2=8

OCN (B;po) \ N (0; B;po) = | M(L; B1) %1 (N (Ba;po) x A) fo = 0.
B1+B2=p

Remark 4.1. We do not explain the definition of “Kuranishi structure with bound-
ary” here. See [14]. If the reader is not familier with it, he may read the statement
as “there is a perturbation so that the virtual fundamental chain satisfies the equal-
ity ... 7.

Proof. (Sketch) The proof of Proposition 4.3 goes in a similar way as the proof of
Lemma 3.6. We consider a divergent sequence ¢; € N (R;; Bo;po). R; is bounded
by Proposition 3.3 and hence we may assume R; — R. We choose p; = (1,t;) €
R x [0, 1] satisfying (3.7). Then we consider Cases 1,2 and 3 in the proof of Lemma
3.6. Case 1 does not occur by the same reason as the proof of Lemma 3.6. So we
need to consider Cases 2 and 3 only.

If im7; =7 € R and lim¢; = t, € {0, 1}, the limit correspond to an element

([27], (o0s (T, ta0))) € M(L; B1) X1, (N(R; Ba3 po) % A).

Here ht : D2 — C" is a bubble at (7,ts).

—

Figure 1
If 7, — —oo we have an element
([17], (poos (—00))) € M(L; B1) X1, (N'(R; Ba; po) x A).

Using Lemma 4.2 we may assume 7; — 400 does not occur. (See Figure 2.)
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—

~—
Figure 2

We next consider Case 3. 7, — 400 does not occur by the same reason. In the
case T; — —00, we again get an element

([h7], (Poos (—00))) € M(L; B1) x 1, (N'(R; Bai o) X A).

—

—~—
Figure 3

This implies Proposition 4.3. (]
The next lemma is a consequence of Proposition 3.2 and Gromov compactness.

Lemma 4.4. There exists only a finitely many 8 € 71 (C™, L) such that N'(3;po) #
0 and E(B) < 0.

First we consider the case when the following is satisfied in addition.

Assumption 4.1. There exists a unique 8 € 71 (C™, L) such that N (8;pg) # 0
and E(B) < 0.

Moreover if 5" € 71 (C™, L) with E(8") > 0, —E(8) > E(#') > 0, then M(L; 5’) =
0.

This assumption is rather restrictive. We will explain the argument to remove
it later in the next section.

Now we assume 7y, = 0, L is spin and Assumption 4.1. We consider the boundary
OCN (Bo;po) by using Lemma 4.3. We have

(4.3)  OCN(Bospo) \N(0; Bo;po) = | MU(L; 1) x1 (N (B2 po) x A).
B1+pP2=PBo

Since E(f1) > 0 if M\(L;ﬂl) # () and since E(By) = 0 it follows from (4.3) and
Assumption 4.1 that

(4.4) ICN (Bo; po) \ N (0; Bo; po) = M(L; —) x 1 (N'(B;po) x A).
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Note that CA(Bo;po) is a one dimensional oriented chain and N (0; By; po) is a one
point. Hence the right hand side of (4.4) is an oriented zero dimensional manifold
whose order counted with sign is 1.

By the second half of Assumption 4.1, we can show that /\//\l(L; —3) = Int J\//\l(L; —05)
and defines a cycle. Its dimension is n — 2. Hence

e, ((M(L: =B))) € Hy—(L: Z).
Similarly we find
ev.(IV'(0; B;p0)]) € Ha(L; Z).
We now have e
evy ([M(L; =B)]) - evs ([N (0; Bs po)]) = 1,
since it is equal to the right hand side of (4.4). (Here - is the intersection pairing.)

This implies H?(L; Q) # 0. Theorem 2.3 is thus proved under additional hypothesis
Assumption 4.1.

5. FLOER HOMOLOGY AND A SPECTRE SEQUENCE.

We now introduce Floer cohomology of Lagrangian submanifold and explain how
it can be used to study Lagrangian submanifold of, say C™.

Let L be a compact Lagrangian submanifold of a symplectic manifold M. (In
case M is noncompact we assume that M is convex at infinity. See [8].) Let us
define a universal Novikov ring A by

(5.1) A= {Z a; T

Actually A is a field.

Let ng : ma(M, L) — Z be the Maslov index and E : m2(M, L) — R is defined
by integrating the symplectic form. We say that L is relatively spin if there exists
st € H?(M;Zsy) which is sent to the second Stiefel-Whiteney class of L. (If L is
spin then it is relatively spin.)

a; € R\ — +00, \; GR}.

Theorem 5.1 ([13]). We assume L is relatively spin. Then there exists a series of
elements B; € mo(M, L) with E(8;) > 0, E(6;) < E(Bi4+1) and cohomology classes

op, € H*71P)(L; Q),

such that og =0 if 2—np(8) =0 orn, and og = 0 if E(B) < 0. It has the following
properties.

If og, = 0 for all B; then there exists a A module HF(L,L) and a spectral
sequence E, such that
(1) Ey = H(L;A).
(2) Ex=HF(L,L).
(3) The differential d* = TEP)dP s a A module homomorphism induced by
d% . H*(L; Q) — HF1=1(B)(L: Q).
(4)  dg([1]) = 0. Here [1] € H°(L; Q) is a generator.
(5) The fundamental cocycle [L] € H™(L;Q) is not contained in the image of
dg.
(6) If ® : M — M 4s a Hamiltonian diffeomorphism and L is transversal to
®(L), then

dimy HF(L, L) < (LN ®(L)).
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Remark 5.1. Floer cohomology HF(L, L) is not an invariant of symplectic diffeo-
morphism type of (M, L) but depends on an element of a moduli space M(L) of
bounding chains . We introduced the notion of bounding chain and denote its
moduli space by M(L) in [13]. We do no discuss bounding chain here, since we use
only the properties stated above in this article. (Namely any choice of bounding
chain is good for the applications which appear in this article.)

For other applications, especially for applications to Mirror symmetry, the space
M(L) itself plays a crucial role.

We first show
Lemma 5.2. Theorem 5.1 implies Theorem 2.3.

Proof. Let L C C™ be a spin Lagrangian submanifold. We assume H?(L; Q) = 0
and nz, = 0 and deduce a contradiction.

Since o5 € H?>7"®)(L;Q) = H*(L;Q) it follows that we can define HF (L, L).
By (6), we have HF(L,L) = 0. Hence by (1)(2), [L] € H"(L) does not survive
until E. Since [L] is not in the image of dg by (5), it follows that dg([L]) # 0 for
some 3. However this is impossible since dg([L]) € H"*:8)(L; Q) = 0. O

We next apply Theorem 5.1 to the case of (M, L) = (C**! St x ™) and prove
Proposition 2.4. Namely we prove the following two lemmas.

Lemma 5.3 (Oh [25]). Let L = S* x S™ be a Lagrangian submanifold of C™ and
n is odd. We choose the generator 3 € ma(C" 1 L) so that E(3) > 0. Then nr(53)
is positive and divides n + 1.

Proof. We first remark that E # 0 by Theorem 2.1. Hence there is a unique choice
of B as in the statement of Lemma 5.3.

Since n(f) is even, it follows that og € H®*"(L;Q). Since n if odd, the coho-
mology group H®V*"(L;Q) is nonzero for H°(L) and H"*1(L) only. In that case
0g = 0 by Theorem 5.1. Therefore HF(L, L) is well defined. Since L C C"*! it
follows that HF(L,L) = 0. By (4) and (5) there exists k, k¥’ such that dz(1) # 0,
and [L] = dygu for some u € H(L). Since dig is odd degree either diz(1) = c[S]
or dig = c[S™]. (¢ € Q.) (Since E(B) > 0, it follows that k£ > 0.) In the case
di(1) = [S], we have n(k3) = 2. Hence k =1 and n(3) = 2.

In the case dig(1) = [S™], we have nr, (k) = n+1. Hence nr,(5) divides n+1. O

Lemma 5.4 ([13, 25]). Let L = S' x 8™ be a Lagrangian submanifold of C"*1 and
n is even. We choose the generator 3 € mo(C"* 1 L) so that E(3) > 0. Then either
nr(B8) = 2 or it is nonpositive and divides 2 — n.

Proof. If opg # 0 then, since degoyg is nonzero and even, it follows that oyg €
H™(L;Q). It implies 2 — nz,(kB) = n. Hence 7 (/) is negative and divides 2 — n.
If oy are all zero, then Floer cohomology HF (L, L) is well defined and is zero.
Hence dig(1) # 0 for some k. Since [L] is not in the image of djg, it follows that
drs(1) = ¢[S]. Hence np(kB3) = 2. Herefore k = 1 and n.(8) = 2. O

Remark 5.2. The second possibility 7, () < 0 in Lemma 5.4 will be eliminated in
§13. (Theorem 13.1.)
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6. HOMOLOGY OF LOOP SPACE AND CHAS-SULLIVAN BRACKET.

In §86,7,8, we will explain a construction of a filtered A, structure on the co-
homology group H(L) of Lagrangian submanifold L. We take a bit different way
from one in [13] and uses De-Rham cohomology.

Remark 6.1. In [13] a variant of singular chain complex was used. The way taken
in [13] has an advantage that we can work over Z coefficient at least in case L is
semipositive?. The way taken here has an advantage that we can then keep more
symmetry. Especially, cyclic symmetry is established in §9.

Let L be a compact smooth manifold. We denote its free loop space by L£(L).
Namely
(6.1) L(L) = {¢:S" — L|{is piecewise smooth.}

M.Chas and D.Sullivan [5] introduced a structure of graded Lie algebra on the
homology of £(L). Let us recall it here. We identifty S* = R/Z. Let fi : P, — L(L)
be cycles. (We write P; = (P;, f;).) We put

(6.2) Prx Py ={(z,y,1) € Py x Py x S | (f1(2))(0) = (f2()) (1)}

We define fy % fo: Py x Py — L(L) by the following formula.
(f2(y))(2s) 2s <t

(6.3) ((f1* f2)(z,y,8))(s) = { (fi(x))(2s —t) t<2s<t+1,
(f2(z))(2s = 1) t+1<2s.

Figure 4
We then put
(6.4) Py Py = (PLx Py, f1 % f2).

If Py, P, are cycles, of dimension kq,ks respectively, then, under an appropriate
transversality condition, Pl * P2 is a cycle of dimension ki1 + k3 — n + 1. Here
n = dim L. Therefore x defines a map

(65) *: Hy, (ﬁ(L)) ® Hy, ([:(L)) — Hk1+k2—n+1(£(L))-

2Actually we can do it in general using the method of [15].
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Definition 6.1 ([5]). We define loop bracket {-,-} by
([P, [Po]} = [P1 + o] + (—1)(des PraD(es P4y ).

Theorem 6.1 ([5]). Loop bracket satisfies Jacobi identity. Namely it defines a
structure of graded Lie algebra on H.(L(L)).

Actually we can work in chain level and construct an L., algebra, (that is a
homotopy version of graded Lie algebra).

There are various ways to work out transversality problem to justify Chas-
Sullivan’s construction. Here we use the following one which works best with our
construction of virtual fundamental chain of the moduli space of pseudoholomorphic
disks.

Definition 6.2. (P, f,w) is said to be an approzimate De-Rham chain of L(L) if
the following holds.

(1) P isan oriented smooth manifold of finite dimension (with or withour bound-
ary). w is a smooth diferential form on P of compact support.

(2) f:P — L(L) is a smooth map.

(3)  The map ev: P — L defined by ev(z) = (f(z))(0) is a submersion. In case
OP is nonempty we assume that ev : 0P — L is also a submersion.

We say (P, f,w) is an approximate De-Rham cycle if P does not have a boundary
and w = 0.
We define the degree of approximate De-Rham chain by

deg(P, f,w) = dim P — degw.
We put
(66) a(P7f7w) = (apa faw)+(_1)dch(P7f7dw)

An approximate De-Rham cycle (P, f,w) of degree k determines an element
Hi(L(L);R) as follows. Let H}(P;R) be the De Rham cohomology group of com-
pact support and PD : Hé™P=*(P;R) — H;(P;R) be the Poincaré duality. Then
we associate f«(PD([w])) € Hp(L(L);R) to (P, f,w). It is easy to see that any
element of H,(L(L);R) can be realized by an approximate De-Rham cycle.

An approximate De Rham chain (P, f,w) determines a smooth differential form
evl (P, f,w) of L of codimension k = deg(P, f,w) as follows.

(6.7) vl (P, f,w) = ev!(w) € Q"7F(L).

Here ev! is integration along fiber. It is well defined since w is of compact support
and ev : P — L is a submersion.
We can easily check

PD([ev™ (P, f,w)]) = f.(PD(lw]))

if (P, f,w) is an approximate De Rham cycle.
The following lemma follows easily from Stokes’ theorem.

Lemma 6.2. d(ev! (P, f,w)) = ev(9(P, f,w))
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Now we go back to the loop bracket. Let (P, f;,w;) be approximate De-Rham
chains of degree k; for i =1, 2.

Lemma 6.3. (P * Py, f1 % fo,w1 X ws) s an approzimate De-Rham chain of degree
ki+ ke —n+1.

Proof. We remark that the map

Pix Pyx 8t — Lx L, (z,y,t) = ((f1(2))(0), (f2(4))(1))

is transversal to diagonal by Condition (3) of Definition 6.2. The rest of the proof
is straightforward. O

Thus we can define * in the chain level using approximate De-Rham chains.
Hence we can define loop bracket also in the chain level. By the argument of [5], loop
bracket satisfies graded Jacobi identity in the chain level modulo parametrization of
the loop. Hence we can prove easily that it induces L, structure. (The argument
we need to do so is the same as the argument to show that the (based) loop space
is an Ay space. See [32, 33]).

Now we want to use moduli space of pseudoholomorphic disks to construct a
chain (approximate De Rham chain) in the loop space. Let M be a symplectic
manifold and L be its Lagrangian submanifold. We assume that L is compact and
relatively spin and M is convex at infinity (in case M is noncompact). For each
B € mo(M; L) we define the spaces .//\/lv(L; B8), M\(L; B), M(L; ) in the same way as
Definition 3.1. Actually since M # C™ in general, we need to consider sphere buble
to compactify them. But the argument to handle sphere bubble of M (L; B) is the
same as the case of the moduli space of pseudoholomorphic map from Riemann
surface without boundary (see [14]) since the sphere bubble is a codimension 2
phenomenon. So we do not discuss it. As for the compactification M(L; 3) there
exists one new point to discuss which we mention briefly in §14 (see Theorem 14.2
and its proof) and will be discussed in detail in the reviced version of [13].

Now we consider M\(L; B). Recall

“oroa . ML B)
ML ) = Aut(D2,1)

and the group Aut(D?,1) is contractible. Hence we take a lift

Liftg : M(L; 8) — M(L; 3)
and fix it. We define a map ev : M(L; 3) — L(L). by ev(p) = ¢|gp2, and consider
a map ev o Liftg : /\//\I(L; B) — L(L). We want to use the chain (/\//Y(L; B), ev o Liftg)
to construct Floer cohomology etc.

For the purpose of transversality, we want to replace (M\ (L; 8), evoLiftg) by an
appropriate approximate De-Rham chain. To describe it precisely we need to use
the notion of Kuranishi structure more systematically. We will do it in [12]. Here we
sketch the argument by simplifying the situation. Let us consider a Banach mani-
fold B together with a Banach bundle £ — B and a section s : B — E which is not
necessary transversal to zero. We assume that the differential of s is Fredholm. Let
f: B — L(L) be a smooth map. (In our application B = Map((D?,0D?); (M, L)),
and s = 0 gives the equation ¢ € B to be pseudoholomorphic.) We assume s~*(0)

is compact. Then we can find a finite dimensional space W and a family of pertur-
bations s,, of s parametrized by w € W which has the following properties.
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We put P = {(z,w) € B X W|sy(x) = 0}. Then P is a smooth manifold.
The projection my :NP — W is smooth and proper.

(1)
(2)
(3)  If we put f(z,w)= f(z) then f: P — L£(L) is a smooth map.
(4)  The composition evo f: P — L is a submersion.

(4)

4) becomes possible by taking W of very big dimension.)

Now let wy be a smooth form on W of top dimension. We assume that it is
of compact support and fW ww = 1. We put w = mjyww. Then (P, f,w) is an
approximate De Rham cycle.

In our actual application, we have locally an orbibundle F, — U, on an orb-
ifold U, together with its sections s, such that U,s,1(0) = /\//Y(L;ﬂ). Moreover
(Ew, Uy, Sa) are glued in an appropriate sense. More precisely we have a Kuranishi
structure on M (L; 8). We can use a smooth family of multisections (see [14]) in a
similar way as above to obtain an approximate De Rham chain for each M (L; B).
We write it by the same symbol M (L; B) for simplicity.

Theorem 6.4 ([12]). We can choose Liftg and approzimate De Rham chain M(L; B)
such that

(6.8) aﬂ@ﬁﬂé Y AM(L; Br), M(L; B2)} = 0.
B=p1+pB2

The proof is similar to the proof of Proposition 4.3 and will be given in detail in
[12].

Remark 6.2. The method to realize virtual fundamental chain using approximate
De Rham chain is somewhat similar to Ruan’s approach [30].

7. ITERATED INTEGRAL AND GERSTENHABER BRACKET.

In §6, we studyed homology of the loop space £(L). The relation of homology
of L and of L£(L) is classical. Especially there is a construction by Chen [6], which
we review here.

Let L be a smooth manifold and (2(L),d, A) be its De Rham complex. We put

QL)1) = (D),
BuQD)[1]) = L)1) x - x L)1)

kcopy

B(QUL)[1]) = P Br(uL)[1])
k

and define
m : QL)1) — Q(L)[1]
of degree +1 by
(T1) W) = (<), T, v) = (~1) R A

and m; = 0 for k& # 1,2. It will define a structure of A, algebra (which will be
defined later). We now define

d: B(QL)[1]) — B(UL)[1)),
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dur @ @up) = (1) @ - @My (1) ® -+ @ ug +

(7.2) ’
Z(—l)*iul ® e ®ﬁg(ui, ui+1) ® e ® Uk
where *; = deguy + -+ +degu;_1 +1i — 1, here deg is the degree as a differential
form. It is easy to see that d2 = 0 and hence (B(Q(L)[1]),d) is a cochain complex.
To define iterated integral we modify it a bit. We fix a base point pg of L and
define Qo (L) as follows.

QOf(L) =QF(L), k+#0,
Q8 (L) = {f € C>(L)|f(po) = 0.}

We define B(Q(L)[1]) in a similar way.

It is easy to see that d preserves B(Qo(L)[1]) and hence (B(Qo(L)[1]),d) is a
cochain complex also.

We denote by Lo(L) the based loop space. Namely :

Lo(L) ={t:S" — L|£(0) = po}.
Theorem 7.1 (Chen [6]). There exists a cochain homomorphism
Ich : (B(Q0(L)[1]),d) — Q(Lo(L), d)
where (2(Lo(L)),d) is the De-Rham complex of the based loop space.

Proof. Since Lo(L) is infinite dimensional we need to be careful to define De Rham
complex Q(Lo(L),d). We do not discuss this point. See [6]. Instead we take a
smooth chain (P, f) of Lo(L) and define an integration of Ich(u; ® - -- ® ux) over
(P, f) as follows.

We put

(7.3) Co={(tr, ) €00 <ty <o <t <1
We define a map ev : Lo(L) x Cx — L*, by

(7.4) ev(l, (t1, -+ ,tr)) = (L(t1), -+, L(tk))-

We now define

(7.5) Lf*(lch(ul ® - Qug)) = /P . (evo (f xid))* (ur A+ Aug).

We can prove that

(7.6) [ (Ich(u1 @ - @uy)) = / F*(Ich(d(u; @ - - ® ug))).

oP P
by studying the boundarry of P x C%. (We omit the detail.) This implies that Ich
is a cochain homomorphism. O

We define a free loop space version of the homomorphism of Theorem 7.1. We
consider

Hom(B(Q(L)[1]), L)1) = [ Hom(B(2(L)[1]), L)1),
k
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and define a boundary operator § on it as follows. Let ¢ € Hom(B(2(L)[1]), Q(L)[1])
then

(bp)(a1 @ - @ ag) =d(e(a; @+ ® a))
— (=) (pod)(a1 ® - @ ay)
+ (—Dlderrrdeem; (ay, p(ay @ - - @ ay))
+ma(p(a1 ® - ® ag—1), ax)
It is easy to check that 62 = 0.

We denote by SP(L(L)) the set of all approximate De Rham chains on £(L). Tt
is a chain compex.

Proposition 7.2. There exists a chain homomorphism

Ieh* : SP(L(L)) — Hom(B(Q(L)[1]), AL)[1])

Proof. We define a map
ev, = (ev,evg) : L(L) x Cp — LFT!
by
evi (6, (try - tk))) = (E(tr), -+, £(tk), £(0)).

Now we put
Ich*((P, f,w))(u1 ® - - @ uy,))
) — (v 0 m)! (@ A (v (£ i) (un A+ A ).

Here evg o : P x Cy — L is the composition of P x C, — P, f: P — L(L) and
evg : L(L) — L. (evg o m)! is the integration along fiber.
It is straightforward to check that Ich® is a chain map. O

We next recall Gerstenhaber bracket, which was in troduced by [16] to study
deformation theory of associative algebra.

We restrict ourselves to the case of Q(L). We define a structure of differential
graded Lie algebra on Hom(B(Q(L)[1]), 2(L)[1]) as follows. Let

s € Hom(By, (Q(L)[1]), Q(L)[1]).
We put
(7.8) (1 0<P2)(U ® -+ @ Uk 4hy—1)
—Z T (ur @ ot ® - Uigpky—1) @ Uy 1y —1)-

where %; = (deg 2)(degus + -+ +degu;—1 + ¢ — 1). We then define :
(7.9) {901;902} :Solo(p2_(_1)degtpldeg¢2<p2o(pl.
We call {-,-} the Gerstenhaber bracket.

Theorem 7.3 ([16]). (Hom(B(QUL)[1]),Q(L)[1]),6,{:,-}) is a differential graded
Lie algebra.

Now we have :
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Proposition 7.4. We have 6(Ich*((P, f,w))) = Ich*(9(P, f,w)) and

Ieh™({(P1, fi,w1), (P2, f2,w2)}) = {Ich*((P1, f1,w1)), Ich*((P2, fa,w2))}

where {-,-} in the left hand side is Loop bracket and {-,-} in the right hand side is
Gerstenhaber bracket.

The proof is straight forward calculation and is omitted. The proposition implies
that Ich® is a homomrphism of differential graded Lie algebra.

Remark 7.1. Chas-Sullivan in [5] already mentioned that their construction is an
analogy of Gerstenhaber bracket.

Remark 7.2. Precisely speaking the loop bracket defines an L., structure since the
Jacobi identity holds only modulo homotopy. However Jacobi identity on S (£(L))
fails only because of parametrization. The difference of parametrization is killed by
Ich*.

8. A, DEFORMATION OF DE RHAM COMPLEX.

We now use the result of §§6 7 to define an A, deformation of the De Rham
complex. We first recall the definition of filtered A, algebra. Let Cr be a graded
R vector space. Let

No={Yarernzo}, A= {>aren|xn>o0}.

Ap is a local ring and A, is its maximal ideal. Ag has a filtration F*Ay = T*Ag
which defines a (non Archimedian) norm on it. We put C* = Cr®Ag here and
hereafter ® means that we are taking an approariate completion with respect to
the (non Archimedian) norm on Ag. (We omit the detail refer [13].) C[1]* = C*+1.
‘We put

By, (C[l]) = C[U]@4, - ©4,C[1,  B(C[]) = @ Bu(CN1])
k k

and consider a series of A9 module homomorphisms
my : Bp(C[1]) — C[1]
of odd degree. We assume that it is written as
mg = Z T/\imk’i

where A; > 0, \; — 400 and my; is induced by R linear map

Cgr ®R -+ Qg Cr — Ckg,

—_—

k

of degree d;+1. (Here d; are even numbers. We assume that \; and d; is independent
of k.) We assume also Ay =0 and A; > 0 for ¢ > 0.

Definition 8.1. We say that (C,my), k =0,1,--- is a filtered A, algebra if
Z Z(—l)*mk($1®"'mf(xi®"'®xi+271)"'®xn) =0
kHl=n+1 i

where * = degx1 +---+dega;—1 +i—1 (deg is a degree before shift) and if mg =0
mod Aj.
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We take CF = QF(L) the De-Rham complex. We are going to define my. We
take my o = my. We recall that m; = +d, my = £A and other m;, are zero. We put

(81) Pk :ka7i € HOm(BkC[l],C[l]), Y= (@07@%"')'
i>0
The next proposition is in principle due to Gerstenhaber.

Proposition 8.1. my is an filtered A algebra if and only if

1
dp + 5{%@} = 0.

We remark we can generalize Gersenhaber blacket {-,-} in an obvious way to
[I, Hom(BC[1],C[1]).

Now let L be a Lagrangian submanifold of M. We assume that it is relativelly
spin and is compact.

Definition 8.2. -
a(L) = 3 T M(L; By).

a(L) is a Ay valued approximate De Rham chain of £L(L).
Here f3; € ma(M, L) such that 0 = E(5y) < E(f1) < ---. We define

(82) $ = (90079017"') :ICh*(a)v
where Ich” is as in (7.7) We use @y, to define my by (8.1).

Theorem 8.2. The operator my above defines a structure of filtered A algebra
on Q(L)®Ag.

Proof. Theorem 8.2 follows immediately from Theorem 6.4, Propositions 7.4, 8.1.
O

To define a structure of filtered A, algebra on the cohomology group H*(L;R)
we use the following theorem. Let (C,my) be a filtered A, algebra. We remark
that my ¢ is induced from an R linear map Cﬂ’{j — C’]g“, which we write m;. Using
mp o = 0, (which follows from my =0 mod Ay.), we can prove m; om; = 0. Let
H*(Cg) be the cohomology group H*(C;m;) that is nothing but the De Rham
cohomology group in our main example. We consider H*(C; Ag) = H*(Cr) ®r Ao.

Theorem 8.3 ([13]). There exists a structure of filtered Ao, algebra on H*(C'; Ag)
such that it is homotopy equivalent to (C,m).

Theorem 8.3 is a filtered version of a classical result of homotopical algebra (see
Kadeishvili [21] etc.) and is proved in the reviced version of [13] (see also [11]). We
also refer [13] (and [11]) for the definition of homotopy equivalence of filtered Ao,
algebra.

Theorems 8.2 and 8.3 imply that we have a structure of filtered A, algebra on
H*(L; Ag) for a compact relatively spin Lagrangian submanifold L. We now show
how the structures of Theorem 5.1 is deduced from it. First we consider

mp : BoH(L, Ao) = AO — 13'(1/7 AQ)

We put
05, =mg (1) € H* % (L;R).
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By Definition 8.2 we can show that d; = —n(8;). Hence og, € H>~"(3)(L;R) as
required.
We next assume that og are all zero. Then
(m1 o ml)(x) = img(mo(l),l‘) + mg(.ﬁ,mo(l)) =0.
We define

Definition 8.3.

K
HF(L, L; Ag) = —™1

Imm1 '

We remark that H*(L;Ag) has a filtration induced by the filtration FAAy =
T*Ag. We can use it to construct a spectral sequence in Theorem 5.1. The formula

m; = E T my ;

i>0
implies that the differential of the spectral sequence is induced by m; ;. We put
dg; = my ;.

Remark 8.1. Actually the filtration F*Ag = T*Ag is parametrized by \; € R>o and
is rather unusual. (Usually spectral sequence is induced by a filtration parametrized
by integer.) Moreover the ring Ag is not Noetherian. This causes serious trouble
to construct spectral sequence and prove its convergence. This problem is resolved
in [13].

Remark 8.2. In the above argument we use Ag in place of A. Off course Floer
homology over Ay induces Floer homology over A. The reason we need to work over
A is that (6) of Theorem 5.1 (or more generally the invariance of Floer homology
under Hamiltonian deformation of Lagrangian submanifold) is not true over Ay and
can be proved only over A coefficient. See [13].

We need more argument to establish the properties asserted in Theorem 5.1.
(Especially (4)(5)(6) of it.) We do not explain it here and refer [13].
We mention one application of the construction of this article.

Theorem 8.4. Let L be a compact relatively spin Lagrangian submanifold of M.
We assume that L admits a metric of negative sectional curvature and dim L is
even. Then og = 0. Moreover HF(L; L) = H(L; A).

Proof. (Sketch) We remark that deg M\(L; B) = n—24n.(B) is even, since n is even
and 7L () is even. Let us decompose L£(L) into connected components UL (L),
where v € (L) and [v] be its conjugacy class. Since L has negative curvature
H;(Lp,) (L)) = H;(S') for v # 1. We remark that if M\(L;ﬂ) is nonempty then
it is at least one dimensional. (In fact if /T/l\(L; B) is nonempty then M(L; () is
nonempty.) This implies that M\(L; ) is homologous to zero if 98 # 1. Hence my, ;
is nonzero only for 3; with d3; = 1. However since L is aspherical L;7(L) is homo-
topy equivalent to L. We can use it to show that Ich® is trivial on Lpj(L). Thus
the A, algebra (Q(L)®Ag, my) is homotopy equivalent to the De Rham complex.
Theorem 8.4 follows. O

Remark 8.3. Actually there is one point where the argument above is not sufficient.
Namely since M(L; 3) is not a cycle in general (see Theorem 6.4), it is not clear
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how to use vanishing of cohomology of L5 (L) to modify M (L; B) to zero, without
changing the homotopy type of filtered A, algebra induced by it on Q(L)&Aq.

We can overcome this point in the following way.

First there is a notion of gauge equivelence between elements satisfing Maurer-
Cartan equation (that is the conclusion of Theorem 6.4), such that gauge equivalent
M (L; B) induces a homotopy equivalent A, structure on Q(L)®Ag. See [11].

Second we find that the set of homotopy equivalence class of elements satisfing
Maurer-Cartan equation, is independt of the homotopy type of differential graded
Lie algebra (or more generally of L., algebra).

Third we can show that and differential graded Lie algebra C' is homotoyp equiv-
alent to an Lo, algebra defined on cohomology group of C. This fact is an Lo
analogue of Theorem 8.3 and is proved by various people including [21].

Since our solution M (L; B) of Maurer-Cartan equation has degree where coho-
mology group vanish, it follows that it is gauge equivalent to zero. Summing up
we find that the A, structure induced by M\(L; 3) is homotopy equivalent to one
induced by zero. Theorem 8.4 follows.

Remark 8.4. Theorem 8.4 implies that negatively curved spin manifold of even
dimension is not embeded to Cx M (for any symplectic manifold M which is convex
at infinity) as a Lagrangian submanifold. This fact was established in stronger form
by Viterbo. Namely negatively curved manifold is not embeded as a Lagrangian
submanifold to C x M or CP™. (He does not need to assume neigher L is spin nor
that L is of even dimension.) We will discuss related problems in §14.

Remark 8.5. The idea to use Chan-Sullivan’s String topology to study open string
theory is also applied by [4]. Their interest is in its application to Physics. We here
emphasise its application to sympletic topology. The application of our approach
to mirror symmetry will be discussed elsewhere.

The idea to use homology of loop space in Floer theory is independently pro-
posed in [3], where Barraud and Cornea applied it in the case when there exist no
pseudoholomorphic disk and Floer homology is isomorphic to the usual homology?.
F.Lalonde informed the author that together with authors of [3] he is now trying
to apply it in more general situation.

9. S! EQUIVARIANT HOMOLOGY OF LOOP SPACE AND CYCLIC A ALGEBRA.

The loop space £(L) has a canonical S! action defined by (s - £)(t) = £(t + s).
Chas-Sullivan [5] also defined a blacket (which they call string blacket) on the S*

equivariant homology Hfl (L(L)). Namley they define

(9.1) () HE (L) @ HE (L(L)) — HELy_a(L(L)),
by
9.2) {2y} = L{I"(x), I*(y)}

where I, : Hi(L(L)) — HS' (L(L)) and I* : HS' (L(L)) — Hyy1(£(L)) are obvious
maps and {} in the right hand side is the loop bracket. In a similar way, we
can construct it in the chain level using S' equivariant approximation De Rham
chain of £(L). Here S' equivariant approximation De Rham chain of £(L) is an

30ur main application in §§11,12,13,14 is in the case when Floer homology may not be well
defined in the sense of [13].
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approximate De Rham chain (P, f,w) such that S! acts on P and that f,w are S!
equvariant.

We next consider M(L; 3). We may regard it as an S! equivariant approximate
De Rham chain of £L(L) of degree n — 3 + (). Then we have

(9.3) 8M(L;ﬁ)+% > {M(L; Br), M(L; B2)} = 0.
B=p1+0B2

We next define a cyclic Bar complex B;Y“(C[1]) deviding By (C[1]) by the equiva-
lence relation generated by

L1 @ Tp ~ (_1)(degack+1)(deg;901-1---.deg:karl-k—l)xlc RTLQ Q@ Tp—1-

We can define a Gerstenhaver bracket on [],~; Hom(B;'°(C[1]),R) in a similar
way. We have homomorphism B

Ich : @) B¥“(C[1]) — Q% (L(L))
k

here the right hand side is the set of S* equivarent forms. (See [17].) Its dual Ich*
is a chain homomorphism and sends string blacket to Gerstenhaber bracket.
Now we put

a(L) =y TP ML 5y).

which is an S! equivalent approximate De Rham chain of £(L). Hence pulling
it back by Ich*, we have an element Ich™(@(L)) of [],~; Hom(B.*“(Q(L)[1]),A4)
Then we have -

§(Ich*(@(L))) + %{Ich*(a(L)), Iech*(a(L))} = 0.
It defines a family of operations
my : BY(QUL)[1]) — Ao
It is related to the operations my in the last section by the fomula
(9~4) <mk(u1, s ;Uk)vuk+1> = m;_;,_l(ula e ,Uk,ukﬂ)

if we take perturbation appropriately. Here (-,-) : QF(L) ® Q"7%(L) — R is defined

by
(u,v) z/u/\v.
L

(9.4) implies that my satisfies the following cyclic symmetry.
(9.5) (Mg (ur, ) ug1) = (=1)" (g (U1, ur - ug—1), uk)
where * = (degzy41 + 1)(degxy + -+ -degxy + k). We will discuss the contents of

this section in more detail in [12].

Remark 9.1. We constructed filtered cyclic Ao, algebra in this section using De
Rham cohomology. Hence it is defined over R. The author does not know how to
do it keeping cyclic symmetry over Z even in semipositive case. (Actually he does
not know how to do it for classical cohomology either.) Compare Remark 6.1.
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10. Lo STRUCTURE ON H(S! x S™; Q).

In this section we consider the case of S x S™ in C"*! and calculate the leading
term of the symmetrization of A, structure of it.

We first discuss symmetrization of (filtered) A, algebra briefly. Let By (C[1]) is
as in §8. We divide it by the equivalence relation generated by

(10.1) T1® QT QTip1 @ Q Ty,
~ (_1)(degwi+1)(degIi+1+1)x1 R PTiy1 QT Q- ® Tg,

and denote it by Ei(C[1]). my induces [y : Ex(C[1]) — C[1] by

1 *
(10.2) (lt1 ® - ®@ag]) = 2l Z (-1) "mk(xa(l) & Q l'a(k))
oES
here %, =37, o (i)>0(j) (deg zi +1)(degz; +1). In case my, = my, is induced by the
structure of (graded commutative) differential graded algebra by (7.1) then we can
check by an easy calculation that the induced operations [ becomes zero. Hene the
part of [ on Ex(Q(L)[1]) induced by wedge product of differential forms vanishes.
[;, defines an L, structure. Here we define :

Definition 10.1. (C, () is said to be a filtered Lo, algebra if the following holds :
S D) e (ews, @ -a) @5, @ @5,) =0
ktt=n I,J
where the second sum is taken over all I = {iy,---,ix},J = {j1, -, je} with

W< <, p<-<jgo, INT=0,TUJ={1,--- ,n} and
* = Z (degz;, + 1)(degzx;, +1).

a,b3ia>jy

We thus obtained a filtered L, algebra (Q(L), ;) for a relatively spin compact
Lagrangian submanifold L C M. We consider the case L = S' x §" ¢ C"*! and
calculate the leading term of [.

We put
(103) <[k(u17 e 7uk)7 uk:+1> = [z+1(U1, e, Uk, Uk+1).

Let us chooose a generator vy € m1(S* x S™) such that E(y) = A\; > 0. (Such v
exists by Theorem 2.1.) We consider the case 1y (y) = 2,n 4+ 1. They are the only
cases we have an examples. Let a,b,c,e € H*(S! x S™;Z) be generators of degree
1,n,n 4+ 1,0 respectively.

Theorem 10.1. If n.(y) = 2 then
1
[:+1(a, e La,¢) = £TM ] mod T2,

All other operations It among generators vanish.

Theorem 10.2. Ifnp(v) =n+1 (n is odd) then

[;:Jrz(aa - ,a,bc) = +7TM mod T2,

(k+1)!

All other operations It among generators vanish.



APPLICATION OF FLOER HOMOLOGY OF LANGRANGIAN SUBMANIFOLDS 25

Remark 10.1. We can show that the left hand side of Theorems 10.1, 10.2 is well
defined modulo T2*t. Namely it is independent of the perturbation etc. This is
because then are leading terms. (In other words it is because the cup product ms
will cancel out after symmetrization.) On the other hand, m;_H(a, -+ a,c) ete.
depends on perturbation etc. even modulo T2*1. This is because cup (or wedge)
product is the leading term. mﬁ 1 is well defined only up to homotopy equivalent.
We will discuss this point more in the reviced version of [13].

To prove Theorems 10.1,10.2, we first remark that Theorem 6.4 implies that
M\(Sl x S™;7) is a cycle in SP(L(ST x S™)). (This is because there is no ' €
m (St x S™) with 0 < E(y/) < E(v).)

Actually we can prove more. Namely, since our Lagrangian submanifold is mono-
tone we can use a result of [13] to find an appropriate (single valued) perturbation
so that the fundamental chain of ./\//\I(S1 x S™;v) is a cycle over Z.

Hence in case of Theorems 10.1, we have [M(S* x S™;7)] € Hy41(L(S*x S™); Z),

and in case of Theorems 10.2 we have [./T/l\(S1 X S™;7)] € Han(L(ST x S™);Z). We
are going to calculate them below. We first use the following :

Lemma 10.3. [M\(Sl x S™:4)] is in the image of I* : Hks1 (L(ST x S");Q) —
i1 (L(S* x 5); Q).

This is a consequence of the §9.
We next remark that it is easy to show

(10.4) H.(L(X xY))=H,(L(X)) ® H(L(Y)).
Let yo € m1(S') is a generator and £.,(S') be the component containing yo. It is
casy to see that H,(L,,(51)) = H,(SY), HS' (L,,(SY)) = HS'(S!) =~ Z.

Now we consider the component of £,(S' x S™). Then using a commutative
diagram

£(5™)
|
£,(8" x 57) L £ (81 x 57/

1 /8t :
LS —— one point
Diagram 1
where the left vertical maps are fibration, we find that

(10.5) HE (L (S" x ™)) 2 Hy(L(S™))

and the map I* : H,fl (L4(ST x §™)) — Hpp1(L4(S* x S™)) is identifided with
z — [S'] ® z where we use the identification (10.4) and H,(L,,(S')) = H,(S1).
We now recall the calculation of homology group of loop space of S™. (See [29]
for detail.)
Let E(a,b,--- ,c) be the free graded commutative graded algebra generated by
a,b,--- ,c. (Namely if all of a,b,--- ,c are of even degree then E(a,b,---,c) are
polynomial algebra and if all of them are of odd degree then E(a,b,---,c¢) is an
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exterior algebra.) We recall the following classical result. Let L£o(X) be the based
loop space.

Lemma 10.4. Ifn is odd then H*(Lo(S™); Q) = E(x) with degz =n —1. Ifn is
even then H*(Lo(S™); Q) = E(x,y) with degz =n — 1, degy = 2n — 2.

To caclucate the cohomology of free loop space L£(S™) we use the Leray-Serre
spectral sequence associated to the fiberation £,(S™) — L£(S™) — S™. Let [S"] be
the fundametal cohomology class of S™. Then the E? term of the spectral sequence

is (Q[S"] @ Qpt]) @ H*(Lo(5"); Q).

Lemma 10.5. The boundary of the spectral sequence (Q[S™]@Q[pt])@H* (Ly(S™); Q) =
H*(L(S™); Q) is zero if n is odd and is given by

d(z & [pt]) =0, d(y ® [pt]) = 2z @ [S™].

if n is even.

—

Now we consider first the case when ny(y) = 2. Then [M(S! x S™;v)] €
H,+1(L(S' x 8™);Z) corresponds to an element of H,(L£(S™);Q). We can use
Lemmas 10.4,10.5 to see that it corresponds to ¢ [pt] ® [S™] for some ¢ € Z.

Lemma 10.6. ¢ = +1.

Postponing the proof of Lemma 10.6 for a while, let us complete the proof of
Theorem 10.1. We remark that the operations [; depends only on the homology
class of ./\//\I(S1 x S™:~). Hence we may assume that /T/l\(S1 x 8" y) = S x S™ and
elements (s,z) € S* x S™ corresponds to the curve ¢t — (s +¢,x) in S' x S™. Let
dt be the one form on S' and Q be the volume form of S™. Then a,b,c are the
De Rham cohomology classes represented by dt, 2 and dt A €2 respectively. Let us
write my, = Y oo T *my, ;. Then, by definition, we have

(my 4(a, ... ,a),c)
1 t1 th—1
=+ / / / dis+t1) A ... ANd(s+1t) AdsAQ
z€S™ Jt1=0 Jt,=0 k=0
= +1/kl.
This implies Theorem 10.1. O
Let us prove Lemma 10.6. By the same argument as above we can show (without
using Lemma 10.6) that (my ~(a, ... ,a),c) = ££/kl. In particular my ,(a) = tle.

Since e should be on the image of m; by Theorem 5.1, it follows that ¢ = +1
as required. (We remark that since our Lagrangian submanifold is monotone we
can work over integer. (See [13].) Hence we can prove not only ¢ # 0 but also
{==1.) O

We next consider the situation of Theorem 10.2. Then [M(S! x S";v)] €

Ho, (L(SY x S™);Z) corresponds to an element of Ha, 1(L£(S™);Z). We can use
Lemmas 10.4,10.5 to see that it corresponds to ¢ x ® [S™] for some ¢ € Z.

Lemma 10.7. /= &+1.

Postponing the proof of Lemma 10.7 for a while let us complete the proof of
Theorem 10.2.

Let P — L£(S™) be the cycle representing z. For z € P, let u, : S* — S™ be
the curve represented by it. We consider the map ev : P x S' — S™ x S™ defined
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by ev(z,t) = (112(0), u.(t)). By the definition of the class x, we find easily that
ev: P x St — S" x S™ is of degree one.
Now by Lemma 10.7 [/(/l\(S1 x S™; )] is homologous to the cycle represented by
f:P xSt — L(S! x S") given by f(z,s)(t) = (s +t, u(t))
Then, by definition, we have
k i k—i

—— /=
Z(m;ﬁlﬁ( c.ayba, ... ,a),c)

o L
(IS EPXSl t=0Jt1=0 Jto=0 tr=0

d(s+t1) AN ... ANd(s+tp) ANdtAev™ (QAQ)
= +1/k!
Theorem 10.2 follows. O

To prove Lemma 10.7 we use the above argument to show my ,(b) = £le. The
required equality ¢ = +1 then follows from (the Z version of) Theorem 5.1. (]

Remark 10.2. We remark that we still did not yet elliminate the possibility nz(vy) =
2 — n when n is even. (We will elliminate this possibility in §14.) If this happens
then [M(S! x S™;v)] € H, (L (S* x S™)) 22 Z. Let us suppose for example that it is
a generator. This means that, to calculate [, we may assume that [./(/l\(S1 x S™; )] &
S1 such that s € S corresponds to the loop t — (s+t, o) for some fixed 2. Then
we can calculate as above and obtain

1
i, a,a) = iTME mod T2,
and all other operations are zero modulo T2*'. Let us suppose [Z_H(a, ceea,a) =

T*1/k! for simplicity. Then Ix(a,--- ,a) = T*b/k!.

We remark that [, (k= 0,1,---) induces a coderivation d on E(H (S x §™)) =
E(a,b,c,e) in the same way as my, induces a coderivation on B(H(L)). We then
have, in our case,

(10.6) d=>"T" —b—

In other words, d is fla,b,c,e) — TMbf(a+1,b,c,e). (Here we identify element
of E(a,b,c,e) as a (Ao coefficient) polynomial of a, ¢ tensored with an element of
Q[1,b] ® Q[1,¢e] = E[b,e]. Note that a,c has even degree after shifted and b, e has
odd degree after shifted.) From this calculation, we find easily that the homology
of d vanishes. This is actually consistent. In fact the d cohomology of Lagrangian
submanifold of C™ should vanish. (This fact can be proved in a way similar to (6)
of Theorem 5.1.) The argument here shows that the calculation of d cohomolgy of
E(H(S* x S™)) is not enough to eliminate the possibility nz7,(y) = 2 — n. Actually
we are going to use H(L(S* x S™)) (which is closely related to B(H(S* x S™)))
to eliminate the possibility nr(y) =2 — n.

We remark also that though (10.6) does not actually occur for a Lagrangian
S1x 8™ in C"*1, it can occur for Lagrangian S' x S™ in other symplectic manifolds.
For example, if for some special Lagrangian submanifold L in a Calabi-Yau 3 fold
M with L = S' x $2, the equality (10.6) seems to hold modulo 72*.
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11. LAGRANGIAN SUBMANIFOLD OF C3.

We first state our main result on Lagrangian submanifold of C3. We recal that a
3 dimensional manifold L is said to be prime if L = Li#L implies L, =2 83 or Ly =
53, Here # stands for connected sum and =2 means diffeomorphism. Two Lagrangian
immersions i : L — M and i1 : L — M are said to be Legendrian reqular homotopic
to each other if there exists a smooth family of Lagrangian immersions iy : L —
M connecting them such that E : mo(M, (L)) — R is independent of t. (Here
7o(M, (L)) = 1 (L) is the set of homotopy class of pair of maps (f,g), f : S* — L,
g: D?* — M such that i; o f = g|op2.)

Theorem 11.1 ([12]). An oriented and connected prime 3 dimensional manifold L
can be embeded to C* as a Lagranaian submanifold if and only if L is diffeomorphic
to ST x X, where ¥, is an oriented 2 dimensional manifold.

Moreover a Lagrangian immersion i : L = S' x ¥, — C3 is Legendrian reqular
homotopic to an Lagrangian embedding if and only if there exists v € w1 (L) such
that E(y) > 0, n(y) = 2.

Remark 11.1. For any oriented 3 manifold L, we have TL®C = C3. Hence Theorem
2.5 implies that L has a Lagrangian immersion i : L — C3. We may assume that L
is transversal to itself. Hence applying Lagrangian surgery (Lalonde-Sikorav [22],
Polterovich [27]), we can prove that there exists k such that Lik(S! x S?) can be
embeded as a Lagrangian submanifold of C3. (Here k(S! x S?) is a conneted sum
of k copies of S x S2.)

The following seems to be open yet.

Problem 11.1. Let L; be prime oriented 3 manifolds which are not diffeomorphic
to Q homology sphere or S' x S2. Let L = Lqt---#Ly, k > 2. Can any such L be
embeded to C? as a Lagrangian submanifold?

The fact that S' x ¥, can be embeded to C3 as a Lagrangian submanifold
follows from Theorem 2.6. We can also prove that if F(S') > 0 and n(S*) = 2 for
an Lagrangian immersion i : S' x ¥, — C? then it is Legendrian regular homotopic
to an embedding, by carefully examining the proof of Theorem 2.6. So the main
new part of the proof of Theorem 11.1 is the proof of “only if” part.

Let L C C3 be an embeded Lagrangian submanifold. We assume that L is
oriented and prime. By Theorem 2.1 Hy(L; Q) # 0. Hence by a well known result
of 3 manifold topology (see for example [20]), L is diffeomorphic either to S x S2
or an aspherical manifold. Here a manifold L is said to be aspherical if m(L) = 0
for k > 2. We can generalize Theorem 11.1 in both cases to higher dimensions. We
will discuss it in next two sections together with a sketch of their proofs.

12. ASPHERICAL LAGRANGIAN SUBMANIFOLD.

In this section we consider an aspherical Lagrangian submanifold L of a sym-
plectic manifold M of arbitrary dimension. We assume M is convex at infinity in
case M is noncompact. To prove Theorem 11.1 and its generalization in the case of
aspherical Lagrangian submanifold L we are going to use the moduli space N'(R, 3)
introduced in §3. To study this moduli space we need to use an assumption similar
to Assumption 3.1 in §3. We state it below. Let H : M x [0,1] — R be a smooth
function of compact support. We put H;(xz) = H(x,t), then H : M — R is a
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smooth function of compact support. We denote by Xpg, the Hamiltonian vector
field generated by H;. Namely dH; = ix, (w). Let exp; " : M — M be a one
parameter group of transformations associated with Xg. Namely

0
— expf(H (x) = Xmu,, (exp,fgH (2)).
at t=to

exthH is a symplectic diffeomorphism for each .

Assumption 12.1. exp;# (L) N L = 0.

Theorem 12.1. Let L C M be a Lagrangian submanifold. We assume that L is
relatively spin and aspherical. We also assume Assumption 12.1. Then there exists
B € ma(M, L) with the following properties.

(1) E@E) >o.

(2) nc(B) =2

(3) 0B € m(L) is nonzero. Its centralizer Zgg = {y € m1(L)|y (08) = (0B) v} is
of finite index in w1 (L).

Remark 12.1. In case L = T™ C CP™ existence of 8 € my(CP™, L) with nr(8) = 2
was conjectured by M.Audin and is independently proved by Y. Eliashberg and by
K. Cielieback also.

Remark 12.2. (A) Let us assume that ¢'N : 71(M) — Z is zero in Theorem 12.1.
Then 7z, induces a homomorphism 7y, : 71 (L) — Z. We now have an exact sequence

(12.1) 0 — (Kerny) N Zog — Zog "2 7 —0.

(We remark that the image of 1z, is even since L is orientable.) Therefore Zpg =
Z x ((Kerng) N Zap) by (2). Tt follows that the finite covering space L of L with
m (ﬁ) = Zpp is homotopy equivalent to S* x L’ for a K(Zsp/Z,1) space L'.

(B) Under the assumption of Theorem 12.1, the finite covering space L of L with
m(L) = Zap is homotopy equivalent to an S* bundle over L’ for a K(Zss/Z,1)
space L'. If the image of ¢'N : 71 (M) — Z is mZ, we can show that the Euler class
of this S bundle is divisible by m in a similar way.

Let us consider the situation of Theorem 11.1. As we remarked before either
L = S!' x S§? or L is aspherical. We discuss the first case in the next section.
So we may assume that L satisfies the assumption of Theorem 12.1. (We remark
that any oriented 3 manifold is spin.) Moreover c¢!(C?) = 0. Hence we have
Zog = Z x (Kerng) N Zss) as in Remark 12.2 (A). Using a standard result of 3
dimensional topology, (we remark that L is sufficiently large since Hi(L; Q) # 0),
we can prove that L is diffeomorphic to ¥, x S*. Let G = my(L)/m1(L). Tt acts
freely on L and ﬁ/G = L. Since G = Kerny/((KernL)NZyp) it follows that G acts
freely on X, and trivially on the S! factor. Hence 3,/G is again a Rieman surface.
We can use this fact and Aut(m(2,)) C PSL(2;R) for g > 2 to show that actually
Zog = m1(L). Namely L is diffeomorphic to S' x ¥,. This proves Theorem 11.1
except the case L = S! x S2. O
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We now sketch the proof of Theorem 12.1. We consider a map ¢ = ¢(7,t) :
R x [0,1] — M with the following properties. Here x is as in Definition 3.2.

(12.2a) Z—f(n t)y=J (a—f(n t) = Xr(7) X, (o(T, t))) ;
(12.2b) o(7,0),0(7,1) € L,
(12.2¢) /RX[O,I] Pw < 00.

(Compare Definition 3.6.) We denote by N(R) the set of all such . In the same
way as §3, we can extend ¢ to a map @ : (D?,dD?) — (M, L). Let N(R; 3) be the
set of all ¢ € N(R) such that the homotopy class of @ is 3. Element of N'(R; 3) may
be regarded as a map (D? dD?) — (M, L). We define a map ev : N'(R; 3) — L(L)
by ev(p) = ¢lop2. We put

NB = |J N®RB) x{R}

ReE[0,00)
and define ev : N(8) — L(L) in an obvious way. We remark
(12.3) dimN(8) = n + 1+ n(6).

Definition 12.1. We define B(L, H) by
B(L,H) = Z TP v, N (B)].
B

Here we may regard ev, [N (0)] as an approximate De Rham chain of £(L) in a
similar way to §6. We can prove an analogue of Lemma 4.4. Together with Gromov
compactness it implies the following.

Lemma 12.2. There exists C' such that if BNw < —C then N(B) is empty.
Moreove, for any C, there exists only a finite number of B such that fNw < C
and N(B) # 0.

Lemma 12.2 implies that
B(L, H) € SP(L)®A,

where ® means the completion of the algebraic tensor product. Now the main point
of the proof of Theorem 12.1 is the following equality.

Theorem 12.3. Let L. C M be a Lagrangian submanifold. We assume that L is
relatively spin and Assumption 12.1. Then we have

(12.4) OB(L,H) + {a(L),B(L,H)} = [L].

Here we embed L — L£(L) as the set of constant maps. Hence [L] € SP(L(L)).
a(L) is defined in Definition 8.2.

Remark 12.3. We remark that we do not assume that L is aspherical in Theorem
12.3.
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Proof. (Sketch) We are going to study the boundary of B(L, H). Let ¢; € N (R;; 3)
be a divergent sequence. In a way similar to the proof of Proposition 3.3, we can
show that R; is bounded. (This is the place we use Assumption 12.1.) There exists
pi = (74, ;) € R x [0,1] such that

(12.5) |dp, il = sup{|dzpi||lz € R x [0,1]}.

We then consider three cases separately. (Compare the proof of Lemma 3.6.)
Case 1: |d,, ;| = D; diverges. D;dist(p;,O(R x [0,1])) = C; — c.

Case 2 : |dp,pi| = D; diverges. D;dist(p;, (R x [0,1])) is bounded.

Case 3 : |dp,i| = D; is bounded. |7;| diverges.

Case 4 : R; — 0.

Case 1 is a sphere bubble. Hence it happens in codimension two. So it does not
contribute to 9B (L, H). (We can make this argument rigorous in the same way as
14].)

Cases 2 and 3 correspond to a bubble at the boundary dD?. We can show that
this gives the term {a(L),B(L, H)}.

Let us consider Case 4. We remark that the equation (12.2a) becomes pseudo-
holomorphicity for R = 0. Therefore, the limit lim;_.q ¢; will give a pseudoholo-
morphic map ¢ : (D% 8D?) — (M,L). The moduli space of such maps has an
extra symmetry {g € PSL(2;R)|g(1) = 1} = Aut(D',1). The action of this group
is nontrivial if 5 # 0. So in that case the contribution of Case 4 is zero as a chain.
In case 5 = 0 we have [L].

We thus obtain the fomula (12.4). The detail will be in [12]. O

To apply Theorem 12.3 to the proof of Theorem 12.1, we use a series of lemmas of
purely topological nature. For v € 71 (L), let L,(L) C £L(L) be the set of all loops
in the free homotopy class of ~. (Here [v] stands for the free homotopy class of v.)
Let Z., C m (L) be the centralizer. Let IAW be the covering space of L corresponding
to Z,.

Lemma 12.4. If v € w1 (L) is nonzero, then the natural projection induces a
homeomorphism : m. : Ly(Ly) — L4(L)

Proof. Let £: S' — L be a loop in Ly (L). Let po € L be the base point. We can
choose a path m : [0,1] — L joining po to £(1) such that m~! o £ o m is homotopic
to 7. It then lifts to a loop m ™' o fom in Ly (L,). Tt is easy to see that . () = £.
Hence 7, is surjective.

We next assume 7, ({1) = m.(ls) = £ and {1,/ € Ly (L,). There exists g €
G =m(L)/Z, such that g - /1 = 05. We remark that both #; and f5 are in the free
homotopy class of . Since v is in the center of 71 (Ly) it follows that g~ 'vg = .
Since g € G = m1(L)/Z,, it follows g = 1. Namely 7, is injective. O
Lemma 12.5. Let L is a K (7, 1) space and~y € m1(L) = 7, then ev : L] ([AM,) — ffv
is a homotopy equivalence.

Proof. If v+ = 1, then f/w = L; = L. Let L be the universal covering space of
L. Then Lpy(L) = Lpyj(L)/7. Since L is contractible it follows that Ly)(L) is
contractible. Hence ev : Lj1)(L) — L is a homotopy equivalence.
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Next we assume v # 1. We put g, = v € 7, which acts on L. We put X = {¢:
R — L|lt+1) = gl(t)}. Z, acts on X freely and X/Z, = EM(IAW). Hence it
suffices to show that X is contractible.

We consider a map evg : X — L, £ — £(0). It is a fibration. Hence X is
homotopy equivalent to the fiber of evy. The fiber can be identified to the space of
path ¢ : [0,1] — L joining po with gpo and hence is contractible. |

Lemma 12.6. Let L is an n dimensional aspherical manifold and vy € w1(L). Then
Hy(L1y)(L);Z) = 0 for k ¢ {0,--- ,n}. Moreover, if Hy (L (L);Z) # 0 then Z, is
of finite index in w1 (L).

Proof. Hy(Ly(L);Z) = Hk([iv;Z) by Lemmas 12.4,12.5. Since [Aw is a covering
space of n dimensional manifold L it follows that Hy(L.;Z) = 0 for k ¢ {0,--- ,n}.

If H,(L,;Z) # 0, it follows that L. is compact. Hence Z, is of finite index in
T (L) O

Lemma 12.7. Let L be an n dimensional compact oriented aspherical manifold
and [L] € H,(Lo(L); Q). Then for any [P] € H.(L(L); Q) we have {[L],[P]} = 0.

Proof. For p € L let ¢, be the constant loop at p. For x € P let ¢, be the loop
corresponding to it. Now [P] * [L] is supported at

PxL={(p,x,t) € L x Px S',(t) = £,(0)}.

If (p,x,t) € P« L then (p,x,t') € P« L for any ¢'. Moreover * : P« L — L(L)
sends (p, z,t) to the same loop as (p, z,t'). This implies [P] % [L] = 0.
On the other hand, [L] % [P] is supported at

LxP={(z,p,t) € L x P x S'l,(t) =£,(0)}.

If (p,z,t) € L * P then (p,z,t') € L x P for any t’. Moreover x(z,p,t) is different
from *(z,p,t") only by the parametrization. This implies [L] x [P] = 0. O

Now we go back to the (sketch of the) proof of Theorem 12.1. By (12.4) we have

B € mo(M) such that
{M(L; B), N(=p)} # 0.

We remark that dim M(L; 8) =n—24n.(8), N(—8) =n+1—n.(3). Hence, by
Lemma 12.6, n — 2 +n5(8), n+1—n5(8) € {0,--- ,n}. Since () is even, this
implies 7 (8) = 2. Then since dim M(L;3) = n and is nonzero, it follows from
Lemma 12.6 that the centralizer Z, of v = 08 € m;(L) is of finite index in 7 (L).
This implies Theorem 12.1. ([

Remark 12.4. Actually there is one point we need a clearification in the proof above.
Namely the chain A(—03) is not necessary a cycle. So we need to work in the chain
level. So the way to apply Lemma 12.6 is not so clear. We can overcome this
trouble in a way similar to Remark 8.3 by using a theorem that any L., algebra
is homotopy equivalent to an Lo, algebra defined on its homology group. (We use
also Lemma 12.7.) The detail will appear in [12].

Remark 12.5. Loop space homology was used in [35] in a related context. To
find a relation of Floer homology to [35] was one of the motivations of the author
to modify the construction of [13] to ones described in §§6,7,8,9. In [35] and in
[34], Viterbo used closed geodesic. Closed geodesic appears also in the study of
Lagrangian submanifold using contact homology and in the approach by Eliashberg
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and Cielieback mentioned in Remark 12.1 using [7]. Closed geodesic is closely
related to the homology of loop space. In a sense, our approach is more topological
than one using closed geodesic.

It seems possible to describe relation of Floer homology of Lagrangian subman-
ifold to [35] and to [7], using the ideas developped in §§6,7,8,9. We will discuss it
elsewhere.

13. LAGRANGIAN SUBMANIFOLD HOMOTOPY EQUIVALENT TO St x §2m,

Theorem 13.1. Let L C M be a Lagrangian submanifold. We assume that L is
homotopy equivalent to S* x S?™. We also assume Assumption 12.1. Then there
exists 3 € ma(M, L) such that E(B) >0, n.(8) = 2, 08 € m1(L) is a generator.

Proof. (Sketch) (We need to apply the same remark as Remark 12.4, to make the
argument below precise.)

We put n = 2m. Lemma 5.4 (and its proof) implies that, if the theorem is false,
then there exists 8 € ma(M, L) with M(L;5) # 0, n(8) = 2 — n. Moreover by
Theorem 12.3, we may assume

(13.1) {M(L; 8), N(=p)} = [L].

Then dim N (—3) = 2n. Let v = 3. We remark that [N'(—3)] € H, (L (S! x S™)).
Hence [N (—0)] is either of the form [pt] ® a or [S'] x @’ where H(L., (S x S™)) =
H(L,(SY) @ H(L(S?) = H(SY) @ H(L(S™)).

By Lemma 10.5, z®[S"] in the E? term of the spectral sequence does not survive.
(Note deg(z ® [S™]) = dega’.) Using this fact, we can prove that [N (—/3)] lies in
the image of H(S1) ® H(Ly(S™)). Here Lo(S™) denotes the based loop space.

We define evy : £,(S* x ") — S* x S™ by evy(¢) = £(0). Then by defini-
tion evg({P,Q}) C evg(P) U evg(Q). Moreover the image of evy of elements of
H(SY) ® H(Lo(S™)) is on St x {po} where py € S™ is the base point. Furthermore
dim M(L; 8) = 0.

Hence the support of ev({M(L; ), N(—f)}) is contained in a one dimensional
space. On the other hand, evg.[L] = [L]. This contradicts to (13.1). O

14. LAGRANGIAN SUBMANIFOLD OF CP".

As we mentioned in Remark 8.4 Viterbo proved that if L admits a metric of
negative curvature it can not be embeded to CP™ as a Larangian submanifold.
Theorem 12.1 does not imply this result even in spin case since Assumption 12.1
may not be satisfied. We however have an alternative argument which implies
Viterbo’s result in spin case.

Theorem 14.1. Let L be a Lagrangian submanifold of CP™. We assume that L is
asperical and spin. Then there exists 8 € wo(CP™, L) with the following properties.

(1) E(B)>0.

(2) m(B)=2.

(3) 9B € m (L) is nonzero. Its centralizer Zgg = {~y € m1(L)|y (98) = (08) v} is
of finite index in 71 (L).

4The author thanks to Prof. A. Kono who provides informations on the homology of free loop
space useful to prove this Theorem.
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Proof. (Sketch) We are going to construct an S* equivariant chain B(L) € SP(L(L))
which has a similar property as (12.4). We fix pg € CP™ \ L. For each § €
7o(CP™, L), we consider the moduli space of maps ¢ : D? — CP"™ with the follow-
ing properties.

(1) ¢ is holomorphic.

(2)  @(0D?) C L.

(3)  The homotopy type of ¢ is (.
(4)  »(0) = po.

(Compare Definition 3.1.) Let N'(L;3) be the space of all such ¢. We consider
Aut(D?,0) = {g € PSL(2;R)|g(0) = 0} = S'. Tt acts on N'(L;3) in an obvious
way. ¢ +— ¢|g1 defines an St equivariant map ev : N’(L; ) — L(L).

Hereafter we denote by S&\ (£(L)) the set of all S equivariant De Rham chains
in L(L).

We can use an argument similar to §6 and may regard ev.[N”(L; 8)] € SE (L(L)).

Definition 14.1. We define B(L) € S (L(L))®A by

B(L) = Y T e V(D).
B

In §9 we regarded M(L;3) as an S! equivariant approximate De Rham chain
of £L(L) of degree n — 3 + nr,(3) and used it to define @(L) = Y, TEGW M(L; ;) €
S (L(L)).

Theorem 14.2. We normalize our symplectic form w so that w N S? =1 for the
generator [S?] € Hy(CP™;Z). We then have

OB(L) +{a(L),B(L)} =[L] mod T

Proof. (Sketch) We consider a divergent series of elements o; of N(L;3). Then,
in the limit, one of the following occurs.

(1) A bubble occurs at the boundary.
(2) A bubble occurs at interior.

(1) gives the term {@(L),B(L)}.

In general (2) is a phenomenon of codimension 2 and do not contribute to our
formula. However there is an exception. Namely ¢; may converge to a union of
trivial disk ¢g : D? — C?2 that is a constant map to p € L, and a pseudoholomorphic
sphere ¢ : 52 — CP™ such that ¢(00) = pp and p(0) = p = o (D?).

The reason that this is codimension one phenomenon is that the map ¢ V ¢ :
D? v §2 — CP™ is not stable, since its group of automorphism is S'. We can
analyse the neighborhood of this map in the moduli space and can show that they
correspond to the boundary point of the moduli space N’(L; 3). (We remark that
in order such phenomenon to occur, 93 must be zero.) We are interested in the
case when o Nw = 1. It is easy to see that, for each p, there exists exactly one such
©. (This is because there exists exactly one rational curve of degree one containing
p and oco.) Hence this gives [L]. Theorem 14.2 follows. (More detail of the proof
will be in the reviced version of [13].) O
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Now we can use Theorem 14.2 in place of Theorem 12.3 and prove Theorem 14.1
in the same way as Theorem 12.1. We also replace Lemma 12.6 by the following :

Lemma 14.3. Let L is an n dimensional aspherical manifold and v € m1(L). If
x € H,fl (Elm(L);Z) for k¢ {0,--- ,n—1}, then {x,y} =0 for any y. Moreover,
ifx € H;f_l(ﬁm (L);Z) and {x,y} # 0 for some y, then Z, is of finite index in
1 (L)

Lemma 14.3 follows immediately from Lemma 12.6 and (9.2). O

Remark 14.1. We remark that we do not assume L to be aspherical in Theorem
14.2. So it can be used to study Lagrangian submanifold L of CP" for more general
L. For example the case L = S x S™ can be studyed in a way similar to §13. The
case when L is rational homology sphere is also of interest since Gromov’s theorem
2.1 is not generalized directly to a Lagrangian submanifold of CP™.

One may also study Lagrangian submanifold of more general symplectic manifold
M than CP™. For example the case when M is uniruled may be handled in a similar
way.

The author is planning to explore these points elsewhere.

REFERENCES

[1] V.I. Arnol’d, and A.V. Givental, Symplectic Geometry. in “Dynamical Systems IV” Ency-
clopaedia of Mathematical Sciences, ed. by V.I. Arnold and S.P. Novikov, Springer-Verlag,
1985.

[2] M.Audin, F.Lalonde, and L.Polterovich, Symplectic rigidity: Lagrangian submanifolds. in
“Holomorphic curves in symplectic geometry”, 271-321, Progr. Math., 117, Birkhéser, Basel,
1994.

[3] J.F. Barraud and O.Cornea Lagrangian Intersections and the Serre Spectral Sequence.
math.DG /0401094

[4] A.S. Cattaneo J. Frohlich, and P.B. Jiirg. Topological field theory interpretation of string
topology. Comm. Math. Phys. 240 (2003), no. 3, 397-421.

[5] M.Chas and D.Sullivan String Topology. preprint, math.GT/9911159.

[6] K.-T.Chen Iterated integrals of differential forms and loop space homology. Ann. of Math.
(2) 97 (1973), 217-246.

[7] Y.Eliashberg. A.Givental, and H.Hofer. Introduction to symplectic field theory. GAFA 2000

(Tel Aviv, 1999). Geom. Funct. Anal. 2000, Special Volume, Part II, 560-673

Y.Eliashberg, and M.Gromov. Convex symplectic manifolds. in “Several complex variables

and complex geometry, Part 2,” 135-162, Proc. Sympos. Pure Math., 52, Part 2, Amer. Math.

Soc., Providence, RI, 1991.

Y.Eliashberg, and N.Mishachev. Introduction to the h-principle. Graduate Studies in Math-

ematics, 48. American Mathematical Society, Providence, RI, 2002.

[10] K. Fukaya. Floer homology and mirror symmetry I. in “Winter School on Mirror Symmetry,
Vector Bundles and Lagrangian Submanifolds,” 15-43, AMS/IP Stud. Adv. Math., 23, Amer.
Math. Soc., Providence, RI, 2001.

[11] K. Fukaya. Deformation theory, homological algebra and mirror symmetry. in “Geometry
and physics of branes,” Ser. High Energy Phys. Cosmol. Gravit., IOP, Bristol, 2003.

[12] K.Fukaya. in preparation.

[13] K.Fukaya, Y.G.Oh, H.Ohta, and K.Ono. Langrangian intersection Floer theory -anomaly and
obstruction-. preprint, http://www.kusm.kyoto-u.ac.jp/~fukaya,/ fukaya.html, 2000.

[14] K.Fukaya and K.Ono. Arnold conjecture and Gromov- Witten invariants. Topology, 38:933 —
1048, 1999.

[15] K.Fukaya and K.Ono. Floer homology and Gromov- Witten invariant over integer of general
symplectic manifolds—summary. Taniguchi Conference on Mathematics Nara ’98, 75-91,
Adv. Stud. Pure Math., 31, Math. Soc. Japan, Tokyo, 2001.

=)

[9



36

KENJI FUKAYA

[16] M.Gerstenhaber. The cohomology structure of an associative ring. Ann. of Math. (2) 78 1963

267-288.

[17] T.G.Goodwillie. Cyclic homology, derivations, and the free loopspace. Topology 24 (1985),

no. 2, 187-215.

[18] M.Gromov. Pseudoholomorphic curves in symplectic manifolds. Invent. Math., 82(2):307—

347, 1985.

[19] M.Gromov. Partial differential relations. Ergebnisse der Mathematik und ihrer Grenzgebiete

(3), 9. Springer-Verlag, Berlin, 1986. x+363 pp.

[20] J.Hempel 3-Manifolds. Ann. of Math. Studies, No. 86. Princeton University Press, Princeton,

N. J., 1976

[21] T.V.Kadeishvili. The algebraic structure in the homology of an A(oo)-algebra. Soobshch.

Akad. Nauk Gruzin. SSR, 108(2):249-252 (1983), 1982.

[22] F.Lalonde, and J.-C.Sikorav. Sous-varits lagrangiennes et lagrangiennes exactes des fibrs

cotangents. Comment. Math. Helv. 66 (1991), no. 1, 18-33.

[23] J.A.Lees. On the classification of Lagrange immersions. Duke Math. J. 43 (1976), no. 2,

217-224.

[24] Y-G.Oh. Removal of boundary singularities of pseudo-holomorphic curves with Lagrangian

boundary conditions. Comm. Pure Appl. Math. 45 (1992), no. 1, 121-139.

[25] Y-G.Oh. Floer cohomology, spectral sequences, and the Maslov class of Lagrangian embed-

dings. Internat. Math. Res. Notices 1996, no. 7, 305-346.

[26] H.Ohta. Obstraction to and deformation of Lagrangian intersection Floer cohomology. In

“Symplectic Geometry and Mirror Symmetry”. World Sci. Press, 2001.

[27] L.Polterovich. The surgery of Lagrange submanifolds. Geom. Funct. Anal. 1 (1991), no. 2,

198-210.

(28] L.Polterovich. Monotone Lagrange submanifolds of linear spaces and the Maslov class in

cotangent bundles. Math. Z. 207 (1991), no. 2, 217-222.

[29] M.Vigué-Poirrier and D.Sullivan The homology theory of the closed geodesic problem. J.

Differential Geometry 11 (1976), no. 4, 633-644.

[30] Y.Ruan, Virtual neighborhoods and pseudo-holomorphic curves. Proceedings of 6th Gkova

Geometry-Topology Conference. Turkish J. Math. 23 (1999), no. 1, 161-231.

[31] V.D.Silva Products on symplectic Floer homology. Thesis, Oxford Uinv. 1997.
[32] J.Stasheff. Homotopy associativity of H-spaces. I, II. Trans. Amer. Math. Soc. 108 (1963),

275-292; ibid. 108 1963 293-312.

[33] M.Sugawara. A condition that a space is group-like. Math. J. Okayama Univ. 7 1957 123-149.
[34] C.Viterbo. A new obstruction to embedding Lagrangian tori. Invent. Math. 100 (1990), no.

2, 301-320.

[35] C.Viterbo. Ezact Lagrange submanifolds, periodic orbits and the cohomology of free loop

spaces. J. Differential Geom. 47 (1997), 420-468.

DEPARTMENT OF MATH. FACULT OF SCIENCE, KYOTO UNIVERSITY
E-mail address: fukaya@math.kyoto-u.ac.jp



