FINITE GROUP ACTIONS ON C^∗-ALGEBRAS WITH THE ROHLIN PROPERTY, I

MASAKI IZUMI

Abstract. Basic properties of finite group actions with the Rohlin property on unital C^∗-algebras are investigated. A characterization of finite group actions with the Rohlin property on the Cuntz algebra O_2 is given in terms of central sequences, which may be considered as an equivariant version of E. Kirchberg and N. C. Phillips’ characterization of O_2. A large class of symmetries on O_2 are classified in terms of the fixed point algebras for conjugacy and the crossed products for cocycle conjugacy. Model actions of symmetries of O_2 are constructed for given K-theoretical invariants.

1. Introduction

Group actions on C^∗-algebras and von Neumann algebras are one of the most fundamental subjects in the theory of operator algebras. Even if one focuses on classification of finite or compact group actions on C^∗-algebras, a number of results are found in the literature [27], [28], [29], [30], [42], [6], [21], [24], [60], [25], [26]. However, “classifiable classes” known so far are very restricted and they are divided into the following two classes: inductive limit actions on AF or AT algebras and those coming from the linear transformations of generators of the Cuntz algebras [14] or the Cuntz-Krieger algebras [17]. In particular, most of the above papers deal with so-called locally representable actions, a special class of inductive limit actions, and their classification invariants are given by the K-theory of the crossed products and the dual actions.

On the other hand, due to the recent progress of G. E. Elliott’s classification program [19] of amenable C^∗-algebras, “classifiable classes” of C^∗-algebras are no longer specified by the way they are constructed. There are two such classes: separable purely infinite simple nuclear C^∗-algebras satisfying the universal coefficient theorem (abbreviated as UCT in the sequel) [52], and separable simple nuclear C^∗-algebras of tracial topological rank zero satisfying the UCT [46]. (It is practically impossible to exhaust all the contributions to this field here, and interested readers are recommended to consult recent monographs [47], [56] and references in them.) In the study of single automorphisms of C^∗-algebras, a similar progress has been made in the last decade. Here, the “classifiable classes” consist of automorphisms with the Rohlin property [43], [44], [51] (see also [35] and references in it).

Work supported by Mathematical Sciences Research Institute, JSPS, and Japanese Ministry of Education, Science, Sports and Culture. 1

2 MASAKI IZUMI

One of the purposes of this series of papers is to provide a new “classifiable class” of finite group actions and to establish fundamental results about them. More specifically, we investigate finite group actions with the Rohlin property (Definition 3.1), a notion which has already appeared in [40], [31], [32] with a different term. Indeed, R. Herman and V. F. R. Jones investigated in [31], [32] some class of finite group actions with what we call here the Rohlin property. Since they followed the model action splitting argument developed in the von Neumann algebra setting [11], [12], [37], they were forced to treat a rather small class of actions from the view point of the “post classification era”. In order to obtain an outer conjugacy result of automorphisms with the Rohlin property, D. E. Evans and A. Kishimoto introduced in [23] an intertwining argument for automorphisms, an equivariant version of Elliott’s intertwining argument for classification of C^∗-algebras. A variant of the Evans-Kishimoto intertwining argument enables us to compare two finite group actions with the Rohlin property directly without using the model action splitting argument, and to obtain a conjugacy result (Theorem 3.5). It turns out that when the group is finite abelian, the dual action of every locally representable action has the Rohlin property, which also explains why the locally representable actions are classifiable in terms of the K-theoretical invariants of the crossed products and the dual actions.

One of the difficulties in the study of finite group actions on C^∗-algebras is that one can hardly control the K-groups of the crossed products, not as in the case of the integer group actions [54] or the real number group actions [13]. Therefore, it is reasonable for us to begin our analysis with the Cuntz algebra O_2, as a test case, whose K-theory is known to be trivial [15]. Thanks to E. Kirchberg and N. C. Phillips [39], O_2 is characterized in terms of central sequences, which has several important consequences. For example, it follows that the tensor product of O_2 and any separable simple unital nuclear C^∗-algebra is isomorphic to O_2 [39]. We give a similar characterization of finite group actions on O_2 with the Rohlin property in terms of relative central sequences, a notion first introduced by D. Bisch in the subfactor context [1]. We show the Rohlin property for several concrete examples of finite group actions on O_2, which does not seem to be possible without using our characterization. We classify a large class of symmetries on O_2 up to conjugacy (respectively cocycle conjugacy) in terms of the fixed point algebras (respectively the crossed products) using the fact that their dual actions have the Rohlin property. For a given pair of uniquely 2-divisible countable abelian groups, we also construct a model action with the K-groups of the crossed product isomorphic to the prescribed ones. Unique 2-divisibility here is a necessary constraint pointed out by B. Blackadar [3], and he also constructed model actions for uniquely 2-divisible torsion groups.

This paper is organized as follows. In Section 2, we collect basic facts on group actions, central sequences, and purely infinite C^∗-algebras. We give a characterization of the first cohomology of some class of compact group actions in terms of K-theory.

In Section 3, we introduce the Rohlin property, and deduce basic properties of actions possessing it. We also introduce two classes of finite abelian group actions, strongly approximately inner actions and approximately representable actions. The latter includes all locally representable actions, and their dual actions have the Rohlin

FINITE GROUP ACTIONS ON C^∗-ALGEBRAS WITH THE ROHLIN PROPERTY, I 3

property. We give a strong K-theoretical constraint for the Rohlin property using our K-theoretical characterization of the first cohomology.

Section 4 is devoted to the analysis of finite group actions on O_2 described above. In Section 5, we treat examples, mainly coming from quasi-free actions of finite group on the Cuntz algebra O_n.

We try to collect all fundamental results related to the Rohlin property for finite group actions, and some results are included even though they have no contribution to the main results of the present paper. The second part of these serial works will be devoted to the classification of finite group actions with the Rohlin property in terms of K-theoretical invariants, and part of the purposes of the present paper is to establish fundamental results used in the second part.

The early draft of the present paper was typed when the author stayed in Mathematical Science Research Institute, and the author would like to thank them for their hospitality during his stay.

2. Preliminaries

In this section, we collect notations and basic facts frequently used in the paper.

2.1. Notations. C^∗-algebras are always assumed to be unital unless particularly mentioned. The symbol ⊗ stands for the minimal tensor product of C^∗-algebras. For a C^∗-algebra A, we denote by U(A) the unitary group of A, and by Aut(A) the automorphism group of A. Aut(A) is equipped with the topology of pointwise norm convergence. We denote by Inn(A) and Inn(A) the inner automorphism group and the approximately inner automorphism group of A respectively. Two automorphisms α and β are said to be approximately unitary equivalent if α · β^{−1} ∈ Inn(A).

For a topological group G, a G-action α on A is a continuous homomorphism from G into Aut(A). For a G-action (or a single automorphism) α on A, A^α denotes the fixed-point subalgebra of A under α. Two G-actions α on A and β on B are said to be conjugate if there exists an isomorphism θ from A onto B such that θ · α_g = β_g · θ holds for every g ∈ G.

A continuous map u from G to the unitary group U(A) of A is said to be an α-cocycle if the following cocycle relation holds: u(g)α_g(u(h)) = u(gh), g, h ∈ G. When u is an α-cocycle, we define the perturbed action α^u by

α^u_g = Ad(u(g)) · α_g.

There exists a natural isomorphism from A ⋊_αu G onto A ⋊_α G that intertwines the dual actions (or the dual coactions if the group is not commutative) [50]. α and β are said to be cocycle conjugate if there exists an α-cocycle u such that α^u and β are conjugate. Two α-cocycles u and w are said to be equivalent (or cohomologous) if there exists a unitary v satisfying w(g) = vu(g)α_g(v^∗), g ∈ G.

4 MASAKI IZUMI

An α-cocycle equivalent to 1 is said to be a coboundary. We denote by Z^1_α(G, U(A)) the set of α-cocycles, and by H^1_α(G, U(A)) the quotient of Z^1_α(G, U(A)) by the above equivalence relation, which is called the first cohomology of α. When H^1_α(G, U(A)) is trivial, α is said to be stable.

A cocycle G-action α on A is a continuous map α from G into Aut(A) with a 2-cocycle u, a continuous map from G × G into U(A), satisfying α_g · α_h = Ad(u(g, h)) · α_{gh}, g, h ∈ G, u(g, h)u(gh, k) = α_g(u(h, k))u(g, hk), g, h, k ∈ G. Two cocycle actions (α, u) and (β, v) on A are said to be equivalent if there exists a continuous map v from G into U(A) such that the following hold: α_g = Ad(v(g)) · β_g, g ∈ G, u(g, h) = α_g(v(h))v(g)w(g, h)v(gh)^∗, g, h ∈ G. When (α, u) is equivalent to a genuine action, i.e. there exists a continuous map v from G into U(A) such that u(g, h) = α_g(v(h))v(g)v(gh)^∗, g, h ∈ G holds, u is said to be a coboundary.

For a homomorphism φ from a C^∗-algebra A to another C^∗-algebra B, we denote by K_i(φ), i = 0, 1, the homomorphism from K_i(A) to K_i(B) induced by φ.

For a C^∗-algebra A, we set c_0(A) = {(a_n) ∈ ℓ^∞(N, A); lim_{n→∞} ||a_n|| = 0}, A^∞ = ℓ^∞(N, A)/c_0 (A). We identify A with the C^∗-subalgebra of A^∞ consisting of the equivalence classes of constant sequences, and set A_∞ = A^∞ ∩ A^′.

The usual perturbation argument shows that every unitary (respectively projection) in A^∞ has a representing sequence in ℓ^∞(N, A) consisting of unitaries (respectively projections). For an automorphism α ∈ Aut(A), we denote by α^∞ and α_∞ the natural automorphisms of A^∞ and A_∞ induced by α respectively.

For a free ultrafilter ω ∈ βN \ N, we employ similar notations: c_ω(A) = {(a_n) ∈ ℓ^∞(N, A); lim_{n→ω} ||a_n|| = 0}, A^ω = ℓ^∞(N, A)/c_ω (A). A_ω = A^ω ∩ A^′.

α^ω (respectively α_ω) denotes the automorphisms of A^ω (respectively A_ω) induced by α as before. For a (cocycle) group action α, we also use the notations α^∞, α_∞, α^ω, α_ω in an obvious sense. Note that even when α is a cocycle action, α_∞ and α_ω are genuine actions as far as the group is discrete.

We denote by M_n , K , M_n∞ (n ∈ N), and O_n (n = 2, 3, · · · , ∞) the n by n matrix algebra, the C^∗-algebra of all compact operators on ℓ^2(N), the UHF algebra of type n^∞, and the Cuntz algebra with the canonical generators {S_i}^n_{i=1}, [14] respectively.

FINITE GROUP ACTIONS ON C^∗-ALGEBRAS WITH THE ROHLIN PROPERTY, I 5

For a natural number n, the cyclic group of order n is denoted by Z_n. For a Z_naction α, we abuse the notation and denote α_1 by α for simplicity. An additive group Γ is said to be uniquely n-divisible if multiplying by n is a group automorphism of Γ. For a finite group G, |G| denotes the order of G.

2.2. Purely infinite C^∗-algebras. A simple (not necessarily unital) C^∗-algebra A is said to be purely infinite if for every pair of non-zero elements x, y ∈ A, there exist a, b ∈ A such that y = axb. There are a number of important K-theoretical properties fulfilled by purely infinite C^∗-algebras (proven in [15]), and we use them freely without particularly mentioning them. A purely infinite simple unital C^∗-algebra is said to be in the Cuntz standard form if [1] = 0 in K_0(A).

Pure infiniteness is a property preserved by passing to the crossed product and the fixed-point subalgebra for a finite group action [45], [38], or more generally, it is a property inherited through an inclusion with a finite index [36].

Lemma 2.1. Let α be an outer action of a finite group G on a purely infinite simple C^∗-algebra A. Then, the fixed-point algebra A^α and the crossed product A ⋊_α G are purely infinite simple.

The following statements play important roles in our analysis of finite group actions on the Cuntz algebra O_2, whose proofs are found in [39, Proposition 3.4] and [51, Lemma 2].

Proposition 2.2. Let A be a separable purely infinite simple unital nuclear C^∗- algebra, and ω ∈ βN \ N be a free ultrafilter. Then, (1) A_ω is purely infinite simple.

(2) α ∈ Aut(A) is outer if and only if α_ω is outer.

(1) of the above proposition immediately implies the following lemma (note that B need not be separable, cf. [5, Theorem 1,4, (a)]):

Lemma 2.3. Let A be a separable purely infinite simple nuclear C^∗-algebra and B be a simple C^∗-algebra. Then, the tensor product A ⊗ B is purely infinite.

2.3. 1-cocycles. The following lemma is probably a folklore among specialists (a proof in the finite group case is found in [32, Lemma II. 1]).

Lemma 2.4. Let A be a unital C^∗-algebra, and α be a continuous action of a compact group G on A. If u and v are α-cocycles satisfying ||u(g) − v(g)|| < 1, ∀g ∈ G, then u and v are equivalent.

The next result gives a K-theoretical description of the first cohomology for a compact group action.

Proposition 2.5. Let A be a purely infinite simple unital C^∗-algebra, and α be a faithful continuous action of a compact group G on A. We assume that the crossed product A ⋊_α G is purely infinite simple (this is always the case if G is a finite group

6 MASAKI IZUMI

and α is outer thanks to Lemma 2.1). Then, there exists a one-to-one correspondence between H^1_α(G, U(A)) and the following set

Ker(K_0(ι)) + [1] = {x ∈ K_0(A^α); K_0(ι)(x) = [1]},

where ι is the inclusion map of A^α into A. In consequence, K_0(ι) is injective if and only if α is stable.

Proof. Let x ∈ Ker(K_0(ι)) + [1], and e a non-zero projection in A^α representing x. Since [e] = [1] in K_0(A), there exists an isometry w ∈ A satisfying ww^∗ = e. We set u(g) = w^∗α_g(w). Then, u is an α-cocycle. We show that the map sending x to the cohomology class of u is well-defined and that it gives the desired one-to-one correspondence.

First, we claim that for every α-cocycle u, there exists an isometry w ∈ A such that ww^∗ ∈ A^α and u(g) = w^∗α_g(w). Following A. Connes’ argument [12], we introduce an action θ of G on B := A ⊗ M_2 by

θ_g = Ad ( ( 1 0 0 u(g) ) ) · (α_g ⊗ Id).

Since a cocycle perturbation does not change the isomorphism class of the crossed products, B ⋊_θ G is isomorphic to (A ⋊_α G) ⊗ M_2 , which is purely infinite simple by assumption. Being a corner of a purely infinite simple C^∗-algebra, B^θ is purely infinite simple as well. Thus, there exists a partial isometry V ∈ B^θ such that V^∗V ≤ ( 1 0 0 0 ) , V V^∗ = ( 0 0 0 1 ) . The above relations imply that V is of the form V = ( 0 0 w^∗ 0 ) , and w has the desired property. Note that ww^∗ gives an element in Ker(K_0(ι)) + [1].

Let w_1, w_2 ∈ A be isometries such that w_1w^∗_1, w_2w^∗_2 ∈ A^α. We denote by u_i, i = 1, 2, the α-cocycles given by u_i(g) = w^∗_i α_g(w_i), g ∈ G, i = 1, 2. To prove the statement, it suffices to show that [w_1w^∗_1] = [w_2w^∗_2] in K_0(A^α) if and only if [u_1] = [u_2] in H^1_α(G, U(A)). Assume [w_1w^∗_1] = [w_2w^∗_2] in K_0(A^α) first. Since A^α is purely infinite simple, there exists a partial isometry v ∈ A^α such that

v^∗v = w_1w^∗_1, vv^∗ = w_2w^∗_2.

Let u = w^∗_1v^∗w_2, which is a unitary in A. Then, we get

u^∗w^∗_1α_g(w_1u) = w^∗_2vw_1w^∗_1α_g(w_1w^∗_1v^∗w_2) = w^∗_2α_g(w_2).

Now, we assume that u_1 and u_2 are equivalent. Then, there exists a unitary u ∈ A such that u^∗w^∗_1α_g(w_1u) = w^∗_2α_g(w_2), which implies w_1uw^∗_2 ∈ A^α. Thus, we get [w_1w^∗_1] = [w_2w^∗_2] in K_0(A^α), which finishes the proof.

FINITE GROUP ACTIONS ON C^∗-ALGEBRAS WITH THE ROHLIN PROPERTY, I 7

Remark 2.6. Let λ(g) be the implementing unitary of α_g in the multiplier algebra M(A ⋊_α G). For an α-cocycle and u, we define projections e_α, e^u_α ∈ A ⋊_α G by

e_α = ∫ G λ(g)dg, e^u_α = ∫ G u(g)λ(g)dg, where dg stands for the normalized Haar measure. Under identification of K_0(A^α) with K_0(A ⋊_α G), the one-to-one correspondence in the above statement is nothing but the one associating [e_u] ∈ K_0(A⋊_α G) with [u] ∈ H^1_α(G, U(A)). Indeed, we define a homomorphism π by π : A^α ∋ a → ae_α ∈ A ⋊_α G. Since A ⋊_α G is simple, K_0(π) is an isomorphism from K_0(A^α) onto K_0(A ⋊_α G). Let w be the isometry in A with ww^∗ ∈ A^α corresponding to u as in the proof. Then

[e^u_α] = [w^∗e_αw] = [e_αww^∗e_α] = [ww^∗e_α] = K_0(π)([ww^∗]).

Remark 2.7. Even if we drop the condition that A and A ⋊_α G are purely infinite in Proposition 2.5, we still have the following statement: for every α-cocycle u, there exists a partial isometry w ∈ A ⊗ K such that ww^∗ ∈ A^α ⊗ K and w^∗(α_g ⊗ Id)(w) = u(g) ⊗ f, ∀g ∈ G, where f ∈ K is a minimal projection. Indeed, the same argument as above using [10, Theorem 4.23] implies that there exists a unitary W in the multiplier algebra M(A ⊗ K ) such that u(g) ⊗ 1 = W^∗(α_g ⊗ Id)(W ).

Then, w = W (1 ⊗ f) ∈ A ⊗ K satisfies the desired property. Assuming some more condition on A and A ⋊_α G, we could get a statement similar to Proposition 2.4 by using w (cf. [8, Section 4]).

2.4. McDuff’s type results. The celebrated McDuff theorem [49] asserts that if a II_1 factor with a separable predual has a unital copy of matrix algebra in its central sequence algebra, it is stable under taking tensor product with the hyperfinite II_1 factor. There are three types of C^∗-counterparts known so far [5, Proposition 2.12], [39, Section 3].

Proposition 2.8. Let A be a separable unital simple C^∗-algebra. Then, (1) A_∞ has a C^∗-subalgebra containing the unit of A_∞ that is isomorphic to M_n if and only if A is isomorphic to A ⊗ M_n∞ .

(2) A_∞ has a C^∗-subalgebra containing the unit of A_∞ that is isomorphic to O_∞ if and only if A is isomorphic to A ⊗ O_∞.

(3) A_∞ has a C^∗-subalgebra containing the unit of A_∞ that is isomorphic to O_2 if and only if A is isomorphic to A ⊗ O_2.

In [1], the notion of relative central sequences for an inclusion of II_1 factors was introduced and a relative version of the McDuff theorem was obtained. Relative versions of the above statements can be proven by essentially the same argument as in the single algebra case taking a little account of subalgebras:

8 MASAKI IZUMI

Lemma 2.9. Let A ⊃ B be an inclusion of separable unital simple C^∗-algebra with a common unit. Then, (1) B^∞ ∩ A^′ has a unital C^∗-subalgebra containing the unit of B^∞ ∩ A^′ that is isomorphic to M_n if and only if (A ⊃ B) ∼= (A ⊗ M_n∞ ⊃ B ⊗ M_n∞ ), where B^∞ ∩ A^′ is considered in A^∞.

(2) B^∞ ∩ A^′ has a unital C^∗-subalgebra containing the unit of B^∞ ∩ A^′ that is isomorphic to O_∞ if and only if (A ⊃ B) ∼= (A ⊗ O_∞ ⊃ B ⊗ O_∞). (3) B^∞ ∩ A^′ has a unital C^∗-subalgebra containing the unit of B^∞ ∩ A^′ that is isomorphic to O_2 if and only if (A ⊃ B) ∼= (A ⊗ O_2 ⊃ B ⊗ O_2).

As one of the consequences, we get the following:

Corollary 2.10. Let A be a separable unital simple C^∗-algebra and α be an outer action of a finite group G on A. Then, (1) (A^α)^∞ ∩ A^′ has a unital C^∗-subalgebra containing the unit of (A^α)^∞ ∩ A^′ that is isomorphic to M_n if and only if (A, α) ∼= (A ⊗ M_{|G|}∞ , α ⊗ Id), where ∼= stands for conjugacy.

(2) (A^α)^∞ ∩ A^′ has a unital C^∗-subalgebra containing the unit of (A^α)^∞ ∩ A^′ that is isomorphic to O_∞ if and only if (A, α) ∼= (A ⊗ O_∞, α ⊗ Id). (3) (A^α)^∞ ∩ A^′ has a unital C^∗-subalgebra containing the unit of (A^α)^∞ ∩ A^′ that is isomorphic to O_2 if and only if (A, α) ∼= (A ⊗ O_2, α ⊗ Id). Proof. The statements follow from Proposition 2.9 and consideration of the Galois group [7, Theorem 1] (see also [22, Theorem 3.4], [41]).

Corollary 2.11. Let A be a separable purely infinite simple unital nuclear C^∗-algebra, and α be an outer action of a finite group G on A. Then, (A, α) ∼= (A ⊗ O_∞, α ⊗ Id). Proof. Let ω ∈ βN \ N be a free ultrafilter. Then, (A^α)^ω ∩ A^′ is nothing but the fixed-point subalgebra of A_ω under α_ω. Thus, Lemma 2.1 and Lemma 2.2 imply that when A is a separable purely infinite simple unital nuclear C^∗-algebra, (A^α)^ω ∩ A^′ is purely infinite simple as well. Therefore, (A^α)^ω ∩A^′ contains a unital copy of O_∞. 3. The Rohlin property In this section, we deduce basic properties of finite group actions with the Rohlin property on simple unital C^∗-algebras.

FINITE GROUP ACTIONS ON C^∗-ALGEBRAS WITH THE ROHLIN PROPERTY, I 9

3.1. Intertwining argument. First, we introduce the Rohlin property for finite groups. The same condition has already appeared in [40], [31], [32] with a different name, but we adopt the term “Rohlin property” here following the single automorphism case [11], [9].

Definition 3.1. Let α be a (cocycle) action of a finite group G on a unital C^∗- algebra A. α is said to have the Rohlin property if there exists a partition of unity {e_g}_{g∈G} ⊂ A_∞ consisting of projections satisfying α_{g∞}(e_h) = e_{gh}, g, h ∈ G. Example 3.2. Let G be a finite group, and λ be the left regular representation of G. We identify B (ℓ^2 (G)) with M_{|G|} and introduce an action of G on M_{|G|}∞ by

μ^G_g = ∞⨂ n=1 Ad(λ(g)), g ∈ G. Then, μ^G has the Rohlin property. Indeed, let e_g ∈ B (ℓ^2 (G)) be the projection onto C δ_g , g ∈ G. We set e_g(n) = ι_n(e_g) and E_g = (e_g(n)) + c_0(A) ∈ A^∞ where A = M_{|G|}∞ and ι_n is the inclusion map from M_{|G|} into the n-th tensor factor of M_{|G|}∞ . Then, {E_g}_{g∈G} give the Rohlin projections. μ^G plays the role of a model action in [12], [37]. It is essentially shown in [40] that when G is abelian, the dual action of μ^G is conjugate to μ^G itself.

In [40], A. Kishimoto showed, among other results, that there exists at most one conjugacy class of finite cyclic group actions of product type on a UHF algebra with the Rohlin property. In [31], [32], R. H. Herman and V. F. R. Jones investigated finite group actions on AF algebras with the Rohlin property and generalized Kishimoto’s result. Since they closely followed the model action splitting argument developed in the case of von Neumann algebras [11], [12], [37], their main concern is the case where α_g is approximately inner for all g ∈ G and A is stable under taking tensor product with the UHF algebra M_{|G|}∞ , which seems to be too strong an assumption from the K-theoretical point of view now. Indeed, in [23, Theorem 4.1], D. E. Evans and A. Kishimoto developed an intertwining argument for automorphisms, an equivariant version of G. A. Elliott’s celebrated argument in classification of C^∗-algebras [19], which enables us to avoid using the model action and to compare two actions directly. We present here a variant of their argument modified for the case of finite group actions.

Lemma 3.3. Let A be a unital C^∗-algebra and α and β be actions of a finite group G on A with the Rohlin property. Assume that α_g and β_g are approximately unitary equivalent for all g ∈ G. Then, for every finite set F ⊂ A and a positive number ϵ, there exists a unitary u ∈ A such that the following hold for all x ∈ F : ||β_g(x) − Ad(u) · α_g · Ad(u^∗)(x)|| < ϵ, g ∈ G, ||[u, x]|| < ϵ + sup_{g∈G}{||β_g(x) − α_g(x)||}.

10 MASAKI IZUMI

Proof. We set F^1 = ⋃ g∈G (α_g(F ) ∪ β_g(F )),

and take unitaries v_g ∈ A, g ∈ G such that ||β_g(y) − Ad(v_g) · α_g(y)|| < ϵ/2, ∀y ∈ F^1. We choose Rohlin projections {e_g}_{g∈G} ⊂ A_∞ for α and set w = ∑ g∈G e_gv_g ∈ U(A^∞). Then, for x ∈ F , we have

Ad(w) · α^∞_g · Ad(w^∗)(x) = ∑ h∈G Ad(w) · α^∞_g (e_hv^∗_hxv_h) = ∑ h∈G e_{gh}Ad(v_{gh}) · α_g · Ad(v^∗_h)(x) = ∑ h∈G e_{gh}Ad(v_{gh}) · α_{gh} · (Ad(v_h) · α_h)^{−1}(x).

Thus, we get ||β_g(x) − Ad(w) · α^∞_g · Ad(w^∗)(x)|| = || ∑ h∈G e_{gh} ( β_g(x) − Ad(v_{gh}) · α_{gh} · (Ad(v_h) · α_h)^{−1}(x) ) || ≤ sup_{h∈G}{||β_g(x) − Ad(v_{gh}) · α_{gh} · (Ad(v_h) · α_h)^{−1}(x)||} = sup_{h∈G}{||β_{gh}(β_h−1 (x)) − Ad(v_{gh}) · α_{gh} · (Ad(v_h) · α_h)^{−1} · β_h(β_h−1 (x))||}. For y ∈ F^1, we have ||β_{gh}(y) − Ad(v_{gh}) · α_{gh} · (Ad(v_h) · α_h)^{−1} · β_h(y)|| ≤ ||β_{gh}(y) − Ad(v_{gh}) · α_{gh}(y)|| + ||y − (Ad(v_h) · α_h)^{−1} · β_h(y)|| = ||β_{gh}(y) − Ad(v_{gh}) · α_{gh}(y)|| + ||Ad(v_h) · α_h(y) − β_h(y)|| < ϵ, which implies ||β_g(x) − Ad(w) · α^∞_g · Ad(w^∗)(x)|| < ϵ. For x ∈ F , we have ||[w, x]|| = ||wxw^∗ − x|| = || ∑ g∈G e_g(v_gxv^∗_g − x)|| ≤ sup_{g∈G}{||Ad(v_g) · α_g(α_g−1 (x)) − x||} ≤ sup_{g∈G}{||Ad(v_g) · α_g(α_g−1 (x)) − β_g(α_g−1 (x))||} + sup_{g∈G}{||β_g(α_g−1 (x)) − x||} < ϵ + sup_{g∈G}{||α_g−1 (x) − β_g−1 (x)||}.

FINITE GROUP ACTIONS ON C^∗-ALGEBRAS WITH THE ROHLIN PROPERTY, I 11

We take a representing sequence (w(n)) of w consisting of unitaries, and set u = w(n) for sufficiently large n. Then, u satisfies the desired property.

It is easy to show the following:

Lemma 3.4. Let A be a unital C^∗-algebra and {u_n}^∞_{n=1} be a sequence of unitaries in A. If {u_nxu^∗_n}^∞_{n=1} converges for all x in a dense subset of A, then there exists a unital faithful endomorphism ϕ of A such that for all x ∈ A, {u_nxu^∗_n}^∞_{n=1} converges to ϕ(x).

Theorem 3.5. Let A be a separable unital C^∗-algebra and α and β be actions of a finite group G on A with the Rohlin property. Assume that α_g and β_g are approximately unitary equivalent for all g ∈ G. Then, there exists approximately inner automorphism θ such that θ · α_g · θ^{−1} = β_g, g ∈ G. Proof. We choose an increasing family of finite subsets F_n, n = 0, 1, · · · of A whose union is dense in A. By induction using Lemma 3.3, we can construct a family of finite subsets F^1_n , n = 0, 1, · · · of A, a sequence of unitaries {u_n}^∞_{n=0} ⊂ A, and a family of G-actions α^{(2n)}, β^{(2n+1)}, n = 0, 1, 2, · · · satisfying α^{(0)} = α, β^{(1)} = β, α^{(2n+2)} g = Ad(u_{2n}) · α^{(2n)}_g · Ad(u^∗_{2n}), n ≥ 0, β^{(2n+1)} g = Ad(u_{2n−1}) · β^{(2n−1)}_g · Ad(u^∗_{2n−1}), n ≥ 1, F^1_0 = ⋃ g∈G (α_g(F_0) ∪ β_g(F_0)),

F^1_{2n+1} = ⋃ g∈G α^{(2n+2)} g (F_{2n+1} ∪ F^1_{2n} ∪ Ad(u_{2n}u_{2n−2} · · · u_0)(F^1_{2n}))

(3.1) ∪ ⋃ g∈G β^{(2n+1)} g (F_{2n+1} ∪ F^1_{2n} ∪ Ad(u_{2n}u_{2n−2} · · · u_0)(F^1_{2n})), n ≥ 0,

F^1_{2n+2} = ⋃ g∈G α^{(2n+2)} g (F_{2n+2} ∪ F^1_{2n+1} ∪ Ad(u_{2n+1}u_{2n−1} · · · u_1)(F^1_{2n+1}))

(3.2) ∪ ⋃ g∈G β^{(2n+3)} g (F_{2n+2} ∪ F^1_{2n+1} ∪ Ad(u_{2n+1}u_{2n−2} · · · u_1)(F^1_{2n+1})), n ≥ 0, ||β^{(2n+1)} g (x) − α^{(2n+2)}_g (x)|| < 1 2^{2n} , x ∈ F^1_{2n}, g ∈ G, n ≥ 0 (3.3) ||β^{(2n+3)} g (x) − α^{(2n+2)}_g (x)|| < 1 2^{2n+1} , x ∈ F^1_{2n+1}, g ∈ G, n ≥ 0, (3.4) ||[u_{2n+1}, x]|| < 1 2^{2n+1}

+ sup_{x∈F 1} 2n {||β^{(2n+1)} g (x) − α^{(2n+2)}_g (x)||} (3.5) < 3 2^{2n+1} , x ∈ F^1_{2n}, n ≥ 0,

12 MASAKI IZUMI ||[u_{2n+2}, x]|| < 1 2^{2n+2}

+ sup

x∈F^1_{2n+1} {||β^{(2n+3)} g (x) − α^{(2n+2)}_g (x)||}, (3.6) < 3 2^{2n+2} , x ∈ F^1_{2n+1}, n ≥ 0. Let θ_n = Ad(u_{2n}u_{2n−2} · · · u_0). We claim that there exists an automorphism θ ∈ Aut(A) such that for every x ∈ A the following hold: lim_{n→∞} θ_n(x) = θ(x), lim_{n→∞} θ^{−1}_n (x) = θ^{−1}(x).

Indeed, for x ∈ F_k and k < n, (3.1) and (3.6) implies ||θ_{n+1}(x) − θ_n(x)|| = ||[u_{2n+2}, Ad(u_{2n}u_{2n−2} · · · u_0)(x)]|| < 3 2^{2n+2} . Therefore, there exists a faithful endomorphism θ such that {θ_n(x)}^∞_{n=1} converging to θ(x) for all x ∈ A thanks to Lemma 3.4. On the other hand, for x ∈ F_k and k < n, (3.6) implies ||θ^{−1}_{n+1}(x) − θ^{−1}_n (x)|| = ||[u_{2n+2}, x]|| < 3 2^{2n+2} , which shows that {θ^{−1}_n }^∞_{n=1} also converges to a faithful endomorphism, say ϑ, in the point-norm topology. We show that θ is an automorphism and that ϑ is the inverse of θ. For this, it suffices to show θ · ϑ = Id because θ is faithful. For x ∈ F_k and k < n < m, we have ||x − θ_m · θ^{−1}_n (x)|| = ||[u_{2m}u_{2m−2} · · · u_{2n+2}, x]|| ≤ m−1∑ l=n ||[u_{2l+2}, x]||

≤ m−1∑ l=n 3 2^{2l+2} < 1 4^n . Thus, θ(ϑ(x)) = lim_{n→∞} θ(θ^{−1}_n (x)) = lim_{n→∞} lim_{m→∞} θ_m(θ^{−1}_n (x)) = x, which shows the claim.

In the same way, we can show that there exists an automorphism ν ∈ Aut(A) such that for all x ∈ A, we have lim_{n→∞} Ad(u_{2n+1}u_{2n−1} · · · u_1)(x) = ν(x), lim_{n→∞} Ad(u^∗_1u^∗_3 · · · u^∗_{2n+1})(x) = ν^{−1}(x).

Thus, (3.3) and (3.4) imply ν · β_g · ν^{−1} = θ · α_g · θ^{−1}, g ∈ G.

Note that the above theorem immediately implies the main results of [31] and [32]. In fact, we get a fairly stronger classification result in the second part.

FINITE GROUP ACTIONS ON C^∗-ALGEBRAS WITH THE ROHLIN PROPERTY, I 13

3.2. Approximately representable actions. One might suspect that the defining condition of the Rohlin property is so demanding that there are not so many examples satisfying the condition except for those coming from Example 3.2. It might be true in the sense that the Rohlin property gives rise to several K-theoretical constraints as we will see below. For example, it is easy to show that there is no Z_2-action with the Rohlin property on M_3∞ . Nevertheless, actions with the Rohlin property are not very rare in the sense that there are large classes of well-known finite abelian group actions whose dual actions have the Rohlin property. Our next task is to show this fact. For this purpose, we introduce two new classes of finite abelian group actions.

Definition 3.6. Let A be a unital C^∗-algebra, and α be an action of a finite abelian group G on A.

(1) α is said to be strongly approximately inner if there exist unitaries u(g) ∈ (A^α)^∞, g ∈ G such that α_g(x) = u(g)xu(g)^∗, x ∈ A, g ∈ G. (2) α is said to be approximately representable if α is strongly approximately inner and the unitaries {u(g)}_{g∈G} above can be taken so that they form a representation of G in (A^α)^∞.

Remark 3.7. Although the above definition makes sense for a general finite group case, probably the right definition of an approximate representable action in the general case should be the following: There exists a unitary representation u of G in A^∞ such that α_g(x) = u(g)xu(g)^∗, x ∈ A, g ∈ G, α^∞_g (u(h)) = u(ghg^{−1}), g, h ∈ G. The following is the precise relationship between the Rohlin property and approximate representability.

Lemma 3.8. Let A be a separable C^∗-algebra, and α be an action of a finite abelian group G on A. We denote by ^α the dual action of α on A ⋊_α G. Then, (1) α has the Rohlin property if and only if ^α is approximately representable. (2) α is approximately representable if and only if ^α has the Rohlin property.

Proof. (1). Note that when G is abelian, the Rohlin property of α is equivalent to the following condition: there exists a unitary representation u of the dual group ^G in A_∞ such that α_{g∞}(u(τ)) = τ(g)u(τ), g ∈ G, τ ∈ ^G. Let λ be the implementing unitary representation of G in A ⋊_α G for α. Then, the above relation is equivalent to u(τ)^∗λ(g)u(τ) = τ(g)λ(g), g ∈ G, τ ∈ ^G. Therefore, if α has the Rohlin property, ^α is implemented by Ad(u(τ)^∗), and so it is approximately representable. The same computation shows that the converse also holds as we have (A ⋊_α G)^{^α} = A.

14 MASAKI IZUMI

(2). Assume that α is approximately representable and take a unitary representation u of G in A^{α∞} as in Definition 3.6. Then, u(g)^∗λ(g) = λ(g)u(g)^∗ gives a representation of G in (A ⋊_α G)_∞ satisfying ^α_{τ ∞}(u(g)^∗λ(g)) = τ(g)u(g)^∗λ(g), g ∈ G, τ ∈ ^G, which implies that ^α has the Rohlin property. The converse follows from the same formula.

Let α be an action of a compact group G on a C^∗-algebra A. α is said to be locally representable if there exists an α-invariant increasing sequence of C^∗-subalgebras {A_n}^∞_{n=1} whose union is dense in A, and a unitary representations u^{(n)} of G in A_n such that α_g(x) = Ad(u^{(n)}(g))(x), x ∈ A_n, g ∈ G. When G is a finite abelian group, every locally representable action is approximately representable in our sense. There are several classification results of locally representable actions in terms of K-theory [27], [28], [29], [30], [42], [6]. When G is finite abelian, Theorem 3.5 and Lemma 3.8 with the Takai duality theorem [62] give a simple proof of these classification results.

Corollary 3.9. Let α and β be outer actions of a finite abelian group G on a separable simple unital C^∗-algebra A, and e_α and e_β be projections in A ⋊_α G and A ⋊_β G defined in Remark 2.6 respectively. We assume that α and β are approximately representable. Then, α and β are conjugate if and only if there exists an isomorphism θ from A ⋊_α G onto A ⋊_β G such that θ · ^β_τ · θ^{−1} and ^α_τ are approximately unitary equivalent for all τ ∈ ^G and θ(e_α) is Murray-von Neumann equivalent to e_β.

Proof. Assume that there exists an isomorphism θ from A ⋊_α G onto A ⋊_β G as above. Then, thanks to Lemma 3.8 and Theorem 3.5, we can replace θ with θ_1 such that θ_1 intertwines ^α and ^β, and θ_1(e_α) is Murray-von Neumann equivalent to e_β . Let e ∈ B (ℓ^2 (G)) be the projection onto the constant functions, and ρ be the right regular representation of G. Then, the Takai duality theorem [62] implies that there exists an automorphism Θ of A ⊗ B (ℓ^2 (G)) such that Θ(1 ⊗ e) is Murray-von Neumann equivalent to (1 ⊗ e) in (A ⊗ B (ℓ^2 (G)))^{β⊗Ad(ρ)} and Θ intertwines α ⊗ Ad(ρ) and β ⊗ Ad(ρ). Thus, we get

(A, α) ∼= ((1 ⊗ e)(A ⊗ B (ℓ^2 (G)))(1 ⊗ e), (α ⊗ Ad(ρ))|_{(1⊗e)(A⊗B(ℓ}2_{(G)))(1⊗e)}) ∼= (Θ(1 ⊗ e)(A ⊗ B (ℓ^2 (G)))Θ(1 ⊗ e), (β ⊗ Ad(ρ))|_{Θ(1⊗e)(A⊗B(ℓ2 (G)))Θ(1⊗e)}) ∼= ((1 ⊗ e)(A ⊗ B (ℓ^2 (G)))(1 ⊗ e), (β ⊗ Ad(ρ))|_{(1⊗e)(A⊗B (ℓ2 (G)))(1⊗e)}) ∼= (A, β). The converse is obvious.

In practice, it is rather hard to show directly that a given action is approximately representable unless it is an inductive limit action. However, in some cases as we will see below, there is a good chance to show strong approximate innerness. In order to deduce the former from the latter, we give the following criterion:

FINITE GROUP ACTIONS ON C^∗-ALGEBRAS WITH THE ROHLIN PROPERTY, I 15

Lemma 3.10. Let A be a separable unital C^∗-algebra, and α be a strongly approximately inner action of a finite group G on A. If (A^α)^∞ ∩ A^′ has a C^∗-subalgebra containing the unit of (A^α)^∞ ∩ A^′ that is isomorphic to M_{|G|} , then α is approximately representable (and consequently, the dual action ^α has the Rohlin property thanks to Lemma 3.8).

Proof. For each g ∈ G, we take a unitary u(g) ∈ (A^α)^∞ satisfying u(g)xu(g)^∗ = α_g(x), x ∈ A, g ∈ G. Since u(g) normalizes A, Ad(u(g)) globally preserves (A^α)^∞ ∩ A^′, and we set β_g to be the restriction of Ad(u(g)) to (A^α)^∞ ∩ A^′. β is a cocycle action of G on (A^α)^∞ ∩ A^′ with a cocycle c given by c(g, h) = u(g)u(h)u(gh)^∗ ∈ (A^α)^∞ ∩ A^′, g, h ∈ G. We claim that there exists a C^∗-subalgebra of ((A^α)^∞ ∩ A^′)^β containing the unit of ((A^α)^∞ ∩A^′)^β that is isomorphic to M_{|G|} . Indeed, by assumotion there exists a system of matrix units {e_{ij} }^{|G|}_{i,j=1} in (A^α)^∞ ∩ A^′ such that |G|∑ i=1 e_{ii} = 1. We take a representing sequence (e_{ij} (n)) for each e_{ij}, which satisfies lim_{n→∞} ||[e_{ij}(n), x]|| = 0, ∀x ∈ A. Therefore, choosing an appropriate subsequence {n_k}^∞_{k=1} and setting f_{ij} (k) := (e_{ij} (n_k)), f_{ij} := (f_{ij} (k)) + c_0(A) ∈ (A^α)^∞ ∩ A^′, we get a system of matrix units {f_{ij} }^n_{i,j=1} of (A^α)^∞ ∩ A^′ commuting with u(g) such that |G|∑ i=1 f_{ii} = 1. As β_g(f_{ij}) = f_{ij} holds for all g ∈ G, we get the claim.

The above claim and [32, Theorem 1.4], [61] (see the proof of Lemma 3.12 below for essentially the same argument) imply that c is a coboundary, that is, there exist unitaries w(g) ∈ (A^α)^∞ ∩ A^′, g ∈ G such that c(g, h) = β_g(w(h))w(g)w(gh)^∗, g, h ∈ G, which implies w(g)^∗u(g)w(h)^∗u(h) = w(gh)^∗u(gh), g, h ∈ G. As Ad(w(g)^∗u(g))(x) = α_g(x) holds for all x ∈ A and g ∈ G, α is approximately representable.

16 MASAKI IZUMI

3.3. Cohomology vanishing lemmas. The Rohlin property is basically a means to deduce cohomology vanishing lemmas for group actions. We present two of them here, whose proofs are rather standard [37], [32].

Lemma 3.11. Let α be an action of a finite group G on a unital C^∗-algebra A with the Rohlin property. Then, α is stable.

Proof. This is [32, Lemma III.1], which follows from a similar argument in the proof of Lemma 3.3 using Lemma 2.4.

Lemma 3.12. Let A be a unital C^∗-algebra, and α be a cocycle action of a finite group G on A with a cocycle u. If α has the Rohlin property, then u is a coboundary. Proof. First, we claim that if α has the Rohlin property, for every ϵ > 0, there exist unitaries {v(g)}_{g∈G} ∈ A such that ||α_g(v(h))v(g)v(gh)^∗ − u(g, h)|| < ϵ, g, h ∈ G, ||v(g) − 1|| < ϵ + sup_{h∈G}{||1 − u(g, h)||}, g ∈ G. Indeed, we take Rohlin projections {e_g}_{g∈G} ⊂ A_∞ and set w(g) = ∑ k∈G u(g, g^{−1}k)e_k ∈ A^∞, g ∈ G. Then, for g, h ∈ G we have α^∞_g (w(h))w(g)w(gh)^∗ = ∑ k∈G α_g(u(h, h^{−1}k))e_{gk}w(g)w(gh)^∗ = ∑ k∈G α_g(u(h, h^{−1}k))u(g, k)u(gh, h^{−1}k)^∗e_{gk} = ∑ k∈G α_g(u(h, k))u(g, hk)u(gh, k)^∗e_{ghk} = ∑ k∈G u(g, h)e_{ghk} = u(g, h), ||1 − w(g)|| = sup_{k∈G}{||1 − u(g, k)||}, Therefore, we get the claim.

Now, by induction using the above claim, we construct sequences of unitaries {v^k(g)}^∞_{k=0} ⊂ U(A), g ∈ G, and a family of cocycle G-actions α^{(k)} with cocycles u^k, k = 0, 1, · · · satisfying α^{(0)} = α, u^0 = u, and α^{(k+1)}_g = Ad(v^k(g)^∗) · α^{(k)}_g , g ∈ G, k ≥ 0, u^{k+1}(g, h) = v^k(g)^∗α^{(k)}_g (v^k(h)^∗)u^k(g, h)v^k(gh), g, h ∈ G, k ≥ 0, ||1 − u^k(g, h)|| < 1 2^k , g, h ∈ G, k ≥ 1, ||1 − v^k(g)|| < 1 2^{k−1} , g ∈ G, k ≥ 1.

FINITE GROUP ACTIONS ON C^∗-ALGEBRAS WITH THE ROHLIN PROPERTY, I 17 Let w^k(g) = v^k(g)v^{k−1}(g) · · · v^0(g), g ∈ G. Then, by construction we have u^k(g, h) = w^{k−1}(g)^∗α_g(w^{k−1}(h)^∗)u(g, h)w^{k−1}(gh), g, h ∈ G, k ≥ 1. Since we have ||w^{k+1}(g) − w^k(g)|| < 1/2^k, {w^k(g)}^n_{k=1} converges, say to w(g), for all g ∈ G. Thus, we get 1 = w(g)^∗α_g(w(h)^∗)u(g, h)w(gh), g, h ∈ G, which shows the statement.

3.4. A K-theoretical constraint. As an application of Proposition 2.5 and the above cohomology vanishing lemma, we get the following K-theoretical constraint of actions with the Rohlin property.

Theorem 3.13. Let A be a simple unital C^∗-algebra, and α be an action of a finite group G on A with the Rohlin property. Let ι be the inclusion map of A^α into A. Then, K_i(ι), i = 0, 1, are injective. Moreover,

Im(K_i(ι)) = Im( ∑ g∈G K_i(α_g)) = ⋂ g∈G Ker(1 − K_i(α_g)).

Proof. First, we show that the general case is reduced to the case where A is purely infinite and i = 0. Indeed, considering (A ⊗ O_∞, α ⊗ Id) instead of (A, α), we may assume that A is purely infinite thanks to Lemma 2.3. Let P_∞ be a (unique up to isomorphism) separable purely infinite simple unital nuclear C^∗-algebra satisfying the UCT [52] such that K_0(P_∞) = {0}, K_1(P_∞) ∼= Z.

Then, the i = 1 case of the statement follows from the i = 0 case of (A ⊗ P_∞, α ⊗ Id).

We assume that A is purely infinite in what follows. Then, Proposition 2.5 and Lemma 3.11 imply that K_0(ι) is injective. It is easy to show

Im(K_0(ι)) ⊂ Im( ∑ g∈G K_0(α_g)) ⊂ ⋂ g∈G Ker(1 − K_0(α_g)).

Indeed, the second inclusion is trivial. Let e ∈ A^α be a projection and ϵ a sufficiently small positive number. Using the Rohlin projections, one can construct projections {f_g}_{g∈G} ⊂ A such that ||1 − ∑ g∈G f_g|| < ϵ, ||f_ge − ef_g|| < ϵ, g ∈ G, ||α_g(f_he) − f_{gh}e|| < ϵ, g, h ∈ G. As f_ee is almost a projection, using polar decomposition and functional calculus, one can construct a projection e_1 close to f_ee. Therefore, a usual perturbation argument implies ∑ g∈G K_0(α_g)([e_1]) = K_0(ι)([e]),

18 MASAKI IZUMI

which proves the first inclusion.

Now, we show ⋂ g∈G Ker(1 − K_0(α_g)) ⊂ Im(K_0(ι)).

Let p ∈ A be a projection such that α_g(p) is Murray-von Neumann equivalent to p for all g ∈ G. For each g ∈ G, we choose a unitary u(g) ∈ A satisfying u(g)α_g(p)u(g)^∗ = p. Note that u(gh)α_g(u(h)^∗)u(g)^∗ commutes with p for all g, h ∈ G. We choose Rohlin projections {e_g}_{g∈G} ⊂ A_∞ for α and define a unitary w ∈ A^∞ by w = ∑ g∈G u(g)e_g. Then,

Ad(w) · α^∞_g · Ad(w^∗)(p) = ∑ h∈G Ad(w) · α^∞_g (u(h)^∗pu(h)e_h) = ∑ h∈G Ad(u(gh)α_g(u(h)^∗)) · α_g(p)e_{gh} = ∑ h∈G Ad(u(gh)α_g(u(h)^∗)u(g)^∗)(p)e_{gh} = ∑ h∈G pe_{gh} = p. Therefore, for any small positive number ϵ (less than 1/4 for our purpose), there exists a unitary w_1 ∈ A such that ||α_g(w^∗_1pw_1) − w^∗_1pw_1|| < ϵ, g ∈ G. Let a = 1 |G| ∑ g∈G α_g(w^∗_1pw_1).

Then, a is a positive contraction in A^α satisfying ||a − w^∗_1pw_1|| < ϵ. Therefore, by functional calculus, we can get a projection q ∈ A^α satisfying K_0(ι)([q]) = [p], which finishes the proof.

Remark 3.14. Since the above theorem holds for (A ⊗ O_{n+1}, α ⊗ Id) as well, the conclusion is true for the K-groups with coefficient Z_n [59]. 4. Finite group actions on O_2 In [39, Lemma 3.7], E. Kirchberg and N. C. Phillips showed the following remarkable characterization of the Cuntz algebra O_2:

Theorem 4.1. Let A be a separable simple unital nuclear C^∗-algebra. Then, the following two conditions are equivalent: (1) A is isomorphic to O_2.

(2) There exists a C^∗-subalgebra of A_∞ containing the unit of A_∞ that is isomorphic to O_2.

FINITE GROUP ACTIONS ON C^∗-ALGEBRAS WITH THE ROHLIN PROPERTY, I 19

In particular, B ⊗ O_2 is always isomorphic to O_2 if B is a separable simple unital nuclear C^∗-algebra.

The purpose of this section is to give a variant of the above theorem in the case with finite group actions, and to show how the Rohlin property naturally arises in this context. We also give a classification result of some class of finite group actions on O_2.

Theorem 4.2. Let α be an outer action of a finite group G on O_2. Then, the following conditions are equivalent: (1) α has the Rohlin property.

(2) Let μ^G be the action of G on M_{|G|}∞ constructed in Example 3.2. Then,

(O_2, α) ∼= (O_2 ⊗ M_{|G|}∞ , Id ⊗ μ^G).

(3) There exists a C^∗-subalgebra of (O^α_2 )^∞ ∩ O^′_2 containing the unit of (O^α_2 )^∞ ∩ O^′_2 that is isomorphic to O_2.

Proof. (1) ⇒ (2). Thanks to M. Rørdam’s result [55, Theorem 8.1], we have

Aut(O_2) = Inn(O_2).

Thus, Theorem 3.5 implies that there is at most one conjugacy class of G-actions on O_2 with the Rohlin property. On the other hand, Theorem 4.1 shows that O_2 ⊗M_{|G|}∞ is isomorphic to O_2. Since Id ⊗ μ^G has the Rohlin property, we get this implication.

(2) ⇒ (3). This follows from the fact that O_{2∞} has a unital copy of O_2. (3) ⇒ (1). Let ω ∈ βN \ N be a free ultrafilter. We claim that α_ω is stable. Indeed, thanks to Lemma 2.2, O_{2ω} is purely infinite simple and α_ω is an outer action of G. Note that we have (O_{2ω})^{αω} = (O^α_2 )^ω ∩ O^′_2, which contains a unital copy of O_2 by assumption. Let e be a projection in (O^α_2 )^ω ∩O^′_2. By the usual argument taking subsequences, we can find a unital copy of O_2 in the relative commutant of e in (O^α_2 )^ω ∩ O^′_2. Therefore, [e] = [e] + [e] in K_0((O^α_2 )^ω ∩ O^′_2), and so [e] = 0. Since e is arbitrary and (O^α_2 )^ω ∩ O^′_2 is purely infinite simple thanks to Lemma 2.1, we actually have

K_0((O^α_2 )^ω ∩ O^′_2) = {0}.

Therefore, Proposition 2.5 implies that α_ω is stable.

Since (O^α_2 )^ω ∩ O^′_2 contains a unital copy of O_2 and O_2 contains a unital copy of O_n for all n ≥ 2, there exist isometries {S_g}_{g∈G} ⊂ (O^α_2 )^ω ∩ O^′_2 satisfying the Cuntz algebra relation. For each g ∈ G, we define a unitary u(g) ∈ (O^α_2 )^ω ∩ O^′_2 by u(g) = ∑ h∈G S_{gh}S^∗_h. Then, u is an α_ω-cocycle, and there exists a unitary v ∈ O_{2ω} satisfying v^∗α_{gω}(v) = u(g), g ∈ G, and so α_{gω}(vS_h) = vS_{gh}, g, h ∈ G.

20 MASAKI IZUMI

Let e_g = vS_gS^∗_g v^∗, g ∈ G. Then, {e_g}_{g∈G} is a partition of unity in O_{2ω} satisfying α_{gω}(e_h) = e_{gh}, g, h ∈ G, which shows that α has the Rohlin property.

As in the case without actions, we have the following as a consequence of Theorem 4.2:

Corollary 4.3. Let α be an outer action of a finite group G on a separable simple unital nuclear C^∗-algebra A. Then, (O_2 ⊗ A, Id ⊗ α) ∼= (O_2 ⊗ M_{|G|}∞ , Id ⊗ μ^G).

In consequence, Id ⊗ α has the Rohlin property (and so does its dual action).

In [3], B. Blackadar announced the following results on Z_2-actions on O_2 using his construction in [2]:

(1) Let α be an action of Z_2 on O_2. Then, K_i(O_2 ⋊_α Z_2), i = 0, 1 are uniquely 2-divisible.

(2) For every pair of countable uniquely 2-divisible torsion groups Γ_i, i = 0, 1, there exists a Z_2-action α on O_2 such that K_i(O_2 ⋊_α Z_2) ∼= Γ_i, i = 0, 1.

He also posed a question about classification of Z_2-actions on O_2 in terms of the K-groups of the crossed products. We give a proof of (a generalization of) the above statement and a partial answer to his question now.

Lemma 4.4. Let p be a prime number and q = p^m, m ∈ N. If α is an action of Z_q on a C^∗-algebra A satisfying K_0(A) ∼= K_1(A) ∼= {0}, then, K_i(A ⋊_α Z_q), i = 0, 1 are uniquely p-divisible.

Proof. Let B = A ⋊_α Z_q, and ^α be the dual action of α. Then, [4, Theorem 10.7.1] implies that the following sequence is exact: K_0(B)^{1−K0(^α)−1} −−−−−−→ K_0(B) −−−→ {0} δ δ {0} ←−−− K_1(B)^{1−K1(^α)−1} ←−−−−−− K_1(B) .

Thus, ψ_i := 1 − K_i(^α) is a group automorphism of K_i(B) for = 0, 1. Since K_i(^α) has a period q, we get

1 = K_i(^α)^q = (1 − ψ_i)^q = q∑ k=0 ( q k ) (−ψ_i)^k,

FINITE GROUP ACTIONS ON C^∗-ALGEBRAS WITH THE ROHLIN PROPERTY, I 21

where ( q k ) is the binomial coefficient. So,

−(−ψ_i)^q = q−1∑ k=1 ( q k ) (−ψ_i)^k.

Since the left-hand side is an automorphism and ( q k ) is a multiple of p for k ≠ 0, q, K_i(A) is uniquely p-divisible.

Lemma 4.5. Let α and β be actions of a compact group G on O_2, and ρ be the right regular representation of G. Let ^α and ^^β be actions of G on O_2 ⊗ K (L^2 (G)) defined by ^α_g = α_g ⊗ Ad(ρ(g)), ^^β_g = β_g ⊗ Ad(ρ(g)), g ∈ G. Then, α and β are cocycle conjugate if and only if ^α and ^^β are conjugate. Proof. The duality theorem of crossed products [62], [34] implies that in general, if α and β are cocycle conjugate, ^α and ^^β are conjugate.

Assume that ^α and ^^β are conjugate now. Then, there exists an automorphism θ of O_2 ⊗ K (L^2 (G)) such that θ · α_g ⊗ Ad(ρ(g)) = β_g ⊗ Ad(ρ(g)) · θ, g ∈ G. Let e ∈ K (L^2 (G)) be the projection onto the constant functions, and f = θ(1 ⊗ e). Then, (O_2, α) ∼= (f(O_2 ⊗ K (L^2 (G)))f, ^^β|_{f(O2⊗K(L}2_{(G)))f} ).

Since every pair of non-zero projections in O_2 ⊗ K (L^2 (G)) are equivalent, there exists a partial isometry v ∈ O_2 ⊗ K (L^2 (G)) such that vv^∗ = f, v^∗v = (1 ⊗ e). We introduce a β-cocycle u by the relation u(g) ⊗ e = v^∗^^β_g(v), g ∈ G. Then, it is easy to show

(f(O_2 ⊗ K (L^2 (G)))f, ^^β|_{f(O2⊗K(L}2_{(G)))f} ) ∼= (O_2, β^u), which finishes the proof.

Theorem 4.6. Let p be a prime number and q = p^m, m ∈ N. Let α and β be outer actions of Z_q on O_2. We assume that α and β are strongly approximately inner. Then, (1) α and β are approximately representable.

(2) α and β are conjugate if and only if there exists an isomorphism θ from O_2 ⋊_α Z_q onto O_2 ⋊_β Z_q such that θ · ^α_τ · θ^{−1} and ^β_τ are approximately unitary equivalent for all τ ∈ ^Z_q, and K_0(θ)([e_α]) = [e_β].

22 MASAKI IZUMI

(3) α and β are cocycle conjugate if and only if there exists an isomorphism θ from O_2 ⋊_α Z_q onto O_2 ⋊_β Z_q such that θ · ^α_τ · θ^{−1} and ^β_τ are approximately unitary equivalent for all τ ∈ ^Z_q.

Proof. Once we show that α and β are approximately representable, (2) and (3) follow from Theorem 3.5, Lemma 3.8, Corollary 3.9, and Lemma 4.5. Thus, it suffices to prove (1). Let ω ∈ βN \ N be a free ultrafilter. The same argument as in the proof of Theorem 4.2 implies K_0(O_{2ω}) ∼= K_1(O_{2ω}) ∼= {0}. Thanks to Lemma 2.2, α_ω is an outer action of Z_q on the simple C^∗-algebra O_{2ω}. Thus, O_{2ω} ⋊_{αω} Z_q and (O_{2ω})^{αω} = (O^α_2 )^ω ∩ O^′_2 are strongly Morita equivalent and they have isomorphic Kgroups. Therefore, Lemma 4.4 implies that K_0((O^α_2 )^ω ∩ O^′_2) is uniquely p-divisible. Thanks to Lemma 2.1, (O^α_2 )^ω ∩ O^′_2 is purely infinite. Since (O^α_2 )^ω ∩ O^′_2 is a unital purely infinite simple C^∗-algebra with the uniquely p-divisible K_0-group, it has a C^∗- subalgebra containing the unit of (O^α_2 )^ω ∩ O^′_2 that is isomorphic to M_q . Therefore, Lemma 3.10 implies that α is approximately representable.

When q = 2, we can get a more satisfactory classification result (though not complete yet). Before stating it, we construct a model action.

Let O^{st}_∞ be a C^∗-algebra that is strongly Morita equivalent to the Cuntz algebra O_∞ and is in the Cuntz standard form. Then, we have

K_0(O^{st}_∞) ∼= Z, K_1(O^{st}_∞) ∼= {0}.

Since O^{st}_∞ is in the Cuntz standard form, it contains a unital copy of O_2, and Theorem 4.1 implies that the infinite tensor product of O^{st}_∞ is isomorphic to O_2. We fix such an isomorphism and identify O_2 with the infinite tensor product of O^{st}_∞. We choose a projection e ∈ O^{st}_∞ whose class generates K_0(O^{st}_∞). We set u = 2e − 1 and introduce a period two automorphism of O_2 by ν = ∞⨂ k=1 Ad(u). We regard ν as an outer action of Z_2.

Lemma 4.7. Let ν be as above. Then, O_2 ⋊_ν Z_2 is a separable purely infinite simple nuclear unital C^∗-algebra satisfying the UCT such that

(K_0(O_2 ⋊_ν Z_2), [1]) ∼= (Z[ 1 2 ], 1), K_1(O_2 ⋊_ν Z_2) ∼= {0}.

Proof. Since ν is outer, Lemma 2.1 implies that O_2 ⋊_ν Z_2 is separable purely infinite simple nuclear. Let λ be the implementing unitary of ν in O_2 ⋊ Z_2. We set

A_n = n⨂ k=1 O^{st}_∞,

u_n = n⨂ k=1 Ad(u),

FINITE GROUP ACTIONS ON C^∗-ALGEBRAS WITH THE ROHLIN PROPERTY, I 23

e_n = n⨂ k=1 e, and ν_n = Ad(u_n). We denote by B_n the C^∗-algebra generated by A_n and λ, which is identified with A_n ⋊_{νn} Z_2. Let v_n = u_nλ ∈ B_n and set

f_n =

1 + v_n 2 , g_n = 1 − v_n 2 . Then, f_n and g_n are central projection of B_n, and we have B_n = B_nf_n ⊕ B_ng_n ∼= O^{st}_∞ ⊕ O^{st}_∞.

Since O_2 ⋊_ν Z_2 is the inductive limit of {B_n}^∞_{n=1}, it satisfies the UCT. Note that K_0(B_n) is isomorphic to Z^2 with generators [e_nf_n], [e_ng_n], and K_1(B_n) is trivial. Let ι_n be the inclusion map of B_n into B_{n+1}. Then,

K_0(ι_n)([e_nf_n]) = [ e_n ⊗ 1 + (e_n ⊗ u)v_{n+1} 2 ] = [e_{n+1}f_{n+1} + (e_n ⊗ (1 − e))g_{n+1}] = [e_{n+1}f_{n+1}] − [e_{n+1}g_{n+1}], and so, K_0(O_2 ⋊_ν Z_2) is isomorphic to the inductive limit of Z^2 with the stationary connecting maps given by the matrix ( 1 −1 −1 1 ) . Therefore, we get the statement.

Theorem 4.8. Let α and β be outer actions of Z_2 on O_2. We assume that α and β are strongly approximately inner. Then, (1) The following two conditions are equivalent:

(i) α and β are conjugate.

(ii) There exists an isomorphism θ from O_2 ⋊_α Z_2 onto O_2 ⋊_β Z_2 such that K_0(θ)([e_α]) = [e_β ].

(iii) O^α_2 and O^β_2 are isomorphic.

(2) The following conditions are equivalent:

(i) α and β are cocycle conjugate. (ii) O_2 ⋊_α Z_2 and O_2 ⋊_β Z_2 are isomorphic.

(3) For every pair of countable abelian uniquely 2-divisible groups Γ_i, i = 0, 1, there exists an approximately representable outer action γ of Z_2 such that K_i(O_2 ⋊_γ Z_2) ∼= Γ_i, i = 0, 1.

γ can be taken so that O_2 ⋊_γ Z_2 satisfies the UCT.

Proof. (1), (2). Note that if two automorphisms of a separable purely infinite simple unital nuclear C^∗-algebra give the same class in the KK-group, then they are asymptotically unitary equivalent [39], and so approximately unitary equivalent as well. Therefore, to prove the statement applying Theorem 4.6, it suffices to show that if α is an outer action of Z_2 on O_2, then [^α] = −[Id] in KK(O_2 ⋊_α Z_2, O_2 ⋊_α Z_2).

24 MASAKI IZUMI

Let A = O_2 ⋊_α Z_2. We denote by ι_1 the inclusion map of A into A ⋊_{^α} Z_2, and by ι_2 the inclusion map of A ⋊_{^α} Z_2 into A ⊗ M_2 given by the crossed product by ^α. Then, the Takai duality theorem shows that we have

ι_2 · ι_1(x) = ( x 0 0 ^α(x) ) , x ∈ A. On the other hand, since A ⋊_{^α} Z_2 is isomorphic to O_2, [ι_1] and [ι_2] are trivial in the KK-groups, and so we get [Id] + [^α] = 0 in KK(A, A).

(3). Let B be a separable purely infinite simple unital nuclear C^∗-algebra such that K_i(B) ∼= Γ_i, i = 0, 1, [20, Theorem 5.6]. Thanks to Theorem 4.1, O_2 ⊗ B is isomorphic to O_2. We define a Z_2-action γ on O_2 ⊗ B by γ = ν ⊗ Id, where ν is as in Lemma 4.7. By construction, γ is approximately representable. We show that γ has the desired property under identification of O_2 and O_2 ⊗ B. Indeed, we have

(O_2 ⊗ B) ⋊_γ Z_2 = (O_2 ⋊_ν Z_2) ⊗ B.

Since Γ_i is uniquely 2-divisible, Lemma 4.7 and the Künneth formula [58] imply

K_i((O_2 ⋊_ν Z_2) ⊗ B) ∼= Γ_i, i = 0, 1,

which finishes the proof.

Remark 4.9. (1) It is also possible to construct model actions for Z_q-actions with a prime power q = p^m. As in the Z_2 case, one can deduce a necessary condition for the K-groups of the crossed product as follows: K_i(O_2 ⋊_α Z_q), i = 0, 1 are uniquely p-divisible, and_{q−1} ∑ i=0 [^α^i] = 0

in KK(O_2 ⋊_α Z_q, O_2 ⋊_α Z_q). It turns out that this is indeed sufficient. In the second part, we will construct a Z_q-action on O_2 such that the K-groups of the crossed product is isomorphic to a given pair of countable Z_q-modules fulfilling the above constraint.

(2) To the best knowledge of the author, all the known examples of Z_2-actions on O_2 so far are strongly approximately inner, as we will see partly below.

5. Examples

For the Cuntz algebra O_n, n < ∞, we set H_n to be the linear span of the canonical generators {S_i}^n_{i=1}. H_n has natural Hilbert space structure and H_nH^∗_n is identified with B (H_n ). An action α of a topological group G on O_n is said to be quasi-free if α_g globally preserves H_n for each g ∈ G. For a quasi-free action α, we set

π_α(g) = n∑ i=1 α_g(S_i)S^∗_i , g ∈ G. Then, π_α is a continuous unitary representation of G in U(H) ⊂ O_n. The map α → π_α gives a one-to-one correspondence between the set of unitary representation of G in U(H) and the set of quasi-free actions of G on O_n.

FINITE GROUP ACTIONS ON C^∗-ALGEBRAS WITH THE ROHLIN PROPERTY, I 25

First, we recall M. H. Mann, I. Raeburn, and C. E. Sutherland’s result on the K-theory of the fixed-point algebra for a quasi-free action of a finite group [48]. Lemma 5.1. Let α be a quasi-free action of a finite group G on O_n, n ≠ ∞, and ^G be the set of equivalence classes of irreducible representations of G. We define a matrix M = (M_{π,σ})_{π,σ∈ ^G} by M_{π,σ} = dim Hom(π_α ⊗ π, σ), π, σ ∈ ^G. Then, the fixed-point algebra O^α_n is stably isomorphic to the Cuntz-Krieger algebra O_M [17]. In consequence, we have K_0(O^α_n ) ∼= Z^n/(I − M)Z^n, K_1(O^α_n ) ∼= Ker((I − M) : Z^n −→ Z^n).

As an application of Theorem 4.2, we show the Rohlin property for some class of finite group actions, which is not at all clear from the definition. Example 5.2. Let p be a prime number. We set A = p⨂ k=1 O_2,

and α to be the cyclic permutation of tensor components. Then, A is isomorphic to O_2 and α defines an outer action of Z_p on A. We show that α has the Rohlin property. We denote by α^{(n)} the cyclic permutation of the tensor components of

A_n = p⨂ k=1 O_n. Then, since there exists a unital embedding of O_n into O_2 for all n ≥ 2 and O_2 is isomorphic to the infinite tensor product of itself, (A^α)^∞ ∩ A^′ contains a unital copy of B = ∞⨂ n=2 A^{α(n)}_n . We show that B contains a unital copy of O_2, which will imply that α has the Rohlin property thanks to Theorem 4.2. Let {S^{(n)}_i }^n_{i=1} be the canonical generator of O_n. We set T^{(n)}_{i1i2···ip} = p⨂ k=1 S^{(n)}_{ik} . Then, the C^∗-algebra generated by {T^{(n)}_{i1i2···ip} } is isomorphic to O_np and the restriction of α^{(n)} to C^∗{T^{(n)}_{i1i2···ip} } is quasi-free. We denote by B_n the fixed-point subalgebra of C^∗{T^{(n)}_{i1i2···ip} } under this quasi-free action. Lemma 2.1 and Lemma 5.1 imply that B_n is a separable purely infinite simple unital nuclear C^∗-algebra satisfying the UCT. We compute the K-groups of B_n using Lemma 5.1. Simple counting argument shows that the representation of Z_p on ⨂_p k=1 C^n induced by the cyclic permutation of the tensor components is equivalent to the direct sum of the trivial representation with

26 MASAKI IZUMI

multiplicity n and the regular representation with multiplicity (n^p − n)/p. Let J be the p by p matrix whose entries are all 1. Then, Lemma 5.1 implies that K_0(B_n) ∼= Z^p/(I − M_n)Z^p, K_1(B_n) ∼= Ker((I − M_n) : Z^p −→ Z^p), where M_n = nI + n^p − n p J. We set Q = J/p, which is a projection of rank one. Then, I − M_n = (1 − n)(I − Q) + (1 − n^p)Q, and so, det(I − M_n) = (1 − n)^{(p−1)}(1 − n^p) ≠ 0.

Thus, K_1(B_n) is trivial. Let 2^p − 1 = q^{c1}_1 q^{c2}_2 · · · q^{ck}_k be the decomposition of 2^p − 1 into distinct odd prime powers. Then, we have K_0(B_2) = G_1 ⊕ G_2 ⊕ · · · ⊕ G_k, where G_i is a q_i-group for every i. We set

D = B_2 ⊗ k⨂ i=1 B_{qi} . As we have det(I − M_{qi} ) ≡ 1 mod q_i, the Künneth formula [58] implies K_0(D) ∼= K_1(D) ∼= 0, which shows that D is isomorphic to O_2 thanks to the classification theorem [39]. Therefore, α has the Rohlin property.

In a similar way, we give an example of an action of a non-commutative group on O_2 with the Rohlin property.

Example 5.3. Let A = O_2 ⊗ O_2 ⊗ O_2, which is isomorphic to O_2. Then, the symmetric group S_3 acts on A as permutations of the tensor components, which is denoted by α. We show that α has the Rohlin property. We define B_n in the same way as above replacing Z_p with S_3, and compute the K-groups of B_n. Let π_n be the representation of S_3 on C^n ⊗ C^n ⊗ C^n coming from the permutations of the tensor components. Then, a simple counting argument yields that π_n is equivalent to the direct sum of trivial representation with multiplicity n, the representation induced by the natural action of S_3 on the three point set with multiplicity n(n − 1), and the regular representation with multiplicity n(n − 1)(n − 2)/6. We denote by 1, χ, and σ the trivial representation, the signature representation, and the unique 2-dimensional irreducible representation of S_3 respectively. Then, π_n ∼= n(n + 1)(n + 2) 6 · 1 ⊕ n(n − 1)(n − 2) 6 · χ ⊕ n(n − 1)(n + 1) 3 · σ. Thus, we get K_0(B_n) ∼= Z^3/(I − M_n)Z^3, K_1(B_n) ∼= Ker((I − M_n) : Z^3 −→ Z^3),

FINITE GROUP ACTIONS ON C^∗-ALGEBRAS WITH THE ROHLIN PROPERTY, I 27

where

M_n = a b c b a c c c a + b + c ,

a = n(n + 1)(n + 2) 6 , b = n(n − 1)(n − 2) 6 , c = n(n − 1)(n + 1) 3 . Direct computation implies

det(I − M_n) = −(n − 1)(n^2 − 1)(n^3 − 1),

and in particular, we get

det(I − M_2) = −3 · 7, det(I − M_3) = −2^5 · 13.

Thus, K_0(B_2 ⊗ B_3) ∼= K_1(B_2 ⊗ B_3) ∼= {0}, which shows that B_2 ⊗ B_3 are isomorphic to O_2, and α has the Rohlin property.

Remark 5.4. Let A be the n-fold tensor product of O_2 and α be the action of the symmetric group S_n on A obtained as in Example 5.3. Then, it is possible to generalize the above result and to show the Rohlin property of α for general n without using the representation theory. Indeed, as we saw in the above argument, to show the Rohlin property using Theorem 4.2 in this particular case, it suffices to prove that the fixed-point algebra A^α contains a unital copy O_2. For this, it further suffices to show K_0(A⋊_α S_n) = {0}, as A^α is strongly Morita equivalent to A⋊_α S_n. Indeed, one can show by a purely KK-theoretical argument that A ⋊_α S_n is KK-equivalent to O_2 (and so, the classification theorem tells that A^α is isomorphic to O_2). We leave details here (and discuss them elsewhere).

Next, we analyze quasi-free actions themselves. In order to show that some class of quasi-free actions are approximately representable, we need some preparation.

Lemma 5.5. Let π be a unitary representation of a finite group G in C^n . We set B = ∞⨂ i=−∞ M_n ,

γ_g = ∞⨂ i=−∞ Ad(π(g)), g ∈ G. Let σ be the shift automorphism of B and σ_G be the restriction of σ to B^γ . Then, σ_G has the Rohlin property as a single automorphism in the sense of [43].

Proof. Let τ be the unique normalized trace on B. Since γ is the infinite tensor product of identical actions of a finite group, B^γ is an AF algebra with stationary inclusion matrices. Thus, B^γ has a unique normalized trace [18], which is the restriction of τ. Therefore, in order to show the Rohlin property of σ_G applying [43, Theorem 2.1], it suffices to show that σ_G is approximately inner and the weakly continuous extension of σ_G to the weak closure of B^γ in the GNS representation of the unique trace is aperiodic.

28 MASAKI IZUMI

Since B^γ is AF, to prove that σ_G is approximately inner, it suffices to show that it acts on K_0(B^γ ) trivially. Let

B_m = m⨂ k=−m M_n , and γ^{(m)} be the restriction of γ to B_m. Then, the fixed-point algebra B^{γ(m)}_m is nothing but the commutant of the representation

π_m := m⨂ k=−m π. For a projection e ∈ B^{γ(m)}_m , we define the representation π^e_m by the subrepresentation of π_m in the image of e. Then, two projections e, f ∈ B^{γ(m)}_m are equivalent in B^{γ(m)}_m if and only if the corresponding two representations π^e_m and π^f_m are equivalent. Since π ⊗ π^e_m ⊗ π ∼= π ⊗ π ⊗ π^e_m, we get [σ_G(e)] = [e] in K_0(B^{γ(m+1)}_{m+1} ) for all projection e ∈ B^{γ(m)}_m . As B^γ is the inductive limit of the system {B^{γ(m)}_m }^∞_{m=1}, we obtain K_0(σ_G) = 1.

Let R be the weak closure of B in the GNS representation of τ. We denote by σ and γ the weakly continuous extension of σ and γ respectively. To prove that the weakly continuous extension of σ_G in the GNS representation of the unique trace is aperiodic, it suffices to show that the restriction of σ to R^γ is aperiodic. Note that for all x ∈ R, {σ^n(x)}^∞_{n=1} converges to τ(x)1 in the weak operator topology [53, Chapter 7, Section 13]. Suppose that there exist an integer n ≠ 0 and a unitary u ∈ R^γ satisfying σ^n(x) = uxu^∗, x ∈ R^γ . Then, we would have u = w- lim_{k→∞} σ^{nk}(u) = τ(u)1 ∈ C 1.

However, this implies that σ^n_G would be trivial, which is a contradiction. Thus, σ_G has the Rohlin property in the sense of [43].

Proposition 5.6. Let α be a quasi-free action of a finite group G on O_n, n ≠ ∞. Then, (1) There exists a sequence of unital endomorphisms {ρ_k}^∞_{k=1} of O_n such that each ρ_k commutes with α_g, g ∈ G, and lim_{k→∞}[x, ρ_k(y)] = 0, x, y ∈ O_n. (2) If G is abelian, α is strongly approximately inner.

Proof. We follow the arguments in [9] and [55]. Let F_n be the UHF part of O_n and F^α_n = F_n ∩ O^α_n . We define the canonical endomorphism σ_0 of O_n by

σ_0(x) = n∑ i=1 S_ixS^∗_i , x ∈ O_n.

FINITE GROUP ACTIONS ON C^∗-ALGEBRAS WITH THE ROHLIN PROPERTY, I 29

We claim that for every unitary u ∈ F^α_n and a positive number ϵ, there exists a unitary v ∈ F^α_n such that ||u − vσ_0(v^∗)|| < ϵ. Indeed, the claim follows from Lemma 5.5 and the same argument as in [33], [55, Section 4].

(1). Let E be the permutation operator, which is a self-adjoint unitary defined by E = n∑ i,j=1 S_iS_jS^∗_i S^∗_j . Then, we have σ_0(S_i) = ES_i, i = 1, 2, · · · , n. Applying the claim to E, we get a sequence of unitaries {u_k}^∞_{k=1} ⊂ F^α_n such that lim_{k→∞} ||E − u^∗_kσ_0(u_k)|| = 0. We define ρ_k by ρ_k(S_i) = u_nS_i, i = 1, 2, · · · , n. Then,

||σ_0(ρ_k(S_i)) − ρ_k(S_i)|| = ||σ_0(u_k)σ_0(S_i) − u_kS_i|| = ||(E − σ_0(u^∗_k)u_k)S_i|| ≤ ||E − u^∗_kσ_0(u_k)||, i = 1, 2, · · · , n. Thus, we get lim_{k→∞} ||[ρ_k(S_i), S_j]|| = lim_{k→∞} ||[ρ_k(S_i), S^∗_j ]|| = 0, i, j = 1, 2, · · · n, which shows that {ρ_k(x)}^∞_{k=1} is a central sequence for all x ∈ O_n. Since u_k is fixed by α, ρ_k commutes with α_g for g ∈ G.

(2). When G is abelian, π_α(g) ∈ F^α_n for g ∈ G. Thus, applying the claim to π_α(g), we get a sequence of unitaries {v(g)_k}^∞_{k=1} ⊂ F^α_n such that lim_{k→∞} ||π_α(g) − v(g)_kσ_0(v(g)^∗_k)||. This implies 0 = lim_{k→∞} ||(π_α(g) − v(g)_kσ_0(v(g)^∗_k))S_i|| = lim_{k→∞} ||α_g(S_i) − Ad(v(g)_k)(S_i)||, i = 1, 2, · · · , n, which shows that α is strongly approximately inner.

Example 5.7. Let G be a finite group and {S_g}_{g∈G} be the canonical generators of the Cuntz algebra O_n where n = |G|. We introduce a quasi-free action α of G on O_n by α_g(S_h) = S_{gh}, g, h ∈ G. Then, Proposition 5.6, (1), implies that α has the Rohlin property. Thanks to [55], [39], we have Aut(O_n) = Inn(O_n) and O_n ∼= O_n ⊗ M_n∞ . Therefore, Theorem 4.2 implies (O_n, α) ∼= (O_n ⊗ M_n∞ , Id ⊗ μ^G).

Example 5.8. There are two essentially different quasi-free Z_2-actions on O_2 defined by α(S_1) = S_1, α(S_2) = −S_2, β(S_1) = −S_1, β(S_2) = −S_2.

30 MASAKI IZUMI

Thanks to Theorem 4.8 and Proposition 5.6, α and β are approximately representable and they are classified by the K-theoretical data of the crossed products. Since α is conjugate to the one in Example 5.7 for G = Z_2, α has the Rohlin property. It is easy to show that O^β_2 is isomorphic to O_4 and

(K_0(O^β_2 ), K_1(O^β_2 ), [1]) ∼= (Z_3, {0}, 1).

Therefore, Theorem 4.8, (1) and the classification theorems [55, Theorem 7.1], [39] with direct computation of the K-theory of the fixed-point algebras imply

(O_2, β) ∼= (O_4 ⊗ O_2, Id ⊗ ν) ∼= (O_4 ⊗ M_3∞ , Id ⊗ ∞⨂ k=1 Ad(w)),

where ν is as in Lemma 4.7 and w = 1 0 0 0 1 0 0 0 −1 . Part of these results can be also obtained by using D. E. Evans and H. Su’s classification result [24].

Now we discuss the quasi-free actions of a cyclic group of prime power order.

Theorem 5.9. Let p be a prime number, and q = p^m, m ∈ N. We assume that n is a natural number satisfying n ≢ 1 mod p. If α is a quasi-free action of Z_q on the Cuntz algebra O_n, then α is approximately representable.

Proof. Proposition 5.6 implies that α is strongly approximately inner. Thus, to prove the statement it suffices to show that (O^α_n )^∞ ∩O^′_n contains a unital copy of M_q thanks to Lemma 3.10. Proposition 5.6 implies that (O^α_n )^∞ ∩ O^′_n contains a unital copy of O^α_n . Thus, we show that if n ≢ 1 mod p, K_0(O^α_n ) is p-divisible, which will imply that O^α_n contains a unital copy of M_q .

We choose a character χ of Z_q with order q, and denote by n_i the multiplicity of χ^i in π_α, i = 0, 1, · · · , q − 1. Let λ be the permutation matrix of order q, i.e.

0 0 0 · · · 0 1 1 0 0 · · · 0 0 0 1 0 · · · 0 0 . . . . . . . . . . 0 0 0 · · · 1 0 .

Then, Lemma 5.1 implies

K_0(O^α_n ) ∼= Z^q/(I − M)Z^q,

K_1(O^α_n ) ∼= Ker((I − M) : Z^q −→ Z^q), where M = q−1∑ i=0 n_iλ^i.

FINITE GROUP ACTIONS ON C^∗-ALGEBRAS WITH THE ROHLIN PROPERTY, I 31

To prove that K_0(O^α_n ) is p-divisible, it suffices to show det(I − M) ≢ 0 mod p. Indeed, over the finite field F_p = Z/pZ, the permutation matrix λ is similar to the following Jordan block: 1 1 0 0 · · · 0 0 0 1 1 0 · · · 0 0 . . . . . . . . . . . . 0 0 0 0 · · · 1 1 0 0 0 0 · · · 0 1 .

Thus, we get det(1 − M) ≡ (1 − n)^q ≡ 1 − n mod p, which finishes the proof.

Example 5.10. Let m be a natural number and α be a quasi-free Z_m-action on O_2 defined by α(S_1) = S_1, α(S_2) = e^{2πi/m}S_2.

Lemma 5.1 implies

K_0(O_2 ⋊_α Z_m) ∼= K_1(O_2 ⋊_α Z_m) ∼= {0},

which shows that O_2 ⋊_α Z_q ∼= O_2. The same argument as in the above proof shows that α is approximately representable. Thus, Lemma 3.8 implies that ^α has the Rohlin property and

(O_2 ⋊_α Z_m, ^α) ∼= (O_2 ⊗ M_m∞ , Id ⊗ μ^{Zm}).

In particular, ^α is approximately representable, and so α itself has the Rohlin property.

Example 5.11. Let α be a quasi-free Z_2-action on O_3 defined by

α(S_1) = S_1, α(S_2) = S_2, α(S_3) = −S_3.

Then, Lemma 5.1 (or [16]) implies

K_0(O_3 ⋊_α Z_2) ∼= K_1(O_3 ⋊_α Z_2) ∼= Z.

On the other hand, we have [15]

K_0(O_3) ∼= Z_2, K_1(O_3) = {0}.

Therefore, Theorem 3.13 implies that the dual action ^α does not have the Rohlin property, which shows that α is not approximately representable. This means that there exists essential difference between quasi-free Z_2-actions on the even and odd Cuntz algebras. This kind of difference was already observed in [24], but it appears to be rather of technical nature there.

Remark 5.12. In the second part, we will more systematically pursue K-theoretical constraints coming from the Rohlin property, and show the following: Let p, q, χ, α, π_α, and n_i, i = 0, 1, · · · , q − 1 be as in the proof of Theorem 5.9. We assume that n = p^al + 1, a, l, m ∈ N such that l is prime to p. If n_i ≢ 0 mod p^a for some i ≠ 0, then α is not approximately representable.

32 MASAKI IZUMI

We determine when a quasi-free Z_2-action has the Rohlin property.

Proposition 5.13. Let α be a non-trivial quasi-free Z_2-action on O_n. Then, α has the Rohlin property if and only if n is even and the multiplicity of the trivial representation in π_α is either n/2 or n/2 + 1.

Proof. Assume that α has the Rohlin property. Let ι be the inclusion map of the fixedpoint algebra O^α_n into O_n. Then, Theorem 3.13 implies that Im(K_i(ι)) is injective. Moreover, since every automorphism of O_n acts on the K-groups trivially, we have

Im(K_i(ι)) = K_i(O_n) = 2K_i(O_n), i = 0, 1.

This implies that K_i(O_n) is 2-divisible, and so n is even. Easy computation with Lemma 5.1 shows that the multiplicity of the trivial representation in π_α is either n/2 or n/2 + 1.

Now, we assume conversely that n is even and the trivial representation in π_α is either n/2 or n/2 + 1. Then, Theorem 5.9 implies that α is approximately representable, and so Lemma 3.8 implies that the dual action ^α has the Rohlin property. Direct computation with Lemma 5.1 implies that the crossed product O_n ⋊_α Z_2 has the same K-theory as O_n, and in fact it is isomorphic to O_n thanks to the classification theorem. Since every automorphism of O_n is approximately inner and O_n is isomorphic to O_n ⊗ M_2∞ for even n [55], Theorem 3.5 implies

(O_n ⋊_α Z_2, ^α) ∼= (O_n ⊗ M_2∞ , Id ⊗ μ^{Z2}).

In particular, ^α is approximately representable. Thus, Lemma 3.8 shows that α has the Rohlin property.

Definition 5.14. Let p be a prime number, and q = p^m, m ∈ N. A Z_q-action α on a unital simple C^∗-algebra A is said to be of Evans-Su type if (A, α) is the inductive limit of the following system {(A_k, α^{(k)})}^∞_{k=1}:

A_k = l_k⨁

j=1 O_{nk,j} ⊗ M_{mk,j} ,

α^{(k)} = l_k⨁

j=1 α^{(k,j)} ⊗ Ad(u_{k,j}), where α^{(k,j)} is a quasi-free action, u_{k,j} ∈ M_{mk,j} is a unitary, and n_{k,j} ≢ 1 mod p for every k, j.

In [24], D. E. Evans and H. Su classified this class of actions when q = 2. Thanks to Theorem 5.9, every Evans-Su type action is approximately representable and the K_1-group of the crossed product is trivial. Thus we get the following from Theorem 3.5, [55, Theorem 5.2], and [39]:

Corollary 5.15. Let p be a prime number, and q = p^m, m ∈ N. Let α and β be Z_q-actions of Evans-Su type on a unital simple C^∗-algebra A. Then the following two conditions are equivalent: (1) α and β are conjugate.

FINITE GROUP ACTIONS ON C^∗-ALGEBRAS WITH THE ROHLIN PROPERTY, I 33

(2) There exists an isomorphism φ from K_0(A ⋊_α Z_q) onto K_0(A ⋊_β Z_q) such that φ · K_0(^α) = K_0(^β) · φ, φ([1_{A⋊αZq}]) = [1_{A⋊β Zq}], φ([e_α]) = [e_β].

In other words, the quadruple (K_0(A ⋊_α Z_q), [1_{A⋊αZq}], [e_α], K_0(^α)) is a complete invariant for the Evans-Su type actions up to conjugacy.

References

[1] Bisch, D. On the existence of central sequences in subfactors. Trans. Amer. Math. Soc. 321 (1990), 117–128.

[2] Blackadar, B. Symmetries of the CAR algebra. Ann. Math. (2) 131 (1990), 589–623. [3] Blackadar, B. talk at the Fields Institute, December 1994.

[4] Blackadar, B. K-Theory for Operator Algebras. Second Edition. Mathematical Sciences Research Institute Publications, 5. Springer-Verlag, New York, 1998.

[5] Blackadar, B.; Kumjian, A.; Rørdam, M. Approximately central matrix units and the structure of noncommutative tori. K-Theory 6 (1992), 267–284.

[6] Bratteli, O.; Elliott, G. A.; Evans, D. E.; Kishimoto, A. On the classification of inductive limits of inner actions of a compact group. “Current topics in operator algebras” (Nara, 1990), 13–24, World Sci. Publishing, River Edge, NJ, 1991.

[7] Bratteli, O.; Elliott, G. A.; Kishimoto, A. Quasi-product actions of a compact group on a C^∗-algebra. J. Funct. Anal. 115 (1993), 313-343.

[8] Bratteli, O.; Kishimoto, A. Trace scaling automorphisms of certain stable AF algebras. II. Q.

J. Math. 51 (2000), 131–154.

[9] Bratteli, O.; Kishimoto, A.; Rørdam, M.; Størmer, E. The crossed product of a UHF algebra by a shift. Ergodic Theory Dynam. Systems 13 (1993), 615–626.

[10] Brown, L. G. Semicontinuity and multipliers of C^∗-algebras. Canad. J. Math. 40 (1988), 865– 988.

[11] Connes, A. Outer conjugacy classes of automorphisms of factors. Ann. Sci. École Norm. Sup.

(4) 8 (1975), 383–419.

[12] Connes, A. Periodic automorphisms of the hyperfinite factor of type II_1. Acta Sci. Math.

(Szeged) 39 (1977), 39–66.

[13] Connes, A. An analogue of the Thom isomorphism for crossed products of a C^∗-algebra by an action of R. Adv. in Math. 39 (1981), 31–55.

[14] Cuntz, J. Simple C^∗-algebras generated by isometries. Comm. Math. Phys. 57 (1977), 173–185. [15] Cuntz, J. K-theory for certain C^∗-algebras. Ann. of Math. (2) 113 (1981), 181–197. [16] Cuntz, J.; Evans, D. E. Some remarks on the C^∗-algebras associated with certain topological Markov chains. Math. Scand. 48 (1981), 235–240.

[17] Cuntz, J.; Krieger, W. A class of C^∗-algebras and topological Markov chains. Invent. Math. 56 (1980), 251–268.

[18] Effros, E. G. Dimensions and C^∗-algebras. CBMS Regional Conference Series in Mathematics, 46. Conference Board of the Mathematical Sciences, Washington, D.C., 1981.

[19] Elliott, G. A. On the classification of C^∗-algebra of real rank zero. J. Reine Angew. Math. 443 (1993), 179–219.

[20] Elliott, G. A.; Rørdam, M. Classification of certain infinite simple C^∗-algebras. II. Comment.

Math. Helv. 70 (1995), no. 4, 615–638.

[21] Elliott, G. A.; Su, Hongbing K-theoretic classification for inductive limit Z_2 actions on AF algebras. Canad. J. Math. 48 (1996), 946–958.

[22] Evans, D. E.; Kishimoto, A. Duality for automorphisms on a compact C^∗-dynamical system.

Ergodic Theory Dynam. Systems 8 (1988), 173–189.

34 MASAKI IZUMI

[23] Evans, D. E.; Kishimoto, A. Trace scaling automorphisms of certain stable AF algebras.

Hokkaido Math. J. 26 (1997), 211–224.

[24] Evans, D. E.; Su, Hongbing. K-theoretic classification for certain Z_2 actions on inductive limits of Cuntz algebras. preprint.

[25] Goldstein, P. Classification on canonical Z_2-actions on O_∞. preprint. [26] Goldstein, P. K-theoretic Classification of Canonical Z_2-actions on Cuntz-Krieger Algebras.

preprint.

[27] Fack, Th.; Maréchal, O. Sur la classification des symétries des C^∗-algèbres UHF. Canad. J.

Math. 31 (1979), 496–523.

[28] Fack, Th.; Maréchal, O. Sur la classification des automorphismes périodiques des C^∗-algèbres UHF. J. Funct. Anal. 40 (1981), 267–301.

[29] Handelman, D.; Rossmann, W. Product type actions of finite and compact groups. Indiana Univ. Math. J. 33 (1984), 479–509.

[30] Handelman, D.; Rossmann, W. Actions of compact groups on AF C^∗-algebras. Illinois J. Math.

29 (1985), 51–95.

[31] Herman, R. H.; Jones, V. F. R. Period two automorphisms of UHF C^∗-algebras. J. Funct. Anal.

45 (1982), 169–176.

[32] Herman, R. H.; Jones, V. F. R. Models of finite group actions. Math. Scand. 52 (1983), 312–320. [33] Herman, R. H.; Ocneanu, A. Stability for integer actions on UHF C^∗-algebras. J. Funct. Anal.

59 (1984), 132–144.

[34] Imai, S.; Takai, H. On a duality for C^∗-crossed products by a locally compact group. J. Math.

Soc. Japan 30 (1978), 495–504.

[35] Izumi, M. The Rohlin property for automorphisms of C^∗-algebras. Mathematical Physics in Mathematics and Physics (Siena, 2000), 191–206, Fields Inst. Commun., 30, Amer. Math. Soc., Providence, RI, 2001.

[36] Izumi, M. Inclusions of simple C^∗-algebras. to appear in J. Reine Angew. Math. [37] Jones, V. F. R. Actions of finite groups on the hyperfinite type II_1 factor. Mem. Amer. Math.

Soc. 28 (1980), no. 237.

[38] Jeong, J. A.; Kodaka, K. ; Osaka, H. Purely infinite simple C^∗-crossed products. II. Canad.

Math. Bull. 39 (1996), 203–210.

[39] Kirchberg, E.; Phillips, N. C. Embedding of exact C^∗-algebras in the Cuntz algebra O_2. J. Reine Angew. Math. 525 (2000), 17–53.

[40] Kishimoto, A. On the fixed point algebra of a UHF algebra under a periodic automorphism of product type. Publ. Res. Inst. Math. Sci. 13 (1977/78), 777–791.

[41] Kishimoto, A. Outer automorphisms and reduced crossed products of simple C^∗-algebras.

Comm. Math. Phys. 81 (1981), 429–435.

[42] Kishimoto, A. Actions of finite groups on certain inductive limit C^∗-algebras. Internat. J. Math.

1 (1990), 267–292.

[43] Kishimoto, A. Automorphisms of AT algebras with the Rohlin property. J. Operator Theory 40 (1998), 277–294.

[44] Kishimoto, A. Unbounded derivations in AT algebras. J. Funct. Anal. 160 (1998), 270–311. [45] Kishimoto, A.; Kumjian, A. Crossed products of Cuntz algebras by quasi-free automorphisms.

Operator algebras and their applications (Waterloo, ON, 1994/1995), pp. 173–192, Fields Inst. Commun., 13, Amer. Math. Soc., Providence, RI, 1997.

[46] Lin, Huaxin. Classification of simple C^∗-algebras of tracial topological rank zero. preprint, 2000. [47] Lin, Huaxin. An Introduction to the Classification of Amenable C^∗-Algebras. World Scientific, 2001.

[48] Mann, M. H.; Raeburn, I.; Sutherland, C. E. Representations of finite groups and Cuntz-Krieger algebras. Bull. Austral. Math. Soc. 46 (1992), 225–243.

[49] McDuff, D. Central sequences and the hyperfinite factor. Proc. London Math. Soc. 21 (1970), 443–461.

FINITE GROUP ACTIONS ON C^∗-ALGEBRAS WITH THE ROHLIN PROPERTY, I 35

[50] Nakagami, Y.; Takesaki, M. Duality for crossed products of von Neumann algebras. Lecture Notes in Mathematics, 731. Springer, Berlin, 1979. 5J. Math. Soc. Japan 51 (1999), 583–612.

[51] Nakamura, H. Aperiodic automorphisms of nuclear purely infinite simple C^∗-algebras. Ergodic Theory Dynam. Systems 20 (2000), 1749 –1765.

[52] Phillips, N. C. A classification theorem for nuclear purely infinite simple C^∗-algebras. Doc.

Math. 5 (2000), 49–114.

[53] Pedersen, G. K. C^∗-algebras and their automorphism groups. London Mathematical Society Monographs, 14. Academic Press, Inc. [Harcourt Brace Jovanovich, Publishers], London-New York, 1979.

[54] Pimsner, M. V.; Voiculescu, D. Exact sequences for K-groups and Ext-groups of certain crossproduct C^∗-algebras. J. Operator Theory 4 (1980), 93–118.

[55] Rørdam, M. Classification of inductive limits of Cuntz algebras. J. Reine Angew. Math. 440 (1993), 175–200.

[56] Rørdam, M.; Størmer, E. Classification of Nuclear C^∗-algebras. Entropy in Operator Algebras. Operator Algebras and Non-commutative Geometry VII. Encyclopedia of Mathematical Sciences, Springer, 2001.

[57] Rosenberg, J.; Schochet, C. The Künneth theorem and the universal coefficient theorem for Kasparov’s generalized K-functor. Duke Math. J. 55 (1987), 431–474.

[58] Schochet, C. Topological methods for C^∗-algebras. II. Geometry resolutions and the Künneth formula. Pacific J. Math. 98 (1982), 443–458.

[59] Schochet, C. Topological methods for C^∗-algebras. IV. Mod p homology. Pacific J. Math. 114 (1984), 447–468.

[60] Su, Hongbing. K-theoretic classification for certain inductive limit Z_2 actions on real rank zero C^∗-algebras. Trans. Amer. Math. Soc. 348 (1996), 4199–4230.

[61] Sutherland, C. E. Cohomology and extensions of von Neumann algebras. I, II. Publ. Res. Inst.

Math. Sci. 16 (1980), 105–133, 135–174.

[62] Takai, H. On a duality for crossed products of C^∗-algebras. J. Funct. Anal. 19 (1975), 25–39.

Department of Mathematics, Graduate School of Science, Kyoto University, Sakyo-ku, Kyoto 606-8502, Japan

E-mail address: izumi@kusm.kyoto-u.ac.jp