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2023 Entrance Examination
Master Course in Mathematics, Division of Mathematics and Mathematical

Sciences, Graduate School of Science, Kyoto University

ELFARL H Advanced Mathematics

© 9BOME [1|~9] D> 5D 2 BABRL THER L. BIRL -MEES %%
PURIZRAT D Z L.

Select and answer 2 problems out of the 9 problems N@. Write the problem
numbers you chose on the selection sheet.

O MERREIX 2R304 TH 5.

The duration of the examination is 2 hours and 30 minutes.

© MEIFHAES IVCEETEINTVS., MEIFHAEEZIIHEELE L S0
THLZ L.

The problems are given both in Japanese and in English. The answers should be

written either in Japanese or in English.

© ZFEH- -/ — M- EHel - BEER - SRR - NEHFOR HIAAR FIk
5. FESNMYELIZELS Z &,

It is not allowed to refer to any textbooks, notebooks, calculators, cell phones,
information devices or clocks and watches during the examination. They have to

be kept in the designated area.

I: /\f %_i ] Instructions

1. fEROH 2 X THEMF 2RI &,

Do not open this sheet until instructed to do so.

2. BEAM - THEHMOITRTIZ, ZBES - KE&2TLAE L.
Write your name and applicant number in each answer sheet and draft /calculation
sheet.

3. MRS IZRIR S L B OB A, PR B % &S R L ek 2 A
L.



Use a separate answer sheet for each problem and write the problem number
within the box on the sheet.

4. 1MZ2MEAEICD > TIET B L E1E, DDEDH B T & &AM I
IR U TIROHRICE S Z k.
If you need more than one answer sheet for a problem, you may continue to
the next sheet. If you do so, indicate clearly at the bottom of the page that
there is a continuation.

5. IRHIDERE, Lo BIRE, BEAM (WEESIE), THEHEMOIEIZER,
FAUZEZIMILU T L T2 DICLTIRET 5 2 L.
When handing your exam to the proctor, stack your selection sheet and an-
swer sheets (in the order of question numbers) followed by the draft /calculation
sheets. Fold the stack in half with the filled-in side facing outward.

6. Z ORMEM FI3FFBR-> T L.
You may keep this problem sheet.

|: §E 7:3" ] Notation

LAFORET Z, Q R, CldTnTh, BEOeRE, FHBORK, FEORHE,
HEH DK% KT, In the problems, we denote the set of all integers by Z, the
set of all rational numbers by @, the set of all real numbers by R and the set of all

complex numbers by C.

11



The English version is after the Japanese version.

nzIFBBEL, (= VU 2 | EE M TARE T 5. BHO < a,b<2n—1
R U, 2 IREREFTTH] X, ZATD LD IZED 5.

“ 0
x5 0).

7, QIRERIEHTH S ZUTDESIZED .

sz<g ;)_

— AR GLo(C) DIBAHEG %, Xop (0<a,b<2n—1) BET S THEK
IN-HELUTEDS.

(1) GIZEENDAE 2 DO %KD K.
(2) {¢? | g € Gy THEEEIN G OEMMEEE H LB, [G: H %Kkd k.
3) GOWMAMK CGCTH->T, [G:K|=2,%255DDf%% KD &.

BERBURE 2 2R ZHA CIX, Y] DIt FIZH U THERECX,Y]/(F) % R
L. 2,y X, YO RTOHERELL, m=zR+yREBE, THIZ &K
%t E Ry £ B <.

(1) 2PAEDOEK a, b ZFAWVWT F(X,)Y) = X0+ Y 2 EIFE L E, mR, &
HIHA 77V TIERWZ & 2 RE.

@)ﬂam::o#o(egjmpy6§>mm)#(amfﬁéa%,

MR, FHIEA FTTILTH B I & 2rt.



3| S?={(x1,x9,x3) eER} |22 +a2+a2 =1} T 5. 2x S2DWNES M %
1

M = {(($1,$27$3)a (y1,Y2,93)) € S* X S | T1y1 + Tayo + T3y3 = 0, 21 + Y1 = 0}

LEDD.
(1) MIES?x S?DCFHRLHRIETH D Z &2t
(2) MIZMESMIIAETH S Z & 2.
(3) B f: M — S*%
f (21,22, 23), (Y1, 42, ¥3)) = (Y1, Y2, Y3)

CEDD. MOAEEEDLIITEATH, 5?2 EOFEZED RN IK

RwIzx LT,
/ ffw=0
M

LB L ERE.

St ={(z,y) e R |22 +42 =1} &L, fHac S'2—2HM->TREET 3.
St x Stz

(a,p) ~ (p,a), (peS")
THRINAEMERIR ~ 2 52 5. REZE[E

X =(S'x8Y/ ~

DEBURE R T O V-2 FHEE L.



BEEL f : [0,00) — (—1,00) IFEHTH D,
g(z) = sup |[f(y) — f(z)] (z=0)

y€lz,z+1]

LB LE,

lim f(a / (1F@)] + g(2)} dz < o0

T—00

BT EARET S, ZDLE, MR

00 k 1/n
I ()
k=1

Z KD K.

LY([0, 00)) % [0, 00) LD AR B4R D 7595 Banach 21 & U, f € L'([0, 00))
XL .
£l = / F(x)|da
Y55, fe LN[0,00)) K LT Hy : LY([0,00)) — LY([0, 00)) %
(Hpg)(x / fx+y)g

EEDD.
(1) ||Hy|| < |If)ls 2. 22T ||Hy|| V& Hy ODIEFE ) VLA TH 5.
(2) Hp iZa v MR TH S Z & 2RH.



B:={r=(21,22) ER: 22 +2i <1}, B:={2=(21,22) € R: 22 +22 <1}
T OBl BOERET 5.
(1) FEBAEBIE f € CL([0,1]) A f(1) =0 ZTE7ZLTW\WB & & IRHKD 5L

DI & ERYE. X X
/ f(r)rdr < cl/ f'(r)*rdr.
0 0

2T, >00F fITHKIFLRWERTH 5.

(2) FEHUEREE f € CY(B)NC(B) 1 0B ET f=0%W72LTHEH, &C
D 1 BEREREEIE B EOERHREBICILRTE 2802 T3, 20L& & IRH

OO Z L ERE.

/Bf(x)zdx < c2/B { (a%f(x))Q + <8ix2f(x))2} .

2T, e>01F fIERIFLBRWERTH 5.
(3) SEEUERIE v € C?((0,00) x B)NC([0,00) x B) IZIX%Hi7=9HD &
ER-E

o u(t,z) =0, (t € (0,00), x € IB).
9] 9] 0 0?
o #1>07T Zult,-), axlu(t’ ); axzu(t’ ); 8x18x2u(t’ JNES

B Lo BBUCHR T E 5.

ZDrE, BHL
a 2 2

MDD SIE, BTD >0 IZ/RLT

(t,z) =0, (t € (0,00), x € B)

/ u(t, z)*dr < cge
B

DO NDZ e ZRE. 22T, e3> 0 1F t ITHRIFLURWERT, ¢y >0 1d ¢
CulFLRVWERTH 5.



O<a<l&l, teROBEE(r(t),0(t) € (0,00) x (R/27Z) IZXT BHLAFN
DHEWMD IR EE A S
7 =rsinf, 9:%4—0080—@,
r

ZZTC, Ry b ZticETaMaaERT. 20L&, UFOMWIEX L.

(1) 2O HRADTHEERKD, N5 OHILENE 2 M .

2) B (r(t),0(t)) 22 DB HRER DM 5 1F (r(—t), —0(—1)) iR

&
AL 2R,

(3) ZDHMD RO (r(t),0(t) T, &5V (7,0) 12X L TIRD=
S RNET2THDOVGFHET 52 L E2RYE:

(a) limyoo(r(2),0(2)) = limy_oo (r(2), 0(t)) = (7, 6).
(b) FEED t € RIZH LT (r(2),0(t)) # (7, 6).



nZIHEBEHEL, A={]0<i<n}EEDD. ap,ay,...,a, &, LED
i€AIIDVWTi<aqz2hhdLImADILDIETLLE, A LD IHY
& ~={(i,a;) |0<i<n} TEDD. £z ~* %, ~ZECHRINDFMER
fRed 5.

TR I LGCERIRDEDIZEDSD. 72720, a7 uhU I J X, ..., X,
ETBTITLER, Y+ eld 70T I LEHY ~DOR e DIEDODRATH 5.
U+ 1;
while U # 0 do
U+ 0
G = for I =0 ton do
J — Xp;

if X;# X; then U < U + 1 endif;
X[%XJ;
done

done

(1) 7RZ7T LG OETHOHHGRMEL LT \ X =a; BROIOLE, B
=0
TIZEDBEM D, DG HD while V— T DARELMETH S Z L 2Rt
(2) (1) LEUFHAZRGEDONT, UM NOWEZMHZTRMG0 252 &.

(a) @ 1% G H D while V— TDRELZMTH 5.
(b) AU =072613Vi,j € A(X, = X; & i~"j) BEYILD.



The English version starts here.

Let n be a positive integer. Let ( = e™ 1" he a primitive 2n-th root of
unity. For integers 0 < a,b < 2n — 1, define a complex 2 x 2 matrix X,; as

Xap = ¢ Ob .
kl 0 C
Moreover, we define a complex 2 x 2 matrix S as follows.
S = 01 :
10

Let G be the subgroup of GLy(C) generated by X,; (0 < a,b < 2n—1) and
S.

follows.

(1) Calculate the number of elements of order 2 in G.

(2) Let H be the subgroup of G generated by {¢* | ¢ € G}. Calculate
G : HI.

(3) Calculate the number of subgroups K of G satisfying [G : K] = 2.

Let F' be an element of the polynomial ring C[X, Y] over C with two variables
X,Y. Let R be the residue ring C[X,Y]/(F). Let =,y be the residue classes
of X,Y in R, respectively, and m = xR + yR. Let R, be the localization of
R at m.

(1) Assume that F is written as F(X,Y) = X+ Y? for some integers a, b
greater than or equal to 2. Prove that the ideal mR,, is not principal.

(2) Assume that F(0,0) = 0 and ((2—)];) (0,0), (2—5) (0,0)) #(0,0) are

satisfied. Prove that mR,, is a principal ideal.



We set S? = {(x1, 22, 73) € R® | 23 + 23 + 23 = 1}. We define a subset M of
S? x S? by

M= {((1’17332,353), (Y1,Y2,y3)) € 5% x S | T1y1 + 2oy + 23y3 = 0, 21 + 1 = 0} .
(1) Show that M is a C*°-submanifold of S? x S2.
(2) Show that M is orientable.
(3) We define a map f: M — S? by
[ (@1, 22,23), (Y1, 92, 93)) = (Y1, Y2, Y3)-

Show that for any choice of an orientation on M, we have

for any 2-form w on S2.

Let S' = {(z,y) € R* | 22 + y* = 1}. We fix a point a € S'. We consider an
equivalence relation ~ on S! x S! generated by

(a,p) ~ (p.a), (peSh).

Let
X =(S"x 9"/~

be the quotient space. Compute the homology groups of X with integer
coefficients.



Let f:[0,00) = (—1,00) be a continuous function. Set

g(x) = sup |f(y) = f(x)] (z=0)

y€lz,z+1]

and suppose that

lim f(z) =0 and /Ow{|f(x)|+g(x)}dx< -

T—r00

are satisfied. Find the following limit:
00 k 1/n
I ()}

Let L'([0,00)) be the real Banach space of integrable functions over [0, 00),
and for f € L'([0,00)), we define

11 = / @)

For f € L'([0,0)), we define H; : L*([0,00)) — L'([0, 00)) by
(Hyg)(x /‘fx+y

(1) Show that ||Hf|| <||f||1, where ||H{|| is the operator norm of H.

(2) Show that H is a compact operator.



Let B :={x = (21,22) € R 22422 < 1}, B = {o = (v1,20) € R%; 22 +22 <
1} and OB be the boundary of B.

(1) Prove that if a real valued function f € C1([0, 1]) satisfies f(1) = 0, then

1 1
/ f(r)?rdr < cl/ f'(r)*rdr
0 0
holds, where ¢; > 0 is a constant independent of f.

(2) Let f € CYB) N C(B) be a real valued function such that f = 0 on
OB and all of the first derivatives extend to B continuously. Prove that the
inequality

/Bf(asfda:Scz/B{(a% (w)>2+ (a% (m))z}dx

holds with a constant c; > 0 independent of f.

(3) Let u € C?((0,00) x B)NC([0, 00) x B) be a real valued function satisfying
the following conditions.

o u(t,z) =0, (t € (0,00), x € IB).
9] 0 0 0?

For t > 0, —wu(t,-), —ul(t,-), —u(t,-), ———u(t,-) extend
o For t > ’Gtu(’)’ 8x1u(’)’ 8952“(’)’ 8x18x2u(’)exen

to B continuously.
Prove that if u solves

0 02 0?

au(twr) - a_x%u@’x) - 8—x%U(t,l’) =0, (t < (07 OO), S B)7

then for all t > 0, the inequality

/ u(t, r)?dr < cge™
B

holds, where c3 > 0 is a constant independent of ¢, and ¢4 > 0 is a constant
independent of ¢ and w.



Let 0 < a < 1. Consider the following system of ordinary differential equa-
tions for a function (r(¢),0(t)) € (0,00) x (R/27Z) of t € R:

. 1
7 =rsinf, 0 =— +cosb —a,
r

where the dot “” means the differentiation with respect to t. Answer the
following questions.

(1) Find equilibria of this system, and determine their linear stability.
(2) Prove that if (r(t), 0(t)) is a solution of this system, then (r(—t), —0(—t))
is also a solution.

(3) Prove that there exists a solution (r(¢),0(t)) of this system satisfying

the following two conditions for some equilibrium (7, 6):

(a) hmt—>oo(r(t)> Q(t)) = hmt—>—00(7ﬂ(t)a 9(25)) = (ﬂ é)
(b) For any ¢ € R, (r(t),0(t)) # (7, 0).



Let n be a nonnegative integer and define A = {i | 0 < ¢ < n}. Suppose
ap, ay, - . ., a, is a sequence of elements of A such that ¢ < a; for every i € A.
Let us define a binary relation ~ over A by ~ = {(i,a;) | 0 < i < n}. We
denote by ~* the smallest equivalence relation containing ~.

We consider the following program G. In the program, U, I, J, Xo,..., X,
are program variables and Y < e is a substitution that assigns the value of
etoY.

U<+ 1;
while U # 0 do
U + 0;
G = for I =0 ton do
J <+ Xy,
if X; # X; then U < U + 1 endif;
X+ X,
done

done

(1) Suppose the precondition /\ X; = a; holds before the execution of the
i=0
program G. Show that the condition ®; given below is a loop invariant

for the while loop in G.
P =VieA((<XiNn(Xi=isi=a))

(2) Assuming the same precondition as in (1), give a condition @ that
satisfies the following properties.

(a) ® is a loop invariant for the while loop in G.
(b) ® AU =0 implies Vi, j € A.(X; = X; < i ~* j).



