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2023 Entrance Examination
Master Course in Mathematics, Division of Mathematics and Mathematical
Sciences, Department of Mathematics, Kyoto University

%ﬁ%ﬁ" E Basic Mathematics

© 25 6] FTOLMZREE X.
Answer all problems from [ 1] to [6].

O MBERMIE 3KM307 TH5.

The duration of the examination is 3 hours and 30 minutes.

® MEIFHAREB XORETEINTVE. EEFHAEELIHEEE L LH
TELZ L.

The problems are given both in Japanese and in English. The answers should be

written either in Japanese or in English.
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It is not allowed to refer to any textbooks, notebooks, calculator, cell phones,
information devices or watches/clocks during the examination. They have to be

kept in the designated area.

REETN
I:(EEJEIL'\ Instructions

1. I8 ROH 3 FCHEM TPV E.

Do not open this sheet until it is permitted.

2. BRAM - TEHRDOTRTUZ, ZEHES - RAZGLAE K.

Write your name and the applicant number in each answer sheet and scratch

pad.
3. B ERIE D 2 IcHloBERAME AV, MEERS 2 SELAROMICEEA
K.

Use a separate answer sheet for each problem and write the problem number
within the box on the sheet.



4. 1HZ 2B LD THRET 2L X, DDOE2DH 2 T & 2 MU ImIC
HIR L TROMMICE 2 Z .
If you need more than one answer sheet for a problem, you may continue to
another sheet. If you do so, indicate that there is a continuation.

5. fethoffE, L 5 &R (MEESIE), TEHROIEICELR, GEA LH
ZHCLT—HEL T2 DIC L TR 4 Z &. When turning in, stack
answer sheets (in the order of problem numbers) and the draft/calculation

sheets from the top. Fold the stack in half with the filled-in side facing
outward and turn it in.

6. ZOMEMTF IR HBIF-> T,

You may take home this problem sheet.

[%E %:I Notation

TOMET Z, Q R, C 3Ezhzh, BUOZKDOES, FHHBOZKDES,
EROEHROEE, BERBOBROEEERT.
In the problems, we denote the set of all integers by Z, the set of all rational
numbers by Q, the set of all real numbers by R and the set of all complex numbers
by C.

11



The English version is after the Japanese version.

D:{(:c,y,z)eR3 i§x2+y2—2yz+4z2§1}
TEDS. o
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LEDD. CNSEROWT BFEES R - R?, g :R* - R? % f(x) = Az,
g(z)=Bzx (zr e RY) LEHETS. DL X,

dim(Ker(f) N Ker(g)), dim(Ker(f) + Ker(g))

ZRD X.
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D 2, 1 [0,00) = RIE, m — 0o D& Z,[0,00) LD 5 EAEEAEIC —FRIX
W35zt
R® DFIEE X %
X ={(z,y,2) e R¥| 2t +y* — 2* =1}
TEDD.

(1) X 1Z R® DM AIREER D ZHRIATH 2 2 & 2Rt

(2) r €ERZOWT, Hy = {(x,y,2) ER* |2 =1} &F 5. XN H, HZRE
TRV R @ 1 RITMor AIBERR D 2k & 72 % & 5 72 r DH#EPH % K
O XK.



The English version starts here.

Define a subset D of R? by

§x2+y2—2yz+4z2§1}.

Ny

D = {(m,y,z) eR?

Find the value of the integral

/// log(x? + y* — 2yz + 427) dadydz.
D

For a € R, define real 2 x 4 matrices A, B by

Azloaa—i-l,B:OOll.
011 1 -1 3 3—a 0

Let f: R* — R? g : R* — R? be the linear maps defined by f(z) = Ax,
g(z) = Bx (x € R*). Find

dim(Ker(f) N Ker(g)), dim(Ker(f) 4+ Ker(g)).

Let V' be a finite dimensional C-vector space and let S,T : V — V be
diagonalizable linear maps satisfying ST = T'S. Let r > 2 be an integer,
a, f € C be complex numbers, Ay,..., A, € C be distinct complex numbers.
Let v,uq,...,u, be non-zero vectors in V' satisfying

U =Up U e Uy

where u; is an eigenvector of S’ corresponding to the eigenvalue \; for each
integer j satisfying 1 < 7 < r. Assume that v is an eigenvector of T" corre-
sponding to the eigenvalue o and u; is an eigenvector of T' corresponding to
the eigenvalue 3. Prove that a = f3.

Let f(z) be a real-valued continuous function on x > 1, and assume that
lim f(x) = 1. Find the limit

T—00

lim n

n—oo IZ

[enCr,



Let xy be a positive real number, and put a,,(t) = (t>0,m

1+ (t+ L)
is a positive integer). Prove that the solution x,, : [0,00) — R of the initial
value problem of the ordinary differential equation

{xjn(t) = A (t)zm ()2, >0,

Tm(0) =z

converges uniformly to a continuous function on [0, c0) as m — oo.

Consider the subset X of R? defined by
X ={(z,y,2) eR’ |2’ +y' =2 =1}

(1) Prove that X is a differentiable submanifold of R3.

(2) Forr € R, set H, = {(z,y,2) € R*|z = r}. Determine the range of r for
which X N H, is a non-empty 1-dimensional differentiable submanifold
of R3.



