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2022 Entrance Examination
Master Course in Mathematics, Division of Mathematics and Mathematical

Sciences, Graduate School of Science, Kyoto University

ELFARL H Advanced Mathematics

© 10EDME[1]~10] ®> &0 2 A ERL TRER &. BIRL-MEES %
BEPERIGHEAT S Z L.

Select and answer 2 questions out of 10 questions N. Write the question
numbers you chose on the selection sheet.

O MERFENIL 2K 300 TH S.

The duration of the examination is 2 hours and 30 minutes.

© MEIXHAGES KCHEETEINT WS, MEIIHARGEXZITEEL S S0
THLZ L.
The problems are given both in Japanese and in English. The answers should be

written either in Japanese or in English.

© ZFEH- -/ — M- EHel - BEER - SRR - NEHFOR HIAAR FIk
5. FESNMYELIZELS Z &,

It is not allowed to refer to any textbooks, notebooks, calculators, cell phones,
information devices or clocks and watches during the examination. They have to

be kept in the designated area.

I: /\f %_i ] Instructions

1. fEROH 2 X THEMF 2RI &,

Do not open this sheet until instructed to do so.

2. BHEAM - TEHMOTATIZ, ZHEFS - KEAZTLAE L.

Write your name and applicant number in each answer sheet and draft /calculation

sheet.

3. MRS IZRIR S L B OB A, PR B % &S R L ek 2 A
L.



Use a separate answer sheet for each problem and write the problem number
within the box on the sheet.

4. 1MZ2MEAEICD > TIET B L E1E, DDEDH B T & &AM I
IR U TIROHRICE S Z k.
If you need more than one answer sheet for a problem, you may continue to
the next sheet. If you do so, indicate clearly at the bottom of the page that
there is a continuation.

5. IRHIDERE, Lo BIRE, BEAM (WEESIE), THEHEMOIEIZER,
FAUZEZIMILU T L T2 DICLTIRET 5 2 L.
When handing your exam to the proctor, stack your selection sheet and an-
swer sheets (in the order of question numbers) followed by the draft /calculation
sheets. Fold the stack in half with the filled-in side facing outward.

6. Z ORMEM FI3FFBR-> T L.
You may keep this problem sheet.

|: §E 7:3" ] Notation

LAFORET Z, Q R, CldTnTh, BEOeRE, FHBORK, FEORHE,
HEH DK% KT, In the problems, we denote the set of all integers by Z, the
set of all rational numbers by @, the set of all real numbers by R and the set of all

complex numbers by C.
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English version follows.

plE 3 U LDFEHETS. SL(2,F,) THERAKF, Oitzn & UITHRM 1

TH 5D 2x 2T BEPIRTHERT. ZDeE, At =1 725 SL(2,F))
Dyt ADMEHERD L. 22T, 1 IXH-MTHTHS.

K =C(t) 28t B3 2 ERBURED 1 ZHAFBEAL T2, u%0T
BNEFZEBE U, LESZHER f(X) = X+ 2utX? +t € K[X] D K ED&/N
SRR E T 5.

(1) PERIREL[L - K] %3k L.

(2) HaTREGal(L/K) 7 —~VEETHE0 THEZ DT TEX X.

m,n % 2L EOEEE ay,-- a, 0L Em Kim DB, A = Clzy, -, 2]
By, g BARETLETEC LOZERBEE TS, (, =V V" %21D
FEm ERE TS, FEDPcAZK LT p(P)c A%

QO(P)(ZB:[, 7':En) = P(Cz—;xla"' 7C'gnnxn)
CED, Al:={PecA|P=pP)}BL. ZOK, FIEZX.
(1) AIZFADEAIERTH S Z L 2RE.

(2) a; METIUFTH B, AHNC ELERBERARIZAES ar, -, a, D
PSP IS LN



RP™ % n WOLEMBEME T2, (20,21, ..., 20) € R\ {0} IZX LT,

[, 71, ...,1,] € RP® & (10, 21,...,7,) DEKT D 1IRITCEIBFER DG A
DT 5. RPPOEHSES M %

M = {[wg, z1, T2, 73] € RP? | 23 + 27 = x5 + 23}
LHXL.
(1) MIZRP? D C® R ERIKTH D Z & &Rt
(2) BA& f: M — RP! x RP! 21X CED 3.
f([zo, z1, 22, x3]) = ([0, 21], [22, 73]).

ZDLE, fIECORDILDIAATH DI &% RE.

(3) St={(z,y) eR? |22+ =1} &BL. ZOLE, MIFS xS &M
DEMHTH B Z & ERE.

D?*={(z,y) eR? |22 +¢* <1}, S' ={(z,y) eR* |2 +y? =1} £ T 5.
D? x D* x D* DEB7 22 M X1, Xo, X3 %
X =D*xS8' xSt X,=S'xD*xS' X;=28'"xS!x D?
WZEDEDS.

(1) Y =X, U X, DBEBBBARERY -2 KD X,
(2) Z=X1UXoU X3 OBBHBH AT Y —H2KD K.



6] 1% (0,00) LD Borel HIEE LT 5. f13[0,00) 0BT Rl I

fae L,
/ e/ @ p(dz) < oo
[0,00)

Zlii7zd LiET S, ZDEE, MR

1/n "
lim 1+ / flx+t)dt | wp(dx)
=00 [0, o0) 0

Z KD K.

X T = (0,1) 12X L, L2(I) % I LD 2 Fr] o8 2 EEB AR 0 22 [
L,

(f.9) = / f(@) 9@ e, fle = Vs ISl = / ()] de

9%, ZDeE, LTOMIZER L.
(1) LX(I) DI fu}iz, A3
[falli — 0, lfallz=1(n=1)

T EE, {f,)0, 1300 L2(1) THIGES 5 2 & 2 5RE.
(2) T: L3(I) — LAX(I) a3 MEHEZETH B L &,

Ve >0, 3C. > 0; Vf € L*(1), [|Tf|l2 <ellfll2 + C-|If]lx

2t



nE2LEOBE Q= {reR: o] <1} 2L, Q% ZOMALTS. C2Q)
Q EC?RBD 2B E COXMERBA Q EodEfEBUCHETE 5 X
> EHER A RO EE LTS, fe Q) T 5. &e > 01T,
u. € C?(Q) % HfEX

—eAu, +u, = f, x €€,

u. =0, x € 0F)
DL 5. 1L, A=Y 5 Ths ZorE, UFOMIIEX L.
(1) e iTHRIFLRWH D C,Cy > 0 BFEL T

VellVue| 2 < Cill fll 2, el Auc| 20 < Col| fllL2()

MR D LD Z L &R,

(ii) 13{{)1 [ue = fllzz@) =0 ZRE.
9] EmEEROES %

X:{ueC%@JDOC@lm‘zMD:QuQ)

YL, ue X IZHTIRONBEEZ#ZZ 5 -

1

Jlu] = / = (2 (u(x))2+g:c2 (u’(:c))2> da.
0

ZDeE, LFOMWIEZ K.

1, /01 (! (2))? dar < oo}

(1) C((0,1)) ZBIKME (0,1) OHIZ T V87 b InE % K5O MR EH 5 7]
REZR MBI DEME T5. ue X & e C5°((0,1)) ITHLT,

ZRD K.

(2) AT ZH/TITRTD uwe X ZHRBEDILTRD XK.

FED ¢ e C((0,1)) ITHLT g—i(u, ) =0.



N % BB RDES, B= {21 2| 21,... 00 € {a,b},n > 0} %X
Fa, bMoRIEMRXFINDOELR LT L. EXFH%E e THRY. £z, 2™ T
XF & mBEfEVIRUZXFHEERT. BIF, XFHwe BORE % |w|,
w FIZHBLS 5 a D% |w|, THRT.

B#lg: BxB— BEUTDLIIZRINANIZEET 5.
g(e,

glaw,u) = g(w ua)

g(bbw, u) = g(bw, bu)

9(b,

72, B8 f:B—>B% f(w)=g(w,e) TEHRT 5.

1<k<n&dd. By={weB]||w=n|w, =k EEDDLE, LA
DFA

u) =
) =
g(baw, u) = uabw
) =
u)

= bu

{fi(b"*a") | i € N} = B,
ME D LD Z L &5,



Let p be a prime number greater than or equal to 3. We denote by SL(2, F,)
the group of all 2 x 2-matrices A whose entries consist of elements of the
finite field F, and such that det(A) = 1. Determine the number of elements
A of SL(2,F,) such that AP~! = 1, where 1 is the unit matrix.

Let K = C(t) be the field of rational functions over C in variable ¢. Let u be
a nonzero complex number and let L be the splitting field of the polynomial
f(X)=X*+2utX?+t € K[X] over K.

(1) Determine the degree [L : KJ.

(2) Is the Galois group Gal(L/K) abelian? Give a reason for your answer.

Let m and n be integers greater than or equal to 2, and let ay,--- ,a, be
integers with 0 < a; < m. Let A = Clzy,--- ,x,| be a polynomial ring over
C with variables xy,--- ,x,. To each P € A, we associate p(P) € A by

@(P)<x1a 73771) = P(nglxla"' aCS{Lan),

where (,, := €>™~1/™ is the m-th primitive root and define A’ := {P € A |
P =p(P)}.

(1) Prove that A’ is a subring of A.

(2) We suppose that a; are all at most 1. Under this condition, find a neces-
sary and sufficient condition such that A’ is isomorphic to a polynomial
ring over C.



Let RP™ denote the n-dimensional real projective space. For (xg,z1,...,z,) €
R\ {0}, let [zg,x1,...,2,] € RP™ denote the point that is given by the

1-dimensional real vector subspace generated by (z,x1,...,2,). Define a
subset M of RP? by

M = {[wg, 71,79, 73] € RP? | 22 + 2% = 23 + 23}.

(1) Show that M is a C*°-submanifold of RP3.
(2) Let f: M — RP' x RP! be the map defined by

f([zo, 21, 2, 23]) = ([w0, 21, [T2, 3]).

Show that f is a C'°°-submersion.

(3) Let S* = {(z,y) € R? | 2% + y? = 1}. Show that M is diffeomorphic to
St x St

Let D* = {(z,y) € R? | 2> +y?> < 1} and S' = {(z,y) € R? | 2* +¢*> = 1}.
Define subspaces X, X», X3 of D? x D? x D? by
Xi=D*xS8'x S, X,=8'xD*x8" X3=8"xS!"x D2

(1) Compute the homology groups of Y = X;U X, with integer coefficients.

(2) Compute the homology groups of Z = X; U X, U X3 with integer coef-
ficients.

@ Let p be a Borel measure on [0, 00). Let f be a function on [0, c0) which is
uniformly continuous and non-negative. Assume

/ ! @ p(de) < oo.
[0,00)

Find the following limit:

1/n "
lim 1+ / flx+t)dt | p(dz).
n=00 [0, o0) 0



Let I = (0,1) and let L*(I) be the space of all square integrable complex-

valued functions on I. We set
(f9) = [ 105 de, fls = VD, 17li= [ 1) do
I I

Answer the following questions.

(1) Suppose that a sequence {f,}°°, in L?(I) satisfies

[fallh — 0, lfulla =1 (n = 1).

Show that f, — 0 weakly in L*(T).
(2) Suppose that T : L*(I) — L*(I) is compact. Show that

Ve >0, 3C. > 0; Vf € L*(1), [[Tf|2 < ellfll2 + C-|If]]x-

Let n be an integer withn > 2, Q = {z € R* : |z| < 1}, and Q be its closure.
Let C%(2) be the set of all real valued C? functions on 2 such that all partial
derivatives up to order 2 can be extended to € continuously. Assume that
f € C%(Q). For any € > 0, let u. € C%(2) be a solution of
—eAu, +u. = f, x € Q,
u. =0, x € 01,
where A =S &

i=1 Bm? '

(i) Show that there exist Cy, Cy > 0 independent of € such that
VellVauell 2 @) < Cill flle)  and  el|Auel|r2 () < Coll fllz2e)-

(ii) Prove that liﬁ)l |ue — fllL2(@) = 0.



Define the set X of real-valued functions by

X = {u e C*((0,1))NC([0,1]) | w(0) =0, u(l) =1, /0 (zu/(2))? do < oo}

and for u € X consider the following functional:

1
J[u] = / e <2 (u(x))” + gﬁ (u’(x))2> dz.
0
Answer the following questions.

(1) Let C§°((0,1)) denote the space of all real-valued infinitely differen-
tiable functions with support in the open interval (0,1). For u € X and
¢ € Cg°((0,1)) compute

g—i(u; p) = lim Jlutep] = J[u]

e—0 £

(2) Find in series form all w € X that satisfy the following condition:

g—i(u; ¢) =0 whenever ¢ € C’go(((), 1))

Let N be the set of nonnegative integers and B = {zy---x, | #1,...,2, €
{a,b},n > 0} be the set of finite strings of characters a and b. Let us write
¢ to denote the null string and =™ to denote the string of m copies of the
character z. Given a string w € B, we write |w| for the length of w and |w|,
for the number of occurrences of a in w.

Let us inductively define a function g : B x B — B as follows.

g(e,

u) =

glaw,u) = g(w ua)
g(baw, u) = uabw
g(bbw, u) = g(bw, bu)

g(b,u) = bu
Also, define a function f: B — B by f(w) = g(w,¢).

Suppose 1 < k < n. Letting B, = {w € B | |w| = n, |w|, = k}, show that
the following equation holds.

{f{(0"*a") | i € N} = By



