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A Jacobi operator is a self-adjoint operator J : ℓ2 → ℓ2, which with respect to the standard
orthonormal basis {e0, e1, . . .} has matrix representation

J =


α0 β0
β0 α1 β1

β1 α2
. . .

. . .
. . .

 , (1)

where αk and βk are real numbers with βk > 0. We restrict our attention to almost Toeplitz
Jacobi operators, which means there exists a number n such that αk = 0, βk−1 = 1

2 for all
k > n. Such operators can be seen as discrete Schrödinger operators with compactly supported
potentials.

In this talk I describe recent work in collaboration with Sheehan Olver (University of Sydney)
that shows how the spectral theory of J can be described in a computationally feasible form
using a meromorphic function in the unit disc D [3]. This is in contrast to the continued fraction
approach in [2].

As in [1] we use the principal resolvent function, G(λ) = e⊤0 (J − λI)−1e0, which is analytic
from the upper-half-plane to itself, and the orthogonal polynomials defined by the recurrence
P−1 = 0, P0 = 1, sPk(s) = βk−1Pk−1 + αkPk + βkPk+1. The measure of orthogonality for these
polynomials is a probability measure on R denoted µ.

The most basic Jacobi operator has αk = 0 and βk = 1
2 for all k. Its orthonormal poly-

nomials are the Chebyshev polynomials of the second kind U0, U1, U2, . . ., and the measure of
orthogonality is the semicircle 2

π

√
1− s2 on [−1, 1].

Let C be the lower triangular matrix for the change of basis from U0, U1, U2, . . . to P0, P1, P2, . . .,
called the connection coefficients. Then C is almost Toeplitz, in fact cij = ti−j for all i > 2n
for a computable sequence t0, t1, . . . , t2n, 0, . . .. The Toeplitz symbol is the polynomial c(z) =∑2n

k=0 tkz
k, which we view as an analytic function in D.

For z ∈ D we prove that the principal resolvent G satisfies

G(λ(z)) = −cµ(z)

c(z)
, λ(z) =

1

2
(z + z−1). (2)

Here λ : D → C \ [−1, 1] is the Joukowski map. The numerator cµ(z) is also a Toeplitz symbol,
obtained in the same way as c(z) except using the transformed polynomials,

Pµ
k (λ) =

∫
Pk(s)− Pk(λ)

s− λ
dµ(s). (3)

This formula (2) allows us to directly compute the spectrum of J and the measure µ.
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