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Let Ω be a region in the complex plane, and fix a basepoint z0 in Ω. The harmonic-measure
distribution function h(r) = hΩ,z0(r), called the h-function for short, is defined for each r > 0 to
be the probability that a Brownian particle released from z0 first hits the boundary of Ω within
distance r of z0. In the language of harmonic measure,

h(r) = ω(z0, ∂Ω ∩B(z0, r),Ω).

I will survey what is known about this function and report on recent work, touching on the
following questions: How much information does the h-function capture about the shape of the
boundary of the domain? How and when can one calculate h(r)? Does h(r) uniquely determine
the domain, or at least its connectivity? Which functions f can arise as h-functions? Given
such an f , can one explicitly construct a domain Ω such that hΩ = f? Similar questions for a
closely related function were first posed by Ken Stephenson in [4]. Betsakos and Solynin studied
related questions in [3].

This research program has links with complex analysis, probability, PDE (the Dirichlet
problem and the Loewner DE), combinatorics (the Catalan numbers), number theory (theta
functions), and numerical simulation. This is joint work with Jorge Aarão, Ariel Barton, Steve
Matsumoto, Marie Snipes and Byron Walden [1, 2, 5, 6, 7, 8].
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