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ABSTRACT. We discuss the semigroup domination on a Riemannian manifold with bound-
ary. Our main interest is the Hodge-Kodaira Laplacian for differential forms. We consider
two kinds of boundary conditions; the absolutely boundary condition and the relative
boundary condition. Our main tool is the square field operator. We also develop a
general theory of semigroup commutation.

1. INTRODUCTION

In this paper, we discuss a theory of semigroup domination. To be precise, let (X, B, m)
be a o-finite measure space. Suppose we are given a semigroup {7;} on L? = L?(m). We
assume that {7;} is positivity preserving. Besides, we are given a semigroup {ft} acting
on Hilbert space valued square integrable functions. We denote the norm of the Hilbert
space by | - |. If we have

Tou| < Tylu|, Yue L? (1.1)

we say that the semigroup {7;} is dominated by {T,}. We are interested in when this
inequality holds.

A necessary and sufficient condition for (1.1) is given by the abstract Kato theorem
due to B. Simon [18, 19]. Later E. Ouhabaz [13] gave a necessary and sufficient condition
in terms of bilinear form under the sector condition. In my previous paper [16], we
discuss this problem in the framework of square field operator. Typical example to which
our theorem is applicable is the Hodge-Kodaira Laplacian for differential forms on a
Riemannian manifold (see also [10] in this direction).

In this paper, we consider the Hodge-Kodaira Laplacian on a Riemannian manifold
with boundary. We consider two kinds of boundary condition: the relative boundary
condition and the absolute boundary condition. In this case, we cannot apply the result
in [16] and so we generalize the notion of T' that corresponds to the Bakry-Emery I'y. So
far, [ is an L' function. But in our formulation, it is no more a function; it is a smooth
measure in the sense of Dirichlet form. The positivity of the smooth measure is essential.
Using this notion, we give a sufficient condition to (1.1).

We remark that this kind of problem was also discussed by Donnelly-Li [6]. They proved
the heat kernel domination. We take a different approach. Méritet [12] also proved the
cohomology vanishing theorem.
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The organization of this paper is as follows. In Section 2, we give a generalization of
T and prepare the general theory for the semigroup domination. To do this, we use the
Ouhabaz criterion for the semigroup domination. We also discuss the theory of semigroup
commutation in Section 3. Combining the semigroup domination with the semigroup
commutation, we can reformulate the Bakry-Emery criterion for the logarithmic Sobolev
inequality. In Section 4, we consider the Hodge-Kodaira Laplacian and apply our theory
to it. To give a sufficient condition for the domination, the second fundamental form on
the boundary is crucial.

2. SQUARE FIELD OPERATOR AND THE CONTRACTION SEMIGROUP

In this section, we discuss the contraction semigroup in the framework of the square
field operator, which is called “opérateur carré du champ” in the French literature. Our
main interest is the semigroup domination on a Riemannian manifold with boundary in
Section 4, but we prepare a general theory in this section.

Let (X, B) be a measurable space and m be a o-finite measure. Suppose we are given
a strongly continuous contraction symmetric semigroup {7;} on L?. We further assume
that T} is Markovian, i.e., if f € L? satisfies 0 < f < 1, then 0 < T,f < 1. Here these
inequalities hold a.e. But we do not specify ‘a.e.” either in the sequel. We denote the
generator by A and the associated Dirichlet form by &.

We note that we can regard {71;} as a semigroup on L?(m), p > 1 by the Riesz-Thorin
interpolation theorem. We denote the generator of {1;} on LP(m) by A,.

To introduce the square field operator, we assume the following condition (see Bouleau-
Hirsch [3, Chapter 1, §4] for details):

(T') For f, g € Dom(Ay), we have f - g € Dom(A4,).

Under the above assumption, we set

D(f.6) = 5UAF - 9) — Asf g~ F - Ang). 2.1)

Here we remark that our definition of I' is different from that of [3] up to a constant.
Furthermore we suppose that £ has the local property in the following sense (see [3,
Definition 1.5.1.2]):

(L) For any real valued function f € Dom(€), F,G € C§°(R),
supp FNsuppG =0 = E(Fy(f),Go(f) =0, (2.2)
where Fy(z) = F(z) — F(0), Go(z) = G(x) — G(0).
The above condition is satisfied as soon as it is satisfied for each element of a dense

subset of Dom(&). In particular, the following identity is most commonly used: For f,
g € Dom(&) N L™,

T'(fg.h) = fT(g,h) + gT'(f,h) for Yh € Dom(E). (2.3)

In addition, we are given a strongly continuous semigroup {7,} on L2(m; K) where
L?(m; K) is the set of all square integrable K-valued functions, K being a separable

Hilbert space. We denote the generator by A (or A, to specify the space L%(m; K)). We
also assume that {7;} is symmetric and is associated with a bilinear form £. Of course,
& is bounded from below.



Our interest is the following semigroup domination:
Toul < Tiful, VueL?, (2.4)
To give a sufficient condition for (2.4), we now define the square field operator for {T,}.

To do this, we imposed the following condition in [16]:
(T)) For u, v € Dom(A,), we have (u|v)x € Dom(4;) and there exists A € R such that

Ay lul? = 2(Aqulu) x4 2\ |ul? > 0. (2.5)

Under the above condition we define I’ by

. 1 . .
D(u,v) = §{A1(u|v)K — (Aqu|v) g — (u]Agv) K }. (2.6)
The condition (T',) is rather restrictive. In particular we have to assume that (u|v)x €

Dom(A;) for u, v € Dom(%fg). We can define T' without this condition. In fact, under the
above definition, a formal calculation leads to

—E((u,v), f) + E(fu,v) + E(u, fv) = Q/X L(u,v) fdm. (2.7)

In the above expression it is only necessary to assume that (u,v) € Dom(E), fu, fv €
Dom(€).
Keeping in mind this observation, we modify the condition (I"y) as follows:

(I_“)f\-l) For u, v € Dom(€) N L™ and f € Dom(E) N L™, we have (u,v) € Dom(E), fu,

—

fv € Dom(€) and moreover Dom(&) N L™ is dense in Dom(&).

(T'-2) There exists '+ Dom(£) N L>® x Dom(€) N L® — L', a smooth measure o, and a
non-negative symmetric tensor v (i.e, ¥ is an H* ® H*-valued function on X') such that

—E((wv), f) + E(fu,v) + Eu, fo) = 2/ F(u, v) fdm +2/ (0, 7) fdo
X X
Vf € Dom(£) N L™, Vu,v € Dom(E) N L. (2.8)

Here @, v, f are quasi-continuous modification of u, v, f, respectively. Of course, we have

-

assumed that each element of Dom(&) admits a quasi-continuous modification.

(f’A-S) For the real constant A, it holds that
T(u,u) + Au?> >0 for u € Dom(A,). (2.9)
(Th-4) Tt holds that

E(u,v) = / T(u, v)dm +/ Y(@,7)do  Vu,v € Dom(E) N L. (2.10)
X X

In the sequel, (f&) refers to these four conditions. We emphasize that we assumed the
positivity of ¥ and o. Since Dom(&) N L™ is dense in Dom(&), it is easy to see that T is
well-defined on Dom(&) x Dom(€) as a continuous bilinear mapping into L! and (2.10)

-,

holds for u, v € Dom(€)



Next we introduce the following condition on [ and £. It was already appeared in [16].
It is related to the derivation property of I'.

-,

(5) For u,v € Dom(€) N L, f € Dom(&) N L™, it holds that

2fT (u,v) = —=D(f, (v|u) k) + T(u, fv) + C(fu,v), (2.11)
From this, we have
2fT(u, u) = =T (f, [ul?) + 2T (u, fu). (2.12)
Further, by (2.8), we have
—E((u ), f) + 28 (fu,u) = 2/ T (u, ) fdm + 2/ (@, @) fdo. (2.13)
X X

Substituting (2.12) into this equation, we have

—&((u, ), ) + 28 (fu, ) :—/XF(f, |u|2)dm+2/X
— —&((u,u), f) +2/

X

f(fu,u)dm+2/ Y(a, @) fdo

X
T(fu,u)dm + 2/ Y(a,a) fdo
Thus we have i

E(fu,u) = / T(fu,u)dm + / Y(a, @) fdo. (2.14)
In particular, for f > 0, it holds th:;t )

—

E(fu,u) > /X T(fu,w)dm. (2.15)

We remark that if 1 € Dom(&), (2.10) follows from (2.14). Here 1 denotes the function
identically equal to 1.

We can give a sufficient condition for (2.4) in terms of square field operator. To do
this, we need the following Ouhabaz’ criterion. For the semigroup domination (2.4), the
following condition is necessary and sufficient:

1. If u € Dom(&), then |u| € Dom(€) and

E(Jul [ul) < E(u, u) + Allull3. (2.16)
2. If u € Dom(&) and f € Dom(E) with 0 < f < |u, then fsgnu € Dom(&) and
E(f,lul) < E(u, fsgnu) + A(f, |u]) (2.17)

where sgnu = u/|ul.
Now we have the following theorem.

—

Theorem 2.1. Assume conditions (T'), (L), (T) and (D). Then, for u € Dom(E) we
have |u| € Dom(E) and
C(Jul, [ul) < T, u) + Aul” (2.18)

In addition, for f € Dom(E) N L* and u € Dom(E) N L™, we have
{TCu, Fu) + ALful P2 < Do) + A2+ [ulT(F, 0 (219)



Furthermore we have the following semigroup domination:
Tou| < eMTyu|  for ue LAH(X; K) (2.20)

Proof. Many parts are the same as in [16]. We give a proof for completeness. For sim-
plicity, we give a proof in the case A = 0. Take u € Dom(E) N L>® and f € Dom(&) N L.

—

From the assumption, v = fu € Dom(€) and we substitute v in (2.11):

C(fu, fu) + T(u, | f|*u) = 2fT(u, fu) + T(f, flul?).

Hence

F(fu. fu) = =L(u, |f u) + 2fT(u, fu) + T (£, fluf)
= T ) = TSP fl?) + £ (2T w) + T )} + D fluf?)

= [ FPE ) — ST Jul?) = 57T o) + 2117w )
+ ST, Jul®) + SO [ul) + [ul*T (S, f)
= 7T, )+ AT ) + ST ) + [T, ).
In particular, if we take f = |ul?, we get
L(fuf*u, |ulu) = [u]'T(u, w) + 2Jul*T(|jul?, |uf?). (2.21)
On the other hand, substituting v = u and f = |u]? in (2.11), we have
20ul*T (u, u) + T(Jul?, [uf?) = 2T (Jul*u, u).
Taking square,
Aful*T(u, w)® + 4u*T(u, ) (|uf, [ul?) + T(|ul?, Jul*)?
— AT (|ul?u, u)?
< AT (|ul?u, |u|*w)C(u, u) (by the Schwarz inequality)
= 4{[ul*T(u, u) + 2ful’T (|ul, [ul )} (u,u) (2 (2:21))
= A|ul*T (u, w)* + 8|ul*T([ul?, [u[*)T(u, ).

Thus we have

T(Jul?, [ul?) < 4[ul*T(u,u). (2.22)
Now for € > 0, set p.(t) = v/t + €2 — e. Then by the derivation property and (2.22),
1 4|u)?

(e ([ul?), ¢=(lul*)) < WF(IUR [ul?) < Pu,u) < T'(u,w).

= P+
From this we can show that {¢.(Ju|?)}.so is a bounded set in Dom(€). In fact

5(%(IUI2),%(IUI2))=/ (e ([ul*), e (Jul*))dm

X

< / T(u, u)dm
b

IN
o U
£
<
—



Hence we can take a sequence {e;} tending to 0 such that {¢.,(Ju*)}; converges weakly
in Dom(€). The limit is |u| since it converges to |u| strongly in L?. This means that
lu| € Dom(€). Further, taking a subsequence if necessary, we may assume that the
Cesaro mean converges strongly in Dom(&), i.e.,

%ZH: ¢, (|ul?) = |u| strongly in Dom(€).
=1
By the continuity of I', we have
nggj |u| Z%J |u| — T(|ul,|u|) strongly in L'.
On the other hand by the Mlnkowskl mequahty, it follows that

Z% [uf?), Z%g Juf?)V? < = ZF%J [ul?), e, (Jul2) V> < T(u, ) /2.

j 1
Therefore we have
L(Jul, [ul) < T(u, ). (2.23)
In fact, it is enough to take a sequence {g,} such that the Cesaro mean of {¢., (|u|*)}
converges to |u| in Dom(E).
Now we return to I'( fu, fu):

(7w, fu) = |FPEGw) + 5 700 o)+ ST Jul?) + T )

u, u)
< FPT(uw) + | FIT(ul, [ul) 2D, )Y + [uT(f, f)
< |FPPT (u, ) + 20 f [T (w, w) V2D (f, )Y + [WPT(f, f)
= {I£IT(u, w) 2 + [u[T(f, £)M/?}?

which shows (2.19).
We show that for g € Dom(€) N LY and w € Dom(E) N L™ we have

E(u, gu) > E(glul, u]). (2.24)
To see this,

Elu, gu) > /X F(u, qudm (- (215))
— [ Ao ) + 5100, )
> /X (gL (ul. [ul) + [u|T (g, [u]) dm

- /X D (glul, [ul)dm

= E(glul, lul).



—

Now we have to check Ouhabaz’ condition. Since we have assumed that Dom(€) N L™ is

- -, -

dense in Dom(€), for any u € Dom(E), we take a sequence {u,} C Dom(&E) N L™ that

—

converges to u in Dom(&). Set

1
(t)=—, t>0
@D() 14+ ¢t

Then ¥, (|un|)|un| € Dom(E) and by (2.19) we have
ﬁ(¢5(’un|)umwg(’unbun)lﬂ < ¢E(|un|)ﬁ<una un)1/2 + [un| T (Junl), ¢s(|un|))1/2
< ¢6(|un|)f<una un)1/2 + |un||¢;|r(|un|v |Un|)1/2

£l un| =
S {’17[)5(|U,n|) + W}F@Ln’un)l/Q

< 2. ([un )T (w1 ) /2
< Qf(un, un)l/z.
Now

E(We([ttn] )tk Ve (|| )
f(ﬂ’f—:(‘“ﬂ’)“m Ve (|un|)un)dm + /X Y (e (|tn] ) tin, Ye([unl)un)do

I
o

IN

f(un,un)dm—l—/ Y (tn, Uy )do

X X

(U, U ).

Thus we have {.(|u.|)u,} is € bounded and converges to t.(|u|)u strongly in L2 by

—

taking a subsequence if necessary. Therefore we have 9. (|u|)u € Dom(E) N L™,

For any f € Dom(€) and u € Dom(&) with 0 < f < |u|. We further assume that u is
bounded. Set

1
(t) =
Pell) t+e
and
9= foulul) = —L—.
lu| + ¢
Clearly g € Dom(&) N L. Now substituting ¢ into (2.24), we have
f = f
E(lu|, ———1u|) < E(u, ———u).
(ul, el < & L

We note that the boundedness of u is necessary to obtain this inequality. Letting ¢ — 0,
we get the desired result. To do this, we note

L(feoe(Julyu, fo-(Jul)u)' > < foe(Jul)T(u, w) + [ulT(fo-(|ul), fo(|ul) '/
and further

T(foe(ul), foe(Jul))Y? < fT(c(|ul), po(Ju]))? + o (Ju)T(f, f)
< flel(ul)IT(Jul, [ul)'? + @ (|u)T(f, f)
< @ (Jul){T(Jul, [u])*+ T(f, f)}-

7



Combining both of them, we have

T(fee(ulu, fo(Jul)u)’® < foo(lu)T(u, u) + [ulp([u){T(ful, [u))/> + T(f, £)}
< 2T(u,w) /> + T(f, /)'/*.

—

Now we have {fy.(|u])u;e > 0} is bounded in Dom(E). Clearly fo.(|u|)u — fsgnu in
L? and hence we have fsgnu € Dom(&). Moreover, we can take a sequence whose Cesaro
mean converges strongly in Dom(&), and hence we have

T(fsgnu, fsgnu)/? < 20(u, u)/? + T(f, f)/? (2.25)

and

—

Elu], f) < E(u, fsgnu). (2.26)

Lastly we remove the restriction of the boundedness of u. So now we do not assume
that u is bounded. So first we notice that

Ve(lul)lul = ¢ (f) f

and both are bounded. We take a sequence ¢; converging to 0 such that
N

1 )
uy = ~ ;@/JEJ(M)U — u strongly in Dom(€),

N
1
Iy = N;wsj(f)f — f strongly in Dom(&).
Now uy is bounded and fy < |uy| and hence, by using (2.26) we have

E(lun|, fv) < E(un, fvsgnuy). (2.27)
By taking a subsequence if necessary, we may assume that {|ux|} converges to |u| weakly
in Dom(&) and {fysgnux} converges to fsgnu weakly in Dom(&). Hence, by taking
limit, we have

—

E(lul, f) < E(u, fsgnu) (2.28)
which is the desired result. This completes the proof. [l

—

As before, it is sufficient to assume (D) for elements of a core. We state it as a
proposition. We also include an analogue of (I").

Proposition 2.2. Assume that the assumptions (I') and (L) hold. Furthermore assume
that there exist an algebra C C Dom(£) N L*® and a subspace D C Dom(Ay) N L such
that fu € D (i.e, D is a C-module), (u,v) € C for f € C, u,v € D and further (1:&)
and (D) hold for f € C, u,v € D, e.q., (fi\-Z) means that any element in D admits a
quasi-continuous modification and (2.8) holds. We also suppose that C is a core for £ and

D is a core for £.
Then (I'y) and (D) are satisfied for f € Dom(E) N L, u,v € Dom(&) N L™.



Proof. We may suppose A = 0. Take u € D and f € C. From the assumption, v = fu € D.
Now by the same argument as in the proof of Theorem 2.1, we have

F(fu, fu) = FTw,w)+ ST ) + SO ) + [T, )

< () + 1ADCE S)VE (ul?, )2 + [T (f, ).
Clearly this shows that

—

&(fufu) = [ Tru fuydm+ [ F(fu. fuyio
<1 | w1l [ PO Dl ) i
i [ T Do+ 171 | o
<1 [ Fwaam e+ 1 [ T2} L [ D o))}

Tl /X D(f, f)dm + | I /X F(u, u)do

= 1% (s w) + [ flloo€ (F, ) ZEul?, [u?)? + [[ullZE(f, £)-

We claim that for f € Dom(€) N L*®, u € D, we have fu € Dom(€) and (2.11), (2.8)
hold. To show this, take any real valued function f € C. Then, for any C'-function
F : R — R, we take a sequence of polynomials {P,} such that P, — F uniformly on

—

any compact sets up to the first derivative. Since E(P,(f)u, P,(f)u) is bounded and

P.(f)u — F(f)u in L% Thus we have F(f)u € Dom(€) and

— — —

2F(f)T(u,v) = D(F(f), (ulv)x) — T(u, F(f)v) = T(F(f)u,v) (2.29)
E(F(f)u, F(f)u) < 2F(FZE (wu) + 2 F(Hllo(F(f), F())ZEul?, |ul*)
+2[ullSEF()fF(S)). (2.30)

Now for any f € Dom(E) N L™, we take a bounded C' function ¢ such that op(t) = ¢
for |t| < ||fllo- Let {f.} € C be a sequence converging to f in Dom(&). Clearly
gn = ©(fn) — f weakly in Dom(€) and {g,} is uniformly bounded. Moreover, by (2.30)
we have sup,, €(gnu, gntt) < co. Hence we can extract a subsequence {gn,u} whose Cesaro

mean converges strongly in Dom(g ). Together with the fact that g,u — fu in L? we can
see that for f € Dom(£) N L* and u € D, we have fu € Dom(£) and (2.11) hold.

Since (2.11) holds for u,v € D and f € Dom(€) N L™, we can take f = |ul?. By
repeating the argument in the proof of Theorem 2.1, for v € D and f € Dom(E) N L,

we have fu € Dom(€) and
F(fu, fu)'® < |f0(u,w)2 + JulD(f, 1)1 (2:31)
T(Jul, [u]) < T(u, u) (2.32)

—

Since D is dense in Dom(€), it is easy to see that (2.32) holds for u € Dom(E).



—

Now we can prove (2.11) for f € Dom(€)NL> and u € Dom(€) N L>®. Take any u € D.
For € > 0, set

1
¢E<t):m7 te [0,00)
Note that ¢ = — T Since ¥.(Ju|) € Dom(E), we have 1. (|Ju|)u € Dom(€), and

LS (Jul)u, fe(Jul)u) /2

< | Fle (), w) ' + [l D(feful), foe(ul)

< | Fle (), ) + ful{woe(Jul)D(f, £) + 20 (Jul) gL (lu) FT(|ul, £)
+ £ () T (ful, [u]) }/2

< | e () Eu, w) 2 + [l e ([ul)2D(f) + 20 (D)Ll £ 1Tl [u]) 20 (f, £)?
+ FUL([u)*T(ul, ul) }2

< [ e (Jul)T(u, w) 2 + [ulyo(Ju )T (f, £)M2

+ 20 (Jul) L (D) | FIT(ul, [ul) V20 M2+ PR ul) [P0l )}
< (e (Jul)T(w, w) 2 + fulyo(Jul)D(F, M2 + [ul I ) T, )72,

—

Now for any v € Dom(E) N L™, we take a sequence {u, } C D converging to v in Dom(E).
Then by the above estimate, we can see that

—

SUP E(f1)e ([t Jum, fobe(Jutn Jun) < 00.

Hence, by virtue of Banach-Saks theorem, we have, by taking a subsequence if necessary,

—

the Cesaro mean of { fo.(|u,|)u,} converges to fib.(|u|)u in Dom(E). Moreover, by noting
that

f(% kz Sbe(luk|)ur, % kz Foo (g u)
=1 -1
= %Zﬁ(f¢s(|uk|)uk,f¢€(|uk|)uk)1/2
k=1

< S el ot 1) s (s D, £ L) o )72}
k=1

—

Letting n — oo, we have for v € Dom(&) N L,
F(fe(fulo, fée(loo)” < [fle(vDT @, )" + [olee(jo)D(f, )2
S CIRADINCRURES

—

Next, letting ¢ — 0, we eventually obtain that fv € Dom(&) and
T(fo, fo)/ < [ fIT(v,0)2 + [[T(f, £)M2.

-,

Next, we see that (2.11) holds for u,v € Dom(€) N L™ and f € Dom(&) N L. To see
this, we first note the following identity: for u,v € D and f, 1 € Dom(&),

2T (¢u,v) = T(f, (v]u)x) — T(@u, fo) = T(febu,v).

10



This identity is clear from the assumption if ¢ € C. By an approximating argument, we
can see it for ¢ € Dom (&) N L. Using this, we can repeat the above argument and get
the desired result. .

So far, we have obtained that Dom(&) N L™ is a Dom(&) N L*-module. We can also
prove (2.8). Here we remark that every element of Dom(€) admits a quasi-continuous
modification. To see this, we note that for u € D,

1
Cap, (Ju| > ¢) < —&(!ul, |ul)

< —/ ([, Jul) dm+/ fu[2dm

< = [ T(u,u) dm+/ lu|*dm
X

E2
]_ —
S 6_251 (U, U)
The rest is easy by a standard Borel-Cantelli argument.
This completes the proof. O

3. COMMUTATION RELATION

In this section, we discuss the commutation relation between two semigroups. Combin-
ing this with semigroup domination, we can discuss the logarithmic Sobolev inequality
along the Bakry-Emery argument.

Let B and B be Banach spaces. We assume that B is reflexive. Suppose we are given
strongly continuous semigroups {7;} on B and {Tt} on B. We denote their generators
by A and A, respectively. We also denote the resolvents of A and A by G, and G,
respectively. Further, we are given a closed linear operator D from B to B with the
dense domain Dom(D). The dual operator of D is denoted by D*. We assume that
Dom(A) € Dom(D). Under this condition, we have the following theorem.

Theorem 3.1. Then the following conditions are equivalent to each other.
(i) Dom(A*) C Dom(D*) and

(Au, D*0) = (Du, A*0), Vu € Dom(A), V6 € Dom(A*). (3.1)
(ii) For sufficiently large c,
DGqu = GoDu, Yu € Dom(D). (3.2)
(iii) For anyt >0, T; Dom(D) C Dom(D) and
DT =T,Du, Yu € Dom(D). (3.3)

Proof. First we show the implication (i) = (ii). We note that {I}} is also a strongly
continuous semigroup with the generator A* from the reflexivity of B. From (i), we have,
for u € Dom(A) and 0 € Dom(A*),

(v = A)u, D*0) = (Du, (o« — A*)).
Substituting u = G,v, 0 = GZ{, we have
(v, D"G) = (DGov,£).
11



If v € Dom(D), it follows
(GoDv, &) = (DGy, &)
which implies (ii).
To show (ii) = (iii), we note that for any integer n,
DG™u = G Du

which can be easily shown by the induction on n. Since the semigroup can be expresses
in terms of the resolvents as

Tyu = lim (%Gnt>nu,

n—oo

we have for u € Dom(D),

TtDu = lim (%Gm>nDu

n—oo

n—oo

— 1 D(%Cw) u.
This, combined with the closeness of D, implies Tyu € Dom(D) and TtDu = DTu.
The implication (iii) = (ii) can be similarly shown by noting

Gau:/ e~ Tudt.
0

Lastly we show (ii) = (i). From assumption Dom(A) C Dom(D), the closed operator
S = DG, is defined whole space B and hence bounded. Hence, for u € Dom(D), 6 € B*,

we have A R
(u,80) = (Su,0) = (DG, u,0) = (G, Du,0) = (Du, G0).
Now, setting 6 = (o — A*)¢, € € Dom(A*), we have
(u, §7(a = A)g) = (Du, ).
From this, it follows & € Dom(D*). Thus, for & € Dom(A*), it holds that
(Su, (a0 — A*)E) = (u, D*¢), Yu € Dom(D). (3.4)
Since Dom(D) is dense in B, the above identity holds for all w € B. In particular, if we
set u = (v — A)v, v € Dom(A), we have
(S(a — Ay, (0 — A%)E) = (@ — A)o, D€).
By noting S(a — A)v = DG, (a0 — A)v = Dv, we get (i). This completes the proof. O
Next we give an sufficient condition for the above theorem. We consider the same

situation as in Theorem 3.1. In the sequel, any domain of an operator is equipped with a
topology given by the graph norm.

Proposition 3.2. Suppose that there exist a subspace D C Dom(A) satisfying one of the
following conditions:

(i) AD C Dom(D), DD C Dom(A), D is dense in Dom(A) and Dom(A*) C Dom(D*),
Further for any u € D, it holds that

DAu = ADu. (3.5)
(ii) AD C Dom(D), DD C Dom(A) and (o — A)D is dense in Dom(D) for sufficiently
large ov. Further (3.5) holds for any u € D.
12



Then, one of (and hence all) three conditions in Theorem 3.1 holds.
Proof. First we assume (i). Then, for any u € D and 6 € Dom(A*), we have
(Au, D*0) = (DAu,0) = (ADu, ) = (Du, A*6).

Since D is dense in Dom(A), we can see that (Au, D*0) = (Du, A*#) holds for u € Dom(A)

and 0 € Dom(A*). Here, we use that D is a bounded operator from Dom(A) to B. Hence
(i) in Theorem 3.1 holds.

Next assume (ii). From the assumption, we have for v € D and # € Dom(A*),
(D(a — A)u,8) = ((a — A)Du, 8) = (Du, (a — A*)6).
If we see v = (a — A)u € (a — A)D, it follows that
(Dv,6) = (DG, (a — A*)6).
Now, using the denseness of (& — A)D in Dom(D), the above identity holds for all v €
Dom(D). Further, as was seen in the proof of Theorem 3.1, S = DG, is a bounded
operator on B, we have
(Dv,6) = (v, S* (o — A")8) Vv € Dom(D).

Then it follows § € Dom(D*) which implies Dom(A*) C Dom(D*). Hence, this case is
reduce to the case (i). O

Now, we take Hilbert spaces H and H in place of Banach spaces B and B. Moreover
generators A and A are self-adjoint and associated with the closed quadratic forms & and
&, respectively. Of course, £ and £ are bounded from below. Then we have the following;

Proposition 3.3. Suppose that there exist a subspace D C Dom(A%/?) satisfying the
following conditions. Dom(€) C Dom(D), DD C Dom(A), D is dense in Dom(A%/?),
and it holds that

DAu= ADu, Vu € D. (3.6)
Then, one of (and hence all) three conditions in Theorem 3.1 holds.

Proof. From the assumption D C Dom(A4%?2), we have (a—A)D C Dom(A'?) = Dom(€).
Moreover (o — A)D is dense in Dom(&) by virtue of the denseness of D in Dom(A4%2). By
an argument similar to the proof of Proposition 3.2 (ii), we can get the conclusion. O

We can also give another sufficient condition.
Proposition 3.4. We assume the following conditions:
D C Dom(A) € Dom(€) C Dom(D),
D C Dom(A) C Dom(€) C Dom(D*),
D Dom(A) C Dom(€),
D*D C Dom(€).
D is a dense subspace of Dom(E) and D is a dense subspace of Dom(E). Further, we
assume that it holds
(Au, D*0) = (Du, A9),  forue D, € D. (3.7)

Then, one of (and hence all) three conditions in Theorem 3.1 holds.
13



Proof. Take any u € D, 0 € D. From the assumption, D*0 € Dom(€) and hence
E(u, D*0) = (Au, D*0) = (Du, A9).
Now using the denseness of D in Dom(€), we have
E(u, D*0) = (Du, AH), for u € Dom(&),0 € D.
In particular, Du € Dom(€) for u € Dom(&), we have, for € D
(Au, D*0) = £(u, D*0) = (Du, Af), = £(Du, 6).

Since D is dense in Dom(&), we obtain

(Au, D*0) = £(Du,0) for u € Dom(A),0 € Dom(E).

~

Taking 6 from Dom(A) C Dom(E), it holds that
(Au, D*0) = £(Du,0) = (Du, Af),  for u € Dom(A),8 € Dom(A),
which is the desired result. O]

Remark 3.1. The condition (3.7) can be replaced by DAu = ADu for u € D. Of course
in this case we assume that they are well-defined.

In many applications, £ is given by
E(u,v) = (Du, Dv)g. (3.8)

Hence the assumption Dom(D) C Dom(€) is automatic, i.e., the identity holds.

Now we formulate the Bakry-Emery criterion for the logarithmic Sobolev inequality
in our setting. Let the notations be as before and we impose the following conditions.
The Hilbert space H is L*(X,m) on a measure space (X, m). We assume that m is a
probability measure. The quadratic form £ is a local Dirichlet form with 1 € Dom(&)
and £(1,1) = 0. D is a closed operator (usually first order differential operator) from
L*(X,m) to the space of L? sections of a vector bundle E over X. We assume, for the
notational simplicity, that E is a trivial bundle with a fiber K that is a Hilbert space.
We denote V instead of D. We assume that the square field operator is given by

L(f,9)(x) = (Vf(z),Vg(r))k (3.9)
The Dirichlet form £ is written as
(f.9) = [ (94(a), Vao))wim (3.10)

Suppose further that we are given another symmetric semigroup {T;} on L?(m; K). We
assume the following semigroup domination for which we have given a sufficient condition
in the previous section.

| T,6] < e T30 (3.11)
Lastly we assume that the following commutativity condition:
T,V f =VT,f. (3.12)

As we have seen, we already have sufficient conditions for this.

14



Under the above conditions, we can show the logarithmic Sobolev inequality for the
Dirichlet form £. Before that, let us see the relation to the Bakry-Emery I's-criterion.
Suppose the following commutativity condition on a space D,

VAf =AVf, VYfeD. (3.13)

Of course, we have to choose a suitable space D. We ignore the technical detail for a
while. We also assume the condition (F ). Hence [ is realized as an L! function. Under
these conditions,

2T(Vf,Vg) = A(Vf,Vg) — (AVf,Vg) — (V [, AVg)

The right hand side is usually called the Bakry-Emery I';. So our condition (2.9) corre-
sponds to

which is the famous Bakry-Emery criterion.
Now we can state the Bakry-Emery theorem in our formulation as follows:

Theorem 3.5. Under assumptions (3.11) and (3.12) for A > 0, the following logarithmic
Sobolev inequality holds:

| PP B)m < SE(1.5). VF € Dome) (3.14)

Proof. From our assumption, it holds that
Tw| < e MT|w).
Therefore, taking w = V f, we have
IVTf| < e TV f].

Now the rest is the standard argument (see e.g., Deuschel-Stroock [4, Proof of Theo-
rem 6.2.42]). O

4. RIEMANNIAN MANIFOLD WITH BOUNDARY

In this section, we consider a Riemannian manifold with boundary.

Let M be a d-dimensional compact Riemannian manifold with a boundary oM. We
assume that everything is smooth. As usual, the Hodge-Kodaira Laplacian is defined as
follows:

O = —(dé + od). (4.1)

Here d is the exterior differentiation and § is its (formal) dual. To specify that it acts
p-forms, we denote it by D(p). Moreover we suppose that [1 is defined on a set of all
C* differential forms. We always assume that differential forms are always smooth, i.e.,
C*. Later we consider symmetric operators but they are all essentially self-adjoint on
smooth differential forms (to be precise, under a suitable boundary condition) and hence
it is enough to achieve formal calculation on smooth forms. We denote the p-th exterior
bundle of T*M by AP T* M. The set of all smooth differential p-forms, i.e., smooth sections
of AP T*M, will be denoted by AP(M).

15



Since the manifold M has a boundary, we have to impose boundary condition. Several
boundary conditions are known but we consider the two conditions: the absolute boundary
condition and the relative boundary condition. To describe boundary condition, we intro-
duce the following local coordinate (2!, 22, ..., 2% ! r) near the boundary: The local coor-
dinate gives an diffeomorphism between a neighborhood in M and U x [0,¢) C R x R .
We identify the neighborhood in M with U x [0,¢) through the local coordinate. We as-

sume that, on the boundary OM, r = 0 and % 1 %, j=1,...,d—1. We denote the inner
normal vector by N, ie., N = %. Further we assume that for fixed (z},...20") € U,

Y = (x,... 2371 1) is a geodesic with the velocity 1. For any 1-form # on M, we can
decompose it as

0 =0,+6,Ndr (4.2)

where neither 6,, nor 6; contains dr. This decomposition is well-defined on the boundary.
Using this decomposition, we define

B,(6) = 0, (4.4)

Recall that 6; and 6, are defined only on OM. The suffix r stands for the relative boundary
condition and a for the absolute boundary condition. We use these operators to define
the boundary condition.

In the sequel, B stands for either B, or B,. Now we restrict the domain of [] according
to boundary condition. Set

Dom(0f)) = {¢ € A*(M); B¢ =0, B(d + §)¢ = 0}. (4.5)
By an integration by parts formula for differential forms, we can see that Dg) ) is symmetric

and moreover it is essentially self-adjoint on Dom(ng)). We can think of the associated
bilinear form E(B;), which is given as follows:

Dom(£f) = {¢ € AP(M); Bé = 0} (4.6)
and
8&(@0,77) = (dw,dn) + (dw, on). (4.7)

Let see why this is so. We recall the integration by parts formula for differential forms.
Take any w € AP(M) and n € APTH(M), then it holds that

/M(dwm)dm = /M(w,577)dm + /aMw/\ *7). (4.8)

Here x is the Hodge star operator which sends p-form to d — p-form. Now we have
—(Ogw,n) = — /M(Dg;gwm)dm
:/ (dow + ddw, n)dm
M
= / (0w, on)dm + dw A 1 + / (dw, dn)dm — / n A kdw
M oM M oM

_ /M (6w, n)dm + / (dw, dn)dm

M
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= &3 (w,m).

Here do is the surface element of M. We used the boundary condition B, to get dwAxn =
0 on OM. To see this, *n contains dr since B,n = 0. On the other hand, dw does not
contain dr since B,ow = 0. Hence dw A *n contains dr. Therefore dw A *n = 0 on OM
since dr = 0 on M. n A *dw also vanishes on OM.

We can show similar identity for Dgf)

Next we see the commutation relation. Formally the commutation relation dl] = [d
holds i.e., at least in the interior of M. But the boundary condition is involved and we
need some arguments.

Take w € Dom([lg;;), n e Dom(D( ")

—/ (Dw,én)dm:/ (dow + ddw, én)dm
M M

= / (0w + ddw, 6dn)dm + dw A *0m
M

oM

+/ (dw,dén)dm—/ on A xdw
M oM

:/ (dw,dén)dm—i—/ (ddw,dn)dm

M M

:/ (dw,ddn)dm—i—/ (dw,édn)dm—l—/ dw A *dn
M M

oM
= —/ (dw,On)dm.
M

We used the boundary condition B,. Absolutely same argument works for B,.

Now invoking the essential self-adjointness of ng) and Dg)’i, we can get the semigroup
commutation. Of course, we must choose the same boundary condition.

We proceed to the issue of semigroup domination. For O-forms, ie., scalar functions,
the boundary condition B, corresponds to the Neumann condltlon a_ =0on OM. On
the other hand, B, corresponds to the Dirichlet boundary condition: f = 0 on M. From
now on, for scalar functions, we always consider the Neumann Laplacian Df‘g and we
denote it by A for simplicity. We also denote the associated Dirichlet form by &, i.e.,
&= E(Jg;. We do not use the Dirichlet form (for scalar functions) with Dirichlet boundary
condition. The reason is that the semigroup generated by Hodge-Kodaira Laplacian can
not be dominated by the Dirichlet semigroup since the diffusion dies after hitting the
boundary.

In order to apply our theorem, we have to check condition (f,\) In particular, to show
(2.8), we have to calculate —E((0,n), f) + E(f0,1) + £, fn).

First we note that

_/MA(Q,n)fdmz/MV*V(G,n)fdm
- /M 8d(6,n) fdm
:/M(d(e,n),df)dm—l— f(d(8,n), N)do

oM
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(.- Green-Stokes formula)

—((6,m). f) + /8 A

Here do denotes the surface element of OM and we recall that N is the inner normal
vector. Hence

5((0, n)a f) = _/ A(Qa U)fdm - 5 va(‘97 n)da
M M
On the other hand, it holds that
A(0,n) + (V*VO,n) + (0, V*Vn) = 2(V6, Vn).
By the Weitzenbock formula —Dg)) = V*V + R, we have
A(0,n) — (O0,0,m) — (0,00,m) = 2(V0,Vn) + 2R, (0, 7).

We do not give the explicit form of R(;,), but we just say that R, can be written in terms
of the curvature. Now by combining these identities, we can obtain the following identity:

= V0O,Vn)fd Ry (0 d V(6 d 4.
2/M( V) f m+2/M w(0,n)f m+2/8 N(0,m) fdo (4.9)

M
In fact
n), )+ EG(f0,m) + EL(0, fn)
- / ) sam+2 [ V(o) do = [ (@000 = 0.0 )dm
= /(V9 Vn)fdm—l—Q/ R(p)(e,n)fdm+2/ Vn(0,n)fdo
M oM

Therefore T in (T \-2) is given as
F(0,m) = (Y0, V) + Ry (0, ). (4.10)

We can easily check the condition (ﬁ) in this case. The rest is to show that the third
part of L.H.S. in (4.9) corresponds to 7do in (2.8).
We take a local frame {w!,...,w® ! dr} in T*M so that it forms a orthonormal basis

and w’ is parallel along the geodesic t — (z!,..., 2971 ¢). We also denote the dual basis
of {wh,...,w¥t dr} by {Xi,..., X4 1, N}. Note that On the other hand,

dw*[X;, N] = (Vyw", X;) — <vij’f, N)
= _<vijk7 N>

Here we used that Vyw® = 0 since w” is parallel along the path ¢ — (x!,... 2971 t).
Moreover we note that (Vx,w*, N) = (a(Xj;, Xi), N) where « is the second fundamental
form on OM. Thus we have

dw®[X;, N] = —(a(X;, Xy), N). (4.11)
Using the second fundamental form, we introduce an operator A as follows:
d—1
Aw' = (X, X;), N (4.12)
j=1
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A can be extended to a linear operator from A'(9M) to A'(OM) and it is independent of
the choice of {w’}. Moreover we define dI'(A): AP(OM) — AP(OM) as

p
AD(A)(Or A= AO) =D O A~ ANAG; A= NG, (4.13)
j=1

Then we can have the follolwing.

Lemma 4.1. On the boundary OM, it holds that for I = {iy <--- <i,} C{1,...,d—1},
(dw')n = —(=D)MdI (A)w". (4.14)

Proof. From (4.11) and (4.12), it holds that

d—1
Z duw? [ Xy, Njw* = —Aw’.
k=1

Hence
dw’ = d(W™ A - Aw'™)

p

p
:Z Z (—1)“(.0“ /\"'/\dwi“[Xk,Xl](wk/\wl)/\--./\wip

p=1 1<k<i<d—1
p d—1
+ Z(—l)“wi1 Ao Adw™ [ Xg, NJ(WF Adr) A Aw'™
p=1 k=1
P
:Z (=D W A - Adw™ [ X, X (WP AW A Awr
p=1 1<k<I<d-1
p d—1
— (=1 WA ANAW™E A AW Adr
p=1 k=1

Now, recalling the definition of dI'(A), we have
dw!), = —(=1)PdT(A)w’
which is the desired result. O]

Now we can deal with the absolute boundary condition.

Theorem 4.2. For p-forms 0, n € Dom(c‘fg‘)l) and f € C>®(M), it holds that

) / (Y6, Vn) fdm + 2 / Ry (0, 7) fdm + 2 / (dT(A)0,, my) fdo
M M oM (4.15)
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Proof. First we write the boundary condition in terms of local coordinate. We decompose

6 as follows:
0= Z frw! + Z gsw’ Adr.

I:|\I|=p J:|J|=p—1
Noting that g; = 0 on OM, we have,
o= > dfinw' + > frdo!

L:|I|=p L:|I|=p

+ Z dgy Aw’ Ndr+ Z gydw’ A dr

J:|J|=p—1 J:|J|=p—1

= > dfiAw'+ ) frdw”.

L:|I|=p L:|I|=p

Since (df),, = 0, we have
0= (dfr, Nydr A"+ > fi(dw'),

L:1=p I1=p
= > (=)dfr, Ny Adr— Y (=) frdD(A)w’ A dr
L:1=p Li|I|=p
= > (=1)'Kdfr, N)w' Adr — (=1)"ldD(A)0, A dr.
I:|I|=p

Now we have

> (dfy, N)w" = dr'(A)6,.
L|I|=p
Now we calculate (Vy0,7).

(VnO,n) = (VN{ Z frw! + Z gjw‘]/\dr},nt>

I:|I=p J:|J|=p—1
= ( Z (VNfI)WIWt) (. Vaw! = 0)
I:|I|=p
= (dT'(A)0y, m).
This completes the proof O

Nest we consider the relative boundary condition. This can be easily done by noting
that the Hodge operation gives an isometry which interchanges the absolute boundary
condition and the relative boundary condition. We denote the Hodge operation on oM
by *. Then we have

Theorem 4.3. For p-forms 0, n € Dom(é’g;) and f € C*(M), it holds that

=2 [ (VO,Vn)fdm+2 | Ry (0,n)fdn+2 (x 1T (A)*0,,,m,) fdo.
I J s |, s
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Now we can apply Theorem 2.1. For example, if Ric > Al and A is non-negative
definite, then we have

IT,6| < e M|,  for 8 € AL(M)
where T, is a semigroup generated by Dﬁ‘s. Moreover we can give an estimate of the

constant for the logarithmic Sobolev inequality.
Taking f =1 in (4.15), we have

gl (0,m) = /M(ve, Vip)dm + /M B (6, mdm -+ /aM(dF(A)@t’ e (4.17)

This identity is already known (see e.g., Schwarz [17, Thm 2.1.5)).
In particular, if p = 1, it holds that

Es(0,m) = / (V6,Vn)dm + / Ric(#,n)dm + / (A, my)do. (4.18)
M M oM

Here Ric denotes the Ricci curvature. Using this identity, we can show the Lichnerowicz
theorem. Let A be the Laplacian with Neumann boundary condition on M. We assume
that Ric > (d — 1)pl with p > 0 and A is non-negative definite. Then we have

A > pd (4.19)

where )\ is the first non-zero eigenvalue of A.
To see this, note that

(Af,Af) = —(ddf,ddf) — (6df, odf)
=EH(VEVY)

:/M(v2f,v2f)dm+/MRic(Vf, Vf)dm+/8 (A(V ), (Vf))do.

M
Now, by the standard argument, we easily have

d—1

T ALAN 2 [ Rie(VLV)dm > (@ = DpEL 1)

Now we can get the desired result.

Moreover it is known that the identity holds if and only if M is isomorphic to the
hemisphere (Xia [20]). Similar result holds for the Laplacian with Dirichlet boundary
condition, see Reilly [14].
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