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Abstract.

The Meyer equivalence on an abstract Wiener space states that
the LP-norm of square root of the Ornstein-Uhlenbeck operator is
equivalent to LP-norm of the Malliavin derivative. We prove the
equivalence in the framework of Orlicz space. We also discuss the
logarithmic Sobolev inequality in LP setting and higher order loga-
rithmic Sobolev inequality.

§1. Introduction

Let (B, H,u) be an abstract Wiener space: B is a separable real
Banach space, H is a separable real Hilbert space which is embedded
densely and continuously in B and p is a Gaussian measure with

1
/ exp{V—1 p«(l,z) g }pu(dx) = exp{—i\lﬁ{*}, le B*— H*.
B

On an abstract Wiener space, the Ornstein-Uhlenbeck semigroup is de-
fined as

(1) T,f(x) = /B fletx + /1= e Zy)u(dy).

The generator of the semigroup {7;} is called the Ornstein-Uhlenbeck
operator and we denote it by L. Then the following Meyer equivalence
is well-known: for any 1 < p < oo, there exists positive constants Cy
and Cs such that

@) CHIDSlp + 11} < IVI=Lfllp < CoAIDSfllp + 1 £}
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2 I. Shigekawa

Here D is the Malliavin H-derivation and || ||, is the LP-norm. The
constants C; and Cy depend only on p.

In this paper we show that similar inequalities hold in the framework
of Orlicz space, i.e., the above inequalities hold for the Orlicz norm in
place of LP-norm. Typical example we are in mind is L? logﬁ L. As an
application, we discuss the logarithmic Sobolev inequality in LP setting
and higher order logarithmic Sobolev inequality.

§2. Orlicz space

In this section, we review the Orlicz space (see, e.g., [1] or [8] for
details). First we need the notion of Young function. Young function is
a function ® defined as

(3) B(x) = / odt, @0

where ¢ is a non-negative, right continuous, non-decreasing function. If,
in addition, ¢ satisfies ¢(0) = 0, ¢(t) > 0 for ¢t > 0, ¢(c0) = o0, then
is called a nice Young function or N-function. Define 1) by

P(u) = inf{t; ¢(t) > u}.

) is right continuous and non-decreasing. The function ¥ defined by

W(y) = / p)du, y >0

is called a complementary function. The following properties are funda-
mental.

(4) zy < @(z) + ¥(y),
() z¢(z) = ®(z) + ¥(o(x)).

(4) is called the Young inequality.

The Orlicz space associated with ® is defined as follows. Let (M, m)
be a measure space and ® be a nice Young function. Define a norm || ||
by

(6) Ifllo = inf{A > 0; /M (| f|/A)dm < 1}

L®(m) is the set of all measurable functions f which satisfy | f|le < oco.
We call L®(m) an Orlicz space. It is a Banach space with the norm
| |lo. If ® satisfies the Ay condition, i.e., there exists a constant C' such
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that ®(2z) < C®(x), then the dual space is identified with LY (m), ¥
being the complementary function of ®.
We introduce some classes of functions.

Definition 2.1. For non-negative constant «, we define a set of
functions L(«), U(«) as follows:
(i) ¢ € L(a) <% ag(t) < té'(t), Vt> 0.
(i) ¢ € U(a) €& t¢/(t) < ag(t), VYt > 0.
The following inequality for semimartingales is important in our
later argument.
Let (Z;) (t € [0,00]) be a non-negative submartingale. We assume
that (Z;) is right continuous and has left hand limits. By the Doob-
Meyer decomposition theorem, (Z;) can be decomposed as

Zt:Mt+At

where (M) is a martingale and (A;) is an increasing process. We assume
that (A¢) is continuous and Ag = 0. If ® € U(w), then the following
inequality holds (see [4, Theorem VI.99]):

(7) E[®(Ax)] < E[®(aZx)].

Further, a generalization of the Doob’s inequality also holds. It
is stated as follows (see [4, Chapter VI, Section 3]). We assume that
® € L(a) for an a > 1. Then, setting Z; := sup Zs, it holds that

s<t
(8) E[@(Z2)] < E[®(aZx)].
From this inequality, we can have the following maximal ergodic inequal-

ity.

(9) /B B(sup [T f(x) u(de) < /B & (ol f () )(d).

>0
Here {T}} is the Ornstein-Uhlenbeck semigroup on an abstract Wiener
space (B, H, u).
83. Littlewood-Paley inequality

Let (B, H,u) be an abstract Wiener space and K be a separable
Hilbert space. {73} is the Ornstein-Uhlenbeck semigroup on LP(E, p; K)
defined by (1). For a > 0, set

,-_Ft(a) — e—atTt.
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Then the generator of {Tt(a)} is L — . We further define a semigroup
{an)} by subordination as follows:

QY = / T \(ds) = / e~ T\ (ds)
0 0

Here ); is a probability measure on [0, 00) whose Laplace transform is
given by

/ e N\ (ds) = e VT,
0

When o = 0, Q\” is simply denoted by Q; and called the Cauchy
semigroup. For F € L?(B, u; K), it holds that

QS Flla < eV || F |l

and {an)} is a strongly continuous semigroup on L®. The generator
will be denoted by —va — L.

We denote by P(K) a set of all functions f: B — K which can be
expressed as

f(l‘) = Zpi(<llvx>)v sy <lnﬂx>)kl

where p; is a polynomial on R™ and k1,...,k, € K, l1,...,l, € B*.
For f € P(K), define

g~ f(,t) = 109 (@, ),
g' f(z,t) = |DQ\ (x, )|,
gf(x,t) = Vg~ f(z,t)2 + g' f(z,1)2.

Here an) (z,f) = Qt(la)f(m) and the norm | |gs denotes the Hilbert-
Schmidt norm. g~ f, ¢'f, gf all depend on « but we fix it throughout
the argument and suppress it for simplicity. We further define

1/2

G ={ [ 1o sevrar) "

1/2

6 fe) = { [ o' saapar)
61w ={ [ wosapal”

We call them Littlewood-Paley G-functions.
Our aim in this section is to prove the following theorem.
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Theorem 3.1. Assume that ® € L(a) NU(B) for constants 1 <
o < (. Further assume that ¢ is either convex or concave. Then we
have

(10) 12(G )l < (12 f DI
(11) 1@(fDI S [12(G f)-

In the above theorem, A < B stands for A < CB for a positive
constant C' that is independent of f. We use this convention in the
sequel without mentioning.

We give a probabilistic proof. To do this, we take the Ornstein-
Uhlenbeck process (X;) on B, i.e., the diffusion process generated by

L. We also take a process (B;) on R generated by ddTQQ. We assume
that the initial distribution of (X}) is the stationary measure p so that
the process becomes stationary. We denote the starting point of the
Brownian motion (B;) by N. Ey stands for the integration with respect
to this measure. Later we let N — oo.

Now, for f € P(K), set u(z,a) = Q¥ (z, f). Then u(z,a) satisfies

u(z,0) = f(z)
(12) { Lou(z,a) + 02u(z,a) — au(z,a) = 0.

Define a stopping time 7 by
T =1inf{t > 0| B; = 0}.

Then we can think of u(Xy, By) for t < 7. Set

QBt/\.,- Xt/\‘l'7 f / QB Xsa f)

tAT

= U(Xt/\7'7 Bt/\T) -« QBS (Xsa f)ds
0

Then (M;) is a martingale with My = @p, f(Xo). The quadratic varia-
tion is given as

tAT
(13) (=2 [ X Bds
0
Therefore we have
(14) dlul? = 2(u, dM) + 2a|u|®dt + (dM,dM)
(u,dM) + (2alul® + 2gf%)dt

2
2
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Now set
Zy = |U(Xt/\‘r;Bt/\‘r)|2'

(Z:) is a non-negative submartingale. To compute ®(1/Z;), we approx-
imate it as follows. Take any € > 0 and set F'(z) = ®(v/z +¢). Recall
that ¢ is either convex or concave. We divide into tow cases.

(i) ¢ is concave.
We need the following proposition.

Proposition 3.2. Assume ® € L(a) (a > 1). Then it holds that,
foru, v >0,

(15) Bv) < (%qﬁ’(u)vZ + <I>(u)).

Proof. From the assumption, a®(z) < z¢(z) holds. Since ¢ is
concave, ®(z) > tx¢(z) which leads to o < 2. Hence (15) clearly holds
when u > v.

If v > u, we have

These are easily obtained by observing the graph.
Summing up three terms of the left-hand side and ®(v), we have
vé(v). Therefore

Su6() + 1 () (0 — w) + 5(v — w6 (w) + B(0) 2 wh() 2 (o).

Hence we have

(0= 1)B(0) < gu(u) + &' (u)(v — w) (ut 50— u)
1 1,
= §u¢(u) + §¢ (u)(v? — u?)
< B(w) + 20/ (w)?

which is the desired result. Q.E.D.
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The derivatives of F(x) = ®(y/x + ¢) are

F(e) = ¥ (Vo F o)
Pa) = 8 R s+ ¥ (Va3 (—5) ==
By the It6 formula,
A®(\/Z, +2) = @;(\/_ VZZ::;)dZt
L (O"(VZF2) 187 F2)
5{ AZi+e) 4 yz,42 }<dZ’dZ>

_ @{gm dM) + 2(alul® + gf?)dt}

o /Tul + ¢

Lfo'(Vul?+e) 1o(|u]*+¢)
+§{ WuPre) 1 s }<dZ’dZ>

_ ¢(\/ |u‘2+€) (u,dM) + ¢(\/ |u|2+€) (a|u\2+gf2)dt

VIl +e VIul+ e
U1 (i /PR
+8u|2—|—5{¢ (Vul? +¢) S 1< }(dZ,dZ>.

Now we note (dZ,dZ) < 4lu|*(dM,dM) = 8|u|?gf?dt. Further
@' (t) < ¢(t)/t since ¢ is concave. We therefore have
9(

7\/7%2::)9]%@1 ! {¢’(\/m)%w}<d1d2>

PV Iul® +¢) o Sy - WUt )
> g {oire) - M g

= ¢'(V|u|]> +e)gf2dt.

Integrating from 0 to 7 and taking expectation, we have

(16) ||¢(\/|f2+€)|1>EN[/OT¢>’(\/IU|2+€)9f2dt]~

We will give an estimate from below of the right-hand side. We note
that f*(z) := sup,>o [T¢f ()| > sup,>¢ [u(z, a)l.

By | [ ol o] - H | VR 20 a)a e

8lul?+¢

1
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>

/0°° ¢'(V 2 +e)gf*(-.a)(a AN)da

(. ¢’ is non-increasing)

1

Combining this with (16) and letting N — oo

(/BT &) = H/ (VFZ+2)gf2( -, a)ada
6 STTTOG

Now we use the inequality ®(v) < —1=(3¢/(u)v? + ®(u)) in Proposi-
tion 3.2 and get

12(GHIIL S 10" (V f2+ )G 1+ (V2 + )l
<e(VIfPP + o)l + (V2 + )l

Letting e — 0 and using the maximal ergodic inequality (9), we have

1RGN S NLALDI + @)l S NRASDIL-

This completes the proof in the case that ¢ is concave.

1

(ii) ¢ is convex.
Set ®(z) = ®(y/z). Then @ is convex. In fact, by differentiating,

we have

d / 1 o(Va)
dm‘I’(\/_) o (\/E)m RN

The function is increasing since ¢ is convex and so the convexity of P
follows. Further ® € U(a/2) since

() a5 (D)

O(z) 2/zP(Vr)  20(V7)

The submartingale Z; = |u(X¢nr, Biar)|? is decomposed as a sum
of a martingale and an increasing process as in (14). By using (7), we
get

(17)  En[d( / " GF(Xe, B.)Ads)] S Enl®(Zeo)] = En[(£(X,)2)]
— En @] = 190D
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Now we introduce H-functions as follows.

Hof) = { [ s
11w ={ [ swapar)
i) = { [~ uasanpa
Then we have

Ie(H )l = |2(Hf?)]

Iyl

= lim ( { gf (X1, By) dt‘XTx]> (dx)

N —oo H
SNli_rpoo [ ( 9f*( X, By dt) Du
< ]\;EHOOEN{ ( 9f*(X¢, By)dt )]

SIedsDl- €

It is well-known that Gf is dominated by H f (see [7]) and so (10)
follows. (11) can be shown by a standard duality argument. This com-
pletes the proof of Theorem 3.1.

Using this theorem, the Meyer equivalence in Orlicz space, which
is of our main interest, follows easily. In fact, the same proof as in LP
setting works (see e.g., [9]).

Theorem 3.3. Assume that ® € L(a) NU(B) for 1 < a < 8 and
that ¢ is either convex or concave. Then there exist positive constants
C1 and Cq such that

(18)  Ci{lIDflle + I flle} < IV1=Lflle < Co{IDflle + [ flle}-

§4. Examples

We give some example of nice Young functions that satisfy the con-
dition of Theorem 3.3. For indicies p > 1, 8 € R, k > 1, we set

(19) bppi(x) =2P"ogh (k+x), >0
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and define

(20) By g p(r) = / o)y,

We regards this as a Young function. The function does not satisfy the
condition of Young function in general since § might be negative. We
see when it is a Young function. To avoid complexity, we simply denote
¢ and @ in place of ¢, g1 and ®, g 1, respectively. Differentiating ¢, we
have

¢ (x)=(p— 1)30’)72 1ogpﬁ(k + ) —|—pﬁxp71{logpﬁ71(k; + x)}m

= xp2logp5(k+x){p— 1 +pﬁ(k+x)ljg(k+x) }

We look for the condition so that ¢’ is positive. To do this, set

(k+z)log(k + )

(21) fz) =

If k=1, f takes its maximum 1 at z = 0. If kK > 1, f takes its maximum
at © = a where « is the solution of klog(k + x) — z = 0. We can see

that f(a) < m. Therefore, in all cases of k, it holds that

(22) 0< . < 1
(k+x)log(k+x) — 1+logk

Now it is easy to see that ® is a nice Young function ifp(1+ L) >
1+ logk

1. Further we easily have the following proposition.
Proposition 4.1. ¢ satisfies following inequalities:

(23)  (p—Do(2) <wd/(z) < (p —1+ %
_n

1+4logk

)o(@), for B0,

1) (p-1+ )o(@) < 2¢/(x) < (p—V)é(a), for 3 <0.

Similar inequalities hold for ®. To see this, we need the following
proposition.

Proposition 4.2.  For positive constant «, it holds that
(i) if ¢ € L(cv), then ® € L(a + 1),
(ii) if ¢ € U(a), then ® € U(a + 1).
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Proof. Suppose ¢ € L(a), i.e., ap(t) < t¢'(t). By integrating both
hands, we have

(25) ad(z) < /O "1 (t)t.

On the other hand, since (t¢(t)) = &(t) + t¢'(t), we have

sola) = [ {ott) + 16/ (0))ds
0
and hence
- = to' (t)dt.
roa) ~ o) = [ 10'(0)
This combined with (25) leads
2o(e) > (0 -+ )0 (2).
(ii) can be shown similarly. Q.E.D.

Now the following proposition easily follows.

Proposition 4.3.  The following inequalities hold:

20 ) <o) <p(1+ E o), (520
@) p(1+ ﬁ)@(@ < 20'(z) < pd(z), (8 <0).

Lastly, we will see the asymptotic behavior of the complementary

function W. We use the notation f ~ ¢ when limg_ s % =1 holds.

Proposition 4.4. Assume p > 1 and let q be the conjugate expo-
nent of p: % + % = 1. Then it holds that

(28) p®(x) ~ 2P log"’ z,
(29) (g —1)%PqU(z) ~ 271og™ " x.

Proof. By the I’'Hopital theorem, we have

. p®(x) po(x)
lim ————2— = lim
e—o0 gplogP? 1 @—oo prp—110gP’ 1z + xppﬁ(logpﬁ x)/x
, pxP~11ogh? (k + x)
= lim

T—00 pa:p—l 1ngﬁ T + pﬂxp—l 10gpﬁ71 x
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) log?? (k + z)

im 3 T
z—00 JogP” 1 + BlogP” ™"z
=1

which shows (28).
As for ¥, we have, by the 'Hopital theorem,

lim 7(]\1/(9:)
e—o0 alog~ 9 1
()
7—=00 ()4 log ™ ¢(x)
L A (6(0)0 (@)
1=00 g(x)1-1 ¢/ (z)log ™" p(x) + ¢(x)1(—gB){log~ """ ¢(x)}¢' () /()
. x
= ST log ™ gla) — polay oy P 1 o(a)
= lim — ?
200 ¢(x)1 1 log ™ ¢(x)(1 — B/ log ¢(x))
= G log 7 o)
. z
- fhigo {zp—1 logpﬁ(k + )Pl logfq'g(:vp—1 logp’B(k +x))
T

= lim I
v—00 g(p=1)(a=1) 10gP? 0= (k 4 2){(p — 1) log = + pBlog log(k + =)}~9°

{(p — 1) logx + pBloglog(k + x)}9” ((p-D@-1)=1)

= lim

£—00 1og”ﬁ(q71)(k + )
. (p— 1)logz + pBloglog(k + )|+’
=@p-1?
which shows (29). Q.E.D.

We denotes the Orlicz space L% associated with ® by L log?” L.
We do not specify k since it does not affect the asymptotic behavior at
infinity. Since the Wiener measure is finite, L? logpﬁ L is independent
of k. The above theorem means that the dual space of LP logpﬁ L is
Lilog~ % L.
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§5. Logarithmic Sobolev inequality

The logarithmic Sobolev inequality in LP setting was discussed by
D. Bakry-P. A. Meyer [3] and higher order Logarithmic Sobolev inequal-
ity was discussed by G. F. Feissner [5] and R. A. Adams [2]. They all
used the interpolation theorem. Here we take a different approach.

The following logarithmic Sobolev inequality holds for the Ornstein-
Uhlenbeck process.

E[f*10g(f2/1/13)] < 2E [IDfI?] .

Here E[] stands for the integration with respect to u. Hereafter we
use this notation. Recall that fB(Df, Dg)g+dp is the Dirichlet form
associated with the Ornstein-Uhlenbeck process. We remark that the
following argument works for the diffusion Dirichlet form satisfying the
logarithmic Sobolev inequality if we assume the Dirichlet form is of the
gradient type.

We introduce a new Young function. Set

(30) 0(x) = {2 log(e 4+ z2)} P~/ 10gPP/4(k + 22 log(e + z))
and define

(31) o(x) = / “o(y)dy.

Then we have the following proposition.

Proposition 5.1.  For sufficient large k if necessary, there exists
a positive constant K such that

(32) 2?10g”’? (e + 22) log"®?/?(k + 22 log(e + 22))
< KO(z)?log(e + O(x)?)

Proof. We divide the proof into two cases.
(a) >0, k=1.
Let us see the asymptotic behavior as z — 0.

LHS ~ zP . £(®B8/2)2 — 2p(1+8)
On the other hand,
0(z) ~ £ (P=2)/2+(0B)/2 _ 1p(B+1)/2—1
and hence

2
O(x) ~ — = pp(B+1)/2
) p(B+1)
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4
O(x)2 ~ ——p(B+1)

Thus both hands have the same asymptotic behavior.
As z — oo,

LHS ~ zP2P/2(log?/? x)2pP/? logP?/? g = 2p(B+1)/242 6P (BH+1)/2 .

On the other hand,
0(z) ~ x(p*2)/22(p72)/4(10g(p—2)/4 m)gpﬁﬂl log"?/*
O(z) ~ (2/p)2(p+pﬂ—2)/4xp/2 logPHPA=2)/4 4

O(z)? log(e + O(z)?) ~ p~22WFPA+2)/242 (1o PHPE=2/2 1)) 106
_ p712(p+p5+2)/2xp log(Perﬁ)/? T
Hence they have the same asymptotic behavior.
(b) 8 < 0 and large k.
The asymptotic behavior at x = oo can be obtained similarly as in

the case 8 > 0.
As z — 0, LHS ~ 2P is clear. Further we have

(z) ~ 2(P—=2)/2

2
O(z) ~ ZaP/?
()~

O(z)*log(e + O(x)?) ~ I%mp

Thus we have the desired result. Q.E.D.

We recall the following fact. Let U and V' be a non-negative func-
tions on a measure space (M, m). Assume that

/ Up(U)dm < o,
M

/ Us(U)dm < / Vo(U)dm + C.
M M

Then it follows that

33 O(U)d O(V)d C.
(33) /M<>ms/M<>m+

For the proof, see [4, Lemma V1.98]. Now we have the following theorem.
In the sequel, we denote by ®, 3 in place of ®, 3 because the index k
is not essential.
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Proposition 5.2. Forp > 2, B € R, there exists a positive con-
stant C' such that

(34)
El®y 5+1)/2(1f1)] < CE[®p,145)/2- /) (| fD] + CE[®p 5/2(IDf])]-

Proof. Set g = +/O(|f])? + e. Then
_20(7)'(S) DL/
2vO(f1)* +e

and hence |Dg| < 6(|f])|Df]. Now, by using the logarithmic Sobolev
inequality

E [g%log(g?/l9lI3)] < 2E [|Dg[*],

we have

E[{0(f])* + e} log(e + O(If])*)]
< E[O(f)* +e]log E [e + O(|f])?]

+ B[IDFP{IS P los(e + |F2)HP 27 1og? 2 (0 + | £ log(e + |12))]
and

E[0(]f))*log(e + O(If)*)]
< E[0(f)*]log E [e + ©(If])?]

+ B [IDFP{1f1 tog(e + | /2727 1og? 2k + | £ log(e + | /7))
We set
3(x) = dpy2,p.k(x) = 2P 1ogh 2 (k 4 x),
U = |f*log(e + | f[*).
Then
Ug(U) = |f[* log(e + |fI*)
x {If1?og(e + 1)} /2~ og 2 (k + | f[? log(e + | 1)
= | /7 1og”" (e + | £1*) 1og?*/(k + | f|* log(e + | f[*))
< KO(|f])*log(e + O(|f)%). (. (32))
Combining this with the previous result, we have

K~'E[U¢(U)] < Ele+ ©(|f])*]log Ele + O(|f1)*] + E[[Df*6(U)].



16 I. Shigekawa

Now, by (33), it follows that
Blo(U)] < KEle+ O(|f])*]log Ele + O(| f|)*] + KE[®(|Df[?)].
Here ® is the integral of ¢. Since ® = ®,, /5 3,
O(2?) < cra’g(a?)
< cle(gﬂ)(p/?)*l 1ng5/2<k + z?)
< c1aP logpﬂﬂ(k + m2)
< ca®yp g/a(w).
Further
(2% log(e + x2)) > c32? log(e + 2%)p(2? log(e + 22))
= c32? log(e + x2){x? log(e + 2)} /21
x logP?/?(k + 2% log(e + 2°))
= c3a? log?* (e + 2%) log"?/? (k + 2% log(e + 2°))
> cqa® log?’? (e + x) 1ogP?/ 2 (k + z)
> csa? logP M2 (| 4 )
2 c6®p,(5+1)/2(2)
and
O(z)* < 2%0(x)?
< 22 {2 log(e + 22)}P=2/210gPP/2 (k + 2 log(e + x))
< c7a?1og P22 (e + 1) logP?/? (k + x)
< cpa? log(p+pﬁ—2)/2<k + )
< e8Py, 145)/2-(1/p)(@)-
Thus we have eventually obtained
B[y, (541)/2( )] < CE[®p,148)/2-(1 /) (| /)] + CE[®p,5/2(ID f])]-
This completes the proof. Q.E.D.

If p =2 and 8 > 0, the above proof works as well in this case. We
only state the result.

Proposition 5.3. Forp =2, § > 0, there exists a positive con-
stant C' such that

(35)  E[®a,s41)/2(f1)] < CE[®a5/2(1f])] + CE[®y 5/2(IDf])]-
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In Section 3, we showed that the right hand side of (34) is equivalent
to B [<I>p75/2(\/1 — Lf)] . Therefore we easily get the following theorem.

Theorem 5.4. Forp > 1, 3 >0, the following map is continuous:
(36) VIZL ' IPlog”® L — LPlog?P+1/2) I,

Recall that the dual space of LPlogP” is L9log™ % L (see Proposi-
tion 4.4). Hence, when 1 < p < 2, the above equation (36) is shown by

the duality. By iterating the map v/1 — L _1, we can have the continuity
of (1 — L)~ from LPlog”’ L to LPlogP**V L.
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