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Summary. We discuss the Lp multiplier theorem for a semigroup acting on vector
valued functions. A typical example is the Hodge–Kodaira operator on a Rieman-
nian manifold. We give a probabilistic proof. Our main tools are the semigroup
domination and the Littlewood–Paley inequality.

1 Introduction

We discuss the Lp multiplier theorem. In L2 setting, it is well known that
ϕ(−L) is bounded if and only if ϕ is bounded where L is a non-positive self-
adjoint operator. In Lp setting, the criterion above is no more true in general.

E. M. Stein [9] gave a sufficient condition when L is a generator of a
symmetric Markov process. It reads as follows: define a function ϕ on [0,∞) by

ϕ(λ) = λ
∫ ∞

0

e−2tλm(t) dt. (1.1)

Here we assume thatm is a bounded function. A typical example is ϕ(λ) = λiα

(α ∈ R). Then Stein proved that ϕ(−L) is a bounded operator in Lp for
1 < p < ∞. He also proved that the operator norm of ϕ(−L) depends only
on p and the bound of m.

In the meanwhile we consider the Hodge–Kodaira operator on a compact
Riemannian manifold M . It is of the form L = −(dd∗ + d∗d) where d is
the exterior differentiation. A typical feature is that L acts on vector valued
functions, to be precise, differential forms on M . In this case, we can get the
following theorem:
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Theorem 1.1. For sufficiently large κ, ϕ(κ−L) is a bounded operator in Lp.
Further the operator norm is estimated in terms of m and p only.

To show this theorem, we use the following facts.

1. The semigroup domination.
2. The Littlewood–Paley inequality.

As for the first, we can show that∣∣et(L−κ)θ
∣∣ � etL|θ|. (1.2)

Here L is the Laplace–Beltrami operator onM and the inequality holds point-
wisely. This inequality can be shown by means of Ouhabaz criterion ([3]). To
use the criterion, the following inequality is essential.

L|θ|2 − 2(Lθ, θ) + κ|θ|2 � 0.

As for the second, we need the Littlewood–Paley function. This is somehow
different from usual one. We may call it the Littlewood–Paley function of
parabolic type. It is defined as follows:

Pθ(x) =
{∫ ∞

0

|∇Ttθ(x)|2 dt
}1/2

.

Here Tt denotes the semigroup et(L−κ). We can show the following inequality:
there exists positive constant C independent of θ such that

‖Pθ‖p � C‖θ‖p
where ‖ . ‖p stands for the Lp-norm. This inequality is called the Littlewood–
Paley inequality.

Combining these two inequality we can show that∣∣(ϕ(κ− L)θ, η
)∣∣ � C1‖Pθ‖p ‖Pη‖q � C2‖θ‖p ‖η‖q.

Here q is the conjugate exponent of p. Now the desired result follows easily.
The organization of the paper is as follows. We discuss this problem in

the general framework of symmetric diffusion process. We give this formu-
lation in §2. We introduce the square field operator not only in the scalar
valued case but also in the vector valued case. We give conditions to assure
the semigroup domination which plays an important role in the paper. In
§3, we discuss the Littlewood–Paley inequality. We use the Littlewood–Paley
function of parabolic type. After preparing those, we give a proof of the mul-
tiplier theorem. In §4, we give an example of the Hodge–Kodaira operator.
The crucial issue is the intertwining property of these operators.
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2 Symmetric Markov processes and the semigroup
domination

In the introduction, we stated the theorem for the Hodge–Kodaira operator
but it can be discussed under more general setting. We give it in the framework
of symmetric Markov diffusion process.

Let (M,µ) be a measure space and suppose that we are given a conservative
diffusion process (Xt, Px) on M . Here Px denotes a measure on C([0,∞) →
M) that stands for the law of the diffusion process starting at x ∈ M . We
assume that (Xt) is symmetric with respect to µ and hence the semigroup
{Tt} defined by

Ttf(x) = Ex[f(Xt)], (2.1)

is a strongly continuous symmetric semigroup in L2(m). Here Ex stands for
the expectation with respect to Px. We denote the associated Dirichlet form
by E and the generator by L. We assume further that there exists a continuous
bilinear map Γ : Dom(E)×Dom(E)→ L1(m) such that

2
∫
M

Γ (f, g)hdµ = E(fg, h) − E(f, gh) − E(g, fh),
for f , g, h ∈ Dom(E) ∩ L∞. (2.2)

Γ is called the square field operator (“opérateur carré du champ” in French
literature) and we impose on Γ the following derivation property:

Γ (fg, h) = fΓ (g, h) + gΓ (f, h), for f , g, h ∈ Dom(E) ∩ L∞. (2.3)

We are dealing with a semigroup acting on vector valued functions (to be
precise, sections of a vector bundle) and so we are given another semigroup
{Tt}. The semigroup acts on L2-sections of a vector bundle E. Here E is
equipped with a metric ( . , . )E and L2-sections are measurable sections θ with

‖θ‖22 =
∫
M

|θ(x)|2E µ(dx) <∞.

The norm | . |E is defined by |θ|E =
√
(θ, θ)E . We denote the set of all L2-

sections by L2Γ (E). The typical example of E is a exterior bundle of T ∗M
over a Riemannian manifoldM and in this case L2Γ (E) is the set of all square
integrable differential forms. L denotes the generator of {Tt} and E denotes
the associated bilinear form. We assume that L is decomposed as

L = L̂− κ−R. (2.4)

Here R is a symmetric section of Hom(E;E) and κ is a positive constant.
Later we take κ to be large enough. L̂ is self-adjoint and non-negative def-
inite. It generates a contraction semigroup which we denote by {T̂t}. L̂
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and L satisfy the following relation: there exists a square field operator
Γ̂ : Dom(Ê)×Dom(Ê)→ L1(µ) such that

2
∫
M

Γ̂ (θ, η)hdµ = Ê((θ, η)E , h)− Ê(θ, hη)− Ê(hθ, η),
for θ, η ∈ Dom(Ê) ∩ L∞, h ∈ Dom(E) ∩ L∞. (2.5)

We assume that Γ̂ enjoys the positivity Γ̂ (θ, θ) � 0 and

2hΓ(θ, η) = −Γ (
h, (θ, η)E

)
+ Γ(θ,hη) + Γ(hθ, η) (2.6)

for θ, η ∈ Dom(Ê) ∩ L∞, h ∈ Dom(E) ∩ L∞. These properties lead to the
semigroup domination (see e.g., [5]):∣∣T̂tθ∣∣E � Tt|θ|E . (2.7)

Since R is bounded, we may assume that κ+R is non-negative definite at any
point of M by taking κ large enough. We assume further that there exists a
positive constant δ > 0 such that

κ(θ, θ)E + (Rθ, θ)E � δ(θ, θ)E . (2.8)

Then the semigroup domination for {Tt} also holds as follows:
|Ttθ|E � e−δtTt|θ|E . (2.9)

We give a correspondence to the Hodge–Kodaira operator when M is a
Riemannian manifold. L = ∆ (i.e., the Laplace–Beltrami operator), E =∧q
T ∗M (the exterior product of the cotangent bundle) and L2Γ (E) is the

set of all square integrable q-forms. L̂ = −∇∗∇ is the covariant Laplacian
(Bochner Laplacian), L = −(dd∗+ d∗d)−κ = L̂−κ−R(q). The explicit form
of R(q) is given by the Weitzenböck formula and can be written in terms of the
curvature tensor. We do not give the explicit form because we do not need it.
We only need the boundedness of R(q). Γ̂ is given by

Γ̂ (θ, η) =
1
2
{∆(θ, η)E + (∇∗∇θ, η)E + (θ,∇∗∇η)E} = (∇θ,∇η)E⊗T∗M .

The positivity of Γ̂ clearly holds and (2.6) follows from the derivation property
of ∇.

We now return to the general framework. We assume that Γ̂ is expressed as

Γ̂ (θ, η) = (Dθ,Dη) (2.10)

for some operator D. For instance, the covariant Laplacian satisfies this condi-
tion. In this case,D is the covariant derivation∇. Later we need this condition
when the exponent p is greater than 2.
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D is an operator from L2Γ (E) to L2Γ (Ẽ), Ẽ being another vector bundle
over M . The domain of D is not necessarily the whole space L2Γ (E) but
we do assume that D is a closed operator. Last assumption is the following
intertwining property: there exists a self-adjoint operator Λ satisfying

DL = ΛD +K (2.11)

where K is a bounded section of Hom(E;E′). For Λ, we assume the same
conditions as L. In particular, we need the semigroup domination for St = etΛ:

|Stξ| eE � e−δtTt|ξ| eE, ξ ∈ L2Γ (Ẽ). (2.12)

Due to the boundedness of K, this is possible by taking κ large enough.
Moreover the intertwining property (2.11) implies

DTtθ = StDθ +
∫ t

0

St−sKTsθ ds, ∀θ ∈ Dom(D), (2.13)

(see [8]).

3 Littlewood–Paley inequality

We introduce the Littlewood–Paley function of parabolic type. They are given
as follows:

Pθ(x) =
{∫ ∞

0

Γ̂ (Ttθ,Ttθ)(x)dt
}1/2

, (3.1)

Hθ(x) =
{∫ ∞

0

TtΓ̂ (Ttθ,Ttθ)(x)dt
}1/2

. (3.2)

We fix a time N and set

u(x, t) = TN−tθ(x), 0 � t � N.

Then we have

(∂t + L)|u(x, t)|2E
= (∂t + L)(TN−tθ,TN−tθ)

= −2(LTN−tθ,TN−tθ) + 2(L̂TN−tθ,TN−tθ) + 2Γ̂ (TN−tθ,TN−tθ)

= −2((L̂ − κ−R)TN−tθ,TN−tθ
)

+ 2(L̂TN−tθ,TN−tθ) + 2Γ̂ (TN−tθ,TN−tθ)

= 2
(
(κ+R)TN−tθ,TN−tθ

)
+ 2Γ̂ (TN−tθ,TN−tθ)

For notational simplicity, we use the following convention. We write
‖Aθ‖p � ‖θ‖p if there exists a constant C such that ‖Aθ‖p � C‖θ‖p. C is
independent of θ but may depend on p and A. We use this convention without
mention. Now we have the following.
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Proposition 3.1. For 1 < p � 2, it holds that

‖Pθ‖p � ‖θ‖p. (3.3)

Proof. Define a martingale (Mt) by

Mt = |u(Xt, t)|2E − |u(X0, 0)|2E −
∫ t

0

(∂s + L)|u(Xs, s)|2E ds

= |u(Xt, t)|2E − |u(X0, 0)|2E
− 2

∫ t

0

{(
(κ+R)TN−sθ(Xs),TN−sθ(Xs)

)
+ Γ̂

(
TN−sθ(Xs),TN−sθ(Xs)

)}
ds.

Then the quadratic variation of (Mt) is written as

〈M,M〉t = 2
∫ t

0

Γ
(|u( . , s)|2E , |u( . , s)|2E)

(Xs) ds

= 8
∫ t

0

|u(Xs, s)|2EΓ
(|u( . , s)|E , |u( . , s)|E)

(Xs) ds.

In particular, Zt = |u(Xt, t)|2E is a non-negative submartingale:

Zt = |u(X0, 0)|2E +Mt +Bt (3.4)

where an increasing process Bt is given by

Bt = 2
∫ t

0

{(
(κ+R)TN−sθ(Xs),TN−sθ(Xs)

)
+ Γ̂

(
TN−sθ(Xs),TN−sθ(Xs)

)}
ds. (3.5)

Take any ε > 0 and apply the Itô formula to (|u|2E + ε)p/2, we have

d
(|u|2E + ε)p/2 = p2 (|u|2E + ε)p/2−1 d

(|u|2E + ε)
+
1
2
p

2

(p
2
− 1

)(|u|2E + ε)p/2−2 d〈M,M〉t
=
p

2
(|u|2E + ε)p/2−1 dMt

+
[p
2

(|u|2E + ε)p/2−12
{(
(κ+R)u, u

)
+ Γ̂ (u, u)

}
+ p(p− 2)(|u|2E + ε)p/2−2|u|2EΓ (|u|E, |u|E)

]
dt.

Here, in the above identity, u(Xt, t) is simply denoted by u. Therefore

(|u(Xt, t)|2E + ε)p/2 = (|u(X0, 0)|2E + ε
)p/2 + ∫ t

0

p

2
(|u|2E + ε)p/2−1 dMs + At.
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Here At is defined by

At =
∫ t

0

[
p
(|u|2E + ε)p/2−1{(

(κ+R)u, u
)
+ Γ̂ (u, u)

}
+ p(p− 2)(|u|2E + ε)p/2−2|u|2EΓ (|u|E, |u|E)

]
dt.

(At) is an increasing process. To see this, recalling the inequality

Γ (|u|E, |u|E) � Γ̂ (u, u),

we have

dAt � p
(|u|2E + ε)p/2−1{(

(κ+R)u, u
)
+ Γ̂ (u, u)

}
+ p(p− 2)(|u|2E + ε)p/2−2|u|2Γ̂ (u, u)

�
(
p+ p(p− 2))(|u|2E + ε)p/2−1

Γ̂ (u, u)

+ p
(|u|2E + ε)p/2−1((κ+R)u, u)

� p(p− 1)(|u|2E + ε)p/2−1
Γ̂ (u, u)

which implies that At is increasing. By taking expectation of (|u(XN , N)|2E +
ε)p/2, we obtain

p(p− 1)E
[∫ N

0

(|u|2 + ε)p/2−1
Γ̂ (u, u) dt

]
� E

[(|u(XN , N)|2E + ε)p/2]
� E

[(|θ(XN )|2E + ε)p/2]
�

∥∥∥(|θ|2E + ε)1/2
∥∥∥p
p
.

We proceed to the estimation of the left hand side. By the semigroup
domination

|TN−tθ(x)| � TN−t|θ|(x) � sup
s�0
Ts|θ|(x) =: θ∗(x)

The maximal ergodic theorem implies ‖θ∗‖p � ‖θ‖p. Now, noting p/2−1 � 0,

E

[∫ N

0

(|u|2 + ε)p/2−1
Γ̂ (u, u) dt

]
=

∥∥∥∥
∫ N

0

(|u|2 + ε)p/2−1
Γ̂ (TN−tθ,TN−tθ) dt

∥∥∥∥
1

�
∥∥∥∥(
(θ∗)2 + ε

)p/2−1
∫ N

0

Γ̂ (Ttθ,Ttθ) dt
∥∥∥∥

1

.

Letting N →∞,∥∥∥(|θ|2 + ε)1/2
∥∥∥p
p

�
∥∥∥∥(
(θ∗)2 + ε

)p/2−1
∫ ∞

0

Γ̂ (Ttθ,Ttθ) dt
∥∥∥∥

1
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�
∥∥∥(
(θ∗)2 + ε

)p/2−1Pθ2
∥∥∥

1
=

∥∥∥(
(θ∗)2 + ε

)(p−2)/4Pθ
∥∥∥2

2
.

Therefore

‖Pθ‖p =
∥∥∥(
(θ∗)2 + ε

)(2−p)/4((θ∗)2 + ε)(p−2)/4Pθ
∥∥∥
p

�
∥∥∥(
(θ∗)2 + ε

)(2−p)/4∥∥∥
2p/(2−p)

∥∥∥(
(θ∗)2 + ε

)(p−2)/4Pθ
∥∥∥

2(
since

1
p
=
2− p
2p

+
1
2

)

�
∥∥∥(
(θ∗)2 + ε

)1/2
∥∥∥(2−p)/2

p

∥∥∥(|θ|2 + ε)1/2
∥∥∥p/2
p
.

Finally, letting ε→ 0, we obtain

‖Pθ‖p � ‖θ∗‖(2−p)/2p ‖|θ|‖p/2p � ‖θ‖(2−p)/2p ‖θ‖p/2p = ‖θ‖p.

The proof is complete. ��
Next we show the case p � 2. First we need the following easy lemma.

Lemma 3.1. Let j be a non-negative fonction on M × [0, N ]. Then it holds
that

Eµ

[∫ N

0

j(Xt, t) dt
∣∣∣∣ XN = x

]
=

∫ N

0

Tt
(
j( . , N − t))(x)dt. (3.6)

Here Eµ stands for the integration with respect to Pµ =
∫
M
Px µ(dx).

Proof. It is enough to show that

Eµ

[{∫ N

0

j(Xt, t) dt
}
f(XN )

]
=

∫
E

{∫ N

0

TN−tj(x, t) dt
}
f(x)µ(dx) (3.7)

for any non-negative function f . To see this,

Eµ

[{∫ N

0

j(Xt, t) dt
}
f(XN )

]
=

∫ N

0

Eµ[j(Xt, t)f(XN )] dt

=
∫ N

0

Eµ[j(Xt, t)Eµ[f(XN )|Ft]] dt

=
∫ N

0

Eµ[j(Xt, t)TN−tf(Xt)] dt

(by the Markov property)

=
∫ N

0

dt
∫
M

j(x, t)TN−tf(x)µ(dx)
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=
∫ N

0

dt
∫
M

TN−t
(
j( . , t)

)
(x)f(x)µ(dx)

(by symmetry)

=
∫
M

{∫ N

0

TN−t
(
j( . , t)

)
(x)dt

}
f(x)µ(dx)

which shows (3.7). ��
Proposition 3.2. For p � 2, we have

‖Hθ‖p � ‖θ‖p. (3.8)

Proof. We consider a submartingale Zt = |u(Xt, t)|2. As was seen in (3.4), Zt
is decomposed as

Zt = |u(X0, 0)|2E +Mt +Bt.
Then the following inequality is well-known (see, [2]): for q � 1,

E[BqN ] � E[Z
q
N ]. (3.9)

Using Lemma 3.1, we have

∫
M

µ(dx)
{∫ N

0

TtΓ̂ (Ttθ,Ttθ)(x)dt
}p/2

=
∫
M

µ(dx)Eµ

[∫ N

0

Γ̂ (TN−tθ,TN−tθ)(Xt) dt
∣∣∣∣ XN = x

]p/2

�
∫
M

µ(dx)Eµ

[{∫ N

0

Γ̂ (TN−tθ,TN−tθ)(Xt) dt
}p/2 ∣∣∣∣ XN = x

]
(by the Jensen inequality)

= Eµ

[{∫ N

0

Γ̂ (TN−tθ,TN−tθ)(Xt) dt
}p/2]

� Eµ
[{∫ N

0

{(
(κ+R)TN−tθ(Xs),TN−tθ(Xs)

)

+ Γ̂
(
TN−tθ(Xs),TN−tθ(Xs)

)}
dt

}p/2]
� E

[
B
p/2
N

]
(thanks to (3.5))

� E
[
Z
p/2
N

]
(thanks to (3.9))

= E
[|θ(XN )|p]

= ‖θ‖pp.
Now Hθ can be estimated as follows:
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‖Hθ‖pp =
∥∥∥∥
{∫ ∞

0

TtΓ̂ (Ttθ,Ttθ)(x)dt
}p/2∥∥∥∥

1

= lim
N→∞

∫
M

µ(dx)
{∫ N

0

TtΓ̂ (Ttθ,Ttθ)(x)dt
}p/2

� ‖θ‖pp.
This completes the proof. ��

Let us proceed to the estimation of Pθ.
Proposition 3.3. For p � 2, we have

Pθ(x) �
√
2Hθ(x) + ‖K‖∞

4δ3/2
θ∗(x) (3.10)

Proof. We have

Pθ(x) =
{∫ ∞

0

Γ̂ (Ttθ,Ttθ)(x)dt
}1/2

=
{∫ ∞

0

|DTtθ(x)|2
eE
dt

}1/2

(thanks to (2.10))

=
{
2
∫ ∞

0

|DT2tθ(x)|2
eE
dt

}1/2

=
{
2
∫ ∞

0

|TtDTtθ(x)|2
eE
dt

}1/2

=
{
2
∫ ∞

0

∣∣∣∣StDTtθ(x) +
∫ t

0

St−sKTsTtθ(x)ds
∣∣∣∣
2

eE

dt
}1/2

(by (2.13))

�
√
2
{∫ ∞

0

|StDTtθ(x)|2
eE
dt

}1/2

+
√
2

{∫ ∞

0

{∫ t

0

|St−sKTs+tθ(x)| eE ds
}2

dt
}1/2

�
√
2
{∫ ∞

0

Tt|DTtθ(x)|2
eE
dt

}1/2

+
√
2

{∫ ∞

0

{∫ t

0

e−δ(t−s)Tt−s|KTs+tθ(x)| eE ds
}2}1/2

(by (2.8))

=
√
2Hθ(x)

+
√
2

{∫ ∞

0

{∫ t

0

‖K‖∞e−δ(t−s)Tt−se−δ(s+t)Ts+t|θ|E(x)ds
}2

dt
}1/2

=
√
2Hθ(x) +

√
2

{∫ ∞

0

‖K‖2∞e−4δt
(
T2t|θ|E(x)

)2
t2 dt

}1/2
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=
√
2Hθ(x) +

√
2 ‖K‖∞θ∗(x)

{∫ ∞

0

t2e−4δt dt
}1/2

=
√
2Hθ(x) + 1

4δ3/2
‖K‖∞θ∗(x)

which is the desired result. ��
Combining these two propositions and the maximal ergodic inequality, we

easily obtain the following.

Proposition 3.4. For p � 2, we have

‖Pθ‖p � ‖θ‖p. (3.11)

Before proving the theorem, we give an expression of ϕ(−L). Recall that

ϕ(λ) = λ
∫ ∞

0

e−2tλm(t) dt.

There exists the following correspondence:

−L←→ λ
etL ←→ e−tλ.

Therefore ϕ(−L) is expressed as

ϕ(−L) = −L
∫ ∞

0

T2tm(t) dt.

Proof of Theorem 1.1. Using the expression above, we have

(
ϕ(−L)θ, η

)
=

(
−L

∫ ∞

0

T2tm(t) dt θ, η
)

=
∫ ∞

0

∫
M

(−LT2tθ, η)E µ(dx)m(t)dt

=
∫ ∞

0

m(t) dt
∫
M

{(−L̂Ttθ,Ttη)E +
(
(κ+R)Ttθ,Ttη

)
E
}µ(dx)

=
∫ ∞

0

m(t) dt
∫
M

Γ̂ (Ttθ,Ttη)E

+
∫ ∞

0

m(t) dt
(
(κ+R)Ttθ,Ttη

)
E
µ(dx).

We estimate two terms on the right hand side respectively.
For the first term,∣∣∣∣

∫ ∞

0

m(t) dt
∫
M

Γ̂ (Ttθ,Ttη)µ(dx)
∣∣∣∣
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� ‖m‖∞
∫ ∞

0

dt
∫
M

Γ̂ (Ttθ,Ttθ)1/2Γ̂ (Ttη,Ttη)1/2 µ(dx)

(thanks to the Schwarz inequality for Γ̂ )

� ‖m‖∞
∫
M

{∫ ∞

0

Γ̂ (Ttθ,Ttθ) dt
}1/2{∫ ∞

0

Γ̂ (Ttη,Ttη) dt
}1/2

µ(dx)

= ‖m‖∞
∫
M

Pθ(x)Pη(x)µ(dx)
� ‖m‖∞ ‖Pθ‖p ‖Pη‖q
� ‖m‖∞ ‖θ‖p ‖η‖q.

For the second term,∣∣∣∣
∫ ∞

0

m(t) dt
(
(κ+R)Ttθ,Ttη

)
E
µ(dx)

∣∣∣∣
� ‖m‖∞

∫ ∞

0

dt
∫
M

‖κ+R‖∞ |Ttθ|E |Ttη|E µ(dx)

� ‖m‖∞
∫ ∞

0

dt
∫
M

‖κ+R‖∞ e−2δtTt|θ|E Tt|η|E µ(dx)

� ‖m‖∞ ‖κ+R‖∞ 1
2δ
‖θ‖p ‖η‖q.

Thus we have shown that

|(ϕ(−L)θ, η)| � ‖θ‖p ‖η‖q
which implies that ϕ(−L) is bounded in Lp. ��

4 Hodge–Kodaira operator

In this section we consider the the Hodge–Kodaira operator −(dd∗ + d∗d)
acting on differential forms. What remains to show is the defective intertwining
property. We have to seek for operators Λ and K that satisfy

−∇(dd∗ + d∗d)θ = Λ∇θ +Kθ.
Even if θ is a differential form, ∇θ is no more a differential form. So we discuss
the issue in the framework of tensor fields. Let M be a Riemannian manifold
and ∇ be the Levi-Civita connection. The Riemannian curvature tensor is
defined by

R(X,Y )Z = ∇X∇Y Z −∇Y∇XZ −∇[X,Y ]Z

where X, Y , Z ∈ Γ (TM). Here Γ denotes the set of all smooth sections
of a vector bundle. In this case, Γ (TM) is the set of vector fields. Let
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TnM = T ∗M ⊗ · · · ⊗ T ∗M︸ ︷︷ ︸
n

be a tensor bundle of type (0, n). Exterior bundle

is denoted by
∧p
T ∗M = T ∗M ∧ · · · ∧ T ∗M︸ ︷︷ ︸

n

. We define an operator ∆HK on

Γ (TnM) as follows. u1⊗· · ·⊗un, ui ∈ Γ (T ∗M) is a typical form of an element
of Γ (TnM). Any element of Γ (TnM) can be written as a linear combination
of them. We are given a Riemmanian metric g and there exists a natural
isomophism . : T ∗M → TM e.g.,

〈ω,X〉 = g(ω�,X), ω ∈ T ∗M, X ∈ TM.

In the sequel, we omit g and denote the inner product g(X,Y ) by (X,Y ).
The inner product in T ∗M is also denoted by (ω, η). The natural pairing
between T ∗M and TM is denoted by 〈ω,X〉. We take a local orthonormal
basis {e1, . . . , en} and let {ω1, . . . , ωn} be its dual basis. We introduce linear
opetators S(n)

p,q 1 � p, q � n on Γ (Tn) as follows; for p �= q,

S(n)
p,q (u1 ⊗ · · · ⊗ un)

=
(
R(u�p, ek)u

�
q, el

)
u1 ⊗ · · · ⊗

p

ω̆k ⊗ · · · ⊗
q

ω̆l ⊗ · · · ⊗ un. (4.1)

Here we used the Einstein rule: we omit the summation sign for repeated
indices. For example, in the equation above

∑n
k,l=1 is omitted. For p = q, we

define

S(n)
p,p (u1 ⊗ · · · ⊗ un) =

(
Ricu�p, ek

)
u1 ⊗ · · · ⊗

p

ω̆k ⊗ · · · ⊗ un

=
(
R(u�p, ei)ei, ek

)
u1 ⊗ · · · ⊗

p

ω̆k ⊗ · · · ⊗ un. (4.2)

Ric denotes the Ricci tensor.
We now define the operator ∆HK by

∆HKv = −∇∗∇v −
n∑

p,q=1

S(n)
p,q v. (4.3)

Here the superscript HK stands for Hodge–Kodaira. This notation is justified
by the following proposition.

Proposition 4.1. For θ ∈ Γ (∧p T ∗M), it holds that

∆HKθ = −(dd∗ + d∗d)θ. (4.4)

Proof. We first note the following identity: for u1, . . . , un ∈ Γ (T ∗M),

u1 ∧ u2 ∧ · · · ∧ un :=
∑
σ

sgn σ uσ(n) ⊗ · · · ⊗ uσ(n)
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=
∑
α

(−1)α−1uα ⊗ (u1 ∧
α
∨· · · ∧ un).

Here σ runs over the set of all permutations of order n, sgnσ is the sign of σ
and

α
∨ means that uα is deleted. Similarly we have

u1 ∧ u2 ∧ · · · ∧ un =
∑
α<β

(−1)α+β−1(uα ⊗ uβ − uβ ⊗ uα)(u1 ∧
α
∨
β
∨· · · ∧ un).

Next let us compute
∑
p,q S

(n)
p,q . First, for

∑
p�=q S

(n)
p,q∑

p�=q
S(n)
p,q (u1 ∧ u2 ∧ · · · ∧ un)

=
∑
p�=q
S(n)
p,q

∑
σ

sgnσ uσ(1) ⊗ · · · ⊗ uσ(n)

=
∑
p�=q

∑
σ

sgnσ (R(u�σ(p), ek)u
�
σ(q), el)uσ(1) ⊗ · · · ⊗

p

ω̆k ⊗ · · · ⊗
q

ω̆l ⊗ · · · ⊗ uσ(n).

Here p-th uσ(p) is replaced by ωk and q-th uσ(q) is replaced by ωl. By exchang-
ing the order of summation, we have∑
p�=q
S(n)
p,q (u1 ∧ u2 ∧ · · · ∧ un)

=
∑
α�=β

∑
σ

sgn σ
(
R(u�α, ek)u

�
β , el

)
uσ(1) ⊗ · · · ⊗

σ−1(α)

ω̆k ⊗ · · · ⊗
σ−1(β)

ω̆l ⊗ · · · ⊗ uσ(n)

=
∑
α�=β

(
R(u�α, ek)u

�
β, el

)∑
σ

sgn σ uσ(1) ⊗ · · · ⊗
σ−1(α)

ω̆k ⊗ · · · ⊗
σ−1(β)

ω̆l ⊗ · · · ⊗ uσ(n)

=
∑
α�=β

(
R(u�α, ek)u

�
β, el

)
u1 ∧ · · · ∧

α

ω̆k ∧ · · · ∧
β

ω̆l ∧ · · · ∧ un

=
∑
α<β

(
R(u�α, ek)u

�
β , el

)
ωk ∧ ωl ∧ u1 ∧

α
∨
β
∨· · · ∧ un

+
∑
α>β

(
R(u�α, ek)u

�
β, el

)
ωl ∧ ωk ∧ u1 ∧

α
∨
β
∨· · · ∧ un

=
∑
α<β

(
R(u�α, ek)u

�
β , el

)
ωk ∧ ωl ∧ u1 ∧

α
∨
β
∨· · · ∧ un

+
∑
α>β

(
R(u�β , el)u

�
α, ek

)
ωl ∧ ωk ∧ u1 ∧

α
∨
β
∨· · · ∧ un

= 2
∑
α<β

(
R(u�α, ek)u

�
β , el

)
ωk ∧ ωl ∧ u1 ∧

α
∨
β
∨· · · ∧ un.

Similarly we have
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p

S(n)
p,p (u1 ∧ u2 ∧ · · · ∧ un) =

∑
p

S(n)
p,p

∑
σ

sgn σ uσ(1) ⊗ · · · ⊗ uσ(n)

=
∑
p

∑
σ

sgnσ
(
Ricu�σ(p), ek

)
uσ(1) ⊗ · · · ⊗

p

ω̆k ⊗ · · · ⊗ uσ(n).

Here p-th uσ(p) is replaced by ωk. Exchanging the order of summation, we
have∑

p

S(n)
p,p (u1 ∧ u2 ∧ · · · ∧ un)

=
∑
α

∑
σ

sgn σ (Ric u�α, ek)uσ(1) ⊗ · · · ⊗
σ−1(α)

ω̆k ⊗ · · · ⊗ uσ(n)

=
∑
α

(Ricu�α, ek)u1 ∧ · · · ∧
α

ω̆k ∧ · · · ∧ un

=
∑
α

(−1)α−1(Ricu�α, ek)ω
k ∧ u1 ∧

α
∨· · · ∧ un

Using this identity, we can calculate −(dd∗+ d∗d). Before that we have to
recall the Weitzenböck formula:

− (dd∗ + d∗d) = −∇∗∇
+

(
R(el, ej)ek, ei

)
ωl ∧ ωk ∧ i(ej)i(ei)− (Ric ek, ei)ωk ∧ i(ei).

Here i( . ) denotes the interior product, i.e., i(X)θ = θ(X, . , . . . , . ). Now we
have

−(dd∗ + d∗d)(u1 ∧ · · · ∧ un)
= −∇∗∇(u1 ∧ · · · ∧ un) +

(
R(el , ej)ek, ei

)
ωl ∧ ωk ∧ i(ej)i(ei)

×
∑
α<β

(−1)α+β−1(uα ⊗ uβ − uβ ⊗ uα)(u1 ∧
α
∨
β
∨· · · ∧ un)

− (Ric ek, ei)ωk ∧ i(ei)
∑
α

(−1)α−1uα ⊗ (u1 ∧
α
∨· · · ∧ un)

= −∇∗∇(u1 ∧ · · · ∧ un)
+

∑
α<β

(−1)α+β−1{〈uα, ei〉〈uβ , ej〉 − 〈uβ , ei〉〈uα, ej〉}

× (
R(el, ej)ek, ei

)
ωl ∧ ωk ∧ u1 ∧

α
∨
β
∨· · · ∧ un

−
∑
α

(−1)α−1(Ric ek, ei)〈uα, ei〉i(ei)ωk ∧ u1 ∧
α
∨· · · ∧ un

= −∇∗∇(u1 ∧ · · · ∧ un) +
∑
α<β

(−1)α+β−1
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× {(
R(el, u

�
β)ek, u

�
α

)− (
R(el, u�α)ek, u

�
β

)}
ωl ∧ ωk ∧ u1 ∧

α
∨
β
∨· · · ∧ un

−
∑
α

(−1)α−1(Ric ek, uα)ωk ∧ u1 ∧
α
∨· · · ∧ un

= −∇∗∇(u1 ∧ · · · ∧ un)

+ 2
∑
α<β

(−1)α+β−1
(
R(el , u

�
β)ek, u

�
α

)
ωl ∧ ωk ∧ u1 ∧

α
∨
β
∨· · · ∧ un

−
∑
α

(−1)α−1(Ric ek, uα)ωk ∧ u1 ∧
α
∨· · · ∧ un

= −∇∗∇(u1 ∧ · · · ∧ un)

− 2
∑
α<β

(−1)α+β−1
(
R(u�α, ek)u

�
β , el

)
ωk ∧ ωl ∧ u1 ∧

α
∨
β
∨· · · ∧ un

−
∑
α

(−1)α−1(Ric ek, uα)ωk ∧ u1 ∧
α
∨· · · ∧ un

= −∇∗∇(u1 ∧ · · · ∧ un)−
∑
p,q

S(n)
p,q (u1 ∧ · · · ∧ un)

= ∆HK(u1 ∧ · · · ∧ un)
which is the required identity. ��

We are interested in the intertwining property for the Hodge–Kodaira
operator −(dd∗ + d∗d). By the above proposition, it is enough to calculate
∆HK. We first show the intertwining property for ∇∗∇.
Proposition 4.2. It holds that

−∇(∇∗∇)u− (∇∗∇)∇u =
n+1∑
j=2

{S(n+1)
1,j ∇u+ S(n+1)

j,1 ∇u}

+ S(n+1)
1,1 ∇u+ ωk ⊗∇iR(n)(ei, ek)u (4.5)

Proof. Pick a point x ∈M and fix it. We take a normal coordinate at x. Then
there exists a local frame {e1, e2, . . . , en} of TM so that ∇eiej(x) = 0. To
avoid complexity, we simply denote ∇i in place of ∇ei. Let {ω1, ω2, . . . , ωn}
be the dual frame. Due to our choice of a local frame, at the point x it holds
that ∇2

i,j = ∇i∇j , [ei, ej ] = 0 and ∇iωk = 0. Moreover we have the following
identity at x:

−[ei,∇jek] = ∇i∇jek, (4.6)
∇i∇∇jek = ∇∇i∇jek , (4.7)

〈∇i∇iek, ωl〉 = −〈ek,∇i∇iωl〉 (4.8)

Here (4.7) is the identity for TnM .
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To see (4.6) we note that the torsion is free and so we have

[ei,∇jek] = ∇i∇jek −∇∇jekei = ∇i∇jek.

As for (4.7), we use the definition of the curvature R(n).

∇i∇∇jek = R
(n)(ei,∇jek) +∇∇jek∇i +∇[ei,∇jek]

= ∇∇i∇jek . (thanks to (4.6) )

(4.8) can be shown as

0 = ∇i∇i〈ek, ωl〉
= 〈∇i∇iek, ωl〉+ 2〈∇iek,∇iωl〉+ 〈ek,∇i∇iωl〉
= 〈∇i∇iek, ωl〉+ 〈ek,∇i∇iωl〉.

We use these identities freely. From now on all equations are evaluated at the
point x. Now

−(∇∗∇)∇u+∇(∇∗∇)u
= ∇i∇i(ωk ⊗∇ku)−∇∇iei(ω

k ⊗∇ku)−∇(∇i∇iu−∇∇ieiu)

= ∇i∇iωk ⊗∇ku+ 2∇iωk ⊗∇i∇ku+ ωk ⊗∇i∇i∇ku
− ωk ⊗∇k∇i∇iu+ ωk ⊗∇k∇∇ieiu

= ∇i∇iωk ⊗∇ku+ ωk ⊗∇i∇i∇ku− ωk ⊗∇k∇i∇iu+ ωk ⊗∇k∇∇ieiu

= ∇i∇iωk ⊗∇ku+ ωk ⊗∇i
{
R(n)(ei, ek)u+∇k∇iu+∇[ei,ek]u

}
− ωk ⊗ {

R(n)(ek, ei)∇iu+∇i∇k∇iu+∇[ek,ei]∇iu
}
+ ωk ⊗∇k∇∇ieiu

= ∇i∇iωk ⊗∇ku+ ωk ⊗
{∇iR(n)(ei, ek)u+R(n)(∇iei, ek)u

+R(n)(ei,∇iek)u+R(n)(ei, ek)∇iu+∇i∇[ei,ek]u
}

− ωk ⊗R(n)(ek, ei)∇iu+ ωk ⊗∇k∇∇ieiu

= ∇i∇iωk ⊗∇ku+ ωk ⊗∇iR(n)(ei, ek)u+ 2ωk ⊗R(n)(ei, ek)∇iu
+ ωk ⊗ {∇i∇[ei,ek]u+∇k∇∇ieiu

}
.

On the other hand, using (4.6), (4.7) and (4.8), we have

ωk⊗{∇i∇[ei,ek]u+∇k∇∇ieiu
}

= ωk ⊗ (∇i∇∇iek −∇i∇∇kei +∇k∇∇iei)u

= ωk ⊗ (∇∇i∇iek +∇R(ek,ei)ei
+∇∇[ek,ei ]ei)u

= ωk ⊗ (∇∇i∇iek +∇R(ek,ei)ei
)u

= ωk ⊗ (〈∇i∇iek, ωl〉∇lu+ 〈R(ek , ei)ei, ωl〉∇lu)
= ωk ⊗ 〈∇i∇iek, ωl〉∇lu+ ωk ⊗ 〈Ric ek, ωl〉∇lu
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= −ωk ⊗ 〈ek,∇i∇iωl〉∇lu+ ωk ⊗ 〈Ric ek, ωl〉∇lu (thanks to (4.8) )

= −∇i∇iωl ⊗∇lu+ ωk ⊗ 〈Ric ek, ωl〉∇lu.

Combining all of them, we have

−(∇∗∇)∇u+∇(∇∗∇)u
= ωk ⊗∇iR(n)(ei, ek)u+ 2ωk ⊗R(n)(ei, ek)∇iu+ ωk ⊗ 〈Ric ek, ωl〉∇lu

= ωk ⊗∇iR(n)(ei, ek)u+
n+1∑
j=2

(
S

(n+1)
1,j ∇u+ S(n+1)

j,1 ∇u)+ S(n+1)
1,1 ∇u.

This completes the proof. ��
We are now ready to prove the intertwining property for ∆HK.

Proposition 4.3. Take any local orthonormal frame {e1, e2, . . . , ed} and its
dual frame {ω1, ω2, . . . , ωd}. Then it holds that

∇∆HK
n u = ∆HK

n+1∇u−
n∑

p,q=1

ωk ⊗ (∇kS(n)
p,q )u− ωk ⊗ (∇iR(n)(ei, ek))u. (4.9)

Proof. We recall (4.3). Then

∇∆HK
n u−∆HK

n+1∇u

= −∇
(
∇∗∇+

n∑
p,q=1

S(n)
p,q

)
+

(
∇∗∇+

n+1∑
p,q=1

S(n+1)
p,q

)
∇u

= −
n+1∑
j=2

(
S

(n+1)
1,j ∇u+ S(n+1)

j,1 ∇u)− S(n+1)
1,1 ∇u− ωk ⊗∇iR(n)(ei, ek)u

−
n∑

p,q=1

ωk ⊗ (∇kS(n)
p,q

)
u−

n∑
p,q=1

ωk ⊗ S(n)
p,q∇ku+

n+1∑
p,q=1

S(n+1)
p,q ∇u

= −
n+1∑
j=2

(
S

(n+1)
1,j ∇u+ S(n+1)

j,1 ∇u)− S(n+1)
1,1 ∇u− ωk ⊗∇iR(n)(ei, ek)u

−
n∑

p,q=1

ωk ⊗ (∇kS(n)
p,q

)
u−

n+1∑
p,q�2

S(n+1)
p,q ∇u+

n+1∑
p,q=1

S(n+1)
p,q ∇u

= −
n∑

p,q=1

ωk ⊗ (∇kS(n)
p,q

)
u− ωk ⊗∇iR(n)(ei, ek)u

which completes the proof. ��
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The above intertwining property for ∆HK is defective, i.e., it satisfies the
identity of the type (2.11). The defective term is removed if we replace ∇
with the exterior derivative d. To define the exterior derivative, we need to
introduce alternating operation A as follows. For a tensor u of type (0, n), we
define A(n) by

A(n)u(X1, . . . ,Xn) =
∑
σ

sgnσ u(Xσ(1), . . . ,Xσ(n)).

The exterior derivative is defined by

d = A(n+1)∇u.

This definition is consistent with the usual definition for differential forms.
Now we have the following intertwining property.

Proposition 4.4. For u ∈ Γ (Tn(M)), it holds that

d∆HK
n u = ∆HK

n+1du. (4.10)

Proof. By Proposition 4.3, we have

d∆HK
n u = ∆HK

n+1du

−
n∑

p,q=1

A(n+1)
(
ωk ⊗ (∇kS(n)

p,q

)
u
)
− A(n+1)

(
ωk ⊗ (∇iR(n)(ei, ek)

)
u
)
.

We have to show that the additional terms vanish. Before proving this, we
recall the Bianchi identity for the Riemannian curvature:

−SR(X,Y )Z = 0, (4.11)
S∇XR(Y,Z) = 0. (4.12)

Here S stands for the cyclic sum, e.g.,

SR(X,Y )Z = R(X,Y )Z +R(Y,Z)X +R(Z,X)Y.

(4.11) is called the first Bianchi identity and (4.12) is called the second Bianchi
identity.

We may assume that u = u1 ⊗ · · · ⊗ un. For p = q, we have
n∑
p=1

A(n+1)
(
ωk ⊗ (∇kS(n)

p,p

)
u
)
− A(n+1)

(
ωk ⊗ (∇iR(n)(ei, ek)

)
u
)

=
n∑
p=1

A(n+1)
(
ωk ⊗ u1 ⊗ · · · ⊗ ∇kRicu�p ⊗ · · · ⊗ un

+ ωk ⊗ u1 ⊗ · · · ⊗ ∇iR(ei, ek)u�p ⊗ · · · ⊗ un
)
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=
n∑
p=1

(−1)p{∇k Ricu�p ∧ ωk ∧ u1 ∧
p
∨· · · ∧ un

+∇iR(ei, ek)u�p ∧ ωk ∧ u1 ∧
p
∨· · · ∧ un

}
.

We need to compute ∇kRicu�p ∧ ωk +∇iR(ei, ek)u�p ∧ ωk. To do this,
∇kRicu�p ∧ ωk +∇iR(ei, ek)u�p ∧ ωk

= ∇kR(u�p, ei)ei ∧ ωk +∇iR(ei, ek)u�p ∧ ωk
=

(∇kR(u�p, ei)ei, el)ωl ∧ ωk + (∇iR(ei, ek)u�p, el)ωl ∧ ωk
=

{−(∇u�
p
R(ei, ek)ei, el

)− (∇iR(ek, u�p)ei, el)
+

(∇iR(ei, ek)u�p, el)}ωl ∧ ωk (by the 2nd Bianchi identity)

= −(∇u�
p
R(ei, ek)ei, el

)
ωl ∧ ωk

+
{(∇iR(ei, el)u�p, ek)+ (∇iR(ei, ek)u�p, el)}ωl ∧ ωk

= 0.

Here, in the last line, we used that the coefficients are symmetric with respect
to k and l.

For p �= q, we may assume p < q.
A(n+1)

(
ωk ⊗ (∇kS(n)

p,q

)
u
)

= A(n+1)
(
ωk ⊗ (∇kR(u�p, el)u�q, em)

u1 ⊗ · · · ⊗
p

w̆l ⊗ · · · ⊗
q

ω̆m ⊗ · · · un
)

=
(∇kR(u�p, el)u�q, em)

ωk ∧ u1 ∧ · · · ∧
p

ω̆l ∧ · · · ∧
q

ω̆m ∧ · · · ∧ un
=

(∇kR(u�p, el)u�q, em)
ωk ∧ ωl ∧ ωm ∧ u1 ∧

p
∨
q
∨· · · ∧ un.

To calculate (∇kR(u�p, el)u�q, em)ωk ∧ ωl ∧ ωm, we have(∇kR(u�p, el)u�q, em)
ωk ∧ ωl ∧ ωm

=
{(∇u�

p
R(el, ek)u�q, em

)− (∇lR(ek , u�p)u�q, em)}
ωk ∧ ωl ∧ ωm

(by the 2nd Bianchi identity)

=
(∇u�

p
R(el, ek)em, u�q

)
ωk ∧ ωl ∧ ωm − (∇lR(ek, u�p)u�q, em)ωk ∧ ωl ∧ ωm

=
(∇lR(u�p, ek)u�q, em)

ωk ∧ ωl ∧ ωm (by the first Bianchi identity)

=
(∇kR(u�p, el)u�q, em)

ωl ∧ ωk ∧ ωm (by relabeling)

= −(∇kR(u�p, el)u�q, em)
ωk ∧ ωl ∧ ωm.

The last term is just the same as the original one with the opposite sign. Thus
we have (∇kR(u�p, el)u�q, em)

ωk ∧ ωl ∧ ωm = 0

as desired. ��
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