LITTLEWOOD-PALEY INEQUALITY FOR A DIFFUSION
SATISFYING THE LOGARITHMIC SOBOLEV INEQUALITY AND
FOR THE BROWNIAN MOTION ON A RIEMANNIAN MANIFOLD

WITH BOUNDARY

ICHIRO SHIGEKAWA

ABSTRACT. We discuss the Littlewood-Paley inequality for a diffusion process associated
with a Dirichlet form of gradient type. We assume that the logarithmic Sobolev inequality
holds and the negative part of I'y is exponentially integrable. Under these and some
additional conditions, we showed that |Vu|, < C||v/1 — Lu||q for 1 < p < ¢g. We also

discuss the Brownian motion on a Riemannian manifold with boundary.

1. INTRODUCTION

In this paper, we discuss the Littlewood-Paley inequality. Typical example is the Brow-
nian motion on the Euclidean space and it leads to the following inequality: for any p > 1
there exist a positive constant C' such that

CHIVull, < [V=Aull, < Cl[Vull,. (1.1)

v —A, the square root of the minus Laplacian, is called the Cauchy operator. (1.1) is
equivalent to the LP-boundedness of the Riesz transformation.

This kind of inequality also holds for the Ornstein-Uhlenbeck process on an abstract
Wiener space, which was proved by P. A. Meyer [11] in a probabilistic approach.

In this paper, we attempt to extend this inequality for a diffusion process associated
with a Dirichlet form that admits a square field operator. There have been several related
works, e.g., Bakry [3, 4], Shigekawa-Yoshida [16]. In these papers, they assumed that I'
is positive or bounded from below. We replace this boundedness assumption with the
exponential integrability of negative part of I's. To handle this case, we assume that the
logarithmic Sobolev inequality holds. Moreover our square field operator is of the gradient
form, i.e., the Dirichlet form & is given as follows;

E(U,v):/M(VU, Vo)u(dz). (1.2)

We adopt a probabilistic approach which was developed by Meyer and Bakry. We will
show the inequality for the Littlewood-Paley G-function. Since the square field operator
is given as a gradient, we consider another semigroup that acts on vector valued functions
and use the semigroup domination to estimate vector valued functions. Using this method,
the estimate for vector valued functions can be reduced to the scalar case. But the
unboundedness of I's causes some troubles and so we could not prove the exact inequality.
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We only show that the LP-norm is dominated by L?%norm for 1 < p < g (see the precise
statement in §2 ).

We also discuss the Brownian motion on a Riemannian manifold with boundary. We
impose the Neumann boundary condition on the Brownian motion. In this case, the
quantity corresponding to 'y is singular (i.e., it is not a function but a smooth measure).
We deal with it by way of an associated additive functional. The additive functional
belongs to the Kato class and we can show the exact inequality (i.e., no loss of exponent).

The organization of the paper is as follows. We give a formulation and a main result in §2
. We define I'y in our formulation. It is a generalization of Ricci curvature and is based on
a square field operator for vector valued functions. In §3 | the maximal ergodic inequality
for a semigroup with a potential is given. Here the logarithmic Sobolev inequality is
essential. We give a proof of the main theorem in §5 . To do this, we prepare fundamental
inequalities for the Littlewood-Paley G-function in §4 . A proof for the Littlewood-Paley
inequality is given in §5 . Combining this with the intertwining property of semigroups, we
can get the main result. The Brownian motion on a Riemannian manifold with boundary
is dealt with in §6 .

2. SYMMETRIC DIFFUSION

Let us introduce a diffusion process that we use in the paper. Let M be a topological
space. We assume M to be Souslinian. Suppose we are given a Borel probability measure
pon M and a Dirichlet form € in L?*(u). We assume that there exists a Hunt diffusion
process (X;, Pr)zenr associated with €. We denotes the generator and the semigroup by
L and {T;}, respectively. We assume that v/—1 € Dom(L) and Lv/—1 = 0 where /—1
denotes the function that is identically equal to 1. Hence the diffusion (X}) is conservative.
We also assume that the Dirichlet form satisfies the following defective logarithmic Sobolev
inequality: there exist o > 0 and # > 0 such that

/Mu2 log u/||ullap(dz) < a&(u,u) + B(u,u). (2.1)

Here (, ) denotes the inner product in L%
Further we assume that the square field operator I' is well-defined. Here I': Dom(€) x
Dom(&) — L*(p) is a continuous bilinear map which is characterized as follows:

2(F(v,w),u) = E(vw,u) — E(v,wu) — E(vu,w), Yu,v,w € EN L™, (2.2)

A crucial assumption is as follows; there exists a ‘gradient operator’ V such that V is
a closed operator from L?(p) to L?(u; K) and it satisfies T'(u,v) = (Vu, Vv). Here K
is a (separable) Hilbert space. L?(u; K) may be possibly the set of all square integrable
section of a vector bundle over M. But we use L?(u; K) for notational convention. We
need another semigroup {7;} in L2(p1; K). Let {T;} be a contraction symmetric semigroup

associated with a bilinear form €. We also need a square field operator for {7}} and so
we assume that

(A.1) For € Dom(L), it holds that 0|2 € Dom(Ly).
Here L; is the generator in L'(p). Under this condition, we define a square field operator
[ as

2f(07 77) = L(‘9777)K - (f/ev 77)K - (97 fﬂ?)K (23)

We assume the following two properties: the positivity and the derivation property.
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(A.2) T(,0) > 0 for § € Dom(&).
(A.3) For 0, n € Dom(E) N L>® and u € Dom(E) N L>, it holds that

2ul’(0,7m) = —(Vu, V(0,7)) + T(0,un) + T'(ub, n). (24)
Then, by the semigroup domination theorem (see [14]), we have
T,6] < T3|6]. (2.5)

Let Sy(K) be the space of all self-adjoint operator on K that is bounded from below.
Let R be a function on M taking values in S,(K). Define a bilinear form £% by
EN0,m) = E(6,)+ [ (Bla)ola),n(o)culde). (2:6)

M
The associated semigroup will be denoted by TtR. We assume the following intertwining
property, which is crucial in the paper.
VT =TFVu, for u € Dom(V). (2.7)
R plays the role of so called I's.
We take a scalar function V' such that
(R(z)k, k) > V(x)(k, k). (2.8)

The semigroup generated by L — V is denoted by {T}}. The generator of TtR is L — R.
Again by the domination theorem, it holds that

6] < 110, (2.9)
V' can be decomposed as V =V, — V_ where V, =V v0 and V_ = (=V) v 0. The last
assumption is that
(A4) eV-el>~ = MNp>1 LP-
For scalar functions, we can define two kinds of norms: ||Vul|, and |[v/1 — Lul|,. It is
a fundamental question whether these norms are equivalent or not. For example, if the
generator L is the Ornstein-Uhlenbeck operator on an abstract Wiener space, then the

equivalence of two norms are known as the Meyer equivalence.
Under our conditions, we can get the following result.

Theorem 2.1. For any 1 < p < q < oo, we have
IVull, S IV1 = Lullg, (2.10)
V1= Lull, S [[Vullg + [[ullg- (2.11)

In the above theorem, the notation A < B stands for A < kB for a positive constant
k. Further, in (2.10) for example, the constant depends only on p but is independent of
u. We use this convention in the sequel without mentioning.

To prove the theorem, we use the Littlewood-Paley G-function. We introduce it in §4
and give a proof of the theorem in §5 .



3. MAXIMAL ERGODIC INEQUALITY

In this section, we discuss the maximal ergodic inequality. This inequality is known for
a symmetric Markov semigroup (see e.g., Stein [17]). Here we consider a semigroup with
a potential. To show the inequality, we adopt a probabilistic method due to Rota [13].

We consider an additive functional A; associated to a smooth signed measure p under
the Revuz correspondence. We define a Dirichlet form by

EP(u,v) = E(u,v) +/ uvp(de) (3.1)

M
where 4 denotes the quasi-continuous modification of u. The associated semigroup is
denoted by {7/}, which is expressed as

Tru(z) = Bylu(X,)e™ ] (3.2)
where E, denote the expectation under the measure P,.
Theorem 3.1. Assume that for any q > 1, there exist constants cq, 34 such that
EI[e_th]l/q < cqeﬂqt vVt >0, q.e.-x. (3.3)
Here “q.e.” means that it holds except for a set of capacity 0. Then for any p > 1 there

exist constants A\, ¢ such that

< dull,,  Vue LP. (3.4)
P
In particular, if p is non-negative (i.e., A; is non-negative), we can take A = 0.

sup |e T} u|
>0

Proof. We note that |T/u| < T, " |u|, where p = p+ — p- is the Hahn decomposition of
p. Without loss of generality, we may assume that p is non-positive.
Set

M, = Th_u(X,)e . (3.5)
We show first that {M,} is a martingale under P, := [, Pyu(dx). In fact,
Eu[u(Xr)e 7| F] = Eu[u(Xr—y 0 0)e 7=~ | F]
= e M, [u(Xp-y 0 )| F]
= e M Ex, [u(Xp_y)e 7] (Markov property)
= e NP u(X,).
We note, by the Markov property,
Th_u(Xr) = Ex,[u(Xr_)e 7]
= Eufu(Xp-s 0 fr)e” 71" | X ]
= B, [u(Xop_y)e 2r=+T47| X 1]

Now, using the reversibility of (X;), i.e., (Xor—_t)o<t<or has the same law as (X;)o<t<or,
we have

TP u(Xr) = By[u(Xy)e 74 Xp].
Hence

T yw(Xr) = Tp_Tp_;u(Xr)
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=E, [Tiﬁ—tu(Xt)e_AT+At | X7]
= B, [Mye 4724 X 7).
Noting that we have taken A to be non-positive, we have

sup. [T _guCXr)] < B, | sup (Ml |y

0<t<T 0<t<T

1/p
< EM[ sup |My[? XT} E e X7 (1/p+1/q=1)

0<t<T

< cqeﬁqTEu[ sup |M,?
0<t<T

XT} b (. (3.3))

Hence, by the Doob inequality

| sup |T2p(T_t)u| p
0<t<T

]

< Clc, P B, || Mr|P)M? (Doob’s inequality)

= ¢y B, [|u(Xr)[Pe~PAT]H/P

= C'cy"" BB, [|u(Xr)[Pe ™ | X])/P

= C'ci”" B, [[u(Xr)[PEule 7 | X])/?

= C'c,® B, [|u(X1)[PE,[e PAer =A7) | X7 H/P (reversibility)
[
[

< c,e’TE, {EM[ sup |M,?

0<t<T

1/p
= cquqTEM[ sup |Mt]p]

0<t<T

= C'cy®T B, [|[u(X7)|PE,[e P40 | X )]V (additivity)
= C'cye™ B [Ju(Xr)[P Ex, e 47]]/P

< C/quﬁchpeﬁpTEu“u(XT)|p]1/p

= C,Cpcqe(ﬁp+ﬁq)T"u‘|p'

Thus we can find constants k£ > 0 and C' > 0 which are independent of 7" and u such that

< Ce*
p

sup T/l
0<t<2T

We take A > k. Note that for any integer n,

sup e M Teul|| < e || sup [TVl
n<t<n+1 P 0<t<n+1 p
< C«ef)\nek(ﬂﬁl) HUHT
Summing up in n,
oo

sup e M| T ul
n<t<n+1

oo
< Cet S OBy,
n=0

n=0 p
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Clearly this leads us to

sup e |T{u|

o0
<X sw e
p n=0

0<t<oo n<t<n+1 p
oo
<Y |l sup e M TYyl
n—=0 n<t<n+1 p
<—%
= Tk _ o 1l

This completes the proof. [

The assumption (3.3) is rather strong. We replace it with the assumption (A.4). In
this case, we set p = Vm. Hence, the associated additive functional is given by

t
A = / V(X,)ds. (3.6)
0
Here we denote the semigroup {7/} by {T}V'}. Since & satisfies the logarithmic Sobolev
inequality (2.1) , we have (see, e.g., [14]),
1T ully < lle™ e agoye ™ llull,. (3.7)
This means that there exists a constant 7, such that

T lp—p < 7" (3-8)

E.g., set v, = (46/a) log He*VHapz/Ax(p_l).
In particular, when p = 2,

1T ullz < fle™ flae™™ ullz (3.9)

In this case, taking u = 1, we have

Bile ) = [ Eulie*utds)
X
= |71l
S VASE
< eV lae™ e 1
< eV flae .
Hence, for any v > 0, it holds that
Eu e < eV |[Let e (3.10)
Noticing this inequality, we can get the following maximal ergodic inequality.

Theorem 3.2. Take any 1 < p < r < oco. If we take A\ > 0 to be sufficiently large, then
there exists a constant ¢ > 0 such that

< c||ull- (3.11)
p

sup [e T ul
>0




Proof. By the same proof as in Theorem 3.1 , we have

sup. [T ulXe)| < | sup |atfe 7 |z
0<t<T 0<t<T
Hence,
sup [Ty ul
0<t<T »
r p11/p
<E, EM{ sup |M,|e 47 XT] }
L 0<t<T
r 1/p
.
lo<t<T
r (p/@)-(1/p) 1 1
< E,| sup |Mt|pq/p} Eu[efpuAT](qu)/pq (_ 4+ = 1)
L0<t<T q/p  u

< CE,[|My|1]V1E,[e-PAr)la=p)/pd (Doob’s inequality)
= C’EM[|u(XT)e_AT|q]1/‘1EM [e~PuAT](a=P)/pa

1 1
< CEMHU(XT)Vq/q](q/T)-(I/q) Eu[efqvAT](rfq)/run [efpuAT](qu)/pq <% + - = 1)
< CHUHr ||€fqvV ||gfq)T/rq€4ﬂ(rfq)T/arq HefpuV ”((qup)T/pqew(qu)T/apq‘

Thus we can find a constant k£ > 0 which is independent of 7" and u such that

< Ce* ..
p

sup |1} ul
0<t<2T

The rest is the same as Theorem 3.1 . This completes the proof. [

4. LITTLEWOOD-PALEY (G-FUNCTIONS

Let us introduce the Littlewood-Paley G-functions. To do this, we recall the subordi-
nation of a semigroup. Set T} = e T} (A > 0). We take ) to be large enough. For any
t > 0, define a measure y; on [0,00) by

t

pe(ds) = m

In terms of the Laplace transform, this measure is characterized as

e s 532, (4.1)

/ e~y (ds) = eV for o > 0.
0
Then the subordination {Q}} of {T} is defined by

@ = [ 72 mias). (42)

0
The generator of {Q;} in L*(p) is —VA — L.



We recall that {7} is the semigroup with the potential V. We set T}V = e MTYV
and we also define the subordination of {T'} as

?+v :/ TS)”LV e (ds). (4.3)
0

The operator norm of {Q}"} in L? is estimated as

HQf”mHPSKZHﬂ”wauA%)

: / e py (ds)
0
= e VAWt

Here =, is the constant in (3.8) . Moreover, by the semigroup domination |T}76| <
V16|, we have

Tl S NTHY g < €O (4.4)
Similarly we have
1@l < eV, (45)
For any real valued function u, define
g~ (2,t) = 8 Qpu(@)[?, (4.6)
9'(z,t) = [VQiu(x)|%, (4.7)

gz, t) = g~ (w,1) + g' (z,1).
Here 0, = %. Then, the Littlewood-Paley G-function is defined by

G- u(z) = { /0 h tgﬂ(m,t)dt}l/z, (4.9)
Glu(r) = {/Ooo th(:c,t)dt}l/Z, (4.10)

Gu(z) = { /0 h tg(x,t)dt}l/Q. (4.11)

Moreover, we define the H-functions by

H™u(z) = { /0 h tth_’(x,t)dt}l/Q, (4.12)
H(z) = {/OOO tthT(x,t)dt}l/Q, (4.13)

0o 1/2
Hu(zx) = {/ tth(x,t)dt} : (4.14)
0
For vector valued function 6, we define G-function and H-function, similarly. That is,
e.g.,
g (1) = 2,00 (x) P, (4.15)
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G(z) = { /0 h tg_’(:v,t)dt}l/Q (4.16)

00 1/2
H™0(x) = {/ tth_’(a:,t)dt} : (4.17)
0
Notice that, in this case, we use the semigroup {Qf‘+R} that is the subordination of
(T}, G0, H', GO, and HO are defined similarly. For example,
§'(w,t) = T(Q "0, Q) 70) (x)

(see (2.3) for the definition of I).
The following proposition is easily obtained by the spectral decomposition:

Proposition 4.1. [t holds that
_ 1
G~ ull2 = Sl (1.15)
and
. 1
16012 = 511012 (4.19)

Later we need the interrelationship between G and H functions and so we first prepare
the following.

Lemma 4.2. We have the following estimate:

T u(o) < {sup T2 1) Tl (4.20)
s>0

QM Vu(a)? < {Supr“WMm}Qtw?(az). (4.21)
s>0

Proof. By the Feynman-Kac formula, we have

E, {exp{—)\t - /Ot V(Xs)ds}U(Xt)}

< ifon{ a2 t Vs | B
= T* A1 (2) - ThulX(2)

< {sup Tf(’\JrV)l(x)} CTylu ().

s>0

2
T (@) =

Further we have,
2

Q@ u(x)]* =

/0 b TMVu(x) N (ds)

< / TMV () Al ds)
0

< | w{sup T3<A+V>1<x>} T ful () (ds)

r>0



_ {sup T:“<A+V>1<x>} QuluP ().

s>0
This completes the proof. [

Now we can show the following estimate between G-functions and H-functions.

Proposition 4.3. We have that

1/2
G70 < 2{sup Tf(Hv)l(x)} -H™0. (4.22)
s>0
For scalar function, we have
G u <2H u, (4.23)
1/2
Glu < 2{sup T3<A+V>1(x)} - H'u. (4.24)
s>0

Proof. We have,
Qo) < [T To@lnlds) < [TV Iol@)ulds) = Q6] (e).

0 0
Using Proposition 4.1 |, we have

MR < {QV]0](2))? < {supT3<A+V>1<x>} QuoP(@).
s>0

Therefore
G (x,2t) = |0,Q ()|
s=2t
N R 2
— ‘ A—L+ RngRe(x)‘
. / N R 2
AR \—L + RQZ\JFR@(I)‘
N R 2
< {sup T3<A+V>1(a:>}62t A—L+ RQ?*RHI ()
s>0
sup TSQ(’\*V) 1(x) }thﬂ(m, t).
s>0
From this,

&) = {/‘” (= Wt}l/z - {4/000 tﬁ“(x,zt)dt}l/z

1/2
< 2{ {sup T2 A1 (ZB)}th_)(ZB,t)dt}
>0
1/2 o 1/2
< 2{supT2 AV )} {/ tth_’(a:,t)dt}
s>0 0

1/2
= 2J sup T2V )} H™6(x).

s>0
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For the scaler function, it holds that G7u < 2H ~u since we have |Quu(x)[* < Q¢ul*(x).
Let us next estimate G'u.

G%mw:a{AMHVQﬁwmﬁﬁ}Uz

00 1/2
{4% uvg;mmﬁﬁ}

Thus we have (4.24) . This completes the proof. [

In the next section, we use the diffusion process generated by L + 92. So we will do
some calculation on L + 92

~

Lemma 4.4. For any 0, set f(z,a) = |Q)80(x)| and fore > 0, f-(z,a) = / f(z,a)? + €.
Then we have

(L +0%)f* > 200+ V) f* +24. (4.25)
and for 1 < p < 2, it holds that
(L+2)f2 = pA+ V)22 +plp - 1) 2%, (4.26)

where § = §(x,a) was defined by
g(w, a) = 10.Q;770()[* + T(Qy70,Qr ) ().
For the scalar case, we define f(z,a) = |QMu(x)|, fo(x,a) = \/f(x,a)2+¢c. Then we

have
(L+02)f*>20f*+2g (4.27)
and for 1 <p < 2,
(L+ I = pA 272 +plp = D72 (4.28)
Proof. We first show (4.25) . To show this, we note that (L—XA—R+d)Q)E0(z) =0
Moreover, using the identity 2I'(0, 6) = L|6|?> — 2(L#6, 0), it holds that
LIQy01® = 2(LQyT70,0) + 21(Q0 70, Q7).
Hence

(L+ )17 = (L+32)|Q) "0
11



= 2(92Q0770,Q0710) + 2(0,Q0770, 0.0, 70)
2(LQNTG, QI0) + 2T(QM R, QM)

= —2((L — A = R)Qy"0,Q070) + 20, Q6|
2(LONT0, QM10) + 2T(Q)0, Q) E)

> 2\ + V)|QME0)? + 24(x, a).

Secondly we show (4.12) . To show this we recall the following fundamental relationship

between L and V: for F(¢, &% --- ,f") € C®(R") and f!, f2,---, f" € Dom(L),

F(f17f27 ZE){’ fl+za§28§] fluvf])
(see [5] Lemma 1). Hence we have, for 1 < p <2,
(L+00)f2 = (L+)(f2)?

= SN a2

+2 (E - 1) (F2PP2{(0uf2)° + IV J21P)

2\2
SH L+ + 5 =2 f2 {0, + IV}

Let us recall that (see, e.g., [14, (3.11)])

V2P = IV(QuT70,QaFO) P < AT(QyF0, Q37 76)| Q0o
Taking this into account, we have

(L+2)f2 2 SR{200+ V)@ + 25}
+ 80— 2) {40,010, QX 0)? + AT(Q) 0, Q) 16)| 020
> S H20+ V)IQr 6P + 20} + plp — 2127 %

> pfP2 N+ V)|QaTRO) + pfr %G + plp — 2) 2725

>pA+ V)22 +plp— 1)
This completes the proof. [J

5. EQUIVALENCE OF LP-NORMS

In this section, we give estimates of G and H functions by a probabilistic method and
then show the domination of norms. The original idea is due to P. A. Meyer [9] but we
mainly follow Bakry [4].

Let (X, P,) be the diffusion process on M associated with £ as before. We need an
additional 1-dimensional Brownian motion (B;);>¢ and we regard M as a vertical space.
We write P] in place of P,. Let (B;, P;”) be a 1-dimensional Brownian motion starting
at a € R with the generator %. Note that this Brownian motion is different from the
standard one up to constant. Let 7 be the hitting time of (B;) to 0, i.e.,

T =inf{t > 0; B, = 0}.
12



We consider the following diffusion (Y3, P(;q)) on the state space M x R;

Y, = (X4, By), P =Pl oP. (5.1)
So the generator of (Y;) is L + 82. We denote the integration with respect to P and
fM P, op(dx) by E; 4 and E, s, , respectively.

We use the following identities (see Meyer [9] for the proof): Let n: M x Ry — [0, 00)
be measurable. Then

By | [ 06 B)at] = [ wtde) [ (@ ntinte.tya 52)

and
E, s, [ / n(Xe, B)dt| X, = x} - / (a A 8)Qun(x, ) dt. (5.3)
0 0
We need an inequality for submartingales. Let (Z;) be a non-negative continuous sub-
martingale with the following Doob-Meyer decomposition;
Zt — Mt + At

where (M;) is a continuous martingale and (A;) is a continuous increasing process with
Ay = 0. Then, for p > 1, it holds that

E[AY | < CLE[ZE]. (5.4)

For the proof, see Lenglart-Lépingle-Pratelli [8].
Before going to estimate G-function we prepare the following;

Proposition 5.1. For any p > 1, we have

T p
sup E, x5y H/ ae\/aBSds} } < 00. (5.5)
0

a>0
N>0

Proof. By the It6 formula, we have

t t
e~ VaBi — g=VabBo _ \/a/ e VeBs (B, —|—/ ae VeBs (s,
0 0
Hence

tAT
/ ae VeBs s — e~ VabBinr _ o—VabBo | M,
0

where (M) is a martingale defined by

tAT
M, = \/a/ e VeBsqB..
0
which satisfies

tAT
(M), = Za/ e VabBs g,
0

Now, by the Burkholder inequality

T p
| DT H/ ae_\/aBSds} }
0

S CpE,uxéN [(e_ﬁBT - e—\/&Bo)P} + CPEMX5N [<M>£/2]

13



T p/2
< C, + CE, x5, H/ 4ae_mBsds} }
0

Thus it is enough to show (5.5) when p = 1.

E, x5 [/ ae_\/aBsds} :/ (N A a)ae_\/aada < / ace Vg = 1.
0 0 0

This completes the proof. [
G-functions are now estimated as follows.

Proposition 5.2. For any 1 < p < q < 2, we have
1GOIl, < 1101 (5.6)
and
101l < IGO0l (5.7)

where p’' and ¢ are the conjugate exponent of p and q, respectively.
For scalar functions, we have

1Gully < flullp- (5.8)

A~

Proof. Set f(z,a) = |QXE0(x)| and for & > 0, f.(x,a) = 1/ f(x,a)? +&. Define
Zt(a) = fE(Xt/\T7 Bt/\T)p

and

Zy = f(Xinr, Bins )P
Then

M = 20— [ fox s
is a martingale. Therefore, 0
Euxsy |2 = 2] = By [ / (L4 )X, BYds|. (5.9)
According to Lemma 4.4 , we have 0
(L+ ) f2 = pA+ V272 4 plp = Dafr?

> —pV_f2f27 +p(p — D)gfr. (5.10)
By letting ¢ — 0, we have

liminf(L + ) f2 > —pV_f* + p(p — 1)g ">
Now, taking limit in (5.9) , we have

E, o5 [Zoo — Zo) > Euxsy [/ lim ié’lf(L + 83)]3&()(8, By )Pds
0o

> Eusy M —pV_ (X)) f(Xs, Bs)? + p(p — 1)g(X,, Bs)fp‘st](S.ll)
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This limit is justified because E, s, [fOTpV,(XS)f(XS,BS)pds] < oo. From (5.10) , we
have,

<

NaiY

A A 1 R
liminf(L + 02)fF - f*7P + ——V_f2. 5.12
pp—1) =0 ( ) p—1 (5.12)

Now we can estimate G.

N 00 p/2
6ol =|{ [ aiteaaa
0 1

< {/ alimiglf(L+82)ff-fZ_p+aV_f2da}
0 &

p/2

1

[e'e) R P/2
+H{/ aV_f2da}
1 0

fla,a) = Q" 0(x)| < sup T)V|6](x). (5.13)
t>0

p/2

< {/ alimigﬁ(L%—@i)ff : fQ_pda}
0 e
= Il + ]2.
We recall that

1

I, is estimated as

p(2-p)/2 o0 . p/
{suthHVW\} {/ aliminf(L+8§)ffda}
t>0 0 e—0

p||(2—p)/2
{sup Tt/\+V|Q|}

t>0

2
L <

1
p/2
g‘

/ alim iélf(L + 9% fPda
0 e

1 1
(. the Holder inequality for the exponents 2/(2 — p) and 2/p)

Further we have

/ alim iglf(L + 0%) fPda
0 e

1

= lim p(dx)/ (N A a)lim i(}lf(L + 0%) fPda
M 0 &

N—oo

- Nhi%o E, x5y [/OT lirsriiglf(L+ &) fP(X,, By)dt (. (5.2))
< lim By [Ze— 2 (- (5.10))

< Jim By, [10(X0) ]

= [161]5-
On the other hand, by virtue of Theorem 3.2 , we have

p||(2-p)/2 p(2—p)/2
{supzi 1o} < <ol (5.4

sup TV |9
>0

1 p

Thus we have I, < [|0]|?.

15



As for I,

0 . p/2
([ wra
0

oo R p/2
< {/ fz_paV_fpda}
1 0 1
p(2-p)/2 00 R p/2
{suthMVW} {/ aV_fpda}
t>0 0

p||(2=p)/2 S . p/2
{sup TtMVW} / aV_ fPda
>0 1 0 1

(" the Holder inequality for the exponents 2/(2 — p) and 2/p)

IN

1

IN

Further we have

‘/ aV,fpda
0

< / a|V_?|1da
1 0

> P 1 1
< al||\V_I,[| f?q/nda (——1——:1)
|V e (e

o0
<V [ al@d ol
o0 A
A
<V [ al QiR oo
0

< IV, / ac VA glda (o (45))

VA8l
(A =)p*
This combined with (5.14) implies I < ||0]|> and we have proved (5.6) .
(5.7) is obtained by the duality argument. In fact, using Proposition 4.1 , we have

/M (0(x), 1(x))eplde) = 4 /M (dz) / " (0,02 0(x), 0,00 () da

<4 [ GrowG ol
< GOl NIGnly
S 101G 0l

Now (5.7) follows easily.
(5.8) for scalar functions can be shown much easily. O

When p > 2, we estimate Hu and Hu.

Proposition 5.3. For any 2 < p < r, we have

IHO, < 11015 (5.15)
For scalar functions, we have

[Hullp S [lullp- (5.16)

16



Proof. We set f(z,a) = |Q)"70(x)| and define

Zt = f(Xt/\Ta Bt/\r)z-
Then,

tAT
M, =7, — / (L + 02)f*(X,, Bs)ds
0

is a martingale. By Lemma 4.4 | we have
20 < (L+ &) f2+2V_f% (5.17)
Then, setting

tAT
A= / {(L+02)f*(Xs, Bs) + 2V f*(X,, By) }ds, (5.18)
0
we can see that (A;) is an increasing process and have that

tAT
7 + / 2V f3(X,, By)ds = M; + A,. (5.19)
0

Hence Z; + f(fAT 2V_f?ds is a non-negative submartingale and its increasing part (A;)
satisfies

tAT
Atz/ 29(X,, B, )ds. (5.20)
0

Therefore, by (5.4) , the following inequality hold.

T p/2
EMX(SN |:{/ QQ(XS, BS)dS} :| < EM><5N [Agé2]
0

T . p/2
S EM><5N |:{Zoo + / 2V_f2d8} :|
0

T R p/2
S EM><5N [ZZ:(P] + EM><5N |:{/ V—deS} :|
0

T R p/2
= |07 + Euxsy H/ V_f2ds} }
0

The second term can be estimated as follows. We take any p < ¢ < r.

T R p/2
([ ]
0
T R p/2
0
r T (¢—2)p/2q T 2p/2q
< Exiy {/ e—nBsq/(q—2)dS} {/ enBsq/2VQ/2fqu} }
L 0 0

(" the Holder inequality for the exponents ¢/(¢ — 2) and ¢/2)
_ - u(q—2)p/2q1 1/u T . p/q
< E,xsy {/ e—nBsq/(q—2)dS} } E,xsy [/ e”BSqﬂVq/quds}
L Lo 0
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(" the Holder inequality for the exponents u and ¢/p where % + ﬁ =1)

T . p/q
S B [ / e 2y quds}
0

- {/M p(dz) /OOO(N A a)e”qa/ZVq/Q(x)|Q2+R9<x)|qda}

To estimate the integral above, we recall that ||[Q}50||, < e=V2>~7||]|,. Therefore,
[ atde) [ A @ @) Qo e da
M 0
< / ae"?dq / V2 (2)|QXRO(2) | ()
M

1/v A a/r
< [Taemradd [ vruan} { [ @owirin |
M M
(o)
rlq

S [ aemR Q2 o) ida

0
5/ ae"qa/2e”)‘*%q“||9||zda

0

SOl (o VA —7a > nq/2).

Thus we have obtained

T p/2
B, [{ / g(xs,Bgds} } < 9. (5.21)
0

Now we can estimate H6.

p/q

N 00 p/2
| HO|» = {/o aQag(x,a)da}
1
o0 p/2
= lim ,u(dx){/ (a/\N)Qag(x,a)da}
N=oo Jyr 0
T p/2
= lim p(dz)E, x5y [/ §(Xs, Bs)ds| X, x}
N—oo Jur 0
T p/2
< lim [ p(de)Eys, H / g(XS,BSMS} sza:}
N=oo Jy 0

T p/2
= lim E, s, H/ g(XS,BS)ds} ]
N—oo 0
SO o (5.21))

The scalar case is easier. [
Combining Propositions 4.3 5.3, we can get
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Proposition 5.4. For any 2 < p < q < 0o, we have

IGO0, < 101l (5.22)
and

101l S NGO, (5.23)

where p’' and ¢ are the conjugate exponents of p and q, respectively.
For scalar functions, we have

1Gully S fullp (5.24)

We are now ready to prove Theorem 2.1 .

Proof of Theorem 2.1
We take A to be large enough. Recall that {Q}} is the subordination of {T*}. Then,
by the intertwining property (2.7) , we have

vQ) = Qv
Now take any 1 < p < ¢ < oo. Then we have

. 00 . 1/2
HVuMgSHG*VuM::H{/ aﬁ%QyRVu@”%M}
0

q
00 1/2
= H{/ a’VQQ\/)\— Lu|2da}
0

= |G"VA - Lul,
S IVA = Lul,

q

which proves (2.10) .
The reversed inequality (2.11) is obtained by the duality argument. This completes the
proof. [

6. RIEMANNIAN MANIFOLD WITH BOUNDARY

In this section, we discuss the reflected Brownian motion on a Riemannian manifold
with boundary. Let M be a compact Riemannian manifold with boundary OM. Let
(X4, P.)zen be the Brownian motion on M with the Neumann boundary condition. We
denote the Riemannian volume by m. In this section, the semigroup {7;} is generated
by L = A with the Neumann boundary condition. {7;} is a symmetric and strongly
continuous contraction semigroup in L?(m). Further {Tt} is the semigroup generated by
the Hodge-Kodaira Laplacian L = —dd* — d*d with absolute boundary condition. The
associated bilinear forms with L and L are denoted by £ and €. Moreover {T;} and {T}}
satisfy the following intertwining property:

VT, =T,V. (6.1)

As in §5 | we use an additional 1-dimensional Brownian motion (By, P,”) generated by
. Let 7 be the hitting time of (B;) to 0, and (Y}, P, 4)) be the product diffusion process
the state space M x R.

Y, = (X, B), Pog=P.PF, . (6.2)

a

d2
da?
on
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So the generator of (Y;) is L + 02.
We use the notation E,,.s5, = fM P om(dr) in the same way as in §5 . For any

f e C>®(M), we have

¢ ¢
f(Xy, By) — f(Xo, Byp) = a martingale —I—/ (L + 82)f(XS, By)ds +/ Vi f(Xs, Bs)dls.
0 0

Here {l;} is an additive functional corresponding to the smooth measure o (o is the
surface measure of M), N is the inner normal vector and V denotes the covariant
differentiation. In particular we take 1-form 6 with absolute boundary condition and set

f(z,a) = |Q.0(x)|>. Then,
f(Xt/\Ta Bt/\T) - f(XOa BO)
tAT 8f

tAT
= M, + / (L + 03 f(X,, By)ds + / ——(X,, By)dI,

:Mt+/AT(L+8§)f(XS,BS)d5+/ATa(QBSH(XS),QBSQ(XS))dlS.
0 0

Here « is the second fundamental form of OM (see [15] for this identity.) The quadratic
variation of (M,) is given by

(M), =2 / IVQ5.0(X) + 10,Q5.6(X.)ds.

Hence we can do the same argument as in the previous section. But we have to tackle
the additional term [)"" a(Qp,0(X,), Qp,0(X,))dL.
Next we see the semigroup domination. We note that for 1-forms 0, n and f € C*°(M),

9 /M (V0,Vy) f(de) + 2 /M Ric(8, ) fm(dz) + 2 / a(0.n) fo(dz) (6.3)

oM
where Ric is the Ricci curvature (refer to [15] for this identity.)
We take v > 0 and 3 > 0 so that Ric(f,6) > —v|0]* and a(6,0) > —3|0|*>. Then
a(f,0)o > —F|0|*°0 as measures. It is easy to see that o is a smooth measure. We also
note that

L(8,1) — (L8,n) — (8, L) = 2(V0, Vi) — 2Ric(6,7). (6.4)
By (6.3) and (6.4) , the semigroup domination theorem implies (see [14, 15])
(76 < T,77716). (6.5)

Here T, ;V*ﬂ 7 is the semigroup which has —y — o as a potential. It can be represented as
T u(z) = Ep[u(X;)e 7] (6.6)

We can also show that (—[;) satisfies the assumption of Theorem 3.1 . In fact, it is
enough to see that there exists a function h € C*°(M) such that Vyh =1 on OM. Then

h(X,) — h(Xo) = M, + /t Ah(X,)ds + 1,
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where (M) is a martingale with d(M), < Cdt for a constant C' > 0. Hence

Bufe] = Bu exp ah(X,) — ah(X0) — 0o —g [ t AH(CX)ds .

The right hand side is bounded in z because h, Ah and (M) is bounded (this implies that
o is a Kato class potential; for Kato class potentials, see Albeverio-Ma [2]). Therefore,
there exist constant ¢, > 0 and 3, > 0 such that, for q.e.-z,

E,[e?)V1 < ceft, Wt > 0. (6.7)
Now we can apply Theorem 3.1 to Tt)‘ﬂ*ﬂ”
notation:

. For simplicity, we introduce the following

M)‘f'yfﬂau(x) = stlig‘ﬂ)‘_'y_ﬁau(x)’.

When A — v = 0 and 8 = 0, we simply denote Mu in place of M*~7=#7y. Then, if X is
large enough, we have for any p > 1,

1A=l S ull,- (6.8)

We can also obtain an estimate for the subordination. Let {Q; 7?7} be the subordination
of {T}77777}. Then

@] =

/ TP, (ds)
0

o0
< / efoﬂs Sup‘T:‘iaQi’yiﬂau‘ut(dS)
0

r>0
_ a2
= e ot pA By,
Thus we have

sup{e|Q) 7 ul} < 2P (6.9)

We also note that {7;} is a bounded operator in L by virtue of (6.5) and there exist
constants ¢, > 0 and v, > 0 so that

HTthﬂp < ¢, (6.10)

Let {Q}} be the subordination of {T} = e~MT,}. (6.5) implies |Q}0| < Q)" 7|0]. We
define G and H in terms of {Q}}. Now we can easily see that Proposition 4.3 holds in

this case. We have more. In fact, by virtue of (6.7) , we can and do take A large enough

so that sup; T?7P71(z) is bounded in q.c.-z and thereby we have

G0 < H6. (6.11)

Similar estimate holds for G'u and H'w.
Lastly we note that, by combining the domination and (6.9) ,

sup{e|Qo]} < Mg (6.12)

Next we extend (5.2) to additive functionals. Take any smooth measure p and let A;
be the additive functional associated with p. Then we have the following identity.
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Proposition 6.1. For any non-negative function f on M x [0,00) and k on M, the
following identity holds:

B, { /0 ' f(Xt,Bt)dAt] _ /M o(de) /0 Clan ) ot dt (6.13)
By, [k:(XT) /0 ' f(Xt,Bt)dAt] _ /M p(de) /0 (@ ADQuk () f(, 1) dt (6.14)

Proof. Let us first recall the resolvent kernel for the absorbing Brownian motion on (0, 0o).
Here, the generator is . For a > 0, set

- 2\/_<€\/_a e—\/aa)e—\/ab7 a S b7 6.15
ga(x,y) - 2\/_ \/_a<e\/_b 67\/&))7 a>b. ( . )
Then the resolvent G, = (o — 5%5) 7! is given by
Goh(a) = / ga(a,b)h(b)db. (6.16)
0

Moreover we note that lim, g ga(a,b) = a A b.
By the Revuz correspondence, (see [6, the equation (5.1.14)]) we have

/Oooh(a)daEmX(;a [/T e (X, BS)dAS]
/ Guh(a da/ f(z,a)p(dx)

_ /0 h(a)da /M (dx) / 0a(@,0) f(z,b)db (- o is symmetric)

0
Hence we have, for a.e.-a,

By, [ /O Te‘o‘sf(Xs,Bs)dAs] _ /M p(dz) /0 " g0, b) f ()b,

But both hands are quasi-continuous in a and one point has positive capacity, the above
identity holds for all @ > 0. By letting o« — 0, we can get (6.13) .
To show (6.14) , set

tAT
H, = / F(X,, By)dA,.
0

Then H; is a process of bounded variation. Hence, by the 1t6 formula,

tAT t
@ KXy Hy = amartingale+ [ (L+ QX Hods + [ Quk(X)iH,
0 0

tAT
= amartingale+/ Qp k(Xs)f(Xs, Bs)dAs.
0

Here we used that V yQ.k = 0 on OM because (), k belongs to the domain of the Neumann
Laplacian. By taking expectation and letting ¢ — co, we have

By, {QBTk:(XT) / "X Bs)dAs}
0
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= Exs, {/ Q. k(Xs)f(Xs, Bs)dA,
_/M (da:)/o (a ADQuik(x) f(x £ dt. (- (6.13))

This completes the proof. [
Recall that {Q}}, {Q}} are subordinations of {T}*}, {T}*}, respectively and G and H
functions are defined in terms of {Q}}. Then we have the following estimate.

Proposition 6.2. For 1 < p <2, we have
1GolL, < 101, (6.17)
and
101l < (IGO0 (6.18)

where p' is the conjugate exponent of p.
For scalar functions, we have

1Gullp < llullp. (6.19)
Proof. We only show the 1-form case. We set f(z,a) = 1QX(x)| and o=/ +e
(e > 0). Define
27 = f-(Xinr: Bins )P

and
Zt = f(Xt/\Ta Bt/w)p-
Then,

AT tAT
M® =z — / (L + &) f-(X,, By)Pds — / YV fo(X,, By )Pdly.
0 0
is a martingale. Note that
Ul = Vnl(f2 42 = S+ )7 22a(Q)6,Q)0).

Therefore,

Eonxsy {/T(L + %) f(X,, BS)PdS]

0
= Eno 22 = 257 = $Emay V ff”oz(@%ﬁ@%ﬁ)dzs}
0

p_ﬁmeﬁN |:/ f§2|Qi\3’g9’2dls:| .
0

< By |29~ 257]+ 5

By taking limit, we have

E,xsy [limiglf/ (L+ 82)f (X, Bs )pds}

0

glimi(?fEmX(;N[Z(E) ZE + by 5 lminf By, [ / fg-ﬂ@gse(xs)ﬁdzs}
E— 0

23



gumyg#%ﬁnmiglf/ (NAa)da/Mfg—2|Qge|2a(dx)
E— 0

< ||u|]§—|—p—ﬁliminf/ (N/\a)da/ fPo(dx).
2 =0 Jg M

We estimate the second term. We use the interpolation space. Taking £ =1 — (1/p), we
introduce the interpolation norm || - [|¢,, of || - [Jo, and || - ||1,. Here || - [0, is the LP norm
in LP(M,dx) and || - |1, is the Sobolev norm:

ul?, / P (de) + / Vulm(dr).

Then the following inequality holds (see e.g., [1, Chapter VII]):
| udota) <l
oM
Moreover, the general theory of interpolation implies (see [1, LEMMA 7.16])

lull?, < lleli6, P lull,

Thus we have
/8M [uPo(dz) < ullg, < lull, (6.20)
On the other hand
Vil =|Vyf2+e|= f2 +e) VAV < (f2 +e) V22|V QM) < |VQM).
Using these inequalities, we have

OON d Apd<OON ; pgﬁpd
/0< Aa)a/Mfgo( x>N/O< A AT

<

~Y

8

(N AL + IS 71V £l da

o

S (N AL LR+ (£8P V@R ) da.

S——

By taking limit, we have
lim (N/\a)da/ fPo(dx)
M

e—0 0

< / (N A @) {IAE + [ F10-9 7 0X6]1€) da
0
ae~ | da + / ae~ VA0 0-99) v Q0P da

0

= ¢
S 11 + N6 = aev“p<1é>mda{/ !v@e(x)\pmux)}
0 M
00 1-¢
< 101> + ||9H§)15)p{ ae_\/A_%(l_’f)Pall/(l£)da}
0

« { Owae_m(l_g)p“da /M \V@ﬁ@(x)\pm(dx)}g (ﬁ + ﬁ _ 1>
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0o I3
5Heuz+ueus-9p{ [ mias) | aeW%“@pa\wze@ﬂpda}

S 1/v
S otz + 1| [ mian{ [ aenAomna
M 0

fe'e) R P/2 f 1 1
p-2/p - -
x{/o o[ VO ()| da} } <V+2/p_1)
o0 p/2 5
SHHHZHIGHS‘QP[ / { / a|v@29<sc>\2da} m(dxﬂ
M 0

S 015+ (11157 GT 615
Further, as in the proof of Proposition 5.2 , we can show that

A 2-p)/2 o
IGol; < el

/ alim iglf(L +0) fPda
0 &

Combining these inequalities, we have
|Gl < 0127212 + oS G}
g [ [ e el
_ A _ 1
= IO + OIS IGgwE (e= 1)
3 — -1~ 3 — -1
< 0|2 + Z=Ls-e-n/E-p) 9|2 4 p—5||GT9||£ A T
b 2 P 2 2 2
SN0l + 6~ /EP gz + 5| Go|p.
Since ¢ is arbitrary, we can get
GOy < 110115
which is (6.17) . Now the rest is easy. Ll
When p > 2, we estimate HO and Hu.

Proposition 6.3. We further assume that the second fundamental form « is non-negative
definite. Then, for any p > 2, we have

1E61, < 11611, (6.21)
For scalar functions, we have
[Hullp < [lullp- (6.22)
Proof. Set f(z,a) = |Q0(x)]| for 1-form 0 and define
Zy = [(Xinr, Bins ).
Then

tAT tAT
Zt = ZO + Mt - / (L + 82)f2(X5, Bs)ds - / Q(Q)ESe(Xs)v QgSQ(XS))dZS
0 0
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where (M,) is a martingale with the quadratic variation

(M), =2 / (92X, B)[? +10.F3(X., BL)|? s,

By the assumption that « is non-negative definite, (Z;) is a submartingale and the in-
creasing part is given as

tAT tAT
A= [P BYs [ al@00X). Q00X
0 0
Now, recalling that (see Lemma 4.4 )
(L+09)[* > 2,

we have
AT
A 2/ 2g(Xs, By)ds.
0

By virtue of the submartingale inequality (5.4) , we obtain

T p/2
Em><5N |:{/ Zg(Xsa Bs)ds} :| < Em><51v [Agéz]
0

SJ Em><5N [250/2]
= [10115-

Thus we have

N 00 p/2
IIHellzz'H/o aQaf}(:v,a)da}

= Jm_| u(dx){ /0 oo(a/\N)Qag(x,a)da}

N—oo
p/2
X, = x}

T p/2
< lim [ u(dn) B, [{ / g(Xs,Bsms}
0

N—oo M

T p/2
B [{ [0 50}
N—oo 0

S 19115

~

p/2

~ Jim u(dfv)meaN{ [ ax mas
0

N—oo M

XT:x]

Scalar case is easier. [J

By combining Propositions 4.3 and 6.3, we easily obtain the following estimates for
G-functions:

Proposition 6.4. Assume that o is non-negative definite. Then, for any p > 2, we have
1G0, < 1191l (6.23)
and
161l S G0l (6.24)

where p' is the conjugate exponent of p.
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For scalar functions, we have
|Gully < ull- (6.25)
Now the following theorem can be proved in the same way as Theorem 2.1 .

Theorem 6.5. For any 1 < p < 2, it holds that

lullp + [ Vull, S V1= Aullp, (6.26)
V1 = Aully S lJully + [Vl (6.27)

where p' is the conjugate exponent of p.
If we further assume that the second fundamental form a is non-negative definite, then
the inequalities above hold for p > 2.
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