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1. Introduction

Let {T}} be a symmetric Markov process on a measure space (M, m). The semigroup
{Ti} is called ultracontractive if T} are bounded operators from L' to L*> for all ¢ > 0.
Some criteria for ultracontractivity are known. For example, for © > 0, the followings are
equivalent to each other:

(1) There exists a constant ¢; so that
(1.1) ITiflloo < et 2| flls, VfeL', Vt>0.
(ii) There exists a constant ¢y so that

(1.2) £ < es &(F, P IIFIY", VF € Dom(&) N LY.

The inequality (1.2) is sometimes called the Nash inequality due to his pioneering work.
If 1 > 2 the conditions above are equivalent to

(iii) There exists a constant c3 so that

(13> Hf”g,u,/(,ufZ) < c3 g(fa f)7 vf € Dom(g)

Since the ultracontractivity is important in applications, e.g., it deduces the bounded-
ness of transition probability densities, it is well-discussed. On the contrary, exchanging
L' and L*> formally, we discuss the property that the semigroup sends L™ to L'. We
call this property as the dual ultracontractivity. As applications, we discuss the one-
dimensional diffusion processes. We give some conditions for the dual ultracontractivity
and compare them with conditions for the ultracontractivity.

The organization of the paper is as follows. We introduce the notion of dual ultra-
contractivity and give some conditions for it in Section 2. In Section 3, we consider
one-dimensional diffusion processes and give conditions for the dual ultracontractivity.
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2. The dual ultracontractivity

Let (M, m) a measure space and (X;, P,) be an m-symmetric Markov process. We denote
the life time by (. We also denote the measure with the initial distribution m by P,,:

P, = /M P, m(dz).

We are mainly interested in the case m is a infinite measure and so P, is not finite in
general. The associated semigroup {7;} is defined by

Here E, stands for the integration with respect to P,. {T}} is a Cy contraction semigroup
in LP(m) for p > 1. We denote the generator by 2:

j“vt — €t2l.

2 is a closed operator in LP(m). It is also a contraction semigroup in L*(m) but not
strongly continuous in general. If p = 2, 2 is a self-adjoint operator and the associated
Dirichlet form & is defined by

E(f,9) = (V=2AFf,V~Ug),

where (, ) is the inner product in L?(m). The domain of &, which we denote by Dom(&),

is Dom(v/—2).
The semigroup {7} is called ultracontractive if T; send L'(m) into L>°(m) for all ¢ > 0.
Exchanging L'(m) and L*(m), we introduce a new notion as follows:

Definition 2.1. We say that the semigroup {7}} is dual ultracontractive if T; send L>°(m)
into L'(m) for all ¢ > 0:

We denote an operator norm of A from L into L9 by ||Al|,—,. Then a; defined
1) a0 = I3

is decreasing as a function of ¢ > 0. Since T;1(x) = P,({ > t), we can easily see that
| T:1]|1 = a; and hence a; = P,,(¢ > t). We have the following.

Proposition 2.1. Set b; = ||T3||2—1. Then
(2.2) b, < ag < b
Proof. By the duality, we have ||T}||cc—2 = ||7%||2—1. Hence
aze = || Totlloo—1 < 1 Tilla—1 [ Telloo—z = b7

Conversely, note that ||Ti||cc-1 = @t [|[Tt]|comoo < 1, which follows from the Markov
property. By using the Riesz-Thorin interpolation theorem, we have

by = || T o2 < ar””

as we wanted. O



As was seen in the proposition above, the dual ultracontractivity is closely related to
the tail probability of the life time. We will consider this life time problem in the next
section.

In the sequel, we give some criteria for the dual ultracontractivity. Criteria for the
ultracontractivity and their proofs are well-developed and so, by mimicking them, we can
easily have the following theorem.

Theorem 2.2. For a given p > 0, the followings are equivalent to each other:
(i) There exists a constant ¢; so that

(2:3) ITfll < ext ™| fllse,  Vf € L%, ¥t > 0.
(ii) There exists a constant ¢; so that

(2.4) A5 < ex 8(F, £) I FII", Vf € Dom(&) N L™

Proof. From (i), we have
[ Tocfll1 < Cit™2|| f] oo

Hence, for 0 < f € Dom(&) N L

Ot 2\ £11% > 1 Tae 1l £ lloo
2 (T2tf7 f)

(1.0 + [ STLTds

- (f,f) _2/ (g)(TsfaTsf)ds
0
> (f, ) =2&(f, f),
which brings

113 < 2tE(f. f) + Cot 2 f%.

p+2)
- (L )2“
E(f, f)

112 < (24 CHE(S, )Y 2| £l w2,

Now, choosing

we have

Thus

IF15TY < (2 4+ Cn)E2me(f, 1) 120,

which is (ii).



Conversely, suppose (2.4). Take f € Dom(&) N L™ and set u(t) = ||T;f]|5. Then

du
—— =26(LfTf) = 2T fII5T " (e TF L) = 20l (co| F1120).
Hence
dt copa f] 0"
and so
u*Q/“(t) > u(t)’”“ — u(O)*Q/“ > LAI'
copt]| 13

Finally, we have

ITefll2 = u()'? < (cap/4t)" || flloo < (con /)" 4| f .

By approximation, the inequality above holds for all f € L*. Now (2.3) follows from
Proposition 2.1. [

From Proposition 2.1, (2.3) is equivalent to the following:
(2.5) 1T flly < cat ™4 fllo. Vf € L% Vt > 0.

We use this fact without mentioning.
We can also treat a little relaxed dual ultracontractivity as follows.

Corollary 2.3. For a given p > 0, the followings are equivalent to each other:
(i) There exists a constant ¢; so that

(2.6) ITefll < ext™ (I flloos Vf € L, ¥t € (0,1].

(ii) There exists a constant ¢; so that

(2.7) IFIZ < ea (B, )+ IFIR) 1AL, Vf € Dom(&) N L>.
Proof. Using Theorem 2.2 for 2 — 1, we have that (2.7) is equivalent to
(238) ITiflh < est™2" | flle.

Now (2.6) follows from (2.8).
Conversely suppose (2.6). Note that for ¢t > 1

Tifllh = T T fllh < allTici flloo < cillflloe- (o {73} is contractive)

We now easily see that (2.8) holds for all ¢ > 0. O



Let us proceed to another kind of criterion. Before that we need to introduce the
operator (—4)~Y/2 as follows:

—1/2 1 <><>712
(2.9) (—20) /:ﬁﬁil t= V2T, dt.

This can be done if the integral converges.
To consider the continuity of (—21)~/2, we recall the space LP>*(m). For p > 1, the
space LP°°(m) is the set of functions satisfying

sup ({1 (1) > A}) = [ < 00

A>0

If an operator T' is bounded from L? into L%, i.e., there exists a constant C' such that
1T fllgoe < Cllfllps Vf €L,
T is said to be of weak type (p, q).

Proposition 2.4. Suppose that a constant > 0 and indices 1 < g < p < oo satisfy

1 1 1
(2.10) S=— -,
a p H

If (2.3) holds, then (—24)~'/? is a bounded operator from LP into L.
Proof. (2.10) bears ¢ > 1 and hence

1 11
Sl =
I p D

where p’ is the conjugate exponent of p. This means pu > p'.
We will show that (—21)~%/2 is of weak type (p,q). To do this, we assume || f|, = 1 and
set

T 00
Nﬂﬁhﬁrmf:/‘Fmﬂﬁﬁ+/ V2T fdt =: Ip + Jr.
0 T
For any A > 0,

m({a; |(=0)2f(2)] > 2A}) < m({z; [Ir(2)] > A}) +m({zs [Jr(2)] > A}).

As for I,
T
Il = | [ ¢ T a| <20,
0 P
Hence, by the Chebyshev inequality, we have
. H[THg D\ —PP/2
m({x; |Ir(z)] > A}) < < 2PNTPTPIE,

AP



Now we choose T' = A\?%/#_ Then
m({z; |Ir(z)] > \}) < O PN2ap2e — \pal(1/m)=(1/a)} — \—a (. (2.10)
As for Jp, from the assumption, we have

T oom1 < Cot™%
| T¢][1—1. <1

By using the interpolation theorem, it follows that
ITlyr < Cat =503,

Hence we have

(0.] [o¢] ( _ )
(AR s/ tl/ﬂmfuldtgcg/ VRO < ot
T

T
. 1 ( _1) . .
Since p > p', 5 — % < 0 and hence the integral above converges. Again by the

Chebyshev inequality, we have

m({z; [Ir(z)] > A}) <

Recalling that 7 = \29/#,

(p—1)q

l_u(P;l)) _ 04/\—1+§— - 04,\9(—%%_”%) = Oy

m({z; [Ir(z)] > A\}) < O AT

Thus we have
m({z; [(==0)72f(2)] > 2A}) < CsA

This shows that (—4)~%/2 is of weak type (p, q).
Since p, ¢ can be chosen freely under the restriction (2.10), the Marcinkiewicz interpo-

lation theorem yields that (—2)~'/2 is of strong type (p,q), i.e., bounded from L into
La. ]

By using this, we can give another necessary and sufficient condition for (2.3) when
> 2 as follows.

Theorem 2.5. When p > 2, (2.3) is equivalent to the following: There exists a constant
c3 > 0 so that

(2.11) 1£13,/ue2) < 3 E(f. ) Vf € Dom(&).

Proof. When p = 2, (2.10) implies ¢ = 2u/(p + 2). Now Proposition 2.4 shows that
(—20)~'/2 is bounded from L? into L**/*+2) and hence

(=202 fll2ps sy < Callf2



Substituting (—2)'/2f with f, we have
£ 13, a2y < CEI=20)2 115 = CTE(S, f).

Conversely, suppose (2.11). Since £+ m =2,

| sty im = / @4 ()[04 i
M M
< FILO [ )P0 d

2 2
< |02 f et

< Co|| fIL W2 & (f, fyr/ 2,

Now we can easily have (2.4). O

Note that we do not use the property p > 2 in the last half of the proof above. This
means that for g > 0, (2.11) deduces (2.4). We will use this fact in the next section.
Lastly we will give a remark on (1 — 2A)~"/2. The operator (1 — 2)~"/2 is defined by

1 o0
(2.12) (1-20)7"2= m/ tr/D et dt.
0

For r > 0, this is a bounded operator in LP. By using the similar method above, we have
the following.

Proposition 2.6. Assume (2.3) for t € (0,1]. If 7 > p, then (1 —2)7"/2 is a bounded
operator from L* into L'.

Proof. From the assumption, when ¢ € (0, 1], we have
T floo1 < cxt™/2.
For t > 1,
[Tt ]|oo—1 < 1.

Then, using p < r, we have

1 oo
0= 2 oo £ o [ O T
/2 Jo

<
—Ir/2

1 00
1
/ tr et 2 gt 4 —— / tr D=t dt < .
0 FT/Q

This completes the proof. O



3. One dimensional diffusion processes

In this section, we will consider one dimensional diffusion processes and give some condi-
tions for the dual ultracontractivity. To contrast this with the ultracontractivity, we also
give some conditions for the ultracontractivity.

To simplify the notation, we give names to necessary notions. As for ultracontractivity

R,: ITiflloo < CEH2| fllh, Vf €LY, Vt>0.
Localizing this property, we call
R, (0): IT:flloo < CEH2| fll, Ve L', vt e (0,1].

Asymptotic behavior at t = oo is also an interesting problem. We will discuss the expo-
nential decay in some cases.
As for dual ultracontractivity,

S ITefll < CE*2 | flloo,  VF € L%, VE>0,
Su(0): ITf e < CE#2| flloo, ¥F € L%, ¥t € (0,1],
Next we review fundamental facts of one dimensional diffusion processes. The space is
D = (l3,13). We only consider the minimal diffusion on D, i.e., we impose the Dirichlet
boundary condition if necessary. A diffusion on D is characterized by speed a measures

m and scale function s(z). We assume, without loss of generality, that s(z) = x (i.e., the
natural scale). The generator is given by %% and the associated Dirichlet form is given

by

Ldf d
(3.1) é"(f,g):/l éﬁdm

It is enough to consider the three cases: D = (0,1), (0,00) or (infty, co).

3.1 The case D = (0,1)

Suppose D = (0,1). Take any p > 0 and introduce the following condition:

(3.2) sglg 2 D ([2,1/2)) < oo,
(3.3) sup (I — )" 2Dm([1/2, 1)) < oo.
1/2<z<l

According to the Feller classification, 0 and [ are both exit if and only if
/2
(3.4) / xm(dr) < oo,
0

(3.5) /l (I — 2)m(dz) < oo.

/2
Hence the above condition (3.2) and (3.3) is stronger than this.

8



Theorem 3.1. S, holds if and only if (3.2) and (3.3) hold. Further this condition is
equivalent to S,(0) as well.

Proof. We first show that (3.2) and (3.3) are sufficient for S,. We divide (0,1) into tow
parts (0,1/2), [I/2,1). We only consider the part (0,7/2). The other is similar. Define an
operator [ by

(3.6) If(z) = /0 oL

We regard I as an operator from LP((0,1/2),dt) into L?((0,1/2),dm). We investigate the
continuity of I.
If f e L'((0,1/2),dt), then

()] < / 1t < If1L

which yields that 7: L' — L* is bounded.
On the other hand, for f € L*>((0,1/2),dt),

1f(z)] < / 150 dt < 2] f .

Now, by the assumption (3.2), setting M = sup,. o 2*/#+Im([x,1/2)), we have

A —u/(p+2)
o 150)| > X)) < m(fs ol o> AD) = (/1 t/20) < M (1)
This means that [ is of weak type (oo, ﬁ) Thus, by the Marcinkiewicz interpolation

theorem, we see that I is a bounded operator from L? into L2*/(#+2),

Note that the boundary condition at 0 is the Dirichlet boundary condition. Hence
g(0) = 0 for f € Dom(&). So, in terms of the Dirichlet form, the above inequality is
rewritten as

19115,/ ure) < C1E(g,9), (9=1f).

Now, by Theorem 2.5 (to be precise, by the remark after Theorem 2.5), we can see that
have that S, holds.

Nest we show the sufficiency. Here, we will deduce (3.2), (3.3) from S,(0). Supposing
S,(0), (2.7) holds. Take x € (0,1/2) and define

f(u):{%’ O<u<w

1, u>uwx

Applying (2.7) to f, we have

% u? dm(u) +m([z,1/2)) Hms@ Lo am) £ m(ey2) b
{ /(0,1) } (0,2)

T A

9



Multiplying z'*t#/2 to the both hands, we have

(3.7) {% /(Mu? dm (u) —i—xm([w,l/Z))}HQ/u

< CQ{:I:Q/“ + 3:”2/“/ w’dm(u) + 2 Pm([z, l/2))}
(07m)

Xz

1
§02I2/“{1+—/ qum(u)+xm([a:,l/2))}.
(0,)
Then it follows that

sup{l /m,x) o dm(u) +xm([x,l/2))} < .

« 7
This means that the coefficient of x%/# in the right hand side of (3.7) is bounded. Therefore
{am([z, 1/2))} 421 < Cra®/t,

which implies
2 D (([2,1/2)) < O,

Thus we have (3.2).
We can show (3.3) in the same manner. O

By Theorem 3.1, S, holds under the assumption (3.2), (3.3). Using this fact, we
can investigate the asymptotic behavior of the tail probability of life time. That is the
motivation to study the dual ultracontractivity. So assume (3.2) and (3.3). Define the
Green kernel G(x,y) by

z(l-y)

<y
3.8 G = . -7
(3.8) (2,y) {y(ll—a))7 y < 1.

This name comes from the fact that, defining a operator G by

GfC@Zngwcﬂxﬁﬁfﬁﬂﬂﬂdy%

we have G = (—2()~%.

From the assumption, we can show that GG is an operator of trace class. Hence —2( has
a discrete spectrum, which we denote 0 < \g < Ay < ---. Let ¢; be an eigenfunction for
¢; and we choose them to consist of c.o.n.s in L?(m). Then the Green kernel is written
as

Gla.v) = Y 5 ei@eily)

10



In particular,

G(z,z) =

o3 e

Moreover the transition probability density is given by

(3.9) p(t,z,y) Ze (y).
7=0

By Proposition 2.6, (1 —2A)"" is a bounded operator from L? into L! for sufficiently large
N. Noting

1

J— -N P — .

we have

o
1+ )N

Now we can compute the tail probability of the life time.

Po[¢ > 1] — e o () /D poly)dm(y)
= [ vt imin) = (o) [ gotaim(y)

/ Ze Moi(@)pi(y)dmly) — e o () /D wo(y)dm(y)

:Zewwm /D pi(y)dm(y).

lpalls = 111 =20 eills < N1 =)V la—allill = 11 = )™ 21

Hence

RG> 1] - w)/m Jim(y)

<Mt o)l [ loitlam(y
< e Mgi(@)|C(L+ A)
=1
o0 1/2 ¢ oo 1 1/2
< Ce)\lt{ 72(}\ )\1 1+)\ QN)\} { (x 2}
< DT A) D5 e)
00 1/2
<C _Alt{Ze AN (T 4 \) } Gz, z)?
i=1



When t > 1, noting (3.8) again, we have

26—2(/\1-—A1)t/\i(1 + /\i)2N < ZB—Q(Ai—)\l)/\?(l + )\i)2N)\i
i=1 i=1 i
1
< sup e 2(=M) 421 + )2V — <
sup{ (1+) }Z ",

Thus
P[C > 1] — ey (x) / po(y)dm(y) = e MO(1) ast — oo.
D

So we obtain the exponential decay of the tail probability.

As for the dual ultracontractivity, we have

PalC > 1) — e oll2 = ] / plt) amfa)din(y) > [ o dm<x>}2

YN

SCQZ L4 N2

i=1

)| [ei(y)| dm(z)dm(y)

[e.9]

S 026—)\115 Z 6—()\i—)\1)t(1 + )\1)21\7

i=1

When t > 1, we have

N1
—(Ni=A1)t )\ 2N < —(\i )\1))\ s -
Ze 1+ ;e (L4 2)2 N

x>l

— 1
< sup{e Mz (1 4 )2V} Z L <>

Thus we obtained the exponential decay of a; = P,,,({ > t) as t — oc.

When p = 0, conditions (3.2), (3.3) would be interpreted as m((0,1)) < oco. In this
case, ||Tol|l1 = [|1]j1 < oo and so || Ti]lco—1 < ||1]l1 < oo for 0 < ¢ < 1. This means that
S,,(0) holds for 1 = 0.

If the integrals of (3.2) and (3.3) diverge, i.e.,

3.10 rm(dx) =
(3.10) /W) (dx)
3.11 [ —2)m(dx) =
(3.11) /( I mia)

then the diffusion is conservative and the measure is infinite and so 7;1 = 1 which means
the dual ultracontractivity does not hold.

12



We also discuss the ultracontractivity to compare with the dual ultracontractivity. To
show the ultracontractivity, it suffices to prove (1.3). For u > 2, we introduce the following
conditions:

(3.12) sup 2/ Dm([z,1/2)) < oo,
x>0
(3.13) sup (I — )" W= 2Dm([1/2,z)) < oco.
l/2<x<l

The following theorem is essentially proved by Mao [7] but we give here alternative
proof based on the interpolation theorem.

Theorem 3.2. Let p > 2. Then R, holds if and only if (3.12) and (3.13) hold.

Proof. We first assume (3.12) and (3.13) and show that R, holds.
Define I: L?((0,1/2),dt) — L9((0,1/2),dm) by (3.6). As in the proof of Theorem 3.1, I
is not only of strong type (1, 00) but also of weak type and (oo, ﬁ) By the Marcinkiewicz

interpolation theorem, it follows that I is of strong type (2, 2£). That is, we have
n—2

Now R, follows.

Conversely, assume R, for > 2. Then (1.3) holds. Under this condition, we will show
(3.12) and (3.13).

We consider on a interval (0,1/2). For fixed x € (0,1/2), define f by

f(u):{%’ O<u<w

u > x.

Since f satisfies (1.3), we have

u 2u/(2p—2) 2(n—2)/2p z 1
{/ (—) dm(u) + m([m,l/Q))} < C’/ —du.
(0,2) \ T o r

Hence
m([z,1/2)*" P < Cfx
xu/(u*Q)qu’ 1/2)) < O/ (n=2)
Thus we have obtained (3.12). (3.13) is proved similarly. O

When p = 2, Ry always holds. In fact, since D is a finite interval, we have

1112 < Ci&(f. f)
and so Ry holds. When

/ xm(dzr) = oo, (Il —x)m(dx) = oo,
(0,1/2) (1/2,)

13



the diffusion become conservative but still Ry holds i.e., the transition probability density
converges to 0 uniformly.

Lastly we give a sufficient condition to ensure the exponential decay of the transition
probability densities as ¢ — oo. Let us assume that the Green operator is of Hilbert-
Schmidt class. That is, G(z,y) defined by (3.8) satisfies

(3.14) / G(z,y)* dm(z)dm(y) < oo.
(0,))x(0,1)
This condition if equivalent to the following condition:
(3.15) / 2*m([x,1/2)) dm(x) < oo,
(0,1/2)
(3.16) / *m([1/2, 7)) dm(x) < oo.
[t/2,0)

To see this, we first derive (3.16) from (3.15) and (3.16). We consider the part of x <y
of the integral region of (3.14) and divide it into the following three parts:

(i) O<zx<l/2, z<y<l/2,
i) O0<a<li/2, [/2<y<l,
(i) {/2<y<l, 1/2<xz<uy.

As for (i), we have

/ 7 dm(x)/ (I —y)*dm(y) < l2/ 7 dm(x)/ dm(y)
(0,1/2) [z,1/2) (0,1/2) [,1/2)
<P / 2m([z,1/2)) dm(z).
(0,1/2)
As for (ii),

/ 22 dm(z) / (1 - y)? dm(y) < oo,
(0,1/2) [1/2,0)

and as for (iii),

/ (I —y)*dm(y) / 2 dm(z) <P / (I —y)*dm(y) / dm(z)
(L/2,0) (1/2,y] (t/2,0) (L/2,y]

<[ (- yPml/2 ) dm(y)
(t/2.0)
Thus (3.14) was shown.
As for (i), (iii), reversed inequality holds by changing constants. So we can easily see

that (3.15) and (3.16) is derived from (3.14).
(3.15) and (3.16) are also equivalent to

(3.17) /(0 o am([z,1/2))* dz < oo,

14



(3.18) / (I —2)*m([l/2,z])dm(z) < co.
[i/2,0)
To see this, note that

m([x,1/2))? = / dm(u)dm(v)

[x,l/2)x[x,l/2)

:/[m,z/z) dm(u) /(u,z/Q) dm(v)%—/[x’l/z) dm(v) /W/Q) dm(u)
:/[l/z){m((u,l/Q)+m([u,l/2)}dm(u).

Then

/ am([z,1/2))* dz = xdx/ {m((u,1/2)) + m([u,1/2))} dm(u)
(0,1/2) (0,1/2) [z.1/2)

2 rdx m(|u,l/2)) dm(u
[ x| i) dn)

m(|u,l dm(u rdx

2 /W ([4,1/2)) dm(u) /(]
w?m([u, dm(u).

2 /W) ([u.1/2)) dm(u)

IN

IN

IN

Thus (3.17) is obtained form (3.15). Conversely if we assume (3.17), then

2/(07”2) m([u,1/2)) dm(u) /(o,u} xdr

2 /( T /[ il 2) dma)
rdr m(|u,( m((u,l dm(u
2/(07”2) /[zw){ ([u,1/2)) +m((u,1/2))} dm(u)

/ w?m ([, 1/2)) dm(u)
(0,1/2)

= 2/ am([z,1/2)? dx.
(0,1/2)

So we have (3.15).

Under the assumption that G is of Hilbert-Schmidt class, the transition probability
density is expressed as (3.9). By taking N to be large enough, (1—20)~": L*(m) — L*>°(m)
becomes a bounded operator. Since (1 — )"V, = ¢;/(1 + A\)¥, it holds that

1
m”%’”oo = HGNSOiHoo = HGNH%ooHSDiH%

Therefore

lilleo < C(1+A)™.
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Now we have

)ei(y)]

p(t,2,y) — €™ !<Z€ M

S 02 Ze—)\it(l + )\Z)QN

=1
[e§)

§02€—A1tz —(Ni=A1)t (1+A)

i=1

Ift > 1, then

Ip(t, 2, y) — e go()po(y)] < Cety e M (14 \)N

=1
< Oe—)qtze—()\z—)q)/\?(l + )\i)2Nﬁ
=1 g

< Ce ™M sup{e” x’\1)21+x2N}2)\2.

o>\
Hence we have that as

p(t, 2, y) — e po(2)po(y)] = e M O(1)  as t — oo,
i.e., p(t,x,y) decays exponentially.

3.2 The case D = (0, 00)

We assume D = (0, 00). For > 0, we consider the following condition:

(3.19) sup 2"/ Dm([x,1)) < oo,
0<z<1

(3.20) sup zM ) m([z,00)) < 0.
z>1

The condition that 0 is exit and oo is non-exit & entrance is

3.21 xm(dx 0,
(3.21) /() (dz) <
3.22 xm(dx 00
(3.2 /[ i) <

(3.19) is stronger than (3.21) and (3.20) is weaker than (3.22). We have the following.

Theorem 3.3. (3.19) and (3.20) are necessary and sufficient for S,.

16



Proof. We first show the sufficiency.
As in the proof of Theorem 3.1, we define I by

(3.23) [f(z) = /0 ") dt.

We regard I as an operator from LP((0,00),dt) into L((0,00),dm). We investigate the
continuity of I.
For f € L'((0,00),dt), it holds that

(L (@) < [l f1h
and hence I: L'((0,00),dt) — L*((0,00),dm) is bounded. If f € L>((0,00),dt), then
[1f (@) < @[ flloc-
From the assumptions (3.19) and (3.20), M = sup,., 2*/**+Im([z,00)) < oo. Therefore
A )—H/(IH‘Q)

11l

This means that I is of weak type (oo, 1/ (p+2)). By the Marcinkiewicz interpolation the-
orem, we see that I is an bounded operator from L?((0, o0), dt) into L**/(#+2)((0, c0), dm).

Since the boundary condition at 0 is the Dirichlet condition, f(0) = 0 for f € Dom(&’).
So the we can rewrite the inequality above as

1£13,) s < CLE(L ).

Now, by Theorem 2.5, S, follows.
Conversely we assume S,. Then, by Theorem 2.2, we have

m({x; [Lf(x)] > A}) < m({z; 2| flle > A}) = m((A/[[f ][0, 00)) < M(

IFIIE7 < Cu&(f, HIFIRE™
For x > 0, we define
f(u) :=uAz=min{u,z}, u>0.

Applying the above inequality to this function f, we have

1+2/p x
{/ u*dm(u) + x2/ dm(u)} < C’/ du x 2",
(0,2) [2,00) 0

Hence
x2+4/“m([x, oo))(“”)/“ < Cpltd/n
zm([z, 00)) D < C
x“/(“+2)m([x, x0)) < Ou/(/ﬁ-?)’
which shows (3.19), (3.20). O

17



Relaxing the condition, we can get the following.
Theorem 3.4. S,(0) holds if and only if (3.12) and m(([1,00)) < oo holds.

Proof. First we assume (3.12) and m(([1,00)) < oo. As in the proof of Theorem 3.3, it
follows, from the assumption (3.12), that

(u+2)/p
[ is@psoman b < cisr
(0,1]

On the other hand, since Hiz + Hiz = 1, we can apply the Holder inequality on [1,00)
and get

o g n/ (p+2) io 2/(n+2)
[ pisman <{ [ @R a1 )
[1,00) [1,00) [1,00)

S{Aﬁ“ﬂ@VmM@}memﬂLWDM“”

Therefore

(u+2)/n
[ isa@eamant™ " <{ [ 1P o, sope.
[1,00) [1,00)
By combining both of them, we have

1120 ur2 < ColIfII2 + (S, 1)),

which leads S, (0).
Conversely, we assume S, (0). By Corollary 2.3, we have

IFI57 < Cs(IF113 + ECF P)IFIIA-.

As for f, we take the following function f,, (n € N):

x, O0<z <1,

1, 1 <z <n,
fo(z) =

n+l—z, n<x<n+l,

0, x>n+ 1.

Then, we have

{Awn@wmmyﬁmg&+ﬁwn@wwm}

Dividing the both hand by f(o o0) fn(x)?dm(x), we have

{/(O,oo> ey dm("’”)}wm = {f(o,oo) rorae 1}'

18




From this, it follows that lim fu(7)? dm(z) < 0o, which shows m([1,00)) < 0.
n—oo (0,00)

On the interval (0, 1), making a similar argument as in Theorem 3.3, we can get (3.19).
U

If f(0,1) x dm(z) = oo, then the boundary 0 is non-exit and oo is non-exit as well. Now
the diffusion is conservative and the measure is infinite and so the dual ultracontractivity
never holds.

Lastly we investigate the asymptotic behavior of the tail probability of the life time.
We assume (3.19) and the following;:

(3.24) /(1 )me([x,oo))dm(x) < 0.

Recall that the Green kernel is given by
G(z,y) =z Ay.

Under this condition, we show that the Green operator is of Hilbert-Schmidt class. Since
the Green kernel is symmetric, we consider on the region r < y. For 0 < z < 1, we have

/(071] dm(z) /{m (x Ay)?dm(y) = / 2*m([z, 00)) dm(x) < oco.

(0,1]

For x > 1,

/(1,00) dm(z) /[mo)(x Ay)?dm(y) = / 22m([z, 00)) dm(x) < oo,

(1,00)

Hence the Green operator is of Hilbert-Schmidt class. We can also prove that (3.24) holds
if G is of Hilbert-Schmidt class. Moreover we can easily show that (3.24) is also equivalent
to

(3.25) /(1 )xm([w, o0))?dm(z) < .

Under this condition, the dual ultracontractivity holds. Since GG has discrete spectrum,
the transition probability density p(t, x,y) has the following eigen-function expansion:

p(t,z,y) = Z e M oi(x)i(y).

Moreover the tail probability of the life time ( is expressed as

P(¢>T) =) e p(x) / eiy) dm(y).

i=0 D

So, as in the case of D = (0,1), we can show that

P.((>T)— e_’\otgoo(x)/

: ©o(y) dm(y)' = e MO(1).
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We also have
T3 |loo1 = e *O(1) ast — oo
in the same manner.

Now we proceed to the ultracontractivity.
For p > 2, we introduce the following condition:

(3.26) sup z*/ W Dm([x,1)) < oo,
0<z<1

(3.27) sup z*/ =D m([z,00)) < 0.
r>1

Then we have the following.

Theorem 3.5. R, holds if and only if (3.26) and (3.27) hold.

xT

Proof. Define I f(z) = / f(t)dt. As we have seen, I: L*((0,00),dt) — L>((0,00),dm)

0
is bounded. Further, for f € L>((0, 00), dt), we have | f(z)| < z||f|l«. Hence, by (3.26)
and (3.27), we have

A\ —n/(n—2)
m({z; |1f(@)] > M) < m({z; allflloe > A}) = m((V/[1f ] 00)) < C (m) |

This means that I is of weak type (0o, 1/ (1n — 2)). Now the Marcinkiewicz interpolation
theorem yields that [ is a bounded operator from L?((0,00),dt) into L2*/(#=2)((0,00).dm)
This leads to

(328) Hng,u,/(,ufZ) < Cl g(f? f)a

which implies R,,.
Next we show the converse. So we assume . As f in (3.28), we take the following f,
(n € N):

x, O<ax <1,

1, 1<z <n,
fo(z) =

n+l—z n<zx<n+l,

0, x>n+ 1.

Then we have

{/ fo() 2/ =2 dm(x)} < 20%5.
(0,00)

which brings that m([1, 00)) < oo.
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For x > 0, define f(u) = u A x. From EqEOD.84, we have

(n=2)/p T
11130/ i) = { / uPH B2 dm () 4 22 / dm(u)} < 0y / du.
(0,z) 0

[,00)
Hence
z*m([x, 00)) /M < Caa,
2= [z, 00)) < CL/2),
Since x is arbitrary, we can see that (3.26) and (3.27) hold. O

The necessary and sufficient condition for R,(0) is given in the following theorem. We
take pp > 2.

Theorem 3.6. Assume m([1,00)) < co. Under this condition, R, (0) holds if and only if
(3.27) holds.

Proof. We divide the interval into two parts: (0,1) and [1,00). On (0, 1),
v qf sraf\? Y2
—(t)dt| < — | dt .
[ =l ] (&) «f

sup |f(z)] < &(f, f)

0<x<1

|f(2)] =

Hence

Noticing this, we have

| 1@ dni) = [ @) d(a)
(0,1)

(0,1)
4/(p—2)
S(mm|ﬂ@0 | 1s@Ran
0<a<1 (0,1)

< |IFIBE(f, )Y 2.

Therefore
(n=2)/n
L ropo ™ < -2,
(071)

Now we recall the following inequality: for 0 < a < 1, 2%y’ < az + (1 — a)y. Using

this inequality with o = %, we have

(n—=2)/p — 2 2
{[ @poan@} " < 22018+ 2600,
(0,1) H H
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So the estimate on (0, 1) is done. On the interval [1, 00), consider the operator

:/xf(u)du, x> 1.
1

We investigate the continuity of I as an operator from LP([1, oo
Under our condition, we can show that it is of strong type (2,

(v=2)/2p
([ e swprnana ) <of [(2) )" <o
[1,00) RN
We now recall that |f(1)] < &(f, f)/2. Then
(0=2)/2pn (n=2)/p
[ @poanm " <{ [ 1@ - e dng) |
[1,00) [1,00)

(w=2)/p
H{ ] Irwpeane) |
[1,00)

< Ef, HYV 4 1f(1)|m([1, 00)) W2/
< (14 m([1,00)) #2208 (f, /Y2,

,dt) into L([1, 00), dm).
*#5). From this, we have

Combining both of them, we have

(3.29) £ 120 a2y < CUFNZ + ECF 1))

So R,(0) follows.

Conversely, assuming (3.29), we will show (3.27). To avoid the complexity of notation,
we take D to be (—1,00). For x > 0, define a function f by f(u) = u A x. For u < 0, we
set f(u) = 0. Using (3.29), we have

(n=2)/n
HfH%u/(u—2) = {/ w2 (1=2) dm(u) +x2“/(“2)m([x,oo))}
(0,x)

< C{/Oxldwr/(om u? dm(u) +:I:2m([x,oo))}.

Hence
z*m([x, 00)) D/ < (J{x + /(ny) u? dm(u) + 2*m([z, oo))}

Now, noting that

/ u® dm(u / u/ 2t dt = / 2tdt/ dm(u)
(0,3) (0,3) 0,u] (0,x) [t.z)

:/ 2tm([t, x)) dt</ 2tm([t, 00)) dt,
(0,z)

(0,)
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we have
z*m([z, 00))H=2/H < C’{x + / 2tm([t, 00)) dt + 2°m([z, oo))}
(0,z)
Dividing the both hands by x, we have

am([z, 00))#=2D/m < C{l + % /(0 )th([t,oo)) dt + zm([z, oo))}

For the constant C' above, choose x( so that

1
I=(u=2)/p « _—_
(g, 00)) 0 <
and define
K(z) = sup tm([t,c0)r2/r,
ro<t<zx
For z > x,

zm([z, OO))(M—Z)/P«

1 1
< 0{1 421 / atm([t, o0)) dt + — / atm([t, 00)) B2 i ([t, o0) )= =D/ gt
(0,z0) [z0,2)

+ zm([x, m))(u—2)/um([% OO)>1—(H—2)/H}

1 1 1
§C’{1—|——/ 2tm([t,oo))dt+—/ 2K (z)— dt
20 J(0,20) T Jizo,2) 4

1
+ am([z, oo))(“_Q)/“E}.

Hence

%xm([w, 00)) -2k < 0{1 1 /(Om) 2tm([t, o)) dt} L K@)

Zo

In the left hand side, running x through zq < x < y and taking the supremum, we have

ZK(?J) < 0{1 4L /(O,zo) 2tm([t, 00)) dt} + @

Zo

Thus we have

o <c{ie 2 [ oo i)

Zo

Since y is arbitrary, we see that K is bounded and sup zm([z, c0)# 2/* < oo follows.
>0

Now (3.27) is shown and the proof is completed. O
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Lastly we discuss the exponential decay of the transition probability. We assume the
following.

(3.30) /0 zm([z,1))?dr < oo
(3.31) sup z* =D m([z,00)) < 0.

(3.31) is same as (3.27). Under this condition, we will show that the transition probability
density decays exponentially. Recall that the Green kernel is given by

G(z,y) =z Ny

and the Green operator G = (—20)~! is given by

Gf(x) = /( e ) ) dm).

From the assumption, we can show that G is of Hilbert-Schmidt class. We show this as
follows. We only consider on the region y > x by the symmetry. Further , we divide the
region into two parts according to 0 < x <1 and z > 1. For the first region,

/O<z<1 dm(z) - G(z,y)* dm(y) = /O<z<1 dm(x) /y>x 22 dm(y)

= /0<1:§1 2* m([z,00)) dm(x) < oo.

And for the second region,

/m () /M Gla,y)” dm(y) = / (o)) dmfz) < ox.

Thus G is of Hilbert-Schmidt class and so it has the discrete spectrum and the ultra-
contractivity holds as before. So we can show the exponential decay of the probability
density function p(¢,z,y) in a similar way as in the case D = (0,1).

3.3 The case D = (—00, )

In this case, the diffusion is conservative and
T,1=1.

Hence, if m is finite, then the semigroup is always dual ultracontractive. But, since
| T¢]|1.00 = m(R), the operator norm ||7¢|||s—1 does not decay as in (2.3). If m is infinite,
the dual ultracontractivity never holds since 1 & L*.

The dual ultracontractivity is of no interest in this case. We are much interested in the
ultracontractivity. As for this problem, we only consider the case m((—o0,00)) < co. For
1> 2, we introduce the following conditions.
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(3.32) sup 2"/ #=Dm([z, 00)) < oo,
z>1

(3.33) sup 2%/ =D m((—o0, —z]) < 0.

x>1
We have the following theorem.

Theorem 3.7. Assume m((—o00,00)) < co and take any z > 2. Then R, (0) holds if and
only if (3.32) and (3.33) hold.

Proof. The necessity of (3.32) and (3.33) can be proved in the same way as Theorem 3.6.
We show the sufficiency. As in the same way as Theorem 3.6, we have

{ /[x - f(y) — f ()= dm(y)} < cots e

From this, for —1 < x <0, we get

(1=2)/2p (n—2)/2p
L aswposanm " =L [ 110 = 5@+ s i) |
[0,00) [0,00)
(n—=2)/2p
<{[ 1w = P dng)}
[0,00)

(1—2)/2p
’ {/ |f ()22 dm(y)}
0.00)
< CEf, HV? + | f(2)|m([0, 00)) #2128,

Integrating the both hands side on [—1,0] with respect to x, we have

{ /[O ,oo)‘ Fly) [/ =2 dm(y)}(uﬂ)mm([q, 0])

< CE(f, £)*m([~1,0) +/ | ()] dm(z)m([0, oo)) B2/

[0,1]
1/2
< COUN 100+ { [ @Fdm() | m(=1,0) om0, 00)

Hence

(n—=2)/2p
{[_wpe2an)}
0,00

1/2
< Co 04 { [ @R | om0 e o0

We can get similar estimate on (—oo, 0] and so we have

which is the desired result. O

25



Under the assumption of (3.32) and (3.33), the resolvent G, = (o — A)~! becomes a
trace class operator and the transition probability density p(¢, z,y) has an eigen-function
expansion. Since the lowest eigenvalue of —2( is 0 and the eigen-function is a constant
function 1, we can show that |p(¢,z,y) — m((—o00,00))~!| converges to 0 exponentially.
Moreover this convergence is uniform in x and y.

Lastly, we consider the Ornstein-Uhlenbeck process. Its generator is 2 = % — x%. It
is well-known that the process does not satisfy the ultracontractivity. The speed measure

is
m(dz) = e *da

and the scale function is

T 6902/2
s(x):/ eV Py ~ —— as x — oo.
0 T

Further, we have

2
6x/2

m([z,00)) ~ as r — 00

x
and hence
s(z)m([z,00)) ~ - — 0 asx — oco.
x

Therefore we have

sup s(x)m([z, 00)) < 0.

x>0
This shows that, in the natural scale, sup,-oz*/%~?m([z,00)) < oo is not sufficient for
the ultracontractivity.
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