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Abstract

Markovian semigroups on L2-space with suitable conditions can be re-
garded as Markovian semigroups on LP-spaces for p € [1,00). When we ad-
ditionally assume the ergodicity of the Markovian semigroups, the rate of
convergence on LP-space for each p is considerable. However, the rate of con-
vergence depends on the norm of the space. The purpose of this paper is to
investigate the relation between the rates on LP-spaces for different p, to ob-
tain some sufficient condition for the rates to be independent of p, and to give
an example that the rates depend on p. We also consider spectra of Markovian
semigroups on LP-spaces, because the rate of convergence is closely related to
the spectra.
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1 Introduction

Let (M, %) be a measurable space, m a probability measure on (M, %) and LP(m)
the LP-space of C-valued functions with respect to m. We denote the LP-norm by
|+ [lp, [ fdm by (f) for f € L'(m), and the constant function which takes values 1
by 1. A semigroup {T;} on L?*(m) is called a Markovian semigroup if 0 < T, f < 1
m-almost everywhere whenever f € L?*(m) and 0 < f < 1 m-almost everywhere.

*e-mail: kusuoka@math.tohoku.ac.jp
te-mail: ichiro@math.kyoto-u.ac.jp
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In this paper, we always assume that 7,1 = 1 for all t > 0. Let {7;} be a strongly
continuous Markovian semigroup. We assume that 771 = 1 where 7} is the dual
operator of T; on L?(m). Then, as we will see in Section 2, the semigroup {7;} can
be extended or restricted to a semigroups on LP(m) for p € [1,00]. Moreover, {T;}
is strongly continuous for p € [1,00). Let

) 1
(1.1) Vpq = — limsup — log ||T; — m||p—q
t—ro0 t
where m means the linear operator f — (f)1 and || - ||,—, the operator norm from

LP(m) to L%(m) for p,q € [1,00]. Consider the case that T;f converges to (f) for
sufficiently many f. In this case v,_,, means the exponential rate of the convergence.
Generally 7,-,, depends on p,q € [1,00|. In this paper we consider the properties
of Yp_sq, relation among {7y, p, ¢ € [1,00]}, some sufficient conditions that ~,-,
is to be independent of p and ¢, and give some examples that they depend on p
and ¢g. We also consider spectra of Markovian semigroups with respect to LP-spaces,
because the rate of convergence is closely related to the spectra.

The organization of this paper is as follows. In Section 2 we consider properties on
Yp—q Which are obtained by general argument. We also discuss the relation between
the spectra of Markovian semigroups and v,_,,. In Section 3 we consider properties
of hyperbounded Markovian semigroups and the relation of v,_,, between different
pairs (p,q). We also consider the cases of hypercontractive Markovian semigroups
and ultracontractive Markovian semigroups. In Section 4 we consider a sufficient
condition for +,_,, to be independent of p. Precisely speaking, we consider a hyper-
bounded Markovian semigroup whose generator is a normal operator on L?-space,
and show the p-independence of the spectra of the generator. In particular, this
implies that v,_,, is independent of p. In Section 5 we give a sufficient condition for
non-symmetric Markovian semigroups to be hyperbounded by using the logarithmic
Sobolev inequality, and consider a diffusion process on a manifold as an example.
Non-symmetric diffusion semigroups on manifolds are also considered in [7]. In the
paper, equivalent conditions to contractivity conditions are obtained. In Section 6
we consider the relation of the spectra of linear operators which are consistent on
LP-spaces for p. Markovian semigroups and their generators are examples of con-
sistent operators on LP-spaces. We remark that self-adjointness of the operator on
L?-space is additionally assumed in Section 6. In Section 7 we give an example of
Markovian semigroup that +,_,, depends on p. More precisely we give a generator
on half line, which is a second order differential operator with boundary condition.
By investigating the spectra of the generator, we will show that -,_,, depends on p.

In the rest of this section, we give some notations used through this paper. For
z € C, we denote the conjugate complex number of z by z, and for p € [1, 00| we
denote by p* the conjugate exponent, i.e. 1/p+ 1/p* = 1.

Let (M, m) be a measure space and LP(m) be the LP-space with respect to
m for p € [1,00]. For p € [1,00|, f € LP(m) and g € LP" (m), define (f,g) by
[ f(x)g(z)m(dr). This notation is standard for p = 2, because (-,-) is the inner
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product on L?*(m). On the other hand, the notation may not standard for p # 2,
because (-, -) is not bilinear on LP(m) x LP"(m). In this paper, we consider LP-spaces
and L2-space at the same time. So, we use the notation (-,-) as defined above. Let
A, be a linear operator on L”(m) and Dom(A,) the domain of A,. We define the
dual operator (A,)* as follows. Let Dom((A4,)*) be the total set of f € LP"(m) such
that there exists h € LP" (m) satisfying

(1.2) (Apg, f) = (9,h), g€ Dom(A,),

and for f € Dom((A,)*) define (A,)*f := h where h is the element of LP"(m)
appearing in (1.2).

We define the point spectra of A, by the total set of A € C such that A — A, is
not injective on LP(m), and denote the point spectra of A, by o,(A,). We define
the continuous spectra of A, by the total set of A € C such that A — A, is injective,
but is not onto map, and the range of A — A, is dense in LP(m). We denote the
continuous spectra of A, by o.(A,). We define the residual spectra of A, by the
total set of A € C such that A — A, is injective, but is not onto map, and the range
of A — A, is not dense in LP(m). We denote the residual spectra of A, by o,(A4,).
Let 0(4,) := op(A,) Uoc(Ay) Uor(A,). We define the resolvent set of A, by the
total set of A € C such that A — A, is bijective, and denote it by p(A4,). By the
definition, o,(A4,), 0c(4,), 0:(A,) and p(A,) are disjoint set of C and their union is
equal to C.

In this paper 1/0 and 1/occ are often regarded as oo and 0, respectively.

2 Relation between spectra and the exponential

rate of convergence for semigroups

In this section we consider immediate consequences on ,_,, obtained by general
theories.

Let (M, m) be a probability space and {T;} a strongly continuous Markovian
semigroup on L?(m). We assume that T;1 = 1 where T} is the dual operator of T}
on L?(m). Then, it is easy to see that m is an invariant measure of both {7;} and
{T}}. By Jensen’s inequality, for p € [1,00) we have

[ tspim < [ 5 s1)am = [ |fpam

This implies that T} is contractive on LP(m) for p € [1,00). Since {T}} is positivity
preserving on L*(m) (ie. T,f > 01if f € L*(m) and f > 0), it is easy to see that
T; is also contractive on L*(m). Hence, {T;} can be extended or restricted to a
Markovian semigroup on LP(m) for p € [1,00]. Let p € (1,00). For given f € LP(m)
and € > 0, take a bounded measurable function g such that ||f — g||, < €. Then, by
Holder’s inequality

NTef = flly < NTef = Teglly + 1Teg — gllp + lg = [l
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1/p
smu—mu+(/uw—gwum—mpwm)

1 _
< 2+ ||Tyg — 9|5\ Thg — gl |15 V7
_ 1
< 2+ 2||g|[5 V7| Thg — glly'"

Hence, limsup,_,,||T:f — f||, < 2e. This implies that {7}} is strongly continuous
on L*(m) for p € (1,00). Trivially {T;} is strongly continuous on L'(m). Therefore,
{T}} is strongly continuous for p € [1,00). Define A, be the generator of {7;} on
LP(m) for p € [1,00). We regard {T;} as a semigroup on LF(m) for all p € [1, o0].
Define 7,_,, by (1.1) for p,q € [1, 00].

Proposition 2.1. Let p1, pa, 1, G2 € [1,00]. Let r1 and ry be a real number in [1, 0]
such that there ezists 6 € [0, 1] such that

1 1—-60 6 1 1-6 0
(2.1) — = +— and — = +—.
(81 P q1 T2 b2 q2

Then,
Yri—ra Z (1 - 9)7p1—>p2 + 97¢J1—>qz'

In particular, the function s = v1/s51/5 on [0, 1] is concave.

Proof. By Riesz-Thorin’s interpolation theorem (see Theorem 2.2.14 in [2]),

172 = ey < NNTe = mllp 1T = mllg, g,

Hence, by the definition of v,_,, we have the assertion. . m

Proposition 2.1 gives us some nice properties on -,_,,. We state the properties
in the theorems below.

Theorem 2.2. The function p — v,_,, on [1,00] is continuous on (1,00). If v, >
0 for some p € [1,00], then vy, > 0 for all p € (1, 00).

Proof. The equation (2.1) implies that s — 717,515 on [0,1] is concave, hence
S > Y1/s—1/s is continuous on (0,1). Hence, the first assertion holds. Since ||T; —
m||p,mp < 2 for p € [1,00], v, > 0 for p € [1,00]. This fact and the concavity
conclude the second assertion. O

Remark 2.3. The function v,-, may not be continuous at p = 1,00. Indeed, let
m be the probability measure with the standard normal distribution and {T}} be the
Ornstein- Uhlembeck semigroup. Then, v,—, = 1 for p € (1,00), however v,—, = 0
forp=1,00.

Theorem 2.4. Assume that {T;} is self-adjoint on L*(m). Then, Yp—p = Ypr—p*
for p € [1,00] and the function p — v,-,, on [1,00] is non-decreasing on [1,2] and
non-increasing on [2,00|. In particular, the maximum is attained at p = 2.
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Proof. Let f(s) := v1/s-1/s for s € [0,1]. In view of Proposition 2.1 we have already
known that f is concave on [0,1]. On the other hand, the symmetry of {7;} on
L*(m) implies that ||T} — m||,—, = ||T; — m||p,—p. Since the operator-norm of the
dual operator is equal to that of the original operator, we have |1, — m||,«—p =
||T; — m||p,—p. Hence, v, = Yp+p+ for p € [1,00]. This fact and the concavity
conclude the other assertions. ]

Remark 2.5. In Theorem 2.4 we obtain that p — 7, is non-decreasing on [1,2],
non-increasing on [2,00], and the mazximum is attained by p = 2. This assertion
also follows from (2.2) and Remark 6.3 below.

Next we consider the relation between ,_,, and the radius of spectra. When we
regard T, as an operator on LP(m), we denote T} : LP(m) — LP(m) by T,”. For a
bounded linear operator A on a Banach space, define the radius of spectra Rad(A)
by

Rad(A) :=sup{|A\|; A € 0(A)}.

It is well-known that the limit
o1
fim = log [Ty — ml[p—p

exists (see e.g. Theorem 1.22. in Chapter 1 of [1]), and of course, the limit equals
to —7p—p. Moreover, it holds

(2.2) Rad(T") —m) = et

(see e.g. Theorem 1.22. in Chapter 1 of [1] and Theorem 4.1.3 in of [2]). Hence, to
see Ypp it is sufficient to see the spectra of Tt(p ). There is also some relation between
the spectra of semigroups and that of their generators. Let 21, the generator of {Tt(p )}
for [1,00). Then, it is known that

(2:3) N C o (TP —m) \ {0}

for t € [0,00) (see e.g. Theorem 2.16 in Chapter 2 of [1]). In general setting, the
inclusion cannot be replaced by equality (see Theorem 2.17 in Chapter 2 of [1]).
Sufficient conditions for the inclusion in (2.3) to be replaced by equality are known
(see Corollary 3.12 in Chapter IV of [4]). For example, if {Tt(p )} is an analytic
semigroup, then

(2.4) eto (M0} — a( m)\ {0}, te€0,00).
On the other hand, in general setting the two equalities

(N0} _ ( m) \ {0}
et (O} — 5 (T )\ {0}
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hold for ¢ € [0, 00) (see Theorem 3.7 in Chapter IV of [4]). Note that the definition
of residual spectra in [4] is different from that in this paper. However, it is easy to
see that the equality above still holds.

Consider the case that {73} is a Markovian semigroup on (M, m) such that {Tt(z)}
is symmetric on L?(m). By Theorem 1 in Section 2 of Chapter IIT of [10] {Tt(p)} is
an analytic semigroup on LP(m) for p € (1,00). Hence, (2.4) holds. Moreover, by
Corollary 3.12 in Chapter IV of [4] we obtain

o1
(2.5) sup{ReX; X € o(2A,) \ {0}} = tlgglo n log |13 — m||p—p

for p € (1,00). We will use this equality in Section 7.

Now we introduce a property of spectra of real operators on a general Banach
space. Let B be a complex Banach space and A a linear operator on B. If there
exists a bounded linear operator J on B satisfying that

J(ax + By) = aJz + BJy, a,B €C, z,y € B,

J2P=1, ||Jzx||=|lz||, z € B, AJ=JA,
then A is called a real operator. Denote the resolvent operator with respect to
A € p(A) by R,.

Lemma 2.6. If A is a real operator, then o,(A) = 0,(A), 0.(A) = 0c.(A), 0,(4) =
0.(A) and p(A) = p(A) where A := {\;\ € A} for A C C. Moreover, Ry = JRyJ
for X € p(A).

Proof. If Ax = Ax holds for x € Dom(A) \ {0}, then A\Jz = AJz and Jx # 0.
Hence, 0,(A) = 0,(A). If there exists a sequence {z,} C B such that ||z,|| = 1 and
lim,, o0 |[|AT, — Ax,|| = 0, then ||Jx,|| = 1 and lim,, o ||[\Jx, — AJx,|| = 0. This
implies that the conjugate of approximate point spectrum is also an approximate
point spectrum. Hence, o, (A) Ude(A) = 0,(A) Uoe(A). Since o,(A) and o.(A) are
disjoint each other and o,(A) = 0,(A), we have o.(A) = o.(A). For A € p(A)

JR\J(A—A) =1 on Dom(A) and (A— A)JRyJ=1on B.

This implies that A € p(A) and Ry = JRyJ. Since 0,(A4) = 0,(A), 0.(A) = 0.(A)
and p(A) = p(A), disjointness of 0,(A), 0.(A), 0:(A), and p(A) implies that o,(A) =
o (A).

(2.6)

Consider the following property for a linear operator A on a C-valued function
space B:

if f € Dom(A) and f is a real-valued function,

2.7
(27) then Af is also a real-valued function.

It is easy to see that an operator A satisfying (2.7) is a real operator by letting
Jf := f for B. Since Markovian semigroups are positivity preserving, they satisfy
(2.7). Hence, so are the generators of strong continuous Markovian semigroups.
Consider {T;} and 2, defined in the beginning of this section. Then, {T}} and 2,
are real operators on LP(m) for p € [1,00). Hence, by Lemma 2.6 we have that each
kind of spectra of {1;} on L?(m) and 2, are symmetric with respect to the real axis.
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3 Hyperboundedness and p-independence of v,_,,

In this section we discuss the relation between hyperboundedness and 7,_,,. Hy-
perboundedness enables us to compare {v,.,; p,q € (1,00)} with each other and
hyperboundedness and {7,-4; p,q € (1,00)} characterize each other. In particu-
lar, we obtain the p-independence of ~,_,, for p € (1,00) from hyperboundedness.
Hence, the results in this section give some sufficient conditions for v,-,, to be p-
independent. We also discuss the relation between hypercontractivity and v,_,,.

Let (M,m) and {T;} be the same as in Section 2. However, the assumption
“TY1 = 17 is not needed on the results before Proposition 3.3. For p,q € (1,00)
such that p < ¢, {T;} is called (p, q)-hyperbounded if there exist K > 0 and C' > 0
such that

(3.1) 1Tk fllg < Cll Sy, f € LP(m),

and {73} is called (p, ¢)-hypercontractive if there exists K > 0 such that (3.1) holds
with C' = 1.
First we prepare the following lemma.

Lemma 3.1. Let p,q € (1,00) such that p < q. If there exist non-negative constants
K and C such that ||Tx fl|lq < C||fllp for f € LP(m), then for ny,ny € N such that
¢/ pmT >,
al(ni.n —n —nq—1
||T(n1+n2)Kf||q"2/p"271 S C (n1, 2)||f||q*"1/p’”1’17 f € L1 e (m)v

where a(ny, ny) = Zi:lnl p*/q".

Proof. Let f € L "/?" (m). By the positivity of {T}}, Jensen’s inequality and the
assumption, for n € N and m € Z such that ¢™1/p™=2 > 1 we have

m—1 m—1 q p
| Tnrc fllgm jpm— < [/ (TK <|T(n—1)Kf|q /p )) dm]

m—1 /. m—1
" /q

mfl/qm

= HTK <|T(n—1)Kf‘qm_l/pm_l>

q

-1 -1
mfl/qul pm /qm

<’ Ty f17 7

p

m—1 m—1
= CP" | Ty i f || gm1 -

[terating this calculation, we have the conclusion. O]
Next we give the following theorem on hyperboundedness and hypercontractivity.

Theorem 3.2. If{T;} is (p, q)-hyperbounded for some p,q € (1,00) such that p < q,
then {Ti} is (p, q)-hyperbounded for any p,q € (1,00) such that p < q. Moreover, if
{T:} is (p, q)-hypercontractive for some p,q € (1,00) such that p < q, then {T;} is
(p, q)-hypercontractive for any p,q € (1,00) such that p < q.
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Proof. Assume that {T}} is (p1, ¢1)-hyperbounded for p; < ¢;. It is easy to see that
{T;} is (p2, g2)-hyperbounded for p; < ps < q2 < ¢1. Let p,q € (1,00) such that
p < q. Choose py and g so that p; < py < g2 < ¢1 and that 1 < p," /g™ < p
with some n; € N. Take ny, € N such that ¢."2/p,"2~! > ¢. Then, by applying
Lemma 3.1 we have {T}} is (22 /p2"2 71, po™ ™! /g™ )-hyperbounded, and therefore,
{T;} is (p, q¢)-hyperbounded. Similarly, we obtain the second assertion. ]

This theorem says that (p, ¢)-hyperboundedness for some p, g € (1, 00) such that
p < q implies (p, q)-hyperboundedness for all p,q € (1,00) such that p < ¢ and
the same assertion holds for hypercontractivity. Hence, we simply say that {7;} is
hyperbounded and hypercontractive instead that {T;} is (p, q)-hyperbounded and
(p, ¢)-hypercontractive respectively.

In the rest of this section we consider the relation between hypercontractivity
(or hyperboundedness) and the exponential rate of convergence 7,_,,. Note that the
assumption “I71 = 17 is needed from now. First we show the following proposition,
which is an extension of the first assertion of Lemma 6.1.5 in [3].

Proposition 3.3. Assume that

(3.2) 1Tx flle < NIfll2, f € L¥(m)

for some K >0 and r > 2. Then, we have

(3.3) 1Tk f = (Dl < =D flla, - f € L¥(m).

and

B4) 1T = (D)l < V7= Texp {— L 1ogvi =T} 1k, f € L2m). 1 € 0.00).

Proof. Let f € L*(m) such that (f) = 0 and ||f||« < ao with a nonnegative
constant ao and let a be a positive constant such that a > ag. From (3.2) we have

(35) (@ +[IfI[R)7? = lla+ flly > HTK(a+f)||?=/|a+TKf(x)l’“m(dl’)~

By the Taylor theorem there exists 6 € [0, 1] such that

r

2

1r(r—2)

(36) @+ =0+ o

a" I fI + (a® + Ol F112)72 21 £1]2-

Since {T;} is a Markovian semigroup, ||Tk f||e < ao. Hence, by the Taylor theorem
again, for each x there exists n, € [0, 1] such that

(a4 Tl @) = o + v T fla) + " a2y )

f DO gy =) (T ).
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By integrating both sides we have

. /<a+TKf> dm = +7«(7«31><r_ |2|)TKf||2
4 / (a+ mTwf) (T f)*dm.

6
From (3.5), (3.6) and (3.7)

r(r—2)
4

T_ T
a" || T flI5 +

(a + OIL£113) 221112

(7” — 1%(7" — 2) /(a + nxTKf)r_?)(l‘)(TKf)S(ZE)m(d;L‘)

ro._ 1

54 2||f||g+§

r(r—1)
2

Dividing both sides by a"~? and taking limit as a — oo, we have

r(r—1)
2

T
315 > 1T f115-

Hence, (3.3) follows.
To show (3.4), for given t > 0 take n € NU {0} and p € [0, K) such that
t =nK + p. Then, by (3.3)

7. = (D)l = 1T Tof = (Tof)le < (0 = 1)~ T, Sl
< (=) E )l < Vi1 1exp{—§log¢—r - 1} 17112

Hence, we have (3.4). O

Next we show the following theorem, which tells us the relation between hyper-
boundedness and v,_,.

Theorem 3.4. The following conditions are equivalent:
(i) {T3} is hyperbounded.
(i) Ypoyq = 0 for some 1 < p < g < 0.

(il1) Ypsq = Y22 for all p,q € (1, 00).

Proof. First we show (ii) implies (i). By the definition of ~,_,, there exists K > 0
such that ||Tx — m||p—q < 0o. Hence, ||Tk||p—q < 00. Therefore, we obtain (i) by
Theorem 3.2. Immediately (ii) follows from (iii), since y2_,5 > 0.

Finally we show that (i) implies (iii). For given p,q,r,s € (1,00) take K > 0
and C' > 0 such that ||Tk||,—, < C and ||Tk||s—q < C. Then, it is easy to see that

(3.8) 1Tk —mllpsr <C+1 and ||Ti — ml[ssg < C + 1.

Since

||Tt+2K - me—>q < ||TK - me—>r||Tt - m||r—>5||TK - m||s—>qv
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we have

1
7 log || Tyvorc — m|p—q

1 1 1
> 7 log [|Tx — m||p—r — glog [Ty — mf—s — ;log [T — m|s-sq-

In view of (3.8), letting t — oo, we obtain 7,, > v,—s. Since p,q,r,s € (1,00) are
arbitrary, (iii) follows. O

Finally we show the following theorem, which tells us the relation between hy-
percontractivity and 7,4, and some criterion for {7};} to be hypercontractive.

Theorem 3.5. The following conditions are equivalent:
(i) {T}} is hypercontractive.
(i) Ypog > 0 for some 1 <p < q < 0.

(ili) Ypoq = Y22 for all p,q € (1,00) and a2 > 0.

(iv) There exist K > 0 and r > 0 such that

||TK||2—>r < oo and ||TK — m||2_>2 < 1.

Proof. By Theorem 3.4 we have that (ii) implies (iii). Trivially (ii) follows from (iii).

By Theorem 3.4, (i) implies that 7, = 722 for all p,q € (1,00). On the other
hand, by Proposition 3.3 we obtain from (i) that v5_,5 > 0. Hence, (i) implies (iii).
Lemma 6.1.5 in [3] and Theorem 3.2 tells that (iv) implies (i).

To finish the proof, it is sufficient to prove that (iii) implies (iv). Assume (iii). As
we have seen in Theorem 3.4, there exists K > 0 and r > 0 such that ||Tk||2—, < 0.
Since Y22 > 0, by the definition of +,_,, it holds that there exists K > 0 such that
|| T, — m||a—2 < 1. Thus, we obtain (iv). O

Remark 3.6. We introduce the defective logarithmic Sobolev inequality and the
logarithmic Sobolev inequality in Section 5 below. It is known that hyperboundedness
and hypercontractivity are equivalent to the defective logarithmic Sobolev inequality
and the logarithmic Sobolev inequality, respectively (See Theorem 6.1.14 in [3]).

4 Sufficient conditions for spectra to be p-independent

In Section 3 we showed that when hyperboundedness holds, the exponential rate of
convergence {7,,:p € (1,00)} are independent of p. However, hyperboundedness
gives us the further information that the spectra of {—2(,;p € (1,00)} are indepen-
dent of p. Recall that —2(, and ~,_,, are closely related to each other (see Section
2). In this section we show the assertion.
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Let (M, m), {T;} be the same as in Section 2. Let p € (2,00) and fix p. Assume
that there exists positive constants K and C such that

(4.1) 1Tk fllp < Cllfll2,  f € L*(m).

By Theorem 3.2 this assumption is equivalent to hyperboundedness on {7;}. Hence,
if necessary taking another pair (K, ('), both (4.1) and

(4.2) 1Tk fll2 < ClI Sl f € L7 (m)

hold. We choose a pair (K, C) such that both (4.1) and (4.2) hold, and fix it. Let
2(, be the generator of {T}} on LP(m) for p € [1,00) and assume that s is a normal
operator, i.e. (Az)*As = A5(Az)*. Then, we can consider the spectral decomposition

of —2y (see [8]) as follows:
—Q[Q _/)\dEA
C

For a bounded C-valued measurable function ¢ on C, define a operator ¢(—2ly) on
L*(m) by

o(—21y) = /C H(\)dE;.

Note that it is sufficient that ¢ is defined only on o(—%4;). Since LP(m) C L?(m)
and L?*(m) is dense in LP" (m) in our setting, ¢(—2ly) can be regarded as a linear
operator on LP(m) and on LP (m). So, we denote ¢(—23) by ¢(—2l) simply and
regard ¢(—2A) as a linear operator on L*(m), on LP(m), and on L¥" (m).

It is easy to see that ¢(—2l) is a bounded operator on L?(m) if and only if ¢
is bounded on o(—2). However, it is not easy to obtain sufficient conditions for
#(—2) to be a bounded operator on LP(m) and on LP (m). Now we consider a
sufficient condition for the boundedness of ¢(—2l) on LP(m) and on LP" (m) under

the assumption (4.1). Define a function x on C by

0, ReX <0,
X(A) = { 1, Re\ >0,
and let x,(\) := x(A —n).
Proposition 4.1. The followings hold.

(i) If ¢ is bounded and the real part of the support of ¢ is bounded, then ¢p(—2)

is a bounded operator on LP(m) and also on L¥" (m).

(ii) There ezists a positive constant ¢ = c(p,n) satisfying

(4.3) T xn (=20 < ce™™,
||TtXn<_Ql>Hp*—>p* < Ce_nt>

fort €0, 00).
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Proof. To show (i) let ¥(\) := ¢(\)ef* where K is the constant which appeared
n (4.1). Since the real part of the support of ¢ is bounded, ¥(—2) is a bounded
operator on L?(m). By using the fact that ¢(—2) = Tx(—2) and (4.1), we have

He(=20)l2=p < [[Th[l2spl [P (=222 < Cl[H(=A)[22-

Hence, by the continuity of the embedding LP(m) < L*(m) we have ¢(—2A) is a
bounded operator on L”(m). Similar argument is available to estimate ||¢(—21)

( p*—2
and we have ¢(—21) is a bounded operator on LP (m). Thus, we obtain (i)
Next we show (ii). Since sup [e " |xn(A) < e ™, we have
ReA>0

1Txn (=2 ][22 < €7
Hence, by (4.1), for t > 0
1T s X (=202 < [Tl s [| Tixa (=) | |22 < Ce™ < CeFemmHO,

Therefore, choosing ¢ > Ce™* | (4.3) holds for ¢t > K.

Since Ifrer>0y — Xn is bounded and the real part of its support is bounded,
(i) implies that I — x,(—2() is a bounded operator on LP(m). Here, note that
(=) C {z € C;Rez > 0}. Thus, for ¢t € [0, K]

Toxn (=20 p—p = | Te(L = T + X0 (=2))[[pp
< | lp—sp + 1T = X (=20)[|p—p
< T4 (I = X (=20))|p—s
< (1 10T = Xa(=20) )™ e,

Therefore, by taking ¢ > 1+ [|(I — xn(—21))||p—p (4.3) holds for t € [0, K]. Conse-
quently, letting ¢ = max{Ce™™ 1+ ||(I — xn(—2))||p—p} (4.3) holds for ¢ € [0, 00).
We are able to prove (4.4) by similar way. Hence, we omit it. [

By using Proposition 4.1 we can show a sufficient condition for ¢(—2) to be
a bounded linear operator on LP(m) and on LP (m). The following theorem is an
extension of the result by Meyer [5].

Theorem 4.2. Assume (4.1). Let h be a C-valued bounded measurable function on

C which is analytic on the neighborhood around 0 and define a C-valued bounded
function ¢ on C by ¢p(X) = h(1/X). Then, (=) is a bounded operator on LP(m)

and also on LP"(m).

Proof. The proofs for boundedness of ¢(—2l) on LP(m) and for that on LP" (m) are
the same. So, we only prove that ¢(—%2() is a bounded operator on LP(m). Choose
n € N such that h is analytic on {z € C;|z| < 1/n} and let

¢(1) = ¢(1 - Xn) and ¢(2) = ¢Xn-
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Then, ¢ is decomposed as
b= ¢(1) + ¢(2)_

Since o(—2ly) C {z € C;Rez > 0}, (i) of Proposition 4.1 implies that ¢ (—2l) is
a bounded operator on LP(m). Hence, it is sufficient to show that ¢ (—2A) is a
bounded operator on LP(m).

Let

Ri= / Ty (—20)dt.
0

Since for k € NU {0}

Rt = / / / T X (—2) T () - Ty, X (— )1ty - -
0 0 0

0 0 0

by (ii) of Proposition 4.1 we have
(4.5) |R¥||,p < en™®, ke NU{0}.

By using spectral argument on L2-space

R= / / e MdE\dt = / N\ YE,,
0 {ReA>n} {ReA>n}

and hence
(4.6) RF = / AFdE,,.
{ReA>n}

On the other hand, since h is analytic on {z € C;|z| < 1/n}, by using Taylor

expansion we have
h(z) = 5 apz”,  |z] < —.

n
k=0

Note that > p- ax|n™ < co. Hence, by (4.6) we obtain

o (—A) = / AAHDAEy =)  ay / ARAEy =) apR".
{ReA>n} % {ReA>n} g
Therefore, (4.5) implies that ¢®)(—2() is a bounded operator on L?(m). O

Theorem 4.2 enables us to show that the spectra of 2, are independent of p
under the condition (4.1) as follows.

Theorem 4.3. Assume that (4.1) holds for some p € (2,00) and positive numbers
K and C. Then, o(—2,) = o(—2y) for ¢ € (1,00).
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Proof. As mentioned in the beginning of this section, in view of Theorem 3.2 the
assumption that (4.1) holds for some p € (2,00), K > 0 and C > 0 implies that for
any p € (2,00) there exists K > 0 and C' > 0 such that (4.1) and (4.2) hold.

First we show that o(—%{,) D o(—2y) for ¢ € (1,00). For given p € (2,00),
take positive numbers K and C such that (4.1) and (4.2) hold, and fix them.
Let o € o(—%3). For n € N define U, := {z € C;|z — a| < 1/n} and S, =
{fUn dE\f; f € LQ(m)}. Then, S,, is a closed linear subspace of L?(m) and S,, # {0}
for n € N. Take f, € S, such that ||f,||]2 = 1. Then, it is easy to see that
nh_r}lolo [|2f, + afull2 = 0. Since

Afy +af, = — / NExf, + afa

n

= —/ e_K’\eK’\)\dEAfn—l-/ e_K’\eK)‘adEAfn

= ( / ) e_KAdEA) ( / ) Mo — N)dE, fn)

= TK/ GK)\(Oé — )\)dE)\fn,
by (4.1) we have

2+ afill, < €| / Mo — NdExfolls
Un

< geK(Rea-&-l/n)anH}
n

Hence, lim [|2(f, 4+ afu]|, = 0. On the other hand, ||f,||, > ||fall2 = 1. These yield
n—oo
that o € o(—2(,). Similarly to the argument above,

Af, + af, = — / S e EANAE f, + / efre EA0dEN £,

n n

- ( / n Mo — )\)dEA> ( / n e“dEAfn)

= / "Moo = N)dE\(Tk fr).

n

Hence, by (4.2) we have

o |l [ Moo= NAEA(Txk f)]]2
Un

1
< KRt || Ty oo

[|24f, + af

<

S|

6K(Rea—l—l/n) ‘ |fn

p*-

Letting fn := fu/||fallpe, we have || fu|]ps = 1 for n € N and limy, o0 || f, +af|l, =
0. This yields that o € o(—,+). Thus, we have o(—2) C o(—2,) for ¢ € (1, 0).
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Next we show that o(—2,) C o(—2s) for ¢ € (1,00). It is sufficient to show
that p(—2,) D p(—2z) for ¢ € (1,00). For given p € (2, 00), take positive numbers
K and C such that (4.1) and (4.2) hold, and fix them. Let o € p(—%2ly) and
¢(z) :=1/(av + z). Then,

(@7) (a— 2! = / 6(\)dE)
¢
1 z
4.8 - = .
(4.8) ¢ (z) az+1
The equality (4.8) implies that ¢ (1/2) is analytic on a neighborhood around z = 0.

Since a € p(—2Ay), the integral on the right-hand side of (4.7) is not changed by
replacing ¢(A) by 0 on a neighborhood around A\ = —«. This implies that we

can regard ¢ as a bounded function. Hence, applying Theorem 4.2, we have that
(a — )~ is a bounded operator on LP(m). Therefore, a € p(—2,). We also
have o« € p(—2,+) in the same manner. Thus, we have p(—2) C p(—2,) for
q € (1,00). O

By using Theorem 4.3, we are able to know a little more information on the
spectra of {T;} satisfying hyperboundedness.

Theorem 4.4. If {T;} is hyperbounded, then o,(—2s) = op,(—A,), oc(—A2) =
o.(—=2,) and o, (—A,) =0 for p € (1,00).

Proof. Let p,q € (1,00). Let a € 0,(—2,). Then, there exists f € Dom(—2,) \
{0} such that af + Af = 0. Hence, aTif + AT, f = 0 for ¢t € [0,00). Since
{T,} is hyperbounded, there exists a sufficiently large ¢ € [0,00) such that T;f €
Dom(—2,) \ {0}. This implies that a € o,(—2,) and T} f is an eigenfunction with
respect to a. Hence o,(—2,) C 0,(—2,). Since this holds for arbitrary p, ¢ € (1, 00),
we have o,(—2ds) = o,(—2,) for p € (1,00).

Let p,q € (1,00) such that p < ¢. By using dual argument we have

HTth—m = ||Tt*

qF—p*s t e [0,00)

Note that T} is also a normal operator, the generator of T} on LF"(m) is (2,)*,

and ¢* < p*. In view of Theorem 3.2, the hyperboundedness of {7;} implies that of
{Ty}. Applying the argument above to {1}}, we have

(4.9) op(=(A2)") = op(=(2Ap)"),  p € (1,00).

Now assume a € o,(—2,) for some p € (1,00), and we will make contradiction.
Since there exists f € LF (m) such that ((a + 2,)g, f) = 0 for ¢ € Dom(2L,),
f € Dom((2,)*) and —(,)*f = af. Hence, o € o,(—(2(,)*). Since A, is a normal
operator, it is easy to see that |[(z + 202)f|l2 = |[(Z + (™A2)*) fl|2 for f € Dom(2Ay)
and z € C. In particular, o,(—(2)*) = 0,(—22). Hence, by (4.9) we have

op(—=(RA,)*) = op(=(RA2)*) = op(—2a).




Exponential convergence of Markovian semigroups 16

Since op,(—As2) = op(—A,), we have a € o,(—2(,). However, this conflicts with the
disjointness of o,(—2,) and o,(—2,). Hence, o,(—2L,) = 0.

By Theorem 4.3 and the disjointness of o.(—2(,) and o,(—2,,), we have g.(—2s) =
o.(—2,) for p € (1, 00). O

In Section 5 we consider a sufficient condition for hyperboundedness via logarith-
mic Sobolev inequalities. It is to be obtained that spectra are the same for p € (1, 00)
if generators are normal (not necessarily symmetric) and the assumptions hold in
Theorem 5.1.

Now we consider the relation between ultracontractivity and {v,,;p € [1, o0]}.
If there exists positive constants K and C' such that

1Tk flloe < ClIfIh, £ € L(m),

then {T;} is called ultracontractive. In the case that {7;} is symmetric, we have the
following proposition.

Proposition 4.5. If {T;} is symmetric on L*(m), then {T;} is ultracontractive if
and only if there exist q € [1,00) such that

(4.10) Tk fllse < ClIfllg: S € LU (m).

with some positive constants K and C'.

Proof. Tt is sufficient to show that ultracontractivity holds if (4.10) holds for some
q, K and C. Tt is immediately obtained that {T;} is (p, ¢)-hyperbounded for any
p € (1,00). Hence, by Theorem 3.2 there exists K’ > 0 such that ||Tx/||—q < 00.
Symmetry of {T;} on L?(m) implies that ||Ti||1y = ||T;||l1=q=- On the other
hand, by the duality we have ||T}|[15 = ||T%||4»00- Hence, (4.10) implies that
| Tk |15 = ||Tk]||g—00 < 00. Thus, we have

TK/

Tk kr[|1500 < | Tk|154- ¢ —al| Tk |l g—00 < 00

]

When {7}} is ultracontractive, we can discuss p-independence of the spectra of
the generator of {T;} for p € [1,00) in the same way as in the case of hyperbounded
Markovian semigroups.

Theorem 4.6. Assume that {T;} is ultracontractive and that s is a normal op-
erator. Then, o(—,) = o(—Us) for p € [1,00). Moreover, o,(—2) = o,(—2,),
oc(—2A2) = 0(—2,) and o,(=A,) =0 for p € [1,00).

Note that {7;} is not necessarily symmetric (or equivalently 2, is not) in Theo-
rem 4.6.
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Remark 4.7. If {T;} is symmetric on L*(m) and ultracontractive, the compactness
of Ty on LP(m) for p € (1,00) and t > K is to be obtained (See Theorem 15.4.2 in

[2]).
Remark 4.8. When T;f(z) = [ f(y)pe(x, y)m(dy) and

[ [ )P tdyymids) < o0

holds for some K > 0, we have the compactness of Tx on L*(m) by Theorem 4.2.16
in [2]. Therefore, p-independence of spectra is obtained (See Remark 6.8).

5 Non-symmetric Markovian semigroups and log-
arithmic Sobolev inequality

In Section 4 we obtain some sufficient conditions for the spectra of a Markovian
semigroup {7;} on LP(m) to be independent of p € (1,00). In this section we
consider a sufficient condition for non-symmetric Markovian semigroups to satisfy
hyperboundedness.

Let (M, m), {1} be as same as in Section 2. However, in this section, the
finiteness of m is not needed. Let 2, be the generator of {7;} on LP(m). We often
denote 2, by 2 simply. Let {R,} be the resolvent operator of {T;} on L?(m) and
define

P = Ry(L'(m) N L™(m)).

Then, 2 C Dom(,) for p € [1,00] and 2 C L*(m) N L>®(m).

We prepare another supplementary symmetric semigroup {S;} on L?(m). Let &
the Dirichlet form associated with {S;}. Let a € (0,00) and g € [0, 00) and assume
that

(5.1) /If(fE)IQ10g(|f($)|2/||f||§)m(dﬂf) <aé(f,f)+BIIfI [ e€L*m).

This inequality is called a defective logarithmic Sobolev inequality. In the case that
a > 0and g = 0, (5.1) is called a logarithmic Sobolev inequality. Additionally
assume the following:

Forp>1and f € 2, |f|P/* € Dom(&) and

(5.2) 4(Pp; 1)é@(|f|p/27 |f|p/2) < —(2Af, |f|p_lsgn(f)).

When T} is symmetric on L?(m), by taking S; by T; we have (5.2) (see the proof of
Theorem 6.1.14 in [3]).

Theorem 5.1. Assume (5.1) and (5.2). Then, we have

T e SeXp{ﬂ (1—1)}
p q
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fort >0 and 1 < p < q < oo such that e/* > (¢ —1)/(p — 1). Hence, {T}} is
hyperbounded. Moreover, {T;} is hypercontractive if 5 = 0.

Proof. The proof is just the same as the proof of Theorem 6.1.14 in [3]. Let f € &
and denote T} f by f;. Let q(t) := 14 (p—1)e*/®. By following the proof of Theorem
6.1.14 in [3] we have

1fellg " Hftuq(t)
- / Ift\"(t"lsgn<ft)9lft

90 log (171011 £1[26) ) dim.

By (5.2) we obtain

d
t)—1
el 1 fellaco

_4(q(t) D) .
= q(t)?

Hence, we can continue our proof in the same way as the proof of Theorem 6.1.14

(|f|q )/2 |f|q(t/2 /|ft|q log |ft‘q /||ft||ZE§§>

in [3] and obtain the conclusion. O

In Theorem 5.1 we assumed (5.1) and (5.2). Now, we give an example of a
non-symmetric Markovian semigroup {7;} satisfying (5.1) and (5.2).

Let M be a complete Riemannian manifold and m be the volume measure on
M. Denote the total set of vector fields on M by D. We define the basis measure
von M by v := e Ym where U is a C*-function on M such that [,, e"Ydm = 1.
Let V be an affine connection. Then, the dual V# of V on L?(v) is characterized by
Vi0 = V*0 + (VU,0) for § € D where V* is the dual of V on L*(m).

Let b € D and consider the generator 2 defined by

1
(5.3) A= —EVZ’ZV +b.
Then, the dual 2 of 2 on L*(v) satisfies
1 .
A = —5 VIV —b—divb

where div, is the divergence on L?(v), i.e. div, is the linear operator on D which is
characterized by

/ X fdy = — / fdiv,Xdv, f€CiM).

Let B = ——V*V and & the Dirichlet form associated with 23. Then,

8(f.9) =~ [(emadf.gradg)dv, 1.9 € CF(a1)
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where gradf is the gradient of f € C*°(M). For B to be a generator of a Markovian
semigroup, we assume that the closure of 98 defined on C{°(M) is m-dissipative
on LP(m) for p € [0,00]. Sufficient conditions for the assumption is found in [9].
Additionally, we assume

(5.4) div,b > 0.

Under these assumptions we show (5.2). Since 9B is symmetric on L?(v), (5.2) holds
for 8 and & (See a remark just after (5.2)). Hence, letting {G,} be the resolvent
associated with 9B, we have for f € G;(L' N L>)

5.5 2D 0P < 5 (VYL sen().

DO | —

In particular, since C§°(M) C Gi(L' N L>®), (5.5) holds for f € C§(M). For
f € Cg°(M) we have

~@7 1) = [ (G008 - o ) e sty

1

=5 [ DI sy~ [ @17 s

By using (5.4)
= [ @i isennar == [oaspyar = [ @vplsra = o
Hence, by (5.5) we obtain

(5.6)  —(AL | sen(f) > 4(pp; 1)5(!f|p/2, [fIP2), f € C5o(M).

Since each function f which belongs to Dom(2,) can be approximated by a se-
quence {f,} in C§°(M) with respect to the graph-norm of 2, (5.6) implies that
sup,, & (| faP/2, | fu|P/?) < oo. Hence, there exists a subsequence of {f,} which
converges weakly with respect to the norm given by the inner product & (-,-) =
(+,-) + &(+,-). Denote the subsequence by {f,} again. Clearly, the limit of {f,} is
f. By (5.6) we have

4(p—1 . oA(p—1
%gﬂﬂp/{ |f|p/2) < hTIngolf %é&ﬂfﬁpy |fn|p/2)

< — T inf(Afy, [ o sgn (/)
< —(Af, | f" "sgn (/).

Therefore, (5.2) holds.
For (5.1) we additionally assume that

Ric + HessU > eI
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for some € > 0. Then it is known that the logarithmic Sobolev inequality holds for
B (see Theorem 6.2.42 in [3]). Hence, (5.1) holds.

By Theorem 5.1, the hyperboundedness holds. Furthermore, when we apply the
results in Section 4, we need the conditions that v is the invariant measure with
respect to the semigroup generated by 21 and 2l is normal on L*(v).

Example 5.2. Let M :=R2?, v(dz) := (1/2n)e 1*F/2dz, and

= —Cxo— +Cri—

o, TR 5 - B 07

where ¢ is a positive constant. Then,

1 1 [ 0 o? 0 0
A=—-VVt+b==-|—S+=-5 ]| —x1=— — 20— +b.
2 * 2 (8x%+3x%) xlaxl x23x2+
Hence, the diffusion associated with 2 is the Ornstein-Uhlembeck diffusion with ro-
tation. In this case, by explicit calculation we have that v is the invariant measure
and 2 is normal on L*(v).

6 Properties on spectra of operators on L’-spaces

In this section we consider consistent linear operators on LP-spaces and discuss its
spectra with respect to LP-spaces. Let (M, m) be a probability space and LP(m) the
LP-space of C-valued functions with respect to m. For p € [1, 00) let A, be a densely
defined closed linear operator on LP(m) and assume {A,;p € [1,00)} are consistent,
ie. if p > ¢, then Dom(A,) C Dom(A,) and A,f = A,f for f € Dom(A4,).
Moreover, assume that A, is a real operator for some p € [1,00). Note that A,
is a real operator for all p € [1,00) by this assumption. A Markovian semigroup
{T}} and its generators {2,;p € [1,00)} defined in Section 2 satisfy the assumption
on {Ay;p € [1,00)}. Since the argument below is applicable to both {7;} and
{,;p € [1,00)}, so we prepare {A,;p € [1,00)} as a unified notation. Also note
that, when we consider a Markovian semigroup {73} as {4,}, the results below
include the case that p = oo.

In this section, we additionally assume that A, is self-adjoint on L?(m), i.e.
Ay = A}. By using consistency it is easy to see that (A,)* = A, for p € [1,00). We
denote A, by A simply when confusion does not occur.

Lemma 6.1. 0,(A4,) =0 forp < 2.

Proof. Assuming that there exists A € 0,(A,), we will make a contradiction. Then,
there exists f € LP (m)\{0} such that ((A—A)g, f) = 0 for g € Dom(A,). Since g
(Ag, f) = (g, \f) is a bounded linear functional on Dom(A4,), f € Dom((4,)*) =
Dom(A,+) and Af = Af. On the other hand, f € Dom(A,-)\ {0} C Dom(A,)\ {0}.
This implies that f is an eigenfunction of A, with respect to the eigenvalue A. By
Lemma 2.6 we have A € o,(A,). This conflicts with the disjointness of o,(A,) and
o (Ap). O
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Proposition 6.2. We have the following.
(1) op(A,) C y(4,) for q < p.
(ii) 0.(4y) C or(Ap) for g < p.
(ili) oc(Ap) C oc(Ay) Uayp(4y) for g <p<2.

(iv) p(Aq) C p(Ap) forq<p<2.

Proof. Let A € 0,(A,). Then, there exists f € Dom(A,) \ {0} such that \f = Af.
This implies that A € o0,(4,), because f € Dom(A4,) \ {0} C Dom(4,) \ {0}.
Therefore, we have (i).

Next we prove (ii). Let A € 0,(A,). If A € 6,(A4,), by (i) we have that A € 0,,(4,).
This conflicts that o,(A,) and o.(A,) are disjoint each other. Thus, A\ & o,(A,).
Since A\ € 0,(4,), there exists f € L7 (m) \ {0} and that (A — A)g, f) = 0 for
g € Dom(4,). Noting that ¢* > p*, we have that f € L (m) \ {0} and that
(A—=A)g, f) =0 for g € Dom(A,). Hence, A € 0,(A,). Thus, (ii) follows.

Now we show (iv). Let ¢ < p < 2. Let A € p(4,). Note that p(A4,) = p(As).
Let (A—A,) ' and (A\— A,<)~! be the resolvent operators of A, and A, with respect
to A, respectively. Define a linear operator Rf\p on LP(m) by R&” ) fi=W\=A)"'f
for f € Dom(R{) where Dom(R") := {f € LP(m); (A — A,)"'f € L”(m)}. Then,
RP. (A=A, ' and (A — A, )" are consistent. Hence, L7 (m) C Dom(R") and
Dom(Rg\p )Y is dense in LP(m). By the Riesz-Thorin theorem we have

IR g < 11O = A 125 11O = Ag) ™!

q—q q =gt

where 6 € [0, 1] satisfying 1/p = (1—6)/q+6/q¢*. This implies that ||Rf\p)||p_,p < 00.
By the definition of Rf\p ) we have

AN—A )Rp) =1, on Dom(RE\p)),
R/\ (A—Ap) =1, on Dom(A),

and therefore the closure of R(Ap ) is the resolvent operator of A, with respect to A.
Hence, A € p(A,) and we have (iv).
We obtain (iii) by (iv) and Lemma 6.1. O

Remark 6.3. By (iv) of Proposition 6.2 we have that 0(A,) is decreasing for p €
[1,2] and increasing for p € [2, 00).

Corollary 6.4. Let p € [2,00). Then the followings hold.
(1) op(Ap) Uoe(Ap) = op(Ape).

(ii) oc(Ap) = oc(Ap).
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Proof. By (i) of Proposition 6.2, we have o,(A,) C 0,(Ay+). By similar argument
to that in the proof of Lemma 6.1, it holds that ¢,(A,) C o,(A4,). Hence, we have

(6.1) op(Ap) Uor(Ap) C ap(Ap).

Let A € 0,(Ay+) and S the total set of f € Dom(A,) such that A\f = Af. Since
A€ op(Ay), S # {0} If LP(m) N S # {0}, then X\ € 0,(A,). Consider the case
that LP(m) NS = {0}. Then, A & 0,(A,). Take f € S\ {0}. Then, it holds
that (\f,g) = (Af,g) for ¢ € LP(m). Hence, by the symmetry of A we have
(f,\g) = (f, Ag) for g € Dom(A,). Here, note the definition of (-,-) in Section 1.
On the other hand, since A ¢ o,(A,), we have A\ ¢ 0,(4,) by Lemma 2.6. These
facts imply A € 0,(4,). By Lemma 2.6 again, we have A € o,(A,). Thus,

(6.2) op(Ap) Cop(Ap) Uar(Ay).

By (6.1) and (6.2) yield (i).
Since 0(A,) = 0(A,~), we have (ii). O

Corollary 6.5. 0,(A,) CR forp € [2,00).

Proof. The assertion immediately follows by (i) of Proposition 6.2 and o(As) C
R. O

Remark 6.6. Since Ay is a self-adjoint operator, by using the general theory of
self-adjoint operators on Hilbert spaces it is obtained that o(As) C R. However,
when p # 2, it does not always hold. An example that o(A,) ¢ R when p # 2, is
given in Section 7.

Let A2 := min{|Al; A € 0(A,)} and A® := max{|A|; A € 0(4,)} for p € [1, 00).
Note that the minimum and the maximum above exist in [0, 00|, because o(A4,) is
closed set in C. The following corollary follows immediately from (iv) of Proposition
6.2.

Corollary 6.7. \"™ > A\™ and A\ > A\ forq € [1, min{p, p*}|U[max{p, p*}, 00).

This corollary gives the relation of the exponential rate of convergence for Marko-
vian semigroups. For example, let A, = 21,,, where 2|, is the generator of the Marko-
vian semigroup on LP(m) defined in Section 2. Then, A" is the distance between 0
and o(2,). For another example, let A, be T —m for some t > 0, where T,”) is the
Markovian semigroup on L?(m) defined in Section 2. Then, A\ = Rad(Tt(p ) m).
As mentioned in Section 2, these are related to the rate of convergence of the Marko-
vian semigroups.

Remark 6.8. In Chapter 4 of [2] spectra of consistent bounded operators are con-
sidered. When we additionally assume that A, is bounded for any p € [1,00) and
that A, is compact for some p € [1,00), then the p-independence of spectra of A,
is obtained by using Schauder’s theorem (see Theorem 4.2.13 in [2]) and Theorem

4.2.14 in [2].
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7 Example that v,,, depends on p

In Section 4 we give a sufficient condition for the spectra of a Markovian semigroup
as an operator on LP(m) to be independent of p. However, generally the spectra
depend on p. We give an example so that the spectra depend on p in this section.

Let p € [1,00). Define a measure v on [0, 00) by v(dz) := e~ *dx and a differential
operator 4> with its domain Dom(215) by

Dom(20;) := { f € C3([0,00); C); f'(0) = 0},
& d

P dn2 dr

© .

Consider a generator 2(, by the closed extension of 2() on LP(v). Note that 25 is
a self-adjoint operator on L?*(v). This is an example that the spectra (2,) depend
on p and Yyg < Ypop for ¢ < p < 2. Now, we show them by investigating o(2,)
explicitly.

Let p € [1,2]. Consider the linear transformation I defined by

(7.1) (1f)(x) = e /2 (2).
Then, we have . .
jg 1f (@) relEDmds = /f (@) Pulde),

and f/(0) = 0 if and only if (1 f)(0) + (1f)'(0) = 0 for f € C*([0,00);C). Hence, I
is an isometric transformation from LP(v) to LP(1,), where 7, :=e 517z, Define
a linear operator 2, on LP(,) by

- Don(d,) = {7 € W) 30) + 70 =0}
' S - 1=
Q[pf = @ - Zf
Then, we have for f € C5°([0, 00); C)
(102017 o) = 5 = ) #2700
= P@) + Fa) + @) - Fila) - 5 @)
= f'(a) ~ (@)

’(v) 2 Ir(v)
Il LT

(5) 2 [2(5,)
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By this diagram we have
(7.3) op(2Ap) = Up(ﬁlp)v oe(Ay) = UC(ﬁp) and o, (2,) = Ur(élp)-

Hence, to see the spectra of 2, it is sufficient to see the spectra of ﬁlp.

From now we cannot discuss the cases that 1 < p < 2 and that p = 2 in the
same way. First we consider the case that 1 < p < 2. Let \/z := /re?/? for z € C
where 2z = re? such that » > 0 and 0 € (-7, 7).

Lemma 7.1. If 1 < p < 2, then

o(—1,) = {0} U { iy

2 -1
,yy|<<-—1> v - }
p p

Proof. Let u(x) =z — 2 for x € [0,00). Then, u € LP(1,),

d? 1 1 1
Hence,
1 ~
(74) Z € Up(—Q[p).

Let A€ C\ {%} Consider the differential equation:

(7.5) ——u+-u= A

where u : [0,00) — C. Then, u is the solution of (7.5) if and only if
U(I) _ Clex\/—)\+1/4 + Cze—:m/—)\+1/4

where Cy, Cy are constants in C. Note that u(0) +/(0) = 0 if and only if Cy(1/2+
V-A+1/4)+C5(1/2—+/—X+1/4) = 0. Hence, u is the solution of the boundary-
value problem on [0, co):

—d—2 + 1u Au

1 dz2" 4"

5u(0) +'(0) =0,

if and only if

ZC

) Clex\/f)\+1/4+cf e —x+/—A+1/4
(7.6) (

1 1
+4/ A+ - >+02<§— —)\—i-z—l)—O.
When u satisfies (7.6),

|Cl‘p /oo €<Rew/7)\+1/4>px€(p/2_1)mdx B |02‘p /oo €7<Re\/f)\+1/4)pxe(p/2_1)wdx
0 0

N | —
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< / |u(x)|pe(p/2’1)zdx
0

S |Cl|p/ e(RO\/—)\+1/4)p$6(p/2—1)zdx + |C2|p/ 6—<RC\/—)\+1/4)pm6(p/2_1)xdx‘

0 0

This implies that
(7.7) u € LP(,) if and only if “pRey/—A+1/4 + g —1<0orCy=0".

By (7.6), if C; = 0, then A = 0 or Cy = 0. Therefore, (7.4) and (7.7) imply that
o—p<—§[p):{0}u{Ae<c; Re\/—)\+1/4<§—%}. O

Lemma 7.2. If1 < p < 2, then

p(—20,) > {a:—i—iy; v,y ER, 2 > (%—1)2(x—pp_21>}\{0}.

Proof. Tt is sufficient to show that {Z € C\ {0}; Rey/—2z+1/4> }D - %} C p(—2A,).
For A € {ze(C\{O}; Re —z+1/4>§—%} let

1 1 i 1 1 T
ox(z) == <§ —\/ A+ Z) eV M (5 +4/=A+ Z) e VTMI 2 € ]0,00)

Pa(x) == eV, z € [0,00)

1(1 1
Wy 1= —2 —/\+—<—— —)\+—>

4\ 2 4

and define a C-valued function g, on [0,00) X [0, 00) by

1
— o (@)aly), * <y
gy =14 "
WA@(?J)%(@’ y<uw

Let Gyf(x) = fﬂoo oz, y) f(y)dy for f € Cy(]0,00);C). Then, by explicit calcula-
tion, we have for f € Cy([0,00);C)

Do)l o= and G0+ (GO =0,

In view of Lemmas 6.1 and 7.1, to show that A € p(—ilp), it is sufficient to prove
the boundedness of the operator G\ on LP(#,). Let

er(e)i= sup O ([ ) ),
0

y€[0,00)

') . p/p*
Ci(e) = Sup)(/ lgx(z, y)|* dy)
0

z€[0,00
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for € € (0,1). By explicit calculation, we have C)(¢) < oo when Re/—A+1/4 >

ﬁ (% — %), and Cf(¢) < oo. By Holder’s inequality we have

||G>\f||1£p(f/p)
- / / 9(2,9) F(y)dy
0 0

< /OOO [/Om ’gk(%y)ll_a If(y)l . |g>\($,y)’6 dy:| e(p/Q_l)xdx

[e'e) fe'e) [e'e) p/P*
<[ ( / |gA<:c,y>|“—6>p|f<y>|pdy) ( [l dy) 1212 g
0 0 0
<) [ ( / |gx<o:,y>|“—f>pe<p/2-”xdx) () Pdy
0 0
< YN

p

Since this estimate holds for all € € (0, 1), {z € C\{0}; Rey/—2z+1/4> % — %} C
/)&[p)' o

By the lemmas above, the spectra of —ﬁlp are determined exactly.

Theorem 7.3. Followings hold for 1 < p < 2.

(i) ap(—ﬁlp):{O}U{a:+iy; r,y €ER, x> %l and |y| < (f—)—l) :v—%l},

(i) oe(—2L,) = {x—i—z’y; r,y e R, x> ’;%21, and |y| = (% — 1) \Jr— ’;%21}\{0},
(i) p(—2A,) = {x+iy; r,y € R, y* > (% — 1)2 (a:— ’%)}\{0}

Proof. The assertion (i) is obtained in Lemma 7.1. Since any limit point of point
spectra are either a point spectrum or a continuous spectrum, by (i) and Lemma
7.2, we have (ii). By (i), (ii) and Lemma 6.1, we obtain (iii). O

By (7.3) we have the following theorem.

Theorem 7.4. Followings hold for 1 < p < 2.
(i) op(~2) = {0} U {z+iy; 2y e R o> andly| < (2-1) o2},

(ii) oo(—2A,) = {x—I—iy; r,yeR, z> pp;; and |y| = (%— ) :z:—pp;;}\{()},

(ili) p(—2A,) = {x +iy; T,y €R, y* > (% — 1)2 (:c — fop%l)} \ {0}.
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& C
op(—2Ay)
p(=2) 7 p(=2Ap)
Up(—ml
0 O jSzezzzzzzz7
P 00(79117)
UC(_Qll)
Figure 1: p=1 Figure 2: 1 <p <2

The pictures of o,(—2,), o.(—2,) and p(—2(,) for p =1 and for 1 < p < 2 are
described in Figures 1 and 2.

Next we check o(—2,). Note that , is equal to the Lebesgue measure dz when
p = 2. Since o(—2y) is self-adjoint and non-negative definite on L?(dx), we know
that o(—2ly) C [0,00) and o,(—2s) = @ (see Lemma 6.1). The purpose of the
argument below is to investigate both o, (—2l,) and o.(—2ly) explicitly.

Lemma 7.5.

op(~) = {0},

Proof. The assertion follows by almost the same way as the proof of Lemma 7.5

except the part of checking whether }L is a point spectrum or not. Let u be the

unique solution of the differential equation:

d? 1 1 1
—ogut U= and éu(O) +4/(0) = 0.
Then u(x) = x — 2. Since u ¢ L*(dz), § & 0p(—2As). The rest of the proof is same
as that of Lemma 7.5. []

We have already obtained op,(—20y) and o,(—2y) explicitly in Lemmas 6.1 and
7.5. Now we investigate JC(—Q[Z). Since any limit point of point spectra is either a
point spectrum or a continuous spectrum, it was easy to see O'C<—§lp) for 1 <p<2.
However, in the case that p = 2 it is impossible to discuss continuous spectra in a
similar way to the case that 1 < p < 2. Recall that by (7.3) it is sufficient to check
the spectra of A, on L*(dz) defined on (7.2).

Let & and & be the bilinear forms associated with 2, and 2, respectively. Then,
for f,g € C%(]0,00)) such that f(z) = g(x) = 0 for > M with some M > 0, we

have

(7.8)  E(f,9)=EUf, 1)
- / (12 f(2)) (g () e " da
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- [ (f( )o/(@) + 27 (@)al >+3f<x>g'<x>+§f<x>g<x>) i

— [ r@g@is+; [ i@ [Tt

/f o)+ / F(e)g(x)dr — 2 F(0)g(0).

Denote the Sobolev space on [0, 00) with measure dz and indices k,p by W*P(dz)
where k is the index for differentiability and p is the index for integrability. Let

Dom () := = {f € W»*(dz); f'(0) =0},
2
s 4 1
A7 dz?2 4

and &© the bilinear form associated with Q[éo). Then, by using integration by parts,
we have for f,g € W*2(dz) N {f € CZ([0,00)); f(0) = 0 and lim, o f(z) =0}

(79) E0(f.g) =~ [ (3F) @ota)da
/f” 2 + / fla
/f x)dr + - / f(z

110 = 8O, 1) + / (@) Pz

Define a norm || - || z0) by
1

Then, by standard calculation we have that the closure of Dom(élgo)) with respect

to || - || s is equal to W'?(dz). Hence, Dom(£®) = W'?(dz). Now we have the

following proposition.
Proposition 7.6. Dom(&(©) = Dom(&).

Proof. Since &(f, f) < EO(f, f) for f € C([0,00)), Dom(&®) ¢ Dom(&). To
show Dom (&) > Dom(&), it is sufficient to show that f + f(0 ) is a continuous

linear functional on W2(dz). Let f € C§°([0,00)). Since f(z) = f(0)+ [ f/(y)dy,
we have
. 2
7O = - [ 1w a
<2 /\f )Pdx + 2 y)dy dx

<2 ["itta >de+2/ (/ 1 |dy)
<2 [Cif@rar2 [T 1rw)P

Hence, f + f(0) is a continuous linear functional W12 (dx). O
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Now we extend the operators s and ﬁ[éo) by the same way as argument written
in Section 2.2 of [11]. Let H := L*(dz), V := Dom(&®) = Dom(&) and V* the
dual space of V. By the Riesz theorem, the dual of H can be identified with H*.
By this identification, we can regard V' C H = H* C V*. Noting that V and H
are dense subsets of H and V* respectively, the operator 2, can be extended to a
operator from V to V*. Denote the extension of 2y by B. For A € (0,00) A — B
is a bijection from V to V* and the inverse (A —B)~!: V* — V is an extension of
the resolvent (A — 2y)~! : H — Dom(2,). We also define B© from A similarly.
Note that B© has same properties as B.

Denote the essential spectra of a linear operator A by ces(A). The definition of
essential spectra is in Section 2 of Chapter XII in [6]. Then, we have the following
proposition.

Proposition 7.7. Tes(—s) = res(—3) = [1, o0).

Proof. 1t is well-known that ap(—ﬁlgo)) = () and JC(—Qléo)) = [},00). Since 2,
and —2150) are non-negative definite, —1 € p(—2y) N p(—ﬁléo)). Once we have the
compactness of the bounded linear operator (1 — )"t — (1 — A”)~ on H, we

obtain the conclusion by Weyl’s theorem (see Theorem XIII.14 in [6]).

(1—A)7" = (1 — AP
= (1)1 - AP (1 - AP — (1 A) 71— Ap)(1 — AP
=(1-%)7'(1-39)1 - >1—u—%ru—%meﬁ9ﬂ

=(1-3)7(B - B8")1 - mg‘”)*l.
The linear operator (1 — B)~1(B — B©)(1 — A”)~1 is the mapping as follows.

(1-25)~ © B-BO (1-8)~!
H——>Dom(2l )=V >V >V — H.

Since (1 — ﬁléo))_l and (1 — B)~! are continuous, it is sufficient to show the com-
pactness of the operator B — B form V to V*. By (7.8) and (7.9) we have for
fgeV

v+{(B —BO)f, g)v = L (0)9(0).

This implies that B — B is a mapping f + f(0)6 where § € V* is a bounded
linear operator on V defined by d(g) = g(0) for V. Hence, the range of B — B
one-dimensional. This concludes the compactness of B — B©). O

By Lemma 7.5 and Proposition 7.7 we obtain the explicit information of spectra
of 2, as follows.

Theorem 7.8. It holds that

oul=8) = (0}, ou(~36) = [1.00) .



Exponential convergence of Markovian semigroups 30

Proof. We have already obtained that o,(—2ly) = {0} in Lemma 7.5. Noting that
0p(—2A2) N 0ess(—A2) = 0, by the definition of essential spectra we have o.(—2l3) =
Oess(—2Uz) = [%,oo). O

By (7.3) we have the following theorem.

Theorem 7.9. It holds that

47

oul=2) = (0}, ou(-2) = [1.00) .

The picture of o,(—2s), o.(—2l2) and p(—2s) is described in Figure 3.

p(—2A2)

Figure 3: p =2

By Theorems 7.4 and 7.9 we obtain the spectra of —2l, exactly for p € [1,2] as
described in Figures 1, 2 and 3.

We have considered only the case that 1 < p < 2. We also obtain o,(—2l,),
o.(—2,) and o,(—2,) explicitly for p € (2,00) by using Proposition 6.2, Corollary
6.4 and Theorems 7.4 and 7.9.

Theorem 7.10. For p € (2,00), we have the following.
(i) op(—2Ap) = {0},

(i) oo(~2) = {a+iy; my R 2> B3t and |y = (2 —1) Jo— 25t (o},

p*2

(ili) o,(—2A,) = {x +iy; v,y €R, x> 25 and |y| < (pl — 1) T — p;*}l},

(iv) p(—2A,) = {:v iy, o,y €R, 42 > (pl - 1)2 (x - P*—l)} \ {0}

p*2

Proof. Let p € (2,00). Since o(—2,) = o(—2,), we have (iv). By Theorem 7.4
and Corollary 6.4 we obtain (ii). By Corollary 6.4 again, we have

(7.10) op(—2Ap) U or(—2p) = o (—Aps ).
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On the other hand, applying Proposition 6.2 for ¢ = 2, we have o,(—2,) C o,(—2s).
Hence, Theorem 7.9 implies that o,(—2,) C {0}. Since o,(—2,) D {0}, we obtain
(i). By (7.10), (i) and Theorem 7.4, we have (iii). O

This operator —2l,, is an example that the spectra depend on p, the spectra are
not included by R for p # 2, and o.(—2,;) C o,(—2,) for some p < ¢ < 2 even if
—=2(, is a diffusion operator, consistent on LP(v) for p € [1,00), self-adjoint when
p = 2, and ergodic.

In view of the argument in Section 2, the exact information on the spectra of
—2,, give the explicit value of 7,_,, as follows.

Corollary 7.11.

p—1
Toop =5 D € [1, 00].

Proof. Since —2, is self-adjoint on L?*(v), the argument in Section 2 is available and
(2.5) holds. By (2.5) we have 7,,, = ;%21 for p € (1,2]. By Theorem 2.4 we have
0 < v < inf{y,.p;p € [1,2]} = 0. Hence, v1,1 = 0. By Theorem 2.4 again
Vpsp = Vpr—p for p € [1,00]. Therefore, the assertion holds. ]

Thus, we obtain an example that the exponential rate of convergence {v,_,,;p €
[1,00]} depend on p.
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