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» | am interested in the application of Grébner basis to the
study of algebraic topology.
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» | am interested in the application of Grébner basis to the
study of algebraic topology.

» The theory of Grébner bases for polynomial rings was
developed by Bruno Buchberger in 1965.
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» | am interested in the application of Grébner basis to the
study of algebraic topology.

» The theory of Grébner bases for polynomial rings was
developed by Bruno Buchberger in 1965.

» One can view it as a multivariate, non-linear generalization
of:
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» | am interested in the application of Grébner basis to the
study of algebraic topology.

» The theory of Grébner bases for polynomial rings was
developed by Bruno Buchberger in 1965.
» One can view it as a multivariate, non-linear generalization
of:
» the Euclidean algorithm for computation of greatest
common divisors,
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» | am interested in the application of Grébner basis to the
study of algebraic topology.

» The theory of Grébner bases for polynomial rings was
developed by Bruno Buchberger in 1965.
» One can view it as a multivariate, non-linear generalization
of:
» the Euclidean algorithm for computation of greatest

common divisors,
» Gaussian elimination for linear systems, and
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» | am interested in the application of Grébner basis to the
study of algebraic topology.

» The theory of Grébner bases for polynomial rings was
developed by Bruno Buchberger in 1965.
» One can view it as a multivariate, non-linear generalization
of:
» the Euclidean algorithm for computation of greatest
common divisors,
» Gaussian elimination for linear systems, and
» integer programming problems.
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» | believe that Grébner bases will become a powerfull
method for the study of algebraiv topology.
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» | believe that Grébner bases will become a powerfull
method for the study of algebraiv topology.

» For example, | studied the ring structrure of the
cohomology of the Oriented Grassmann manifolds using
Grébner basis. | obtaind the exact values of the cup-length
for an infinite family of the Oriented Grassmann manifolds.

u]
]
I
ut
it

Free resolution of the Steenrod Algebra

Kyoto university

00




Introduction Non-commutative Grébner basis Free resolution Application

[e]e] [e]e]e}
(e]e] 000000 00000
0000 000 00000

» | believe that Grébner bases will become a powerfull
method for the study of algebraiv topology.

» For example, | studied the ring structrure of the
cohomology of the Oriented Grassmann manifolds using
Grébner basis. | obtaind the exact values of the cup-length
for an infinite family of the Oriented Grassmann manifolds.

> cup(én,3)=n+1 forn=2m"_4 m>1.

u]
]
I
ut
it

Free resolution of the Steenrod Algebra

Kyoto university

00




Introduction

» | believe that Grébner bases will become a powerfull
method for the study of algebraiv topology.

» For example, | studied the ring structrure of the
cohomology of the Oriented Grassmann manifolds using
Grébner basis. | obtaind the exact values of the cup-length
for an infinite family of the Oriented Grassmann manifolds.

> cup(én,s) =n+1forn=2™"_-4m>1.

» Today, | will talk on the algorithm of the calculation of the
E, terms of the Adams spectral sequence using
non-commutative Grébner bases.
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Steenrod Algebra

Steenrod algebra, A», which is generated by operations (i > 0)

Sq': H*( ;F2) — H™'( ;TF),

» Sq° = the identity homomorphism.
> If x € H"(X;TF2), then Sq"x = x°.
> X,y € H (X;F2),
Sa¥(xUy) = K ,Sa'x USq*~'y, the Cartan formula.
» The following relations hold among the generators: if 0 < a < 2b

o L b1\ arbia
Sq’sq’ = Z( \ o >Sqa+ “isq

i=0

These relations are called the Adem relations.
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The Problem We Study and The Basic Tool
:

Application

Problem

For topological space X and Y, compute the groups of
morphisms

i n+k n
{Y. X} = lim [£7HFY, £7X].

If Y = S° then {Y, X}« = £ (X); the stable k-th homotopy group of X
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Adams spectral sequence

Theorem (Adams spectarl sequence)

There is a spectral sequence, converging to (){Y, X}, with
E,-terms given by

Ey' = EXtSL(H*(X; Fz), H*(Y; F2)) M

and differentials d, of bi-degree (r,r — 1).
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Adams spectral sequence
E,>-terms of Adams spectral sequence are given by A»-free
resolution of A>-module M = H*(X; F2)
a; di— q
ALy R N - R L T N NN VN
where R; is free A,-module (9.42) and A; is the Steenrod algebra.
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Adams spectral sequence

E,>-terms of Adams spectral sequence are given by A»-free
resolution of A>-module M = H*(X; F2)

di—q

di d q
AR SRS AR MS0

where R; is free A,-module (9.42) and A; is the Steenrod algebra.
For another A>-module N = H*(Y; F»), we obtain a cochain
complex

a° d' o?
Hom(M, N) — Hom(Ry, N) — Hom(Ry, N) —
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Adams spectral sequence
: :
E,>-terms of Adams spectral sequence are given by A»-free
resolution of A>-module M = H*(X; F2)

di_
R = Ri_4 —

complex

Ry = M — 0
where R; is free Az-module (®.42) and A; is the Steenrod algebra
For another Ay-module N = H*(Y; F»), we obtain a cochain

Hom(M, N) %> Hom(Ro, N) < Hom(R;, N)

The cohomology of this complex defines Ext

4o (M, N)
Free resolution of the Steenrod Algebra
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The key to calculate such a free resolution is
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The key to calculate such a free resolution is
Non-commutative Grébner basis and Syzygy module.
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Application

Adams spectral sequence

The key to calculate such a free resolution is

Non-commutative Grébner basis and Syzygy module.

Remark
Mr. Euiyong Park (Seoul National University) ,and his co-workers,
are using the non-commutative Grébner basis to study the

representation of Lie algebras and their universal enveloping
algebras.
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Non-commutative ring

We consider the non-commutative polynomial ring.
> k: field.
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Non-commutative ring

:

We consider the non-commutative polynomial ring.
> k: field.

> R:k<X1,X2,..

., Xj, - -+ > non-commutative free
associative ring
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Non-commutative ring

:

We consider the non-commutative polynomial ring.
> k: field.

> R:k<X1,X2,..
associative ring

» the set of polynomials.

., Xj, - -+ > non-commutative free

DA
Free resolution of the Steenrod Algebra

:
Kyoto university
00




R
Introduction Non-commutative Grébner basis Free resolution Application
(e]e] oe [e]e]e}

(e]e] 000000 00000
0000 000 00000

I I
Non-commutative ring

:

We consider the non-commutative polynomial ring.
> k: field.

> R:k<X1,X2,..
associative ring

» the set of polynomials.
> B = {X,'1X,'2 .- 'X,'k} U {1}

., Xj, - -+ > non-commutative free
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Non-commutative ring

:

We consider the non-commutative polynomial ring.
> k: field.

> R:k<X1,X2,..
associative ring

» the set of polynomials.
> B= {Xi1Xi2 o 'Xik} u{1}
» the set of monomials.

., Xj, - -+ > non-commutative free
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Review of Non-commutative Grébner basis

Outline

Non-commutative Grébner basis
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Review of Non-commutative Grébner basis

:

Definition (Monomial order)

Let < be a well-ordering on B. < is said to be a monomial
ordering on R if the following two conditions are satisfied.

DA
Free resolution of the Steenrod Algebra

:
Kyoto university
00




R
Introduction Non-commutative Grébner basis Free resolution Application
(e]e] [e]e] [e]e]e}

(e]e] O@0000 00000
0000 000 00000

I I
Review of Non-commutative Grébner basis

:

Definition (Monomial order)

Let < be a well-ordering on B. < is said to be a monomial
ordering on R if the following two conditions are satisfied.
» if u,v,w, s € Bwith w < u, then vws < vus.

» Foru,w e B, if u=vws for some v,s € Bwithv #1 or
s#1,thenw < u.
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Review of Non-commutative Grébner basis

Definition (Monomial order)

Let < be a well-ordering on B. < is said to be a monomial
ordering on R if the following two conditions are satisfied.

» if u,v,w, s € Bwith w < u, then vws < vus.

» Foru,w e B, if u=vws for some v,s € Bwithv #1 or
s#1,thenw < u.

Hence 1 < uforall u € B.
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Review of Non-commutative Grébner basis

:

From here, We fix a monomial ordering.
» For f € R, f # 0, we may write

f=ciuy +-- + CmUm

where ¢; € k\ {0}, u; € B, ug > Up > -+ > Up.
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Review of Non-commutative Grébner basis

:

From here, We fix a monomial ordering.
» For f € R, f # 0, we may write

f=ciuy +-- + CmUm

where ¢; € k\ {0}, u; € B, uy > Us > -+ > Up.
» Im(f) = uy, the leading monomial of f.

DA
Free resolution of the Steenrod Algebra

:
Kyoto university
00




Introduction Non-commutative Grébner basis Free resolution Application

(e]e] [e]e] [e]e]e}

00 000000 00000
| 0000 000 00000 |

Review of Non-commutative Grébner basis
: :

Theorem (Division on f by H)
INPUT  f, H={hy,....hm...} CR
d
OUTPUT = piaVahi Sa+r
a=0

> o € K\ {0}, Vo, S0 € B. IM(pa v by, So) < Im(f).
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Review of Non-commutative Grébner basis
: :

Theorem (Division on f by H)
INPUT  f, H={hy,....hm...} CR
d
OUTPUT = piaVahi Sa+r
a=0

> o € K\ {0}, Vo, S0 € B. IM(pa v by, So) < Im(f).
» r=0orr=73% ¢t wherec € k\ {0}, §j € B,

AP N G4
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Review of Non-commutative Grébner basis
: :

Theorem (Division on f by H)
INPUT  f, H={hy,....hm...} CR
d
OUTPUT = piaVahi Sa+r
a=0

> 1o € K\ {0}, Va, So € B. Im(pa Vo hi, So) < Im(f).
» r=0orr=73% ¢t wherec € k\ {0}, §j € B,
» Im(r) < Im(f), none of the {; is divisible by any Im(h;).
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oo - e
| Review of Non-commutative Grébner basis |
Theorem (Division on f by H)
INPUT  f, H={hy,....,hm...} CR
d
OUTPUT = piaVahi Sa+r
a=0
> 1o € K\ {0}, Va, So € B. Im(pa Vo hi, So) < Im(f).
» r=0orr=73% ¢t wherec € k\ {0}, §j € B,
» Im(r) < Im(f), none of the {; is divisible by any Im(h;).
» r is depend on the ordering on H.
o <« - = Z= DA
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Review of Non-commutative Grébner basis

:

» The r appeared in above OUTPUT is called a remainder of
f on the division by G, dented .
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Review of Non-commutative Grébner basis

:

» The r appeared in above OUTPUT is called a remainder of
f on the division by G, dented .

» Then [k is depend on the order on H.
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Review of Non-commutative Grébner basis

:

» The r appeared in above OUTPUT is called a remainder of
f on the division by G, dented .

» Then [k is depend on the order on H.
» To overcome this difficulty, we need Grdbner basis.
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Review of Non-commutative Grébner basis

:

» The r appeared in above OUTPUT is called a remainder of
f on the division by G, dented .

» Then [k is depend on the order on H.
» To overcome this difficulty, we need Grdbner basis.
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Review of Non-commutative Grébner basis

:

» The r appeared in above OUTPUT is called a remainder of
f on the division by G, dented .

» Then [k is depend on the order on H.
» To overcome this difficulty, we need Grdbner basis.
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Review of Non-commutative Grébner basis
: :
Definition
Let / be two-side ideal of R. G = {g1,09z,...} C l'is Grobner
basis, if and only if
o = =) E|l= DAl
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Review of Non-commutative Grébner basis

:

Definition

Let / be two-side ideal of R. G = {g1, 9»,...} C Il'is Grobner
basis, if and only if

(Im(g)lg € G) = (Im(9)|g € /)

» IfG={91,00,...} C Ris Grobner basis, then

DA
Free resolution of the Steenrod Algebra

:
Kyoto university
00




Introduction Non-commutative Grébner basis Free resolution Application
[e]e] [e]e) 000
00 00000® 00000
0000 [e]e]e] 00000

: :
Review of Non-commutative Grébner basis

:

Definition

Let / be two-side ideal of R. G = {g1, 9»,...} C Il'is Grobner
basis, if and only if

(Im(g)lg € G) = (Im(9)|g € /)

» IfG=1{91,02,...} C Ris Grobner basis, then
» 7 is independent of the order on G and 7° is unique.
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Review of Non-commutative Grébner basis

:

Definition

Let / be two-side ideal of R. G = {g1, 9o, ...} C Il'is Grobner
basis, if and only if

(Im(g)lg € G) = (Im(9)|g € /)

» IfG={91,00,...} C Ris Grobner basis, then

» 7 is independent of the order on G and F° is unique
g
» fel=(91,9,..-,0;,...)=f =0.
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Review of Non-commutative Grébner basis
:

Definition

Let / be two-side ideal of R. G = {g1, 9o, ...} C Il'is Grobner
basis, if and only if

(Im(g)lg € G) = (Im(9)|g € /)

» IfG={91,00,...} C Ris Grobner basis, then

» 7 is independent of the order on G and 7° is unique.
g
» fel=(91,9,..-,0;,...)=f =0.

» There exists an algorithm to compute a Grébner basis of
H: {h'],...,hs}.
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Example: Steenrod Algebra
: :
We can consider the Steenrod algebra as a quotient ring.
1 2
» A=175(Sq",Sq",...).
o> - T E|l= DA
I I
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Example: Steenrod Algebra

:

We can consider the Steenrod algebra as a quotient ring.
» A=75(Sq',Sq?,...).

> G = {Sq?SqP — Y12 (b-1-1)Sq#P-ISq|0 < a < 2b).
Set of Adem relations.
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Example: Steenrod Algebra

:

We can consider the Steenrod algebra as a quotient ring.
» A=75(Sq',Sq?,...).
> G = {Sq?SqP — Y12 (b-1-1)Sq#P-ISq|0 < a < 2b).
Set of Adem relations.

» | =(G): Atwo-side Ideal generated by G.
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:
Example: Steenrod Algebra

We can consider the Steenrod algebra as a quotient ring.
» A=75(Sq',Sq?,...).
> G = {Sq?SqP — Y12 (b-1-1)Sq#P-ISq|0 < a < 2b).
Set of Adem relations.
» | =(G): Atwo-side Ideal generated by G.
> Ag = A//

= & - =) El= DA
: :
Free resolution of the Steenrod Algebra

Kyoto university
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Example: Steenrod Algebra

:

Definition (A monomial Ordering of Steenrod Algebra)
Let u=Sq* ---Sq®*, v =Sq” ---Sq” € B.
Then, u > v if and only if

» k> or,

» k =/ and the right-most nonzero entry of
(a1 — by,...,ax — by) is positive.

DA
Free resolution of the Steenrod Algebra

:
Kyoto university
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[e]e] [e]e) 000
[e]e] 000000 00000
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Example: Steenrod Algebra

Definition (A monomial Ordering of Steenrod Algebra)
Let u=Sq* ---Sq®*, v =Sq” ---Sq” € B.
Then, u > v if and only if

» k> lor,

» k =/ and the right-most nonzero entry of
(a1 — by,...,ax — by) is positive.

Im(Sq?Sq? — 13 (511 Sq?+P-sq’) = Sq?SqP.

=] 5 = == DA
|

:
Free resolution of the Steenrod Algebra
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Application
| Example: Steenrod Algebra |
Definition (A monomial Ordering of Steenrod Algebra)
Let u=Sq* ---Sq®*, v =Sq” ---Sq” € B.
Then, u > v if and only if
» k> or,
» k =/ and the right-most nonzero entry of
(a1 — by,...,ax — by) is positive.
Im(sqasqb o 251/02] (ba—Jz—II) SanrbfiSqi) _ Sqasqb
Proposition
G is a Grobner basis of I.
=] = - = == DA
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[e]e] [e]e) @00
[e]e] 000000 00000
0000 [e]e]e] 00000
:
Syzygy module
:
Outline

Introduction
Steenrod Algebra
The Problem We Study and The Basic Tool
Adams spectral sequence

Non-commutative Grébner basis
Non-commutative ring
Review of Non-commutative Grébner basis
Example: Steenrod Algebra

Free resolution
Syzygy module
Syzgy for Grébner basis
Syzygy for not Grébner basis

o = = = =
:

= DA

Free resolution of the Steenrod Algebra Kyoto university
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Non-commutative Grébner basis Free resolution

Application
oo oeo
[e]e] 000000 00000
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:
Syzygy module
: |
Again, let R=Kk < X1, Xo, ..., Xj, -+ >.
=} F = E E|l= DA
: :
Free resolution of the Steenrod Algebra

Kyoto university
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Syzygy module

:

Again, let R =k < X9, Xo, ..., Xj, -+ >.

We consider the algorithm of computing a free-resolution of
left-R-module M,

a di_ a
N R LR_1— - 5R >M—=0

where R;’s are free R-modules.

[m] = = ==
;

DA
Free resolution of the Steenrod Algebra
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Syzygy module
Again, let R=Kk < X1, Xo, ..., Xj, -+ >.
We consider the algorithm of computing a free-resolution of
left-R-module M,
d; di_ o/
N R LR_1— - 5R >M—=0
where R;’s are free R-modules.
The key to compute the free resolutions is the
syzygy modules.
o = =), Z|= DA
: :
Free resolution of the Steenrod Algebra Kyoto university
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Syzygy module
Definition
The kernel of the map ¢: R — M given by
S
(h,....hs) =Y hfi, fieM
i=1
is called the syzygy module of the matrix {[f; - - - fg]. It is
denoted Syz(fy,...,fs).
=} F = == Da¢
: :
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[e]e] [e]e] 000

00 000000 @0000
I 0000 000 00000 I

Syzgy for Grobner basis

Outline

Free resolution
Syzgy for Grébner basis
=] = = = == DA®

: :
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[e]e) 000
[e]e] 000000 0e000
0000 [e]e]e] 00000 |
:
Syzgy for Grobner basis
: :
We consider only the case M = R.
=} F = E E|l= DA
: :
Free resolution of the Steenrod Algebra
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Syzgy for Grobner basis

: :

We consider only the case M = R.

Step 1: we consider

Syz(gr. ... 1) = Ker[R! 2290, g

where {g1, ..., gt} is Grébner basis.

AP N G4
Free resolution of the Steenrod Algebra
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Application
[e]e) 000
[e]e] 000000 00e00
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Syzgy for Grobner basis
: :
We let Im(g;) = X; and X = lem(X;, X;).
=} F = E E|l= DA
: :
Free resolution of the Steenrod Algebra
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Syzgy for Grobner basis
:

We let Im(g;) = X; and X = lcm(X;, X;).Then the S-polynomial
of gi and g; is, given by

AP N G4
Free resolution of the Steenrod Algebra
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Syzgy for Grobner basis

: :

We let Im(g;) = X; and X = lcm(X;, X;).Then the S-polynomial
of g; and g; is, given by

X X X Xii
S(gi. gj) = 7’/’,9; - 73’,9,', Ip(S(gi, 9))) < Ip(y’fgi), Ip(yjjg/),

DA
Free resolution of the Steenrod Algebra
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| Syzgy for Grobner basis |
We let Im(g;) = X; and X = lem(X;, X;).Then the S-polynomial
of g; and g; is, given by
] ] Yl
S(9,9) = 59— X9 p(S(91,g))) < IP(590). Ip( g,)
S(9-9) =Y hiwgv,  1p(S(gi,9)) > (Ip(hj9v))
v=t
=} = = E == DA
| Free resolution of the Steenrod Algebra Kyoto university |
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| Syzgy for Grobner basis |
We let Im(g;) = X; and X = lem(X;, X;).Then the S-polynomial
of g; and g; is, given by
] ] Yl
S(9,9) = 59— X9 p(S(91,g))) < IP(590). Ip( g,)
S(9-9) =Y hiwgv,  1p(S(gi,9)) > (Ip(hj9v))
v=t
Let
s = —Jej— ﬁe- — (hjt, ..., hj) € RY
/] X/ Xj ] s >
=} = = E == DA

| Free resolution of the Steenrod Algebra Kyoto university |
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Syzgy for Grobner basis
:

We note that s; € Syz(gy, ..., gt), since

g1 g
0| 5| = Gl Yo ) |
gt ! 9s
t
S(9.9) = Y _ hjgy = 0.
v=t
Theorem

With notation above, the collection {s;|1 < i <j <t} is
generating set for Syz(gy, ..., gt)-

Free resolution of the Steenrod Algebra
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Syzgy for Grobner basis

: :

Theorem

There exists an algorithm to compute a generating set of

Syz(94,-..,9t)

using S-polynomials and the division algorithm for {gy, ..., 9:}.
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Syzygy for not Grobner basis

Outline

Free resolution
Syzygy for not Grébner basis
=] = = = == DA®
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Syzygy for not Grobner basis

: :

Step 2: we consider

Syz(fi,...,fs) = Ker[R® M Al

where {fi, ..., fs} is not Grébner basis.

AP N G4
Free resolution of the Steenrod Algebra
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Application
[e]e) 000
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:
Syzygy for not Grobner basis
: :
» {fy,...,fs} C R: not Grébner basis.
=} F = E E|l= DA
: :
Free resolution of the Steenrod Algebra
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Application
[e]e) 000
[e]e] 000000 00000
| 0000 [e]e]e] 00e00 I
Syzygy for not Grobner basis
: :
» {fy,...,fs} C R: not Grébner basis.
» {g1,...,0:}: Grobner basis of {fy,...,fs}.
=} F = E E|l= DA
: :
Free resolution of the Steenrod Algebra

Kyoto university
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Syzygy for not Grobner basis

: :

» {f1,...,fs} C R: not Grébner basis.
» {g1,...,0:}: Grobner basis of {fy,...,fs}.
> F=t[f1 ...fs], G=t[g1 gt]

AP N G4
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Syzygy for not Grobner basis

: :

» {f1,...,fs} C R: not Grébner basis.
» {g1,...,0:}: Grobner basis of {fy,...,fs}.
> F=t[f1 ...fs], G= t[g1 gt]

» 3S: s x t matrix, ?T: t x s matrix
st. F=SGand G=TF.

DA
Free resolution of the Steenrod Algebra
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Syzygy for not Grébner basis

:

» {f1,...,fs} C R: not Grébner basis.
» {g1,...,0:}: Grobner basis of {fy,...,fs}.
> F=t[f1 ...fs], G= t[g1 gt]

» 3S: s x t matrix, ?T: t x s matrix
st. F=SGand G= TF.

» compute a generating set {s1,...,s} for Syz(gy,...,9:)

== Da¢
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Syzygy for not Grobner basis

:

» {f1,...,fs} C R: not Grébner basis.
» {g1,...,0:}: Grobner basis of {fy,...,fs}.
> F=t[f1 ...fs], G= t[g1 gt]
» 3S: s x t matrix, 3 T: t x § matrix
st. F=S8Gand G=TF.
» compute a generating set {s1,

"7sl’} forsyz(g17"'7gt)
» 0=5,G= S,'(TF) = (S,'T)F,

== Da¢
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Syzygy for not Grébner basis

:

» {f1,...,fs} C R: not Grébner basis.
» {g1,...,0:}: Grobner basis of {fy,...,fs}.
> F=t[f1 ...fs], G= t[g1 gt]

» 3S: s x t matrix, ?T: t x s matrix
st. F=SGand G= TF.

» compute a generating set {s1,
» 0= S,'G = S,'(TF) = (S,'T)F,
» (s;Tli=1,...,r) CSyz(fi,...,fs).

--7sr} forSyZ(g17~"7gt)

= Dac
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Application
| Syzygy for not Grébner basis |
» {f1,...,fs} C R: not Grébner basis.
» {g1,...,0:}: Grobner basis of {fy,...,fs}.
> F=t[f1 ...fs], G= t[g1 gt]
» 3S: s x t matrix, 3 T: t x § matrix
st. F=S8Gand G=TF.
» compute a generating set {s1,...,s} for Syz(gy,...,9:)
» 0=5,G= S,'(TF) = (S,'T)F,
» (siT|i=1,...,r) C Syz(fy,...,fs).
> Is: s x s identity matrix,
(ls—ST)F=F-STF=F-SG=F-F=0
=} = = E == DA
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Syzygy for not Grébner basis

» {f1,...,fs} C R: not Grébner basis.
» {g1,...,0:}: Grobner basis of {fy,...,fs}.
> F=t[f1 ...fs], G= t[g1 gt]

» 3S: s x t matrix, 3 T: t x § matrix

st. F=S8Gand G=TF.

» compute a generating set {s1,...,s} for Syz(gy,...,9:)
» 0=5,G= S,'(TF) = (S,'T)F,

» (siT|i=1,...,r) C Syz(fy,...,fs).
> Is: s x s identity matrix,

(ls—ST)F=F-STF=F-SG=F-F=0
» therowsry,....rsof Is — TS are also in Syz(fy, ..., f).

u]
]
I
ut
it

:
Free resolution of the Steenrod Algebra Kyoto university




R
Introduction Non-commutative Grébner basis Free resolution Application
[e]e] [e]e) 000
[e]e] 000000 00000
0000 000 000e0
: :
Syzygy for not Grobner basis
: :
Theorem
With the notation above we have
Syz(fq,...,fs) =(s4T,...,8/T,r1,...,Fs).
=} F = E E|l= DA
:
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Syzygy for not Grobner basis

: :

Theorem
With the notation above we have

Syz(fq,...,fs) =(s4T,...,8/T,r1,...,Fs).

Using the Grdbner basis for module, we can extend above

trf, ...
theorem for Syz(fs., ..., fs) = Ker[Rs 1%, ga),

DA
Free resolution of the Steenrod Algebra
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Syzygy for not Grobner basis

: :

Using above theorem, we can compute the free resolution

Kerg;

itz / ¢ \
_— >

Ritq R; o Ri_+

i+1
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Application
00000

» By above method, we can compute the free resolution of
Ao-module H*(X;Z/2).

o = = =) E|= DAl
:
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Application

» By above method, we can compute the free resolution of
Ao-module H*(X;Z/2).

» Moreover, using the division algorithm, we have the
minimal resolution.

o & - =r El= DAC
:
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Application

» By above method, we can compute the free resolution of
Ao-module H*(X;Z/2).

» Moreover, using the division algorithm, we have the
minimal resolution.

» | am writing a computer program to compute the E>-terms
of Adams spectral sequence. The program will be available
from the web page

(http://www.math.kyoto-u.ac.jp/"tomo_ xi).
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Summary
Our method works for any space X, Y

Ey' = ExtS (H* (X F2), H'(Y:Fa)) = @{ Y. X}

o = = E == DA
:
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Summary
Our method works for any space X, Y

E3' = ExtS, (H'(X;F2), H'(YiF2)) = @{ Y. X}

On the other hand,

There are many calculations for the special case X, Y = S°

Ey' = ExtS (F2, F2) = 78
the stable homotopy groups of the sphere

Free resolution of the Steenrod Algebra
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(a part of) Known results
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o —

N w0 N 0 ©

0O 1 2 3 4 5 6 7 8 9 1011 1213 14 15 16 17 18 19
[m] = =
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Our results

12

o —

N w0 N 00 ©

0 1 2 3 4 5 6 7 8 9 1011 1213 14 15 16 17 18 19

=} = = == Da®
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For Further Reading
: :

For Further Reading |

¥ William W. Adams and Philippe Loustaunau.
An introduction to Grébner bases, volume 3 of Graduate
Studies in Mathematics.
American Mathematical Society, Providence, RI, 1994.

¥ Huishi Li.
Noncommutative Grébner bases and filtered-graded
transfer, volume 1795 of Lecture Notes in Mathematics.
Springer-Verlag, Berlin, 2002.
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