A short course in probability’

Nobuo Yoshida?

0 Introduction

The purpose of this course is to provide a quick and self-contained exposition of some basic
notions and theorems in the probability theory. We try to get the feeling of “real world”
probabilistic phenomena, rather than to learn a rigorous framework of “measure theoretical
probability theory” (though we do use the measure theory as a convenient tool to describe the
“real world” ).

We start by introducing the notion of independent random variables. Then, without too
much preparations, we proceed to random walks, which will be the central topic of this course.
Some interesting properties of random walks will be explained and proved. Classical theorems
in the probability theory, like the law of large numbers and the central limit theorem, are
presented in the context of random walks. We first show as an application of the law of large
numbers, that the random walk travels along a constant velocity motion (including the case
of zero velocity). We then see from the central limit theorem that the fluctuation around the
constant velocity motion, if properly scaled in space and time, looks like a normally distributed
random variable. Finally, we investigate a question whether or not the random walk comes
back to its starting point with probability one, the answer to which depends on the dimension
of the space.

If we have enough time, then we will also discuss Brownian motion.
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0.1 Notations

For a set S,

25: the colloection of all subsets of S,
o(A): the o-field generated by A C 2% i.e., the smallest o-field which contains A.

For z and y in R,

z Vy =max{z,y},
r Ay = min{z,y}.

For z = (z;)%, and y = (y;)%, in RY,

d
Tr-y = Zi:l ZiYi,
|z = (z - 2)'/2,

e;(y) =ey(x) =exp (\/—123 . y),
For a topological space S,

C(S): the set of continuous functions on S

Cy(S): the set of bounded continuous functions on S

C.(S): the set of continuous functions on S, which vanish outside a compact subset.
B(S): the Borel o-field of S, i.e., the o-field generated by all open subsets of S.
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1 Random Variables

1.1 Measurability and probability

The reader is supposed to be familiar with basics of the measure theory such as Lebesgue’s
monotone convergence theorem, Fatou’s lemma, Lebesgue’s dominated convergence theorem
and Fubini’s theorem. Nevertheless, we start by reviewing some basic terminology.

Definition 1.1.1 (Measurability)

e A couple (5, B) is called a measurable space when S is a set and B is a o-field on a set 9, i.e.,
S1) SeB.

S2) If B € B, then B € B, where B¢ denotes the complement of the set B.

S3) If By, Bs,... € B, then U,>1B,, € B.

Let (©, F), (S, B) be measurable spaces.

e A map X : QQ — S is called measurable if
{X"Y(B); Be B} CF. (1.1)

Example 1.1.2 ( The Borel o-field) When S is a topological space, we let B(.S) denote the
Borel o-field of S, i.e., the o-field generated by all open subsets of S. In this course, S will
usually be R? or its Borel subset.

Definition 1.1.3 (Probability) Let (S,B) a mesurable space and p : B — [0,00] be a
function.

e The function p is called a measure when it satisfies

M1) 0= pu(0) < u(B) for all B € B,

M2) If By, Bs, ... € B are disjoint, then u (U,>1B,) = 2@1 w(Byp).
e A measure p is called a probability measure when it satisfies

M3) u(S)=1.

e A triple (S, B, i) is called a a measure space if (S, i) is a measurable space and p is a measure

on (S, u).

e A measure space (S, B, ) is called a a probability space if u is a probability measure on

(S ).



1.2 Random variables

Imagine a game such that its outcome is determined by chance, e.g.,tossing a coin and seeing
if it falls head or tail. Suppose that you play the game and that you record the outcome as

follows;
P { +1 if the coin falls head,

—1 if the coin falls tail. (1.2)

The value X is not always the same (may be —1 today and +1 tomorrow) and hence is
considered as a function X : Q2 — {—1,+1} on a suitable set 2. Since one cannot predict the
value X for sure, you may be interested in how large is the “probability” P{X = +1} of the
“event” {w € ; X = +1}. We now set up a mathematical ground on which this situation can
be described.

Definition 1.2.1 (Events and random variables) Let (€2, F, P) be a probability space,
(S, B) be a measurable space (cf. Definition 1.1.1, Definition 1.1.3), and X : 2 — S be a map.

e An element of the o-field F is called an event.

e X : Q) — Sis called a random variable (“r.v.” for short) if it is measurable (cf. Definition
1.1.1). The set S in this case is called the state space for the r.v. X.

e We introduce the following notation
P(S,B) = {u; pis a probability measure on (S, B)}. (1.3)
We abbreviate P(S, B) by P(S) when the choice of the o-field B is obvious from the context.
e The distribution of the r.v. X is a measure p € P(S,B) defined by
w(B)=P{we; X(w)e B}, Bebkb. (1.4)

e Forarv. X :Q — S| the o-field generated by X is defined by
o[X]={X"'(B); B € B}. (1.5)

The o-field o[X] (cf. (1.5)) is, roughly speaking, all the information needed to know how the
values of X are distributed.

Remark: Here are some remarks on the use of notation.

e The set {w € Q; X(w) € B} will often be abbreviated by {X € B}, so that the right-hand-
side of (1.4) becomes P{X € B}.

e The distribution of a r.v. X, i.e., the measure defined by the right-hand-side of (1.4) will
often be denoted by P{X € -}.

Exercise 1.2.1 Prove that {X~!(B); B € B} in (1.5) is a o-field.

o Let (2, F,P), (S,B) and X : 2 — S be as in Definition 1.2.1 for the rest of this subsection.

Example 1.2.2 (Identity map on the state space) Let a measurable space (S, B) and a measure
w € P(S,B) be given. If we take (Q,F,P) = (5,B8,1) and X(w) = w, then X is ar.v. on
(Q, F, P) with the distribution p. In fact, X is clearly measurable and

P{X € B} = p{w; we B} = pu(B) for any B € B.
Moreover, o[X] = F.



Example 1.2.3 (Unit interval as a probability space) Let:
e Q=10,1), F = B([0,1)), P=the Lebesgue measure on [0, 1),
e S=an at most countable set, B = 2%, u € P(S,B).

Let us find a r.v. X : Q — S with the distribution p. To do so, we split [0, 1) into disjoint
intervals {/}scs with length |I| = u(s) for each s € S and define

X(w)=s ifwe L.
Then, X is measurable. Moreover, we have that
P{X = s} = |I;| = u(s), for any s € S.

and hence for any B € B,

PIX e B} =Y P{X =s} = yu(s) = u(B).

sEB seB
Moreover, o[X] = {U,ep L ; T C S}.

Definition 1.2.4 (Expectation and (co)variance)

e For an R-valued r.v. X, the integral [ XdP is called the ezpectation or mean and is usually
denoted by
EX, E(X) or E[X] (1.6)

for the traditional® reason.
e For X|Y € L?(P), we set

cov(X,Y) = E((X — EX)(Y — EY))
= E(XY)-EX)E(Y), (1.7)
var(X) = cov(X,X). (1.8)

cov(X,Y) is called the covariance or correlation of X and Y. var(X) is called the variance of
X.

Exercise 1.2.2 Let X : Q) — S be a r.v. with the distribution u. For a measurable function
f: 8 —[0,00], prove that

Ef(X) = /S fd. (1.9)

Use this to conclude that f(X) € LY(P) <= f € L'(u) and that (1.9) holds true for
feLip).

Exercise 1.2.3 (Chebyshev’s inequality?) Prove that

EX
P{X>a} <— forarv. X:Q —[0,00) and a > 0. (1.10)
a

3Though this may not be a good tradition, we follow it to be consistent with the other standard texts in
probability theory. Notations (1.6) are also used to denote the expectations for complex or vector valued r.v.
4Pafnuty L. Chebyshev, 1821-1894



Exercise 1.2.4 Let —00 < a < b < oo and suppose that X € L'(P) satisfies X < b a.s.

Prove then that b EX
P{X <a} < b_ :
—a

Exercise 1.2.5 Suppose that f € C'([0,00) — R) is non-decreasing. Use f(x) — f(0) =
fox dtf'(t) and Fubini’s theorem to prove;

[ @) = roputan) = | St g x> 1)

0

for a Borel measure p on [0,00). In particular, for a non-negative r.v. X,
EF(X) = £(0) + / dtf (O PX > 1). (1.11)
0

Exercise 1.2.6 Suppose that f : N — R is non-decreasing. Use f(n) — f(0) = >7_,(f(j) —
f(5 — 1)) and Fubini’s theorem to prove that

> (f(n) = fO)u(n) =D (f(n) = fln—1)p{z: x> n}

n>1 n>1

for a measure p on N. In particular, for an N-valued r.v. X,

Ef(X) = f(0)+ ) (f(n) = f(n—1))P{X >n}. (1.12)

n>1

Definition 1.2.5 (Conditional probability) Let (2, F, P) be a probability space. If B € F
and P(B) > 0, then the conditional probability given B is defined by

P(A|B) = P(ANB)/P(B), AcF. (1.13)

Exercise 1.2.7 Suppose that B = > | B;, where B; € F and P(B;) > 0. Prove then that
P(A|B) =5"", P(A|B;)P(B|B;) for any A € F.
1.3 Examples

Example 1.3.1 (Uniform distribution) Let I = (a,b) C R. A real r.v. U is said to be
uniformly distributed on I if

P{U € B} = 7 [, dt for all B € B(R). (1.14)

A Borel probability measure on R defined by the right hand side of (1.14) is called the uniform
distribution on I. Uniform distribution is concentrated on I and therefore, U is in fact an
I-valued r.v.

Exercise 1.3.1 For U in Example 1.3.1, show that F[U] = (a+b)/2 and var(U) = (b—a)?/12.



Example 1.3.2 (Gaussian distribution) Let V be a symmetric, strictly positive definite d x d-
matrix. An R%valued r.v. X is called a Gaussian r.v. with the covariance matrix V if

P{X € B} =vy(B) o (det(QWV))_l/z/ drexp (—iz-V~'z) for B € B(RY). (1.15)
B

The measure vy is called normal (or Gaussian) distribution with the covariance matrix V.
When V' is the identity matrix I, v is called the standard normal (or standard Gaussian)
distribution. If d = 1, then the matrix V is just a positive number V' = v > 0. In this case, v,
is called normal (or Gaussian) distribution with the variance v.

Exercise 1.3.2 For X = (X;), in Example 1.3.2, prove that V = (cov(X;, X;))1<i j<a-

Example 1.3.3 (Gamma, Beta, exponential, and x* distributions) We define the Gamma
function and the Beta function as usual;

I'(s) = / v le "dr, s¢€C, Re(s) >0 (1.16)
(0,00)

B(a,b) = / (1 —2)" Yz, a>0,b>0. (1.17)
(0,1)

Let a > 0,b> 0 and r > 0.

e We define (r,a)-gamma distribution ~,, € P(R,B(R)) and (a,b)-beta distribution B, €
P(R,B(R)) respectively by

Yra(B) = I‘(a)_l/ (rx)*te " rdx, for B € B(R), (1.18)
BN(0,00)
Bap(B) = B(a,b)l/ 2 11— x)""tdx for B € B(R), (1.19)
BN(0,1)

There are two important special cases of 7, ,:
e 7,1 is called the (r)-exponential distribution.
® V1202 (n € N¥) is called the x2-distribution.

In particular, x3 is (1/2)-exponential distribution. Note also that (3;; is the uniform distribu-
tion on (0, 1).

Exercise 1.3.3 Let P(X € ) = v,, and P(Y € ) = [, (cf. Example 1.3.3). Verify then
that EX = a/r, var(X) = a/r*, EY = a/(a+ ), var(Y) = Wzﬂﬁl)'

Exercise 1.3.4 Let P(X € ) = ,, (cf. Example 1.3.3) and show that E[X?] = %r‘p
for p > 0.

Exercise 1.3.5 Let X = (X;)%, be ar.v. with standard normal distribution on R? (Example
1.3.2). Prove then the following.
(i) | X|* = X? + ... + X2 has x2-distribution. (Hint: Polar coodinates).

pEly .
(ii) E[|XP] = F;(é))% for p > 0 (Hint: Exercise 1.3.4).




Exercise 1.3.6 Let X be a positive r.v. Prove then that the following are equivalent: (i)
P(X € ) =, for some r € (0,00). (ii) P(X > t+s|X >s) = P(X >t) >0 for any ¢,s > 0.
(The property (ii) is referred to as the “memoryless property”.)

Exercise 1.3.7 Let P(X € -) = 7, ,. Prove then that
(i) P(X/c € ) = Ypeq for ¢ >0,

(i) P(X'? € B) = (QT“/F(a))/ 22 1e7" Az for B € B(R),

Bn(0,00)

(iii) P(1/X € B) = (r“/F(a))/ =@ e=/2qz for B € B(R).

BN(0,00)

Exercise 1.3.8 (i) Let U be a r.v. with uniform distrubution on (0, 1). Prove then that X =
(1/r)log(1/U) has (r)-exponential distribution. (ii) Let X has (r)-exponential distribution.
Prove then that U = exp(—rX) has uniform distrubution on (0, 1).

Exercise 1.3.9 A beta (1/2,1/2) distribution is more commonly called an arcsin law for the
following reason; for 0 < a < b < 1,

9 Vb 2
Br/2,1/2([a,b]) = —/ (1-— x2)’1/2d:c = — (arcsin\/g — arcsinﬁ) .
T \/a T

Prove this.

Exercise 1.3.10 (x) Let p € [0,1] and 1 < k < n be integers. Show that

Bren—k+1((0,p]) = z": <:> pr(1—p) ",

r=Fk

Exercise 1.3.11 (%) Let X be a r.v. with (r,1/2)-Gamma distribution. Prove the following;
Eexp(—0/X) = exp(—2Vrf), for 6 > 0. (1.20)

Hint: Define f, : (0,00) — (0,00) by fa(x) = [ t* texp <—t - %) dt and prove the following;

(i) lim, o ful(z) = T(a) if a > 0, (i) ful@) = 2% f_o(2), (i) f1(x) = —20fu 1 (2), (i) fiale) =
exp(—20)/7 (v) Eexp(—0/X) = /1/7fi5(V/7),

Example 1.3.4 ( Cauchy distribution) An R-valued r.v. Y is said to have (c)-Cauchy dis-
tribution (¢ > 0) on R? if

P(Y € B) = i/ —dz__— for B € B(RY), (1.21)
B

Wd (t|z[?) 2

where w; = W%/F(d%l) is the area of the unit sphere in R*!. For d = 1 and B = [a, b], one

can compute the integral as follows;

P(Y € fab)) = & / _4r 1 arctan(b/c) — arctan(a/c))

T A+ 7



The Cauchy distribution has the following interpretation in electromagnetism. Imagine that
a unit electric charge is put at zo = (0,...,0,¢) € H R« (0,00) C R which gener-
ates the electric field F(z) = —2=2 > € R4l The density of the Cauchy distribution

wqlz—zp|dt1)

is the inner product of E(z1,...,24,0) and (0,...,0,—1). In this interpretation, the fact

wid fRd W = 1 is exactly Gauss law;

/ E(x1,...,24,0)-(0,...,0,—1)dx; - - - dxy = total charge in H = 1.
OH

Exercise 1.3.12 Let U be a r.v. with uniform distrubution on (—7, 7). Prove then that
X = ctanU has (¢)-Cauchy distribution on R.

Example 1.3.5 (Poisson distribution) A real r.v. N is called a Poisson r.v. with the param-
eter r > 0 if
P{N € B} =m(B)= 3 er"/nl, BeB(R). (1.22)
neNNB

A probability measure 7, defined above is called Poisson distribution with parameter r > 0 or
(r)-Poisson distribution. Poisson distribution is concentrated on N and therefore, N is in fact
an N-valued r.v.

Exercise 1.3.13 For N in Example 1.3.5, show that E[N] = var(N) = r.

Exercise 1.3.14 (x) Let N be a Poisson r.v. with the parameter r > 0. Prove then that
P(N > a) = 71.,4((0,7]), where v, , denotes the (1, a)-gamma distribution.

Exercise 1.3.15 (x) Show the following: (i) For any n € N*, there exist coefficinets ¢, € N
(k€ Z,1 < |k| <n) such that

Qu(z) @ 1227 =1+ Y cuzt, forzeC\{0}, (1.23)

n2—z—z1
1<|k|<n

where we define Q,,(1) = n. Hint: Let s,(2) =1+ 2 + ... + 2" 1. Then,
22" 2 "=(1-2"1—-2")=(1-2)(1—2Ysp(2)sn(z7").
(ii) Show that
Fo(0) 2 Q,(e*™) > 0 for all 6 € R, /01 F,(0)do = 1.

These show that F, is a density of a probability measure on [0, 1] with respect to the Lebesgue
measure. F), is called the Fejér kernel.
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2 Independent Random Variables I: Definition

2.1 When do two measures coincide?

In this subsection, we take up a question as follows; Let p and v be probability measures on
a measurable space (S, B). Suppose that A C B and that pu(A) = v(A) for all A € A. Then,
is it the case that u(A) = v(A) for all A € o[A]?, where

o[A] = the smallest o-field that contains A. (2.1)

We will see that the answer is yes, if A is closed under intersection:

Lemma 2.1.1 (Dynkin’s lemma’®) Let y and v be measures on a measurable space (S, B)
and that p(S) = v(S) < oo. Suppose that A C B is closed under intersection (i.e., if AyN Ay €
A for any Ay, Ay € A) and that u(A) = v(A) for all A € A. Then, u(A) = v(A) for all
AeolA.

The proof of this lemma is presened in Section 9.1. It is more important to know how to apply
Lemma 2.1.1 than to know how to prove it. An example of such application is the following

Lemma 2.1.2 Suppose that {u,v} C P(S,B), where S is a metric space and B is the Borel
o-field. Then, the following are equivalent:

a) p=v
b) u(G) = v (Q) for any open subset G C S.
c) [ fdu= [ fdv for any bounded, uniformly continuous function f.

Proof: (a) = (c): Obvious.

(c) = (b): For an indicator function 1g of an open set G, there is a sequence {f,},>1 of
bounded, uniformly continuous functions such that 0 < f,, <1 and lim,, /o fr, = 1. G =S,
we just take f, = 1. If G # 5, then we can find such f, by;

F, = {zeG; dist.(z,G) > 1/n},
B dist.(z, G%)
Jalw) = dist.(z, G¢) + dist.(z, F},)

We now have by the bounded convergence theorem that

n(@) =l [ fudn =t [ fudv = v(C).

(b) = (a): This can be seen from Lemma 2.1.1. O

Exercise 2.1.1 Suppose that {u,v} C P(R? B(RY)). Use Lemma 2.1.1 to prove that u = v
if and only if

u <H;l:1(—oo, b]-]> —v <H;l:1(—oo, bj]) for any (b))%, € R%. (2.2)

°E. B. Dynkin, 1924

11



2.2 Product measures

Definition 2.2.1 (Cylinder sets, the product o-field,...etc.) Suppose that {(Sy, B))}rea
are measurable spaces indexed by a set A. Let S = [],., S\ be the direct product and
my S — S be the canonical projection.

e A subset C of S is called a cylinder set if
C' = Mreaomy (By), (2.3)

where A is a finite subset of A and B, € B,.
e We define

C = the set of all cylinder sets in S, (2.4)

B = @By L olC], cf (2.1). (2.5)

The o-field ®)ea B, is called the cylindrical o-field or the product o-field on S.
e The measurable space (5, B) is called the direct product of {(Syx, Bx)}aea-
Let A € A and pu € P(S,B).

e The measure o, " € P(Sy, By) defined as follows is called a marginal of p (with respect
to the A-coordinate);
poms (B) = u(my (B), B € B (26)

Exercise 2.2.1 (i) Let everything be as in Definition 2.2.1. Prove then that C is closed under
intersection. (ii) Let S; = Sy = {0,1}. Find cylinder sets A, B C Sy x Sy such that AU B is
not a cylinder set. This in particular shows that the set C is not closed under union in general.

Exercise 2.2.2 Let everything be as in Definition 2.2.1 and X (w) = (X)(w))rea be a map
from €2 to S. Prove then the following:

i) o[X] =0 [X;'(B)); By € By, A€ A]. Hint: The “D” part is obvious, since X; ' = X~'o
7. To prove “C” part, we have to prove that

(x) X HA) e [X;'(B)); Bye By, AeA]

for all A € B. We define A as the set of A € 25 for which () holds. It is then easy to see that
A is a o-field on S and contains C. Therefore B C A, by the definition of B.

i) X : (Q,F) — (S, B) is measurable if and only if X : (Q, F) — (S), B,) is measurable for
all A € A.

Lemma 2.2.2 (Cylinder sets determin the distribution) Let everything be as in Defini-
tion 2.2.1 and suppose that {u,v} C P(S,B). Then, the following are equivalent;

a) p=v
b) u(C)=v(C) for all C €C.
Proof: (a) = (b): Obvious.

(b) = (a): This follows from Lemma 2.1.1, since C is closed under intersection (Exercise 2.2.1)
and B = o[C|. 0
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Example 2.2.3 (Marginals do not determin the distribution) Concerning Lemma 2.2.2, note
that

p=v Z porl =vomy! forall A € A.
Take for example 57 = Sy = {0, 1} and p; € P(S;), i = 1,2. We define vy € P(S; x S2) by
v9(0,0) =0, v4(0,1) = 1 (0) = 0, v4(1,0) = p2(0) — 0,
where, for 14 to be a probability measure, we suppose that
0V (1(0) + p2(0) = 1) < 0 < pa(0) A p2(0).

Then, vpo 7, ' = p;, i = 1,2 for all § with the above constraint. As is shown already by this
simple example, many different measures on a product space can share the same marginals.

Theorem 2.2.4 (Product measures) Let everything be as in Definition 2.2.1. Suppose that
wx € P(Sy, By) for each X € A. Then, there exists a unique p € P(S,B) such that

i ( ﬂ 7T;1(B)\)> = H px (By)  for any finite subset Ay of A and By € B,. (2.7)

AEAo A€Ao

e The measure p defined by (2.7) is called the product measure of {uy}ren and is denoted
by @xenbi-

Proof: The uniqueness follows from Lemma 2.2.2. For the existence®, we refer the reader to
[Dud, page 201, Theorem 8.2.2]. A self-contained exposition is given by Proposition 9.2.1 in a
special case that A is a countable set and each (S, B)) is a complete separable metric space
with the Borel o-field. O

Remark: Concerning Theorem 2.2.4, note that:
— _
= QxeAlbr = uow/\lzm\, for all A € A.

This can be seen form Example 2.2.3, where vy = p11 ® o only when 6 = p11(0)p2(0).

Exercise 2.2.3 Suppose in Theorem 2.2.4 that each S contains at most countable elements.
Prove then that (2.7) is equivalent to that

1 (Maeaomy  (#2)) = Thengiir (@2)  for any (za)aeao € [Trea, Sr-

OIf each (Sy,B)) is a complete separable metric space with the Borel o-field, then one can also apply
Kolmogorov’s extension theorem [Dur95, page 26 (4.9)].
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2.3 Independent random variables

Let us now come back to our informal description (1.2) of playing a game. If you play two
games with outcomes X; : Q@ — {—1,+1} (i = 1,2) in such a way that the outcome of one
game does not affect that of the other, e.g., tossing two coins on different tables. We then
should have

P(XQ :€2|X1 :El) :P<X2 282) for all 5k:j:1

The above expression of “independence” is equivalent to that
P(X1 = 61,X2 = 52) = P(X1 = 81)P(X2 = 62) for all Ek = +1.

We now come to the definition of independent r.v.’s. In what follows, (€2, F, P) denotes a
probability space.

Proposition 2.3.1 (Independent r.v.’s) Suppose that {(Syx, Bx)}ren are measurable spaces

indexed by a set A and that Xy : Q — Sy is a r.v. with the distribution uy € P(Sy, By) for
each A € A. Then the following conditions (a)-(c) are equivalent:

a) For any finite subset Ao in A and for any By € By (A € Ay),

P ( ({Xxe BA}> =[] P(x\ e By). (2.8)

AEAg AEAo

b) The r.v. (X))aea has @xeapen as its distribution, i.e.,
P((X))rer € 1) = @xrenpia- (2.9)

c) For any finite subset Ay in A and for any fy € L'(uy) (A € Ao)

E

I1 A(XA)] ~ ] ElA(0. (2.10)

AEAg AEAQ

e R.v.’s {X)}rea are said to be independent if they satisfy one of (therefore all of ) conditions
i the proposition.

o Let {X)\}aea be independent. If (Sx, Bx, uy) are identical for all X € A, then the r.v.’s are
called i.i.d. (independent identically distributed) r.v.’s.

Proof: (a) <= (b): Let u be the distribution of (X))xea, i-e., g = P ((X))rea € -). Then, for
any finite subset Ag in A and for any B) € By (A € Ay),

P(MendXa € Ba}) = P ((Xa)aea € MreanTy (Br)) = 1 (Maeaomy (By))
HAGAOP(XA € B\) = HAeAONA(BA)

Therefore, condition (2.8) is equivalent to u = ®@xeapr (cf. (2.7)).
(a) = (c): We see from the proof of “(a) <= (b) ” that “(a) <= (b’) 7, where

14



b’) For any finite subset Ag in A, the r.v. (X))aea, has ®yea,pn as its distribution, i.e.,
P ((X)\)reny € 1) = @nrenplia-

Then, (b’) implies (c¢) by Fubini’s theorem.
(c) = (a): This can be seen by considering f\ = 1p,. O

Remarks:
1) The condition (a) in Proposition 2.3.1 amounts to saying that the o-fields {o(X))}rea (cf
(1.5)) are independent in the sense of Definition 9.6.1 (b)

2) Let py € P(Sy, By) for each A € A be given. Then, of course, there can be r.v.’s {X}rea
with
P{X, € -} =puy\ forall A € A,

which are not independent. For example, consider the measure vy in Example 2.2.3 and {0, 1}-
valued r.v.’s {X;};=1 2 such that P{(Xy, Xs) € -} = vp with 6 # p1(0)u2(0).

Exercise 2.3.1 Suppose that ¢, = (£,,7,) (n > 1) are R?-valued r.v.’s and that {&,,7,} C
L?(P) for all n > 1. Prove then that conditions (a)—(c) listed below are related as (al) = (a2)
= (b) = (¢);

al) {(u}n>1 are independent.
a2) {(,}n>1 are pairwise independent.
b) & and n; for ¢ # j are uncorrelated, i.e., E(&;n;) =0if i # j.
c)
cov Zfl, Zn] Zcov &irmi) it m <n. (2.11)

Exercise 2.3.2 Let ar.v. U be uniformly distributed on (0, 27). Prove than that X = cosU
and Y = sin U are not independent and that cov(X,Y) = 0.

Exercise 2.3.3 Suppose that a r.v.X is independent of itself. Prove then that there exists
¢ € R such that X = ¢, a.s.

Exercise 2.3.4 Suppose that X; j = 1,...,n are independent r.v.’s and that X;+...+X,, = C

a.s., where C' is a constant. Prove then that there are c,...,c, € R such that X; = ¢;, as.
(j=1,..,n). Hint: X,, =C — Z;:ll X,. Therefore, X,, is independent of itself.

Exercise 2.3.5 Let S,, = U; + ... + U, where Uy, Us, ..., are i.i.d. with uniform distribution
n (0,7). For a measurable function ¢ : R — R with period T, prove that (¢ (Sj));;l and
(¢ (U;));_, have the same distribution for any n € N*.

Exercise 2.3.6 Let (Xj)r>1 bei.i.d. with values in a measurable space (S, B), and let (Ni)g>1

be N* valued r.v.’s such that Ny < Ny < ... a.s. Assuming that (Xj)i>1 and (Ng)k>1 are
independent, prove that (Xj)r>1 and (Xn, )k=1 have the same distribution.
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Exercise 2.3.7 (x) Let (Xj)kg—o1 be indpendent r.v.’s with values in a measurable space (.5, B),
and let N be {0, 1}-valued r.v. independent of (Xj)r—o1. Then prove that Xy and X;_y are
independent if and only if (i): (X)k=0,1 is i.i.d., or (ii): NV is constant a.s. Hint: Take bounded
measurable f; : S — R (k= 0,1) and compute cov(fo(Xn), f1(X1-n)).

Exercise 2.3.8 (%) Let (5,.A) and (T, B) are measurable spaces. Let also X7, .., X, be inde-
pendent r.v.’s with values in S, and ¢; : S7 — T (j = 1, ..,n) be measurable functions such that
©;(s1, ..., 5j-1, X;) has the same distribution as ¢1(X;) for all j = 1,..,n and sq,...,5;-1 € S.
Prove then that

(Spj(le s Xj—h Xj));'l:1 and (901 (Xj))?:1

have the same distribution. This generalizes Exercise 2.3.5.

Exercise 2.3.9 (x) Let everything be as in Proposition 2.3.1. For a disjoint decomposition
A = U,erA(7) of the index set A, consider r.v.’s {X },cr defined by

X, we (N@heawme [ Sy vel
AEA(Y)

Prove that r.v.’s {)ﬂ(/}vep are independent if { X} ea are. Hint: Condition (b) of Proposition
2.3.1.
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3 Independent Random Variables II: Examples

3.1 Some functions of independent r.v.’s.

Let X1, X5, ... be independent r.v.’s with the known distributions. Then, one can compute the
distribution of a r.v. of the form f(Xi, Xs,...). Let us look at some examples.

Example 3.1.1 (Relation between gamma and beta distributions) Let X and Y be real r.v.’s
with P((X,Y) € ) = 7.0 ® 1 (cf.Example 1.3.3). Then,

P((X+Y,£5) €)= Yrats ® Bap- (3.1)

In particular,
P(X+Y€:)=94 and P (X+Y ) = Bap-

Let us prove (3.1).The well-known formula

['(a)T'(b)

1) Bla.b) =551

will also be reproduced in the course of the proof. We first note the following simple equality:

tz
(2) / 2z — 2) e = 2T B(a, b) Bas((0,1]).
0
By Exercise 2.1.1, (3.1) is equivalent to that

(3) P ((X +Y, X)iy) (0, s] x (0>t]) = Yr.a+5((0, 8]) Bap((0,1]) for all s,¢ > 0.

We first show that

(4) LHS of (3) = Bla: 0 ;F )

T(a)T (b Vra+6((0, 8]) Bap((0,2]).
Let us write D = {(z,y) € (0,00)?; (z + v, ny) € (0,s] x (0,t]}. Then,

LHSof 3) = 7..®vu(D)
1

— ONO0) /D(m:)“ Lry) o~ te @02 dady

_— 1 /s B /tz B B

+y a+b —zr a—1 b—1

=" ——— | r"PeFdz 27z —x)" dx
L(a)T(b) Jo 0

—l)7) /05 (TZ)GH_b_le_erdZﬁa,b((Ov t])

Tra+b((0,5])Bap((0, £]) = RHS (4).

Letting s /" oo and t /" 00 in (4), we get

_ B(a,b)['(a+b) Lo
 T(a)l(p) 7 (1)

Finally, plugging this back in (4), we arrive at (3).
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Exercise 3.1.1 Let XY and Z be r.v.’s with P((X,Y) € ) = 7.0 ® ¥sp. and let P(Z € ) =
Bap- Prove then that

P(X/Y € A)=P <§% e A) - (;/(‘;)b_) /A i fr_x/d:)Jfb A € B((0,00)).

When r = a = m/2 and s = b = n/2 (m,n € N), the above distribution is called the F"
distribution and is used in statistics.

Hint: Let P((X1,Y1) € -) = 710 ® 711p. Then, P((X,Y) € ) = P((Xy/r,Y1/s) € -) and
L — M Then use (3.1).

Y1 X1
X1+Y1

>~

Exercise 3.1.2 Prove the following extension of Exercise 3.1.2. Let X; >0,7=1,..,n+1be

independent r.v.’s with P(X; € -) = 7., and S Xy +..+ X1, Then, S and T < ( L)iy
are independent r.v.’s such that P(S € -) = Vria1+.+ans, and

n an+1—1
F(al + ..+ an+1) / 1 -1
P(T € B) = ai e pln 1— . d dn
( ) T(ay) - T(ans1) Jp g T, ;% Ty x

for any Borel set B C {x e (0,1)"; > ;< 1}.

7=1

Exercise 3.1.3 Let X, .., X, berealiid. with P(X,; €)=, (v>0,j=1,.,n,cf (1.15)).
Prove then that P(3°7 | X7 € -) = 71/(2u).n/2 When v = 1, the distribution 71 /9.m/2 of 337 X7
is called the x? distribution and is used in statistics.

Hint: Exercise 1.3.7 and Example 3.1.1.

Exercise 3.1.4 Let e and U are independent r.v. such that P(e € -) = ;1 and U is uniformly
distributed on (0, 27). Prove then that v/2e(cos U, sin U) have the standard normal distribution
on R?.

Exercise 3.1.5 (x) Let S, = X? + .. + X2, where (X )j>1 are real i.i.d. with P(X; € -) =1,
(v >0, cf. (1.15)) Prove then that for m,n =1,2,.

Sm+n

p (<Sn>( m+g_/ )/m) c ) = Y/@une ® F". (cf. Exercise 3.1.1).
/T

S
P <<Sm+n7 —) € ) = V1/(2v),(m+n)/2 ®ﬁm/2,n/2-

Hint: Exercise 1.3.7, Example 3.1.1 and Exercise 3.1.1.

Exercise 3.1.6 (%) Let Uy, ..., U, bei.i.d. with uniform distribution on [0, 1] and X7, ..., X, 14
be iid. with P(X; € ) = .1, cf. (1.18). Define U, ; to be the k th smallest number in
{U,...,U,} (k=1,...n). Prove then that (U,)r_, and (Zj L X /Z”HX )7_, have the
same distribution on R™. In particular, P(U,x € -) = Brnt1-k by (3.1).
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Example 3.1.2 (Poisson process) For t > 0, we define
Ny=sup{neN; n+..+7, <t},

where 71,7y, ... be iid. with P(r; € -) = 7,1 (cf. (1.18)). Then, P(N; € ) = m, (cf. (1.22)).
This can be seen as follows: We set 7o =0 and 75, = > 7, 75 (n > 1). Then,

P(N;=n) = P(T, <t<T,+ Ths1)

t
= / P(T, € ds)/P(Tn+1 € du)lp<stuy,
0

where we have used the independence of T;, and 7,41 on the second line. Since P(7,41 € du) =
Yra(du) = e "rdu,

/P(Tn+1 S du)l{tSSJru} = / e "rdy = 6_(t_5)r_
t

—S

On the other hand, we see from (3.1) that

P(T,, € ds) = v, n(ds) =

Putting these together, we conclude that

t n—1_—rs n ,—rt t —rt )™
P(N,=n)= / Tds—(m) ¢ e =8 — re / s tds = ¢\ (rt) )
0 (n—1)! (n—1)"J, n!

(Ni)>o is called the Poisson process with the parameter r. N; has, for example, the following
interpretation; T, is the time when the n-th customer arrives at the COOP cafeteria in a day
and NV; is the number of customers who visited the cafeteria up to time t.

Exercise 3.1.7 Let {X;}!, be r.v.s with P((X;), € ) = ®" 7,1 (cf. (1.18)) and
M, = Arrllin X;. Prove then that for any j=1,...,n and z > 0,

-----

i=1Ti

P(M, =X, and X; > z) = Z:j exp <—x2ri> .
i=1

In particular, P(M, € -) = V4. +rp1

Exercise 3.1.8 (Thinning of a Poisson r.v.) Let N be a r.v. with P(N € -) = 7, and let
(X )n>0 be ii.d. with values in a finite set S. We suppose that N and (X, ),>¢ are independent.
Prove then that N, = Z;.V:O 1{X; = s} (s € §) are independent and that P(N, € -) = Ty,
where p(s) = P(Xy = s).

Exercise 3.1.9 (geometric distribution) Let G = inf{n > 1; X, = 1}, where (X,,),>1 are
{0, 1}-valued i.i.d. with P(X,, = 1) = p. Then, show that P(G = n) = p(1-p)"~!, E[G] = 1/p,
and var(G) = (1 — p)/p. The distribution of G is called the p-geometric distribution. The
geometric distribution can be thought of as a discrete analogue of the exponential distribution.

19



Exercise 3.1.10 Let G, 7, 7»,... be independent r.v.’s such that P(G = n) = p(1 — p)"!
(n=1,2,..) and P(71; € -) = 7.1 (cf. (1.18)). Prove then that P(1y + ...+ 7¢ € -) = Ypr1-

Exercise 3.1.11 (binomial distribution) Let S, = X; + ...+ X,,, where (X,,),>1 are {0,1}-
valued i.i.d. with P(X,, = 1) = p. Prove then that
E[S,] = np, var(S,) =np(l—p) <n/4,
P(S,=r) = <n) pr(l—p)"" forr=0,1,...,n.
r

The distribution of S,, is called the p-binomial distribution. Hint: var(S,) = var(Xy) + ... +
var(X,) (cf. (2.11)).

Exercise 3.1.12 (%) (Relation between geometric and binomial distributions) Let Gy, Ga, ...
be i.i.d. such that P(G; =n) = p(1 — p)"~! (p-geometric distribution) and let

Sy =sup{r >0;G;+ ...+ G, <n} forneN.

Prove then that X, = S, — S,_1, n € N* are {0, 1}-valued i.i.d. such that P(X, =1) =p. In
particular, S,, has p-binomial distribution (Exercise 3.1.11). The r.v.’s (S,,),>1 above can be
thought of as a discrete-time analogue of Poisson process (Example 3.1.2).

Example 3.1.3 (x) Let X;, Xy, ..., X4, Y be independent r.v.’s with P(Y € ) = 7,4 ( cf.
(1.18)), P(X; € -) =11, 1 < j < d (cf. (1.15)). Let us write X = (X;)9_, for simplicity. We
can then, compute the distribution of the Ré-valued r.v.Y ~/2X as follows;

(2r)°I(4 + a) / e

72T (a) (2r+|z|2)§+o

P(Y'2X € B) = for B € B(RY). (3.2)

There are two important special cases:

e (r,a) = (c*/2,1/2) : In this case, P(Y'Y% € -) = P(|Xy| € -), where X is ar.v. with P(X, €
) = ve—2 (Exercise 1.3.7) and the right-hand-side of (3.2) is the (c¢)-Cauchy distribution.
Therfore, (3.2) says that a r.v. with the (¢)-Cauchy distribution can be obtained by dividing
a Gaussian r.v. by the square root of an independent gamma r.v.(or equivalently, the absolute
value of another independent Gaussian r.v.).

ed=1r=a=mn/2 withn € N. In this case, the distribution given by (3.2) is called the
T, -distribution used in statistics.

The proof of (3.2) goes as follows. We set r(z) =7+ % and ag = a + %. Then,

P(YY?2X €B) = /OO P(Y € dy)/ P(X € dx)1p(y ')

a

_ r = a—1 =Y drl 1/2 —|z|%/2

—(Zﬁ)d/gr(a)/o ye y/Rd wlp(y"r)e

_ r¢ oo aa—=1,4 /d —r(z)y
e,

re e
- d ag—1 —r(:c)yd
@mwwm»@ ?A e
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We easily see from the definition of the Gamma-function that

/ Yyl e @Y gy = T (ag) r(x)™.
0
Thus, we conclude that

or
P(YY2X € B) = r*I(aq) / r(z)”*dx = the right-hand-side of (3.2).

(2m)**(a) /5

Example 3.1.4 (x) Xi,...,X,, be real i.i.d. such that F(t) = P(X; < ) is continuous in
t € R. Define X, ;. to be the k-th smallest number in {X;,..., X,} (k = 1,...n). Then the
distribution of X, ; can be computed as:

n—1

P{X"’kEA}:n(k—l

) E {F(Xl)’“*l (1— F(X)"*1{X, e A}] A€ B(R).

This can roughly be explained as follows. First of all, there are n ways to choose X,, ; form
X1, ..., X, and the probabiliy of all such selections are the same (This explains the first factor

n). Now, suppose that X; = X,, . Then, there are ( Z: 1 ) ways to choose k — 1 numbers
from Xj, ..., X,, which are smaller than X; and again by symmetry, these selections have equal
b 1 ). Finally, once such k—1 numbers are choosen,
say, Xo, ..., X, then, the probability that

probability (This explains the factor ( e

XQ, ,Xk <X < Xk+1,....,Xn, and X; € A

is E[F(X)F1(1—F(X)" " : X, € A
We now present a less intuitive, but mathematically clearer proof. Let S,, denote the set
of all permutation of {1,2,...,n}. Then,

P{ka € A}
= Z P{Xa(l) < XJ(Q) < ... < Xa(k) < ... < Xg(n), Xg(k) € A}

gESy

= Z / P{X y € dCL’}P{X ) < X @2 < Xa(k—l) <rT < Xg(k_H) < ... < Xa(n)}

geSy

= Z / P{X ) € dJI}P{XU(l < X o2 < Xa(k—l) < Z‘}P{I < Xg(k_;,_l) < ... < Xg(n)}

oc€Sn
B F(a)= (1 F(x))—
- Z/P{X S T TR gy 8

g€ESy
F(x)*' (1 = F(x)"*
= /P{Xled YD )

= n ( n-l ) E [F(Xl)’“l (1—F(X)" " 1{Xx; € A}].

E—1
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3.2 A proof of Weierstrass’ approximation theorem

Example 3.2.1 (Weierstrass’ approzimation theorem) Let I = [0,1] and f € C(I — R).
Then, there exist polynomials f,, : R — R (n > 1) such that

1) Jim max | £ (0) = £(0)] = 0.

To prove this, we fix 6 € I and n € N* for a moment and let S,, be a r.v. such that
P(S,=r)= (::L) 0" (1—0)"" forr=0,..,n

Then,
£u(0) L Ef(n'S,) Z Fn ') =)

is a polynomial in #. On the other hand, we see from Exercise 3.1.11 that

2) var(S,) < n/4.

The key to prove (1) is 7:

1
-1
3) P(n™'S, =6 >¢) < = for any € > 0.

In fact, using Chebyshev’s inequality (Exercise 1.2.3) and (2),

Chebyshev

P(In'S, — 6] > ¢) < e?E [In7'S, — 0]

(s, €
= e “n~ “var(S, < o

We now conclude (1) from (3) as follows:

1£a(0) — FO)] < E|f(n7'S,) — f(0)]
= E[|f(n7'S,) = f0)| 1{In""S, — 6] > n~/?}]
+E[|f(n71S,) — f(0)| 1{|n"'S, — 0] < n/3}]
2sup | £()] - 4 sup | f(0) — f(0)]

ocI 4nt/3 6,0cl
|0—0"|<n—1/3

—
w
=

IN

— 0, asn / oo uniformly in 6,
where in the last line, we have used the uniform continuity of f. O

Exercise 3.2.1 (Weierstrass’ approzimation theorem in higher dimensions) Let I = [0, 1]¢
and f € C(I — R). Prove that there exist polynomials f, : R? — R (n > 1) such that

h/m max\fn( )— f(0)]=0. Hint: Fix § = (0")4_, € I and n € N* for a moment. Let

Sn = (Sg)yzl, where S}, ..., 5 are independent r.v.’s with P(S% = r) = (") (8*)"(1 — 6")"~"
(0<r<n,1<v<d). Then, P(S, =x) =[], (") (0")" (16" )"

"This is a special case of the weak law of large numbers.

22



Exercise 3.2.2 (i) Let f € C,(]0,00)) and

folz)=¢ Z 7 f(—), neN, z>0.

n
k=0

Prove then that li/m fn(z) = f(x) for all z > 0. Hint: We may assume = > 0, since f,(0) =

f(0). Let S, be r.v. with P(S,, € -) = mn, (cf. (1.22)). Then, f,(z) = E[f(22)].
(i) (Ingectivity of the Laplace transform) Let py, us € P([0,00)) be such that

/ e *duy(z) = / e duy(z) for all s > 0.
[0,00) [0,00)

Use (i) to show that py = po. Hint: Show that f[o ooy fudpn = f[o wo) fudpa for any f €
Cy([0, 00)).

Exercise 3.2.3 (x) (Uniform approximation by trigonometric polynomials) A function @Q :
R — C is called a trigonometric polynomial, if it is a finite linear combination of {0 —
e2mindy 7. Let f € C(R — C) be of the period 1 and

fu(8) = / £(6— o) Fulp)de,

where F), is the Fejér kernel (Exercise 1.3.15). Prove then that f, is a trigonometric polynomial
and that

lim sup [£(6) — (6)] = 0.
n,/'c0 0<p<1

Hint: f,(0) = fol f(@)Fn (0 — p)dp by the periodicity. Then, use (1.23) to see that f, is a

trigonometric polynomial.

3.3 Decimal fractions as i.i.d.

In this subsection, we consider a probability sapce (€2, F, P) and a r.v. U with the uniform
distribution on (0,1), i. e., P{U € B} = [, dt for all B € B((0,1)).

Example 3.3.1 (Decimal fractions are i.i.d.) Suppose that ¢ > 2 is an integer. For n > 1
and sq,...,8, € {0,...,¢ — 1}, we define I, , C[0,1)and d, : Q@ — {0,...,¢— 1} by

[81-..8n = { Z q_ksk +x; xe€ [07 q_n)}7

1<k<n

dy(w) = s if U(u))EUS1 oy Loy s

.....

Note that {7 q;é are obtained by dividing I

LesSn15 s into ¢ smaller intervals with equal

1--8n—1

ceey

that d,(w) is nothing but the k-th digit of the g-adic expansion of the number U(w) € [0,1)
and therefore that
Ulw) = Zq‘kdk(w) for all w € Q, (3.3)

k>1
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We will prove that
(dn)n>1 are iid. with P(d, =s)=¢ !, s=0,...,q — 1. (3.4)

We see from the definition above that for all s, ..., s, € {0, ...,q — 1},
Mo diw) = 53 = fw UW) € Ly}
j=1

and hence that

1) P <ﬂ{dj = Sj}> =P(U € Iy,.s,) = Lsys | = "
j=1
Moreover, this implies

2) P(d, =s,)=q ' foralln>1ands, € {0,...,q — 1},

since

=
IS8
3
I
V)
s
1= I
= s
3 PN
I 3
o P2
= Q&‘
|
QCl:)
—
N——

We now conclude (3.4) from (1) and (2) (cf. Exercise 2.2.3). O

Example 3.3.2 Construction of a sequence of independent random variables with discrete
state spaces: Let w, € P(S,,B,) (n = 1,...) be a sequence of probability measures, where
for each n > 1, S, is a countable set and B,, is the collection of all subsets in S,,. We will
construct a sequence X, : (2, F) — (S,,B,) of independent r.v.’s such that P(X, = ) =
pn for all n > 1. The construction is just a slight extension of Example 3.3.1. We first
construct a sequence Iy, .., of sub-intervals of [0,1) inductively as follows, where n = 1,---
and (s1,...,8,) € S1 X -+- x S,. We split [0,1) into disjoint intervals {Is}scs, with length
|I;| = pi(s) for each s € S;. Suppose that we have disjoint intervals I, ..., , such that
[ Isys, o | = pa(s1) -+ prn—1(Sn—1) for (s1,...,8p—1) € S1x---xS,_;. We then split each I,...5, ,
into disjoint intervals {Ig,...s, s, }s,es, S0 that [Ig .5 _1s.| = p1(s1) - pn_1(Sn—1)ptn(sy,) for
each s, € S,,. We now define

X,(w)=s ifU(w) e

S1yeeny Sn—1 ]Sl'”snfls’

We see from the definition that
j=1
and hence that

1) P (ﬂ{X] = sj}) = |IS1~~~sn| = ﬂ1(31> e 'Mn(sn)'
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Moreover, this implies:
2) P(X,, = $p) = pin(sy) for allm > 1,

since

s,
£
!
S
!

Z P(ﬂ?:I{Xj = Sj})

S1seeey Sn—1

= > pa(s) o1 (sno1)pn(sn) = pn(sn).

S1yeeey Sn—1

—~
~—

We conclude from (1) and (2) that (X,),>1 are independent and that P(X, € -) = p, (cf.
Exercise 2.2.3). O
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4 In which direction does a random walk travel?

4.1 The law of large numbers

Let {X,,}n>1 be the outcome of independent coin tossings;

Y _ 1 if the coin falls head by n-th toss,
"1 0 if the coin falls tail by n-th toss.

Then, S,, = X;+...+ X, is the number of tosses by which the coin falls head. For this reason,
one would vaguely expect that

(= BIX), asn /oo (4.1)

The law of large numbers we will discuss in this section gives a mathematical justification for
this intuition. However, here is one thing we should be careful about; there do exist exceptional
events on which (4.1) fails, for example,

({Xn =0} or [{X.=1}

n>1 n>1
We first formulate a notion which is used to exclude such exceptions.

Definition 4.1.1 Let A ={w € Q; .....} be an event in a certain probability space (2, F, P).

e We say “..... almost surely’ (“..... a.s.” for short) if P(A) = 1.
Therefore, “almost surely” (“a.s.”) just synonymizes “almost everywhere” (“a.e.”) in measure
theory.

Theorem 4.1.2 (The Law of Large Numbers) Let S, = X; + ... + X,,, where {X,,}n>1
are i.i.d. with E[|X,|] < co. Then,

.Sy

lim — = E[Xy], P-a.s. (4.2)

n/co0 N
Here, we give a proof of Theorem 4.1.2 only in a special case X; € L*(P), which is much simpler
to prove and is enough in many applications. The proof for the general case is presented in
Section 10.2. See also Exercise 4.1.4 and Exercise 4.1.6 below to see what happens if we do
not assume F[|X,|] < oc.

Proof of Theorem 4.1.2 in a special case X; € L*(P) : Observe first that (4.2) is
equivalent to that

n

1 lim n~! X —EX;) =0, P-as.
) Jim ;( h k)

We will in fact show (1) for independent r.v.’s {X, },>; such that sup,, E[X;] < oo (without
assuming that {X, },>1 are identically distributed).
Define r.v.’s X, and S,, respectively by

—~

X, =X,—EX, and S, = X; +... + X,..

We prove (1) by showing a stronger statement that
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2) Z In"1S,|* < 00, P-as.

n>1

We have
ES.["] = ) EXX;X;X|]
i,9,k,0=1

= > EX/]+6 Y E[X]EXZ].
i=1 1<r<s<n
Here is an explanation for the second equality. The only terms in Z? i ko= that do not vanish
are those of the form either E[X4] or E[X2X?2] = E[X2E[X?] (1 <r < s <n). In the second
case, there are (4) = 6 ways to choose r and s from i, j, k, £. Note then that there is a constant

2
C such that B B
BR2P < BIXA]<C, m=1,2,.

We therefore see that B
E[|S,]Y] < Cn +3Cn(n — 1),

and hence that

E Z |n1§n’4] Fubini ZE. |:|n—1§n|4i|
n>1 n>1
Cn+3Cn(n—1)
¢y OOzl
n>1
which in particular implies (2). O

Example 4.1.3 (Almost all numbers are normal.) Let ¢ > 2 be an integer and di(w) is the
k-th digit of the g-adic expansion of the number w € [0,1). A number w is said to be normal
in base ¢ if

1
1) li/m ~(the number of 1 < k < n such that di(w) = s) = ¢ .
n,/oo 1M
for any s = 0,...,¢g — 1. Let N, be the set of all normal numbers in base ¢g. Then, Borel’s

theorem asserts that

P (qu> =1,

where P is the Lebesgue measure on [0, 1). This can be seen as follows. It is enough to show
that P (N,) = 1 for any fixed ¢ > 2. By Example 3.3.1 (or Lemma 9.4.1), we know that the
digits {dg }r>1 in base ¢ are i.i.d. with P{dy(w) =s} =1/¢, s=0,...,9 — 1. We now fix any
s and set Xy = 1{dx(w) = s}. Then, (Xy)r>1 are i.i.d. with E[X;] = 1/¢. Now, (1) turns out
to be a special case of (4.2).

Exercise 4.1.1 For p € (0,1), we let {X}Lp)}nzl be {0,1}-valued ii.d. with P(XP =1) =p
and define p, = P((X,(Lp))nzl € -). Prove then that pu, and pu, are singular if p # q.
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Exercise 4.1.2 (Shannon’s theorem) For a finite set A be and p € P(A) such that 0 < p(«a) <
1 for all @ € A, we define the entropy H(u) of u by

Zu ) log pu(a) > 0.

acA

Let {a}n>1 be A-valued i.i.d. with P(a, € -) = p. Prove that

n 1/n
lim Q — e HW — Ppoas.
Ry (Jl;[l 1 J))

Let us interpret A as the set of letters. Then, the above result says that the probability
[T}-, #(ey) of almost all randomly generated sentence aay....cr,, decays like e M) asn /oo

Exercise 4.1.3 (LLN for renewal processes) Let Ny = sup{n € N; T,, <t}, where {T,, —
T,—1}n>1 are positive r.v.’s with 7o = 0 and E[T,] < oo for all n (cf. Example 3.1.2 for a
special case). Prove then the following.

(1) N def.

= hm N; = 00, P-a.s.
Hint: P{N < oo} = P(Ups1 N1 { Ny < £}) and {N,, < €} C {m < Tp41}.
(ii) If {T,, — T\,—1}n>1 are i.i.d., then 1tli/m N/t =1/E[T}], P-as.

Hint: Ty, <t < Ty,4+1 and l;m Tn,/Ny = E[T] by Theorem 4.1.2.
t, 0o

Exercise 4.1.4 (Infinite mean) Let S,, = X + ... + X,,, where {X,,},>1 are i.i.d. such that
E[X,] = 00, ie., B[X][] = oo and E[X,;] < co. Prove then that lim, so 2 = 0o a.s. Hint:
X, Am € L'(P) for any fixed m € (0, 00).

Exercise 4.1.5 (The second Borel-Cantelli lemma) Let (X,,),>1 be independent r.v.’s with
values in [0, 1]. Prove then that the following (a)-(c) are equivalent: (a): > -, F[X,] = oo

(b): T (1= X5) =0, as. (c): 35,5 Xn =00, as.

Exercise 4.1.6 (Indefinite mean) Let S,, = X + ... + X,,, where {X,, },>1 are i.i.d. such that
E[XZ*] = co. Prove then that P(S,/n Converges) = 0. Hint: Use Exercise 4.1.5 to show that

77/ Sn P Xn S’I’L
> st H{X, > n} = oo, a.s. Then, note that =5 — 22 = Zaft — ENEVE

4.2 What is a random walk?
Definition 4.2.1 Suppose that (X,,),>; are R%-valued i.i.d. with the distribution v € P(R?, B(R?))
on a probability space (£, F, P);

P(X, € B) = v(B) for all B € B(R?) and n > 1.

A random walk is a sequence (S,,),>0 of Révalued r.v.’s defined® by

g _ [0 if n=0,
"I Xi 4+ X, ifn> L

80ur definition of “random walk” is the same as in [Dur95]. This definiton however is rather wider than
traditional ones (e.g., [Spi76]) which will be called, in our language, the Z-valued random walk. The the
Z%-valued random walk.
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Note that independent r.v.’s (X,,),>1 referred to above certainly exist by Proposition 9.2.1 and
so does the random walk (S,,),>0. The measure v will be called the single step distribution
of the random walk (5,,),>0. If |X1| € LP(P), or equivalently, |z| € LP(v), we say that the
random walk is an LP-random walk.

Example 4.2.2 Examples we introduce here are familiar and important ones which we should
always keep in mind.

o If P{X, € Z¢} = 1, or equivalently, P{S, € Z%} =1 for all n > 0, we say that the random
walk is Z%-valued.

o A Z%valued random walk is said to be a nearest neighbor random walk if
P(X;, €{0,e1,...,eq,—€1,...,—€4}) = 1. (4.3)
where e; = (6;;)%;.
e A Z%valued random walk is said to be a simple random walk if
P(Xi1=¢)=P(X1=—¢)=(2d)"" foralli=1,...,d. (4.4)
Exercise 4.2.1 Consider a Z-valued random walk such that

P{Xi=1}=p>0,P{X;=-1}=¢>0,P{X;=0}=r=1-p—gq.

Let {y1,...,yn} C Z be such that z, ot Yp — Yp—1 € {0,£1} for 1 < p < n. We set

Nt =30 o, =+1}, N~ =30z, = —1} and N° = 37" 1{x, = 0}. Show that

anOern anOfyn NO
2 T

+ N—- NO
P{Si=vyi,...S =yt =p" ¢V N =p =z g

In particular, if we fix n, N° and y,, then all the events of the form {S; = y;,...S, = yn}
have the same probability. Next, use the observation made above to conclude

lyl<m<n
m £ y are even
4.3 The law of large numbers for the random walk

Theorem 4.1.2 implies;

Theorem 4.3.1 For an L'-random walk (cf. Definition 4.2.1), define its mean velocity by

v= ()L, = (E[Xi])

=1"

(4.5)

Then,
lim n 'S, =v, P-a.s. (4.6)
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Remark: If we write S, in a silly expression:
Sp =nv + (S, — nv),

then (4.6) says that {S,},>1 almost surely follows a deterministic constant velocity motion
{nv},>1 by the error term S,, — nv which is of order o(n). In this sense, one can conclude that
the random walk travels in the direction of v.

Exercise 4.3.1 Suppose that the random walk is of nearest neighbor (cf. (4.3)). Prove then
that A
v = P{X; =¢}— P{X; = —e¢}.

Exercise 4.3.2 An R%valued r.v. X is said to be symmetric if P{—X € -} = P{X € -}.
A random walk is said to be symmetric if X; is symmetric. Check that a symmetric random
walks with P|X;| < oo has the mean velocity v = 0.

Exercise 4.3.3 Consider an L'-random walk. Use Theorem 4.3.1 to prove that, if v* > 0
(resp. v' < 0), for some i = 1,...,d, then

P{ li/m S! = +4oo} =1, (resp. P{ li/m St =00} =1.)
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5 Characteristic functions

5.1 Fourier transform

Definition 5.1.1 (Fourier transform) For ¢t € R, we set
e(t) =exp(it), wherei=+—1 (5.1)

e For f € L*(RY), the Fourier transform of f is a function f: R? — C defined by

~

f(o) = /IRd e(f-z)f(x)dx. (5.2)

e For a Borel signed measure p on R?, the Fourier transform of u is a function i : R* — C
defined by

(6) = / o8 - 2)dp(z). (5.3)

Remark: (5.2) can be thought of as a special case of (5.3). In fact, if we identify f € L}(R?)
with a signed Borel measure p on R? defined by u(B = [, f g f(x)dr, B € B(R?), we then have

p=f.
The following fact has an important application to probability theory.

Lemma 5.1.2 (Weak convergence of measures) Suppose that (ii,),>0 are Borel finite
measures on R?. Then the following are equivalent:

a) li/m i (0) = fip(0) for all 6 € RE (cf. (5.3)).

b) For all f € CL(R?),
tin [ fdp = [ fdn (5.4)

e The sequence (fin)n>1 15 said to converge weakly to g if one of (thus, both) (a)-(b) holds.
We will henceforth denote this convergence by

ll/m fn = po  weakly. (5.5)

Before we prove Lemma 5.1.2; let us look at a simple example to get familiar with the notion
of weak convergnce.

Example 5.1.3 Let p be the uniform distribution on (0,1) and p, = £ >/, 0y € P(R) for
n € N*, where ¢, is a point mass at € R. Then p,, — pu weakly, since for any f € C,(R),

J;rgo/fdun —r}l/lgoan (%) z/olf(x)dfcz /fdu-

To prove Lemma 5.1.2, we will use:

Lemma 5.1.4 Suppose f, f € L*(R9).
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a) (Inversion formula) For a.e. v € R?,

flz) = (2m)¢ / e(—0-2)f(0)do. (5.6)
R4
In particular, if f is continuous, then, (5.6) holds for all x € RZ.

b) (Plancherel’s formula) Suppose in addition that f is bounded. Then, for a Borel finite
measure |1 on RY,

[ fan=temt [ asFioyac-o) (5.7)
Proof: See section 11.1.
Proof of Lemma 5.1.2: “(b) = (a)” is obvious. We decompose “(a) = (b)” into:
(a) = (d)&(e) = (c)&(e) = (b)
where conditions (c)—(e) have been introduced as:
c) (5.4) holds for all f € C.(RY).
d) (5.4) holds for all f € C>(RY).

e) (5.4) holds for f = 1.

(a) = (e): Take 6§ = 0.
(a) = (d): We have for f € C>°(RY) that f € L'(R%), which is a well-known properties of the
Fourier transform for the Schwartz space of rapidly decreasing (cf. [RS80, page 3, Theorem

IX.1]). Thus, (d) follows from (5.7) and the dominated convergence theorem.
(d) = (c): Take f € C.(R?) and note that

1) there is a sequence f, € C>(R?) such that li/m sup | fn(z) — f(z)| = 0.

cf. Exercise 5.1.1. The desired convergence (c) then follows from a simple approximation
argument (Exercise 5.1.2)..
(c)&(e) = (b): Take f € Cy,(R?) and a sequence gy € C.(R? — [0, 1]) such that

g1(z) < ga(x) < .o < go(x) X1 forall z € RY,

Suppose now that sup, | f(x)| < M. We then have that (with “MC” referring to the monotone
convergence theorem),

[ ano s Mu®) = [ (7 20dn S sup [ (4 2M)gidn

= sup lim [ (f + M)gedps, since (f + M)g, € C.(R?)

¢ n/oo
<t sup [+ Mg, ™ i [ (74 ),
n/ oo £ n /oo

= lim [ fdu, + Mpuo(R?),
n /0o

and hence that
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2) /fduo < lim [ fdun.
n /0o

By replacing f by —f in (4) we have

[ fdo = T [ s,

which, together with (2), proves the desired convergence. O

Exercise 5.1.1 Check (1) in the proof of Lemma 5.1.2.
Exercise 5.1.2 Implement the “approximation” in the proof of Lemma 5.1.2, (d) = (c).

Exercise 5.1.3 Referring to Lemma 5.1.2 and its proof, is it true that (c) = (b)?
Hint p,, = 6,,, where |z,| — oco.

Exercise 5.1.4 (x) Referring to Lemma 5.1.2, prove that (b) implies® the following (b1)—(b3):
bl) 10(G) < lim p,(G) for any open subset G C R

b2) lim p,(F) < po(F) for any closed subset F' C R
b3) lim p,(B) = uo(B) for any Borel subset B C R? such that B = 0.
Hint: Proof of Lemma 2.1.2 (¢) = (b).

Exercise 5.1.5 (x) Suppose that X, X;, Xy... are real r.v’s and that X,, — X weakly. Prove
then that ess.supX < ess.supX < ess.supX, where X = lim X, and X = lim,_, X,, and,

N— 00

for ar.v. Y € [—00, 0], ess.supY is the supremum of m € R such that P(Y > m) > 0.

Corollary 5.1.5 (Injectivity of the Fourier transform) Suppose that u and v are Borel
finite measures on R:. Then, the following are equivalent.

a) 1="1.
b) p=v.

Proof: (b) = (a): Obvious.
(a) = (b): We consider a “sequence” po = u and 1, = v, n > 1. We have for all § € R? that

1) Jim m(0) =" 0(0) & )

Thus, we have by Lemma 5.1.2 that for all f € Cy(R9),

/fd,u (1),Lem:ma 5.1.2 11/111 /fd,un (Mn:= V) /de,

which implies (b) by Lemma 2.1.2. O

9In fact, each of (b1)—(b3) is equivalent to (b).
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5.2 Characteristic functions

Definition 5.2.1 (Characteristic function) e For an R%-valued r.v. X, a function:
RS 60— Ele(f- X)] € C

is called the characteristic function (ch.f. for short ) of X.

Remark: If P(X € -) = p, then

Ele(6- X)) = [ e(6 - x)du(a) = l6).

Therefore,
the ch.f. of a r.v. = the Fourier transform of its distribution.

Lemma 5.2.2 (Criterion of the independence) Let X; be r.v. with values in RY (j =
1,...,n). Then, the following are equivalent:

a) £

Hewj .Xj)] = [[ Ele(6; - X;)] for all 6; € RS (j =1,....,n).

j=1
b) {X;}}_, are independent.
Proof: Let
= P((X;)}_; €) € P(R?), where d=dy + ... +d,,
v = ®_u; € P(RY), where yj = P(X; €-) € PRY) (1< j<n).

Then,
E|[]e;-x;)| =E (Ze X)]: ((6;)71)
and _n .
H Ele H Fublnl 5 ((ej)?ZI) .
Therefore,

(a) Corollary 5.1.5 Proposition 2.3.1 (b)

Definition 5.2.3 (Weak convergence of r.v.’s) Let X, X1, Xy, ... be Révalued r.v.’s.

e The sequence (X,,),>1 is said to converge weakly (or converge in law ) to X if

lim P(X, €)= P(X €) weakly

or equivalently (cf. Lemma 5.1.2),
li/m E[f(X,)] = E[f(X)] for all f € Cy(R?).

We will henceforth denote this convergence by

X, — X weakly or X, — X inlaw
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Lemma 5.2.4 (Criterion of the weak convergence) Let X,, be r.v. with values in R?
(n=0,1,..). Then, the following are equivalent:

a) li/rn Ele(0- X,)] = Ele(0 - Xy)] for all § € R

b) li/m Xn = X weakly.

Proof: Let p, = P(X,, € -). Then,
Ele(0- X,)] = mn(0), n=0,1,..
Thus, by Lemma 5.1.2, (a) is equivalent to p,, — o weakly. O

Exercise 5.2.1 Let X, X1, X5, ... be R%valued r.v.’s. Prove then that the following conditions
are related as “(a) or (b) 7 = (c¢) = (d).
(a) li/m X, =X, P-as. (b) li/m X, = X in LP(P) for some p > 1.

(c) li/m X, = X in probability, i.e., li/m P{|X,, — X| > ¢} =0 for any € > 0.
(d) X,, — X in law.

Exercise 5.2.2 Show by an example that (d) # (c) in Exercise 5.2.1.
Hint: X,, = (—1)"X for a symmetric r.v. X.

Exercise 5.2.3 Let X,Y, X, X5, ... be Révalued r.v.’s such that X,, — X weakly. Is it true
in general that X,, +Y — X 4+ Y weakly?

Exercise 5.2.4 Let X;, Xs,... be R? valued r.v.’s and ¢ € R%. Prove then that X,, — c in
probability if and only if X,, — ¢ in law.
Hint: X,, — ¢ in probability if and only if E[p(X,,)] — 0, where p(z) =

|z—=¢|
1+|z—c|"

Exercise 5.2.5 Let (X,,,Y,) be r.v.’s with values in R® x R%. Suppose that X,, and Y, are
independent for each n and that X,, — X and Y,, — Y in law. Prove then that (X,,Y,) —
(X,Y) in law, and hence that F(X,,,Y,) — F(X,Y) in law for any F' € C(R%: x R%),

Exercise 5.2.6 Let (X,,,Y,) be r.v.’s with values in R% x R%. Suppose that X,, — X and
Y,, — c in law (Here, we do not assume that X,, and Y,, are independent for each n. Instead,
we assume that c is a constant vector in R%). Prove then that (X,,,Y,) — (X, ¢) in law, and
hence that F'(X,,Y,) — F(X,c) in law for any F' € C(R% x R%). Hint: It is enough to show
that

li/m Ele(0;- X, +0y-Y,)] = Ele(0,- X +0y-c)] for (6;,60;) € RY x R%.

In doing so, uniform continuity of the map (x,y) — e(6; - © + 05 - y) would help.

Exercise 5.2.7 Let X,Y1,Y5, ... be r.v.’s with P{X € -} = v,, and P{Y,, € -} = B, (n =
1,2,.. cf. (1.18), (1.19)). Prove then that nY,, — X in law.
Hint: Let S, = X; + ... + X,, where Xj, X5, ... be i.i.d. such that P{X,, € -} = 7,1. Then,

P{nY, € -} = P{X’fgn € -} by (3.1). Moreover, Xi)gn — X, P-a.s. by Theorem 4.1.2.
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Exercise 5.2.8 (x) Let X bearealr.v.and ¢(f) = E[e(§X)]. Then, ¢ € C? <= X € L?*(P).

Prove this by assuming that X is symmetric (cf. Exercise 5.2.9 for the removal of this extra
w(9)+w(—20)—230(0)
5 .

assumption). Hint: If ¢ € C?, then $¢”(0) = limg_g

Exercise 5.2.9 (x) Let X be a real r.v. (i) For p € [1,00), prove that X — X € LP(P) <
X € LP(P), where X is an independent copy of X. Hint: X € LP(P), if X — ¢ € LP(P) for
some constant ¢ € R. Combine this observation with Fubini’s theorem. (ii) Use (i) to remove
the assumption “symmetric” from Exercise 5.2.8

Exercise 5.2.10 (x) (Weyl’s theorem) Let a,, = na — |na], n € N, where a € R\Q and
ly] = max{n € Z; n <y} fory € R. Prove then that the measures p,, = = >°7'_| 8, converges
weakly to the uniform distribution on (0,1). Hint: We want to prove that lim,, o £ >3, f(ov,) =

fol f(6)dO for all f € CL(R). By, Exercise 3.2.3, it is enough to prove this for all trigonometric
polynomial f.

5.3 Examples

Example 5.3.1 (ch.f. of a Uniform r.v.) Suppose that a r.v. U is uniformly distributed on
an interval [a, b] (cf. (1.14)). We then see from a direct computation that

Ee(6-U) =a(0) = % (5.8)

where u(t) = (b—a) ' 1,4(t).

Exercise 5.3.1 Let U;,U; be ii.d. with uniform distribution on (—1,1). (i) Show that

P(2£% € ) has the density f(z) " (1 = |a)* and that () = S22 (ii) Show that

S22 [M(0)dO = 2. = f is the density of Polya’s distribution. Hint: (5.6).

Exercise 5.3.2 Let 2 < ¢ € N. Then, show that the following infinite product converges for
all 0 € R and that e(d) = 1+ 0P(0):

ﬁ Lte(fg™)+e(20g™) + .. +e(lg—1)0¢")

PO) = :

n=1

Example 5.3.2 (ch.f. of a Gaussian r.v.) Let X be the Gaussian r.v. with the strictly
positive definite covariance matrix V', c¢f. Example 1.3.2. Let us prove that

1) Eexp(z0- X) =exp (2270 - V) for all # € R? and z € C

and hence that
w(0) =exp(—30-V0). (5.9)

Note first that both hand sides of (1) are holomorphic in z. Therefore, it is enough to prove it
for all z =t € R. Since

2) t0-x—ga-Vie=320-V0— Lz —tVl) -V H{x —tV0),

1
2
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we have

Eexp(th-X) = (det(2xV))"1/? / dzexp (t0 -z — sz -V 'z)

—~
N
~

exp (3°6 - V) (det(27V))~1/2 / dzexp (—1(z —tV) - V' (z — tV9))

1
2

= exp (%t29 . V@) .

We take this opportunity to generalize the definition of Gaussian measure. Let V' be a sym-
metric, non-negative definite (not necessarily positive definite) d X d-matrix.

e We define vy, € P(RY, B(R?)) as a unique measure such that (5.9) holds.

The existence of such measure can be seen as follows. By diagonalizing V', we find a
symmetric, non-negative definite matrix W such that W2 = V. Let X be r.v. with the
standard normal distribution on R? and set vy, = P(WX € -). Then, it is easy to see (5.9).
The uniqueness follows from Corollary 5.1.5.

Exercise 5.3.3 (Stability of Gaussian distribution) Let X, X5 be Ré%-valued r.v.’s such that
P((X1,X5) € 1) = vy, @y, cf. (1.15) and Ay, Ay be d x d matrices. Prove then that

P(Ale + A2X2 S ) =y, where V = AIVYIAT + AQ‘/QA;
Hint: Prove that Fe(f - (A1 X; + A2X3)) = vy (#) and use Corollary 5.1.5.

Exercise 5.3.4 Let X = (X)L, be a mean-zero R%valued r.v. Prove then that X is a
Gaussian r.v. if and only if >>%  #'X? is a Gaussian r.v. for any § = (#))%, € R%. Hint: (5.9),
Corollary 5.1.5.

Exercise 5.3.5 Suppose that X = (X)L, is a mean-zero R%valued Gaussian r.v. Prove
then that coordinates {X'}¢ , are independent if and only if E[X'X7] = 0 for ¢ # j. This
shows in particular that the independence for r.v.’s {X*}, above follows from the pairwise
independence. Hint: (5.9), Lemma 5.2.2.

Exercise 5.3.6 Let X, X, X5, ... Révalued r.v.’s. Suppose that X,, (n = 1,2,...) are mean-
zero Gaussian r.v.’s and that they converge in law to X. Prove then that X is a mean-zero
Gaussian r.v. and that the covariance matrix I' = (v;;)7;_; is given by v;; = li/m E[X X7].

i n /0o

Hint: Consider characteristic functions to see that limits ,; (1 < 7,7 < n) exist. Prove then

that Ele(f- X)| = exp(—0-16/2).

Example 5.3.3 (ch.f. of a Gamma r.v.) Let X be a real r.v. such that P(X € -) =7, ,. We
then see from a direct computation that

Eexp(—zX) = (1 + E)  for any z € C with Re(z) > 0,
T

In particular,

Tra(0) = (1 - —) ﬂ. (5.10)



Exercise 5.3.7 Let (X,Y) be R%valued r.v. such that P((X,Y) € -) = 7., ® V.5, where
r,a,b > 0. (i) Prove that the distribution of X — Y has the density:

f (z) 7"a+b€rz /OO {L‘a_l (J? Z)b—le—chdx
r,a,b = H NN -
I'(a)L'(b) J2vo

and that f/, ,(0) = (1 —2)" (1 + %)_b. In particular, f;, ,(0) = (1 - f—;) -

(i) Suppose that a +b > 1, so that f/,, € L'(R?). Then, use the inversion formula (5.6) to
show that

frap(z) = i/ e(—02) [}, ,(0)do.

21 J_ o

(iii) (x) The value of the integral [*° .., ... (6)d6 can be evaluated in two different way: one
g2

is to use (i) and (ii) above, and another is to use (3.2). Compare these two to deduce:

() = Q%F(g)r(agl) a>0.

Exercise 5.3.8 (%) (i) Let f: [0,00) — R be a Borel function such that [~ r?|f(r)|dr < oco.
Prove then that F € L'(R3) and that F/(6) = 4 [ f(r) 220D g where F(x) = f(|2|) and

i ]
% = 1. (ii) Use (i) and Example 5.3.3 to show that

a+1

— CU«+1 ( c+ i|0| C ‘x|a’2676|‘”‘ a.c>0
) ) .

Fcae = f FCCL e —
alf) = Zrim c2+|9|2> or Feal®) = T0G@ D)

IIl particular, FC71(0) = ﬁ and Fag(e) = W.

while fc\Q is a constant x the density of the Cauchy distribution, cf. the remark after Example
5.3.6.

F,; is a constant X the Green function,

Example 5.3.4 (ch.f. of a Poisson r.v.) Let N be a r.v. with P(N € ) = 7w, (r > 0, cf.
(1.22)). We then see from a direct computation that E[z"] = exp((z — 1)r) for any z € C,
which shows in particular that

7, (0) = exp((e(6) — 1)r). (5.11)

Exercise 5.3.9 (Stability of Poisson distribution) Let Ny, Ny be r.v.’s such that P((N;);_, €
) = ®2_y7,,, cf. (1.22). Prove then that

j
P(N1 + N2 € ) = Tri+ry-
Hint: Prove that Fe(6(Ny + N3)) = Ty, 41, (0) and use Corollary 5.1.5.

Example 5.3.5 (ch.f. of a Cauchy r.v.: dimension one) Suppose that an R-valued r.v. Y
has (c)-Cauchy distribution (cf. (1.21)). Then,

Ee(0Y) = exp(—cl||), 6 €R. (5.12)
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e—clel

Let f(z) = “5— (the density of the double exponential distribution). Then,

R 4 0o ef(cfiH)xd 00 67(c+i0)xd
floy = | et [ s

Cc C

R A N O S
2 \c—if  c+1i0) 2 +62

fa) @ L /Oo o(—02)F(0)d0 = - /_Oo e(=62)

21 ) o 2 ) 2 +02

Thus,

from which (5.12) follows.

exp(i6z)
2422

Exercise 5.3.10 Apply the residue theorem to a melomorphic function to give an

alternative proof of (5.12).

Exercise 5.3.11 (Stability of Cauchy distribution) (i) Suppose that Y; (j = 1,2) has (¢;)-
Cauchy distribution and that Y; and Y, are independent. Prove then that Y} + Y5 has (¢; +¢3)-
Cauchy distribution. (ii) Let S, = Y7 + ... +Y,,, where Y}, Y5, ... are independent r.v.’s with
(¢)-Cauchy distribution. Prove then that S, /n and Y; have the same distribution for all n > 1.
This shows that S,,/n does not converge to a constant, even weakly (cf. Theorem 4.1.2).

Exercise 5.3.12 Let S, = X + ... + X,,, where (X,,),>1 are i.i.d. with Polya distributions
(Exercise 5.3.1). Prove then that P(S,/n € -) converges weakly to (1)-Cauchy distribution as
n — oo.

Example 5.3.6 (x) (ch.f. of a Cauchy r.v.: higher dimensions) Suppose that an Ri-valued
r.v. Y has (c¢)-Cauchy distribution (cf. (1.21)). Then,

Ee(0-Y) =exp(—clf]), 6eR% (5.13)
We will use (3.2) to prove this. Let £, X1, Xs, ..., X4 be independent r.v.’s with P({ € -) =

Yeya,1y2 (cf. (1.18)) and P(X; € -) = vy, 1 < j <d (cf. (1.15)). Let us write X = (X;)7_, for
simplicity. Then,

Ee(d-Y) = Ee(# -¢1?X)= / Ye2 a1 j2(dx) Ee(f - 272 X)
5.9 012\ (1.20
59) /702/2,1/2(6133) exp <—%) (1.20) exp(—cld]).

Remark: An alternative proof of (5.13) for d = 3 can be given by applying the inversion
formula (5.6) to F.5(0) = W (Exercise 5.3.8) as in Example 5.3.5.

5.4 Convergence of moments

Let (Y,)n>0 be Ri-valued r.v.’s such that Y,, — Yj weakly, and let f € C(R?). If f is bounded,
we have

() lim E[f(¥)] = B[/ (%))
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On the other hand, it is natural to ask under which condition we still have () even when f is
unbounded, e.g., f(y) = |y|. The following definition plays an important role in answering this
question, where we have X,, = f(Y},) in mind.

Definition 5.4.1 (uniform integrability) Real r.v.’s (X,,),>1 are said to be uniformly in-
tegrable (u.i. in short) if

sup B[|X,|1{|X,| > m}] — 0 as m — 0.
n>1

The next lemma shows that the uniform integrability is close to, but slightly more than that

sup E[| X,|] < oo. (5.14)

n>1
Lemma 5.4.2 Let (X,,),>1 be real r.v.’s.
a) If (X,)n>1 are u.i., then (5.14) holds.

b) Suppose that there exists a non-decreasing ¢ : [0,00) — [0,00) such that

lim () = 00, sup B[|Xn|o(|Xa])] < co.

|z|—o0
Then, (X,)n>1 are u.i.

Proof: Let €, = sup,,>; E[| Xy |1{| X,| > m}].
a):e,, < 1 for large enough m, and for such m and for all n > 1,

E[| X, < B[| X, H{| X, <m}|+ E[| X, {| X >m}] <m+e, <m+ 1.
b): By the monotonicity of ¢ and (a variant of) Chebychev’s inequality (Exercise 1.2.3),
E[IX|1{1Xa| > m}] < B[ Xa[1{e(IXa]) > o(m)}] < o(m) " E[|Xa|e(|Xa])].
Thus, e,, < ¢(m)~'C — 0, as m — oo, where C' = sup,,, E[|X,|¢(X,)] < oc. 0
Exercise 5.4.1 Prove that real 1.v.’s (X,,)n>1 are ui. if Efsup,,>; |X,|] < oc.
Example 5.4.3 Let S, = X; + ... + X,,, where (X,,),>1 are real r.v.’s such that

supvar(X,) < M < oo, cov(X,,, X,) =0 if m # n.

n>1
Then, Y, = (S, — E[S,])/v/n are u.i. In fact,

1 1 &
E[|Yn|2] = EV&F(S,]) = n ZV&F(Xk) < M.
k=1

Thus, Lemma 5.4.2(b) applies.

Proposition 5.4.4 Suppose that (X,)n>0 be real r.v.’s such that X, — Xy weakly.
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a) (Fatou’s lemma for weak convergence)

E[[Xo|] < lim E[|X,]]. (5.15)
n /0o

b) (Convergence of moments) Supppose in addition that (X,,)n,>1 are uniformly integrable
(Definition 5.4.1). Then,

sup E[|X,|] < oo, (5.16)
n>0
li/m E[X,] = FE[X,. (5.17)

Proof: a): Since R 5 z — |z| Am is in C,(R) for any m > 0, we have that

E[|Xo|] = sup E[| Xo| A m] = sup li/rn E[| X, Am] < li/m El|X,|)-
m>0 n /oo

m>0n,/00

b): (5.16) follows from Lemma 5.4.2(a) and (5.15). To prove (5.17), we first consider:
Case 1: X, > 0 for all n € N. By (5.15), it is enough to show that

1) % E[X,] < E[X].

Note that

2) %E[an{Xn <m}] < E[X,] for any m > 0.
In fact,

li/_rn E[X,1{X, <m}] < h/_rn E[X,, Am]

= EH)Q)ﬁ\nﬂ S;EH)(M.

Then,
li/_m E[X,] = h/_m (E[X,1{X,, < m}] + E[X,1{X,, > m}])
®)
S EHA%]%—Em,

where &, = sup,,»; E[X,,1{X,, > m}|. Since m is arbitrary, we get (1).
Case 2: general case. This can be reduced to Case 1. In fact,

X, — Xg weakly = X* — X weakly

and

(X,)n>1 are uniformly integrable. = so are (XF),>1.

Thus, by the result for Case 1,

sup E[|X,[] < sup E[X,] + sup E[X,,] < o0

n>0 n>0 n>0
and
E[Xo] = E[X{] - E[X; ] = lin (BE[Xy] - E[X,]) = lim E[X,].
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Remark: In Proposition 5.4.4(b), it is not true in general that

lim B[|X, - Xo[] = 0. (5.18)

For example, if 0 # X, € L'(P), Xy is symmetric, and X,, = (—1)"X,. Then, all the
assumptions for Proposition 5.4.4(b) are satisfied. But |X,, — Xo| = 2| Xj| for odd n’s.

Exercise 5.4.2 Suppose that (X,,),>0 be uniformly integrable real r.v.’s such that X,, — Xj
in probability. Prove then that (5.18) is true.
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6 How much does a random walk fluctuate?

6.1 The central limit theorem

Definition 6.1.1 (covariance matrix ) e For an R%valued L*r.v. X, we define its covari-
ance matriz T' = (y7)¢,_, by

79 = cov(X*®, X9) = E[X'X’] — E[XY|E[X]. (6.1)

e For an L*random walk S, = X; + ... + X, (cf Definition 4.2.1), we define its covariance
matriz T = (y7)},_, as that of X;.

Exercise 6.1.1 Suppose that the random walk is of nearest neighbor (cf. (4.3)). Prove the
following. (i)v* = p(e;) —p(—e;) and v = 6;;(p(e;) + p(—e;)) — v'v?, where p(z) = P(X; = x).
ii)Two different coordinates X', X7 (i # j) of X,, are not independent of each other, even
though they are uncorrelated if v = 0.

Theorem 6.1.2 (The Central Limit Theorem'?) Let S, = X; +...4+ X, be an L*-random
walk (Definition 4.2.1) with v = (E[X{]); € R and T' = (cov(X{, X{))7,—, ((4.5), (6.1)).
Then,

P (S"\;ﬁmj € ) % vr weakly (6.2)

where vr is the Gaussian measure with the covariance matriz I' (cf. Example 5.3.2).

Remark : Theorem 6.1.2 tells us the following information on the distribution of S, for large
n. Let x be r.v. such that P(x € ) = vr. Roughly speaking, Theorem 6.1.2 says that for
large n,

P(n~Y3(S, —nv) € )~ P(x € )

or
P(S, € )~ P(nw+n'?y ).

Although it requires some work to prove CLT in the generality of Theorem 6.1.2, the proof is
remarkably easy in some examples:

Example 6.1.3 Note that
92
1) e(&):1+i0—5+0(93) as 6 — 0.

Thus, if S, is an (nr)-Poisson r.v. (Exercise 5.3.9),

b)) = o) ) o)
2 (- w0 (2))

2
=5 e (7))

—~

2

00ften abbreviated as CLT.
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We see from this and Lemma 5.2.4 that

Sn - n—oo
P ( \/ﬁnr € ) — v, weakly
def

When (X,,),>1 in Theorem 6.1.2 are (r)-Poisson r.v., then, S,, = X;+...4+X,, is an (nr)-Poisson
r.v. (Exercise 5.3.9). Thus we have proved Theorem 6.1.2 in this special case.

Exercise 6.1.2 Let (N, ),-o be r.v.’s such that P(N, = k) = e~ "r*/k! for all k € N and r > 0.
Generalize the computation in Example 6.1.3 to prove that P(% € -) converges weakly to
the standard normal distribution as r — oo.

Exercise 6.1.3 Suppose that P(X,, € -) = vp in Theorem 6.1.2. Prove then that P (*S'”—\/}Zw € ) =

vr for any n > 1. Thus the theorem in this special case is trivial.

a.a—1

T

Exercise 6.1.4 Let f,.(z) = T e " 1{z > 0} (the density of (r,a)-Gamma distribution,

r,a > 0). (i) Show that f(}aa(@)e*w\/a % exp (—62/2) for all # € R and conclude from this
that

Ya_ a—00
P(Xa—\/Ee-):P( \/aae-) =2 vy, weakly,

where P(X, € -) = vz, and P(Y, € ) = 71,. Hint: (5.10) and —Log(1 —z2) = >_,o, = =
2 2\ —a/2 B
2+ 5 +0(|2P) as = — 0. (ii) Show that | £, ,(0)] = (1 n %> .

Example 6.1.4 (Stirling’s formula) Let us prove as an application of CLT for Poisson r.v.’s
(Example 6.1.3) that

1) n! ~V2mn(n/e)" asn — oco.
Let N be ar.v. with P(N =n) = ™%

n!

r

((r)-Poisson r.v.), Then,

2) E[(N—=r)]=r Tﬁ‘_
In fact,
7] no—r lrl W & lrl W
BN =] = X r=m= =3 =3 o
n=0 n=0 n=1
) rte " ! rte " rlrle=r
- T% n! —r; - lr]! -

Now, let S,, be an (n)-Poisson r.v. Then,

E (S%”) — 0 Y2E[(S, —n)7]

1
@ i n"e "  p"tzen
o n -n - =

n! n!
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Since (S, —n)/y/n (n > 1) are uniformly integrable by Example 5.4.3, so are their negative
parts. Thus, by CLT (Example 6.1.3) and Proposition 5.4.4,

- 0
() | VE e
n TJ o
1 [ 2 1
= R -z /2d — R
V 27T/0 e T Vo

which proves (1). O

1
n+s5 _—n
. n2e .
im —— = lim F

Exercise 6.1.5 (Stirlings’ formula revisited) For f, , in Exercise 6.1.4, show that \/La faa(l) =
% ffooo f(}aya(e)e_ie‘/adﬁ for a > 1. Then, use this and the results from Exercise 6.1.4 to prove
the Stirling’s formula in the form: ['(a + 1) “~ v/2ma (2)°.

Exercise 6.1.6 (Wallis’ formula) Prove that 4" (*") "<* \/% in two different way as follows.
(i) Prove Wallis’ formula by applying Stirling’s formula (Example 6.1.4). (ii) Let S,, be r.v.
with P(S, = r) =27 ("). Prove first that E[(S2, —n)~] = 247 (*") and then use CLT to

conclude Wallis’ formula as in Example 6.1.4.

Exercise 6.1.7 Let (S,),>0 and y be as in Theorem 6.1.2. Suppose that f : R? — R™ be
measurable, differentiable at v, and that

If(v+2)— f(v) — f(v)z] < Clz|* for all z € R?
where C'is a constant. Use (6.2) to show that
Vi (f(Sa/n) = f(v)) — f'(v)x inlawasn /oo,

This result includes (6.2) as a special case that f(z) = .
Hint: Set x, = (S, —vn)/v/n and g(z) = f(v+x) — f(v) — f'(v)x to write

Vi (f(Sa/n) = f(v) = f'(V)xn + Vng(xn/v/n).

Then, apply Exercise 5.2.6 to F(z,y) = x + y.

6.2 Proof of the central limit theorem

We will prove that

By Lemma 5.1.2, (6.3) finishes the proof of Theorem 6.1.2. We now present a lemma which
plays an important role not only to prove (6.3) but also to prove Theorem 12.3.1.

lim E [e (9 = m))] =exp (—260-T9) for all § € R? (6.3)

Lemma 6.2.1 Let Y = X; —v. Then,

|Ele(0-Y)]—(1—36-T9)| < 4)0PE (|Y]*min{|Y]|0], 1}) (6.4)
o(|0)?) as |0) \, 0.
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Proof: Let us prove that

— ()t 2f
e(t) =y —| < A

(n+1)! o forallte Randn=1,2,...,

1)

We have

(it)m . t t1 tn
e(z&)—z:W = i /Odtl/o dtg..../o e(tpi1)dtns

t t1 th—1 _ 1
_ 1/ dtl/ dtg..../ eltn) =1,
0 0 0 1

We get the bound [¢["™! /(n+1)! from the integral on the first line, while another bound 2[¢|" /n!
is obtained from the integral on the second line.
It is now easy to prove (6.4). We have that

E[Y-6)=0, E[(Y-0)’]=) 6:6,EY'Y]=06-T6.

ij=1
Therefore, we see (6.4) as follows:
|Efe(Y -6)] —1+16-T9)
= |Ele(Y-0)—1-iY -0 —L1(iY -6)°]|
< E[)Y-0P(Y -0 A1)] by (1) withn =2,
< |OPE[YP(YI0IAL)]
We see by the dominated convergence theorem that

lim E[|[Y]2([Y||0| A 1)] =0
lim B[YP(Ylol A 1)]

which, together with (6.4), proves (6.5). O

Exercise 6.2.1 (More than L?) Use the argument in the proof of Lemma 6.2.1 to prove the
following:
(i) If X, € L?T(P) for some ¢ € [0, 1], then,

|Efe(Y -0)] — 1+ 16-T6| < |0 P[|Y[**9] = O(|0]**9) as 0] \, 0.

Hint: min{|Y||6], 1} < [V]70]°.
(ii) If Y is symmetric and X; € L3T(P) for some ¢ € [0, 1], then,

|E [e(Y - 0)] — 14 36 -T9| < 6> P([Y[**) = O(|0]**9) as |6] \, 0.

Exercise 6.2.2 (x)(Less than L*) Let X real r.v. with the density %|z|~*V1{|z| > 1},
where 0 < o < 2. Show that

> siny

5(0) % Ble(0X)] = cosd— |0 /| dy

o Y*
_ {1—921n(1/|9|)+0(92) if =2

L= ()8 +o(l8])  f0o<a<2 3070

where c(a) = [ s;%dy > 0.
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We next present a general Lemma:

Lemma 6.2.2 Let a >0, o : R — C and h : RY — C be such that

a) My(R) = supjg<p [M(0)| < oo for any R >0,

b) h(rf) = r*h(0) for all § € R? and r € (0,1],
c) p(@) =1—h(0)+o(|0]*) as § — 0.

Then,

lim ¢ (nf/a> = exp(—h(0)) for all € R4

n /oo

Moreover, the convergence is uniform in |0| < R for any R > 0.

Remarks: 1) The lemma can be understood as an extension of the easy example: ¢(6) = 1—|0|
(thus a = 1), in which the lemma is nothing but lim,, o, (1 - %) =71,
2) Suppose that ¢ = p/ for some p € P(RY). Then ¢(n~/*9)" is the ch.f.of

Y, = (X1 + ...+ X,)/n Ve,

where X7, X5, ... are i.i.d. with the common distribution p. Thus, Lemma 6.2.2, together with
Lévy’s convergence theorem (Theorem 11.2.1) shows that e™" is a ch.f. of a random variable
Y and Y,, — Y weakly.

Proof of Lemma 6.2.2: We first prepare an elementary estimate:

n 2,2
1) (1+2) - < e
n

We define

for any z € C and n € N*.

l(s)=(1—=s)exp(z/n)+s(1+2), sel0,1].
We then have

2) (14 2)" —e* = £,(1)" — £,(0)"
3) [n(s)] < |exp(z/n)| V|1 + 2] < exp(|z|/n),
4) 10,(s)| < |exp(z/n) = (1+ 2)| < §]z/n[*exp(|z/n]).

Combining these, we get (1):

a3 -e] ©

/0 ds it (s (3)

< neexp((n—1)[z]/n) - 5lz/n|* exp(|z/nl)
= (2n) ' |2|*exp(2]).
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Next, difine a function h,, by <p( o ) =1— "0 We take arbitrary R > 0 and fix it. We

nl/e n

then have for |#| < R that:

= (o)) o) e ()

This implies that

5) hn(0) == h(6) uniformly in |§] < R,
and thus,

6) M;(R) © sup sup |hn(0)] < 0.
n>0 6|<R

We now write

Using (5)—(6) and
le* — €| < |z —w|exp (Re2)* + (Rew)™) z,w e C,
we see that

16,(0)] < [h(8) — hy(§)|eMoE+HMIE) 2% () ypiformly in 0] < R.

On the other hand, we see from (1) and (6) that

2 Mi(R)
len(0)] < M, (R)"e™

< %0 uniformly in |0| < R.
2n

This completes the proof of the lemma.

Let us finish the proof of (6.3). Note first that

o0 )] - eI 57,
N

By Lemma 6.2.1, all the assumptions in Lemma 6.2.2 are satisfied by

o) =Ele(®-Y)], h(®) =10-T0

)

with a = 2. Therefore (6.3) follows from Lemma 6.2.2.
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Exercise 6.2.3 (CLT for continuous-time RW) Let S, = X; + ... + X, be as in Theorem
6.1.2 and (N;);>0 be Poisson process with parameter r > 0 (Example 3.1.2). We suppose

that (X,),>1 and (IV;)>o are independent and define S; = Sy,. Then, show the following: (i)

Ele(d - 5)] = exp((Ele(- X,)] — 1) rt). (ii) P(% €)= v 7 weakly, where vz is the

matrix I is given by fij = B[XiX]] (i,j=1,..,d).

Exercise 6.2.4 (x)(Logarithmic correction to Lemma 6.2.2) Replace the condition (c) in
Lemma 6.2.2 by:
p(0) =1 —ah(0) In(1/]6]) + O(|6]%), 6 — 0,

while keeping all the other assumptions. Prove then that

7

i 7 ) = _ d
nh/rgogo ((nlnn)l/a> exp(—h(0)) for all § € R

Exercise 6.2.5 (x)(«a-stable law) Let S, = X; + ... + X,,, where (X,,),>1 are real i.i.d. with

the density 2|z[~(*V1{|z| > 1}, where 0 < a < 2. (i) For a = 2, use Exercise 6.2.2 and

Exercise 6.2.4 to prove that \/% "% x weakly, where x is a r.v. with P(y € -) = v;. (ii)

(x) For 0 < o < 2 and ¢ > 0, use Exercise 6.2.2 and Lemma 6.2.2 to show that

li/m o(n~Y9)" = exp(—c(a)|f]*) uniformly in |#] < R for any R > 0,

or equivalently, for any ¢ > 0,

li/m o(n~Yre)" = exp(—c|f|®) uniformly in |§| < R for any R > 0,
where 7 = (c/c(a))/*. This shows that there exists pc. € P(R) such that ), () =
exp(—c|d|*) (6 € R) and that % % x weakly, where y is a r.v. with P(y € +) = Jieq
(cf. the remark after Lemma 6.2.2). fi., is called the symmetric a-stable law (For v = 2, it is
Voe, and for av = 1, it is the (¢)-Cauchy distribution).
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7 Does a random walk come back?

7.1 Transience and recurrence

In this section, we will take up a question whether a random walk (S,,),>0 comes back to its
starting point with probability one. In particular, we will prove the following

Theorem 7.1.1 For the simple random walk (Sp)nen in Z% (cf. (4.4)),

=1 d<2,
<1 d>3.

P (S, =0 for somen > 1){
This theorem is often explained with a joke:
“ A drunk man will find his way home but a drunk bird may get lost forever”.
We also make observation for more general RW in the course of the proof of Theorem 7.1.1.

e Throughout this section, we will restrict ourselves to Z%-valued random walks.

This is to avoid being bothered by inessential complication. It is convenient to introduce the
following notations. For x € Z¢, we set

V(z) = > 1{S, =} (7.1)

n>1
= ‘“the number of visits to z”.
Am(z) = P(V(z)>m), m=1,...,00 (7.2)
= “probability that z is visited at least m times”.
h(z) = hW(z) (7.3)
= ‘“probability that z is visited at least once”.
gs(x) = Zs”P(Sn =z), 0<s<1, (7.4)
n>0

The function gs(z) above is called the Green function of the random walk.

Exercise 7.1.1 (%)(Green function for continuous-time RW) Let S, = X1 + ... + X, be a
Z%-valued random walk and (/NV;)¢o be Poisson process with parameter r > 0 (Example 3.1.2).
We suppose that (X,),>1 and (N;);>o are independent. Then, show that [~ P(Sy, = x)dt =
%gl (z), x € 74 where g is the Green function for (S, )nen.

Proposition 7.1.2 (Transience/Recurrence) Let (S,),>0 be a Z*-valued random walk.
Then, the following conditions (T1)-(T5) are equivalent:

T1) h(0) < 1.

T2) h>)(0) = 0.

T3) ¢:(0) < oo.

T4) h>)(x) =0 for all z € Z°.
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T5) gi(x) < oo for all x € Z°.

(Sp)n>0 is said to be transient if one of (therefore all of ) conditions (T1)-(T5) are satisfied.
On the other hand, the following conditions (R1)-(R5) are equivalent:

R1) A(0) = 1.

R2) h®)(0) = 1.

R3) 91(0) = oo.

R4) h>®)(z) =1 if h(x) > 0.

R5) ¢i1(x) = oo if h(z) > 0.

(Sn)n>0 is said to be recurrent if one of (therefore all of) conditions (R1)-(R5) are satisfied.

Remark: Note that
h(0) = P (0 € S, for somen >1).

Thus, Theorem 7.1.1 says that the simple random walk is recurrent for d < 2 and is transient
for d > 3.

Example 7.1.3 Suppose that you and your friend perform simple random walks indepen-
dently from 0 € Z9. Then, you will meet each other infinitely many times if d < 2 and you will
eventually be separated forever if d > 3. This can be seen as follows. Let (S)),>1 and (S!),>1
be independent random walks. Then, S,, = S], — S/ n > 0 is again a random walk and

1) P(S, = 0) = P(S, — 8" = 0) = P(S}, = 0)

Let g; and g} be the Green functions of S. and S’ respectively. Then,

71(0) =3 P(S, = 0) 23" P(sy, = 0) = ¢} (0),

n>0 n>0

where the reason for the last identity is that P(S5,,; = 0) = 0. Thus, we see the claim from
Theorem 7.1.1 and Proposition 7.1.2. O

Exercise 7.1.2 Prove that

0 for a recurrent RW,

P(Jl/rgo [Sn| = +o0) = { 1 for a transient RW.

Exercise 7.1.3 Prove that P(H C {S,},>1) = 1 for any recurrent RW, where H = {x €
Z%; h(z) > 0}. It would be interesting to compare this with Exercise 12.1.3 below.

Exercise 7.1.4 Prove that for all 0 < s < 1 and z € Z¢,

9s(z) = do.+ sEgs(z — X1),
h(z) = (1—h(0)P{X;=z}+ Eh(z — Xy),
A (z) = ER™(z - X;).

51



7.2 Proof of Proposition 7.1.2

We begin by proving the following

Lemma 7.2.1 For z € Z¢,
W () = h()h(0) 79)

As consequences,

N 0 ifn(0) <1,
M“@:{hu)gmmzy (7.9)
and
m@g:%@+T%%%; (7.10)

Remark Intuition behind (7.8) can be explained as follows; A trajectry of a random walk
which visits a point © m times can be decomposed into m segments; a segment starting
from the origin until its first visit to z and m — 1 “loops” (or “excursions” ) starting from
x until their next returns to x. One can vaguely imagine that these m segments should be
independent for the following reason; each time the random walk visits z, it starts afresh from
there independently from the past.

Proof: Define the m™-hitting time to x € Z<¢ by

ng(gm):inf{nzﬂ Zl{Sk:a:}:m}.

k=1

Then,

W () = P(ni™ < 00) =Y P {" ™V = £, Ups1{Snse — Sp = 0}
::Eg :‘:;7[
We observe that

1) E, and F; are independent,

since
EreolX;; j<{], FeolX;;j>{.

We have also that
(7:2) 5 (e (7.3)
2) Y51 P(E) = 1" V(z), P(F) = P(F) = h(0).
(Note that S,1¢ — S¢ = Xpjn + ... + X1 to see P(Fy) = P(Fp) above.) Therefore,
(m) (. D &) @) (m-1)
W () =Y P(ENP(F) = Y P(E)P(Fy) = h™ D (x)h(0).

>1 >1

We then get (7.8) by induction.
To see (7.9), we use the monotone convergence theorem (MCT) and (7.8):

(c0) (. MCT .. my; .y (78 ) 0 if h(0) < 1,
) = @)_{h@)ﬁMm:L
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Equality (7.10) can be seen as follows;

o) = oat D0 P(S =) " G+ BV ()

n>1
(1.12) h(x)
=7 Soa PV G0+
0, T Z_’_/ 0, 1 —1(0)
m>1

=h(m)(z)
O

Exercise 7.2.1 Conclude from (7.8) that V(0) for a transient RW is a r.v. with geometric
distribution with the parameter 1 — h(0) (cf. Exercise 3.1.9).

Exercise 7.2.2 (i) Show that h(z +y) > h(z)h(y) for all z,y € Z¢. This implies that the set
H = {x € Z* ; h(x) > 0} has the property that x,y € H = z+y € H. Hint: Apply the
argument to prove (7.8) above. (ii) Use (i) and (7.10) to show that gi(x+v)g:1(0) > g1(x)g1(y)
for all z,y € Z%.

Proof of Proposition 7.1.2: (T1) = (T2)-(T5): This follows from (7.9)—(7.10).
(T2) = (T1): This follows from (7.9) for x = 0.

(T3) = (T1): This follows from (7.10) for x = 0.
Therefore, (T1), (T2) and (T3) are equivalent. Moreover,
(T4) = (T2): Obvious.

(T5) = (T3): Obvious.

(R1) = (R1)-(R3): This follows from (7.9)—(7.10).

(R2) = (R1): Obvious.

(R3) = (R1): This follows from (7.10) for z = 0.
Therefore, (R1)-(R3) are equivalent. Moreover,

(R1) = (R4): We will show that

1) h(z) >0, h(0)=1 = h{>®)(z)=1.
To do so, we first prove that
2) h(z) >0, ¥ (y) =1 = h®)(y—2z)=1

This can be seen as follows. Since h(x) > 0, there is a £ > 1 such that P(S, = x) > 0. We
have for any m that

P(MuzmedSn Zy}) > P{Sk =2} NV (Mazmen{ S — Sk £y — x}))
= P(Sy=2)P (Nu>m{Sn #y —2}).

Note that h(>)(y) = 1 is equivalent to that P(N,>m{S, # y}) = 0 for any m. Therefore (2)
can be seen from the above relation. Now it is easy to conclude (1) from (2). Suppose h(z) > 0
and h(0) = 1. We then see h(>)(0) = 1 ((R1) <= (R3)). Now h(z) > 0 and h(>)(0) = 1
imply 2™ (—z) = 1 by (2). Finally, h(>(0) = 1 and h(>)(—2z) = 1 imply h(>)(z) = 1 again
by (2).

(R4) =(R5): Suppose that h(x)
implies that g, (z) = do . + E[V (2)]
(R5) =(R1): This follows from (7

Exercise 7.2.3 Conclude from (2) in the proof of Proposition 7.1.2 that the set
{v € Z¢; h>)(x) =1} is either empty or a subgroup of Z.

> 0. Then, 1 = h(®)(z) = P(V(z) = o) by (R4). This
10

) since h(z) > 0 for some z € Z4. O
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7.3 Proof of Theorem 7.1.1

We first consider a general Zd-valued random walk with v = P(X; € ). We will use the
following notation;

61 = [-6,0]" cR? for 6 > 0. (7.11)
D(0) = FEe(f-Xi)=) e(-z)v(x), 0cnl (7.12)
xcZ4

where e(t) = exp(it), t € R.

Lemma 7.3.1

1
P(S,=x) = W/ dfe(—0 - z)v(0)", for x € Z¢ and n € N. (7.13)

™ 7l

Proof: Note that

1) Ee(f-S,)=v(0)" by Lemma 5.2.2.

and that

1
2 - "y : 74,
) Ouy @) /ﬂ dle(—0-x)e(0-y), z,y¢€

By taking the expectation of (2) with y = S,,, we have

P(S, =) = ! _E [/ dbe(—6 - x)e(d - S )} noini 1 d/ dbe(—0 - z) E[e(6 - S,)],
(2) ol (2m)? s —_—
=0(0)" by (1)

which proves (7.13). O

Lemma 7.3.2 For the simple random walk on Z2, there exists constants b; € (0,00) (i =1,2)
such that for alln > 1,

by
P(S, = < —= 7.14
sup (Sn=2) < 5 (7.14)

by
P(Sy, =0) > a2 (7.15)

Proof of Theorem 7.1.1 assuming Lemma 7.3.2: We see from Lemma 7.3.2 that
(7.15) :
=" ifd=1,2
= Z P(S5, =0) (7.14)
n>0 < oo ifd>3

Thus, the theorem follows from Proposition 7.1.2. O

Proof of Lemma 7.3.2: We have

d
Z cost; € R.

o4
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for all & = (0;)9_, € R?. Recall that

1 —cost = 2sin’(t/2) <t?/2, tER, (7.16)
2
Isint] > [, |t <. (7.17)
T 2
We then see that
d d (7.16)
. 1 (7.16) 2 _ < l0)?
L 9(0) = 53— costy) 0 25 a2 4 5,
i=1 J=1 > 6

where ¢; = é and ¢y = #. In particular,
1) 0<1—ci|0f <D0) <1—col0 if]0] <e,
where we choose € > 0 small enough. We start with (7.15).

(7.13) 1 1

P — e - 2n > -~ 2n
(Sn = 0) e /ﬂ PO 2 /9 ‘SE”(Q) df
(é) 1 . / (1 . 61‘9|2>2nd9 = ¢4 /E<1 _ C1T2)2an_1dT
(2m)¢ Jip << 0

—r/m 5\/77 2n
A A (1 _ay ) s 1ds.
0

n

from which (7.15) follows, since for any ¢ > 0,

c/n 2\ 2n )
2) lim (1 — g) s¥1gs MET / e 2" 541 ds € (0, 00)
0

n,/'c0 Jq n

To show (7.14), we introduce some notation. Let vy = 0 and {vy}2~, are vertices of the cube
ml. We also set
W={0enl;|0—v;|>eforall j=0,..,2%}.

We write
713
P(S, = ) /| "dG_ZJk ) + Jw(n),
where .
Iln) = / O, Sl "do.
[0—vy[<e
We see that

{0 exl; [9(0) = 1} = {u}ilo,
and thus, there exists 6 € (0,1) such that

max V] < 0.
W

This implies that
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BRIy gy
0o = g [ OIS o [ 0oy

Thus, we see as in the proof of (7.15) that there exists ¢4, € (0, 00) such that

Cq
Since V(0 + v) = —v(#), we have
5) Shes J(n) = Jo(n).

Finally, we have the desired estimate:

(3)-(5) 2¢,

2d

C

P(S, =) < 301 + Lhw(m)] S ek i<
k=0

— nd/27

for some cs.
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8 Brownian Motion

8.1 What is a Brownian motion?

We fix a probability space (£2, F, P) in this subsection.

Definition 8.1.1 (Brownian motion) A family {B; : Q — R%},5q of r.v.’s is called a d-
dimensional Brownian Motion (BM? for short) if the following properties are satisfied;

B0) B, =0, as.

B1) There is an 0y € F such that P(£y) = 1 and ¢ — By(w) is continuous for all w € €.
B2) {B;, — B;,_, }}_, are independent if n > 2 and 0 =1y < t; < ... <t,.

B3) For any 0 < s <t and A € B(R?),

P(Bi,—Bs€ A) = /Apts(:z:)da:, where py(x) = (2mt)" %% exp (—%) : (8.1)

Brownian motion came into the history in 1827, when R. Brown, a British botanist, observed
that pollen grains suspended in water preform a contunual swarming motion. In 1905, A.
Einstein derived (8.1) from the moleculer physics point of view. A mathematically rigorous
construction with a proof of the continuity ((B1) above) was given by N. Wiener (1923).

Remark: It is useful to note that following consequence of (8.1): for 0 < s < ¢,
P(Bi—Bs€:)=P(B;_s€-)=P(Vt—sB; €-). (8.2)
Exercise 8.1.1 Verify (8.2).

We will prove in subsection 8.2 that a BM? exists on a suitable probability space (Q,F,P).
Once we are given a BM?, then, we can construct many other BM%s (Exercise 8.1.4 below).
However, “the law of BM? is unique” in the following sense.

Proposition 8.1.2 (Uniqueness of the law of BM?) Let S = (R and let B be its
cylindrical o-field (cf. Definition 2.2.1).

a) Suppose that {B,}i>0 is a BM®. Then the map w +— (By(w))iso from (Q, F) to (S,B) is
measurable.

b) Suppose that {B,}>0 and {B}1=¢ are BM?’s. Then, their laws on (S,B) induced by the
maps w — (By(w))i>0 and w — (By(w))i>0 are the same;

P((B)iso € A) = P((By)is0 € A) for all A € B. (8.3)

Proof: a): This follows from a general consideration of cylindrical o-fields (cf. Exercise 2.2.2).
b): It is not difficult to see that

P(By, € Ay,..., By, € Ay)
_ / po (21)ds / Doss (29 — 1) . / oo (n — 2 )dzn (34
Aq Ao An

forn>1,0=ty <t <...<t,and A;,... A, € B(R?) (Exercise 8.1.2). This proves (8.3)
for all cylinder set A, and hence for all A € B (cf. Lemma 2.2.2). O
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Exercise 8.1.2 Prove (8.4). Hint: Note that { B;, —B;,_, }_, are independent and that { B;, €
Ay, ... By, € Ay} = {(By, — By,_,)}-, € D}, where D =07_{y € (R)"; y1 + ... +y; € A;}.
Therefore,

P(By, € Ay,....,B;, € A,)
= / Py (Y1) P10 (yQ) © Pty—tna (yn)dyl e dyp.
D
Exercise 8.1.3 Prove that {B;};>0 is a BM? if and only if their coordinates {Bi};>o (i =

1,...,d) are independent BM'’s. Hint: It is not difficult to prove “if” part. Then, Proposition
8.1.2 together with the result of “if” part can be used to prove “only if” part.

Exercise 8.1.4 Suppose that {B,};>0 is a BM?. Then, prove that {¢""/?By}i>¢ is a BM? for
all ¢ > 0 and that {UB;};> is a BM? for any orthogonal d x d matrix U.

One of the most striking property of the Brownian motion is:

Proposition 8.1.3 (Nowhere non-differentiability'') With probability one, t — By is not
differentiable at any t > 0.

Remark: It is easy to prove that for fized t > 0,

I |Bein, — Byl
m —-—-

H N = 00 in probability

Biin—DBt
h

ZM> (5;2)]3(&
Vh

in the sense that limy\ o P ( > M) =1 for any M > 0. In fact,

Biyn — By
p(|2th — e
(1%

ZM) :P<|Bl\ ZM\/ﬁ) (AUEY

Proof of Proposition 8.1.3'%: It is enough to prove the proposition for d = 1. We will prove
that with probability one,

m |Biyn — By
1mm —-—-

Hm . = oo for any t > 0,

It ie enough to show this with “at any ¢ > 07 replaced by “at any t € [0,1]” (countable
additivity of the measure). Thus, it is enough to prove that the following set D C € is a null
set:

ANO
Let us write for simplicity B(a,b] = B(b) — B(a) for 0 < a < b. We will show that

n 3
1) DcE U U m UﬂEé,n,i,ja

(EN* NEN* n>N i=1 j=1

— |Byyn — B
D:{lim%<oo forsometE[O,l]}.

"Due to R.E.A.C.Paley, N. Wiener and A. Zygmund (1933)
2Due to A. Dvoretsky, P. Erd/”os, S. Kakutani (1961)
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where

g .. -{lg i+7 i+j+1 < 8¢
bn,t,] — n s 0 = .
Let us first prove that P(FE) = 0, by which the reason for ﬂ?zl in the definition of E will also

be explained. Since the intervals (%, %}, 7 =1,2,3 are disjoint,

L i
B(z—l—j’ i+j+ ] =123
n n

are i.i.d. with the same distribution as |B(1)|/v/n (Recall (B2) in Definition 8.1.1 and (8.2)).
We therefore have that

P (U m Ez,n,z‘,j> < (ﬂ Egmﬂ‘,j) =nP (|B(1)| < \8/—%)

i=1j=1

g
w

By this and Fatou’s lemma, we get

n 3 n 3
" ( U ﬂ U ﬂ E&mi’j) = E_m P (U ﬂ Ee,n,z‘,j) =0,

NeN* n>N =1 j=1 i=1j5=1

which proves P(E) = 0.
We next turn to (1). On the set D, there exist t € [0,1], £, N € N* such that

B, .y, — B
2) sup wﬁﬁ foralln > N
0<h<4/n h

We set i = [nt] < n so that
, i i
3) £§t<2—|—j<z+j+
n n n
Then, for j =1,2,3,

e R e
n

n n -

4
<t+-, j=1,2,3.
n

This proves (1).

Exercise 8.1.5 (%) Prove the following refinement of Proposition 8.1.3: if &« > 1/2, then, with

probability one,
Tm | Biyn — Byl

r\0 he
Hint: It is enough to prove that the following set D C € is a null set:

= oo for any t > 0.

— |Byn — B
D:{limw<oo forsometE[O,l]}.
R\0 he
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With J € N* such that (o — 3)J > 1, show that

pee () U N Oﬁl{‘B(iﬂv i+j+1”§2(<]tl)f}.

0eN* NeN* n>N i=1 j=1

and that P(E) = 0.

8.2 Does a Brownian motion exist?

We present a construction of a BM! in this subsection. This is enough to prove the existence
of BM? for any d > 1 (cf. Exercise 8.1.3). We begin by introducing Haar functions h,, . :
[0,00) = R (n,k =0,1,...) as follows;

2"2  ifn>1andt e [2k/2, (2k +1)/2"),
hog = Lprsr) hng(t) =4 =22 ifn>1and t € [(2k +1)/27, (2k + 2)/2), (8.5)
0 if n>1andt¢[2k/2", (2k +2)/2").

Exercise 8.2.1 Draw pictures of Haar functions.

Lemma 8.2.1 Define
<ﬁg>=/“famww f.9 € L]0, 00).
0

Then {hyk}n >0 is a complete orthnormal system of L*[0,0), i.e.,

L if (n, k) = (', k)

(Pnger P ) = { 0, if otherwise. &0

and

M {g € L*0,0) ; (hng.g) =0} ={g=0} (8.7)

n,k>0

Proof: The proof of (8.6) is easy and is left to the readers (cf. Exercise 8.2.2 below). To prove
(8.7), we take a function g from the set on the left-hand-side of (8.7) and show that

G(t) = G(0) forallt >0,

where G(t) =3 fot g(s)ds. Since diadic rationals are dense, it is enough to prove

1) G (%) = G(0) for all n,k > 0.
We will prove (1) by induction on n. For n = 0, we have
k+1
2) Gk +1) — G(k) :/ g(0)dt = (hoprg) =0, k=0,1,....
k
Similarly forn=1,2,...,and £k =0,1,...,
G (%57) =36 (5h) — 3G (57)
= 2 (G -G ) -2 (G2 -G (357))
2];;0;1 2];;!;2 .
=4[ ewar-3 [ g0t =12 (hasg) =0
2277]3 21;;]{}—1

We see from this and (2) that induction works. O
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Exercise 8.2.2 Prove (8.6).

Recall that vy € P(R, B(R)) stands for the Gaussian distribution with mean-zero and variance
one. We let & = (&§,x)n k>0 denote a r.v. with P{{ € -} = ®,,>ov1 defined on a probability
space (2, F, P). We will prove the existence of BM' in the following form;

Theorem 8.2.2 a) A series
t
Bi=>_ §n,k/ A (w)du, >0 (8.8)
n,k>0 0

is absolutely convergent almost surely. More precisely, for any o € [0,1/2) and T > 0,
there is a (0,00)-valued r.v. M such that with probability one,

2

n,k>0

t
fn,k/ hog(u)du| < Mt —s|* forany0<s<t<T. (8.9)

b) {B:}>0 defined above is a BM".

Theorem 8.2.2 tells us also that ¢ — B, for the Brownian motion is a-Holder continuous for
any a < 1/2.

Corollary 8.2.3 If {B;}i>0 is a BM', then for any a € [0,1/2) and T > 0,

B, — B,
P ( sup ‘t—l < oo) =1.
o<s<t<T |t — 8|

Remark: ¢ — B, is not a-Holder continuous for any o > 1/2 (Exercise 8.1.5).

We now turn to the proof of Theorem 8.2.2, which will be divided into some lemmas. We
begin with the following

Lemma 8.2.4
P(S(€) < o0) = 1,

where

S(6) = up |6nal/ /1082 + 11+ F).

Proof: We will in fact prove that

P <|§nk| < /6log(2+n+k) except finitely many (n, k)’s) =1

We first compute any y > 0 that
Pllensd > 0} = VBR[| expl—a/2)da
< VIR [ Gl exp(—a?/2)ds = VETR esp(—2) .
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We then use this inequality as follows,

E|Y Y[kl > V6log2+n+k)| = > P{l&usl > /6log2+n+k)}

n,k>0 n,k>0
< V2/7 Z exp(—3log(2+n+k))
n,k>0
= \/2/7TZ(2+n+k)’3<oo.
n,k>0

As a consequence, Y, o 1{|&k| > 1/6log(2+n+k)} < oo, P-a.s., which is equivalent to
what we wanted to prove. O

Lemma 8.2.5 Define a linear subspace X of L*([0,00)) by X = Urso>1X.7, where
l
-/Yl,T = {Z 91-1[07,51.) ; (Hz)ﬁzl S Rl, O<ti<...<y, < T}
i=1

Then the following hold;

a) Forge X, a series

B(Q) - Z fn,k( hn,k7g >7 (810)

n,k>0

is almost surely absolutely convergent. More precisely, for any ¢ > 2,1 >1 and T > 0;
there is a constant C' = C(q,l,T) € (0,00) such that

> &k P 9] < CSE|gllopeey for all g € Xz, (8.11)

n,k>0
where S(€) is defined in Lemma 8.2.4.

b) {B(g)}sex is a family of a mean-zero Gaussian r.v.’s such that

E[B(g1)B(g2)] = (91,92 ), for all g1,92 € X. (8.12)
c) If{g;}}-1 C X and (gi,g;) =0 fori # j, then {B(g;)}}—, are independent.

Proof: (a): It is enough to prove (8.11). Let ¢ >2,1>1, T >0 and g = 22:1 Oiljo) € X7
We take p € (1,2) such that % + % = 1 and define € = % — 2 > 0. Note first that

1) If (hng,g) #0, then 38 < T,
2) >, 1<+
k:<hn,kvg>7é0
3) th,kHLP[O,oo) = 2%7% — 9—(n—1)e
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In fact, (1) and (3) are obvious from the definition of h,j. The second inequality (2) can be

seen as follows;
!
S oasy Y

k:< hn,kvg )#O 1 k:< hn,lml[o,ti) >7£0

—_

and for any ¢t > 0,

If< n,ks 9 >7é0 then

sl < S(€)V1og(2+n+k) < S(€)Vlog(2+n+2"T) by (1),
|< hn,k; g >| < 2_(n_1)6||g||Lq[0700) by (3) and Holder.
Therefore,
n,k>0 n20 k:( hp 1,9 )70

< Z Z (£)3/10g(2 + 1+ 2°T)27 " g Lejo,00)

n2>0 k:( hn k,g )7#0

< (+D)S(E)lgllzap,00) Z V1og(2 +n + 2nT)2~ (7 Ve,

n>0

The series in the third line converges and this proves (8.11).
(b): Ingredients of the proof will be Lemma 8.2.1 and some basic properties of Gaussian
r.v.’s listed in Exercise 5.3.3-Exercise 5.3.6. For g € X', we define B(g) by (8.10) and By(g)

by the partial sum,;
N
= ZZSn,k( hn,kag >

n=0 k>0
Then,
e Bn(g) for each g € X' is a is a mean-zero Gaussian 1.v..

In fact, By(g) is a finite summation of independent mean-zero Gaussian r.v.’s (cf. (2)) and
hence is a mean-zero Gaussian r.v. by Exercise 5.3.3.
Next, as a consequence of part (a),

* lim Bn(g) = Blg), P-as.
Moreover,

. ]\}1}{1}0 E[Bn(91)Bn(92)] = (91,92 ) for g1,92 € X.

This can be seen as follows;

E[Bn(91)Bn(g2)] = Z Z P ges 91 )l s 92 ) En k6 i)

n,n'=0 k,k’>0
N N

= ZZ< hn,k:vgl><hn,k792> I Zz<hn,k‘agl><hn,k792>
n=0 k>0 n>0 k>0

= (g1,92), by Parseval’s identity.

63



These, together with Exercise 5.3.6, prove that B(g) for each ¢ € X is a Gaussian r.v. and
that (8.12) holds for g1, ¢ € X.

(c): By part (b), 327, 0;B(g;) = B(3_j_, 0;9,) is a Gaussian r.v. for (¢;)7_; € R". Hence it
follows from Exercise 5.3.4 that (B(g;))}-, is an R"-valued Gaussian r.v. By this, (8.12) and

Exercise 5.3.5, we see that {B(g;)}}—, are independent. O

Proof of Theorem 8.2.2: We set g; = 1. Then, we see from (8.8) and (8.10) that for
0<s<t<o0,

1) B = B(g),
2) By — Bs = B(g: — 9s)-

Since ||g; — gsllzajo.00) = [t — 8|19, the bound (8.9) follows from (8.11) and (2). Let next us
check (B0)—-(B3) (with d = 1) for { B, }4>o0.

(BO): This is obvious by the definition (8.8).

(B1): This follows from (8.9).

(B2): If n > 2and 0 =t < t; < ... < t,, then (g, — 91, ,, 9, — G;., ) = 0 for i # j
Therefore, By, — By, , = B(gt, — ¢+,_,) (i = 1,...n) are independent by Lemma 8.2.5 (c) .
(B3): (g1 — gs, gt — gs ) =1t — s for 0 < s < t. Hence it follows from Lemma 8.2.5 (b) that
B, — Bs = B(g; — gs) is a Gaussian r.v. with the variance t — s. O

8.3 It0’s formula

In this subsection, we will explain It0’s formula for the Brownian motion and its applications
without going much into proofs. For complete proofs and more details, we will refer to the
following references;

[Dur84] Durrett, R. :“Brownian Motion and Martingales in Analysis”, Wadsworth & Brooks/Cole
Advanced Books & Software, Belmont, Calfornia.

[Fol76] Folland, G. B.: Introduction to partial differential equations, Princeton University Press,
1976.

[KS91] Karatzas, I. and Shreve, S. E.: Brownian Motion and Stochastic Calculus, Second Edition.
Springer Verlag (1991).

In what follows, B, = (B})%,, t > 0 denotes a BM? on a probability space (Q, F, P).

For f € C?(R%) and i = 1,...,d, we write 0;f = 8‘Zif and Af =37 oy (%)Qf.

Theorem 8.3.1 (It6’s formula for the Brownian motion) Suppose that [ € C?(R?).
Then, P-a.s.,

F(B) = f(0)= ) /Ot O, f(B,)dB: + % /Ot Af(By)ds, forallt >0, (8.13)

1<i<d

Here the integral f(f 0:f(Bg)dB: is called the stochasic integral with respect to the Brownian
motion explained below.
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Remark: The function s — B! is not of bounded variation in any interval. Therefore, the
integral fot 9;f(Bs)dB’ cannot be defined as a Lebesgue-Stieltjes integral.

We now turn to the explanation of the stochasic integral with respect to the Brownian
motion. Unfortunately, we have to begin with a technicality.
We define the filteration (F;)¢>o as follows;

~7:to = U[(BS)SSt] t >0,
Fr = Neso0[Fpees N t>0.

where N = {N € F P(N) = 0}. It would be natural to introduce F?, which is all the
information available up to time ¢. The technical advantage of introducing F; (“an infinitesimal
peeping in the future plus null sets”) is to enlarge F} to get the following properties;

e Right continuity; N.soFie = Fy, t > 0,
e Completeness; N C F;, t > 0.
On the other hand, enlargement is only a little so that we still have that
e Fort >0, o[Biys — By ; s > 0] and F; are independent under P.
See [KS91,page 93| for the proof of above mentioned properties of F;.
Definition 8.3.2 (Stopping times) A r.v. 7:Q — [0, 0] is called a stopping time if
{r <t} eF foralt>0. (8.14)
Example 8.3.3 Let I' ¢ R? and define
7(I') =inf{t >0; B, €I'}.

It is known that 7(T) is a stopping time if I' € B(R?). This is not difficult to prove if T is
either open or closed. Here, in the proof, one sees how the right continuity of F; is used. See
the remark below and Exercise 8.3.1.

Remark : Consider the following condition'® for a r.v. 7:Q — [0, ool;

{r <t} e F forallt>0. (8.15)
Then, this is equivalent to (8.14). In fact, we have
1) {r <t} =Upi{r <t-1},

2) {T>t} :ﬁm21 Uan {TZt—%}

BA r.v. 7 with this condition is called an optional time. We see from the argument of this remark that a
stopping time is always an optional time, and that the converse is true when the filteration is right continuous.
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We see from (1) that (8.14) implies (8.15), while the converse can be seen from (2) and the
right continuity of ;.

The observation above can be used to prove that 7(I') defined in Example 8.3.3 is a stopping
time for an open set I'. We prove that 7(I") satisfies (8.15) as follows:

{rm)<t}= | {B.eT}= |J {B.eT}er,

s€(0,t) s€QN(0,t)
where, to get the second equality, we have used that I' is open and that s — B, is continuous.

Exercise 8.3.1 Prove that 7(I') defined in Example 8.3.3 is a stopping time if I" is closed.
Hint: There is a sequence of open sets G; D G5 D ... such that I' = N,,,>1G,.

We now define some classes of integrands for the stochastic integral.

Definition 8.3.4 (Integrands for stochastic integral) We define a function space ¢ as
the totality of ¢ : [0,00) x Q — R such that!*

©l.4xa is B([0,t]) ® F; measurable for all ¢t > 0.
We also define

O, = {ped; Efg lo(s,w)|?ds < oo for all t > 0}
oY = {ped; [|p(s,w)[ds < oo, P-as. for all t > 0}.

Clearly, @, C dYc C ®.
Example 8.3.5 Let g : R? — R be Borel measurable and
p(s,w) = g(Bs(w)).
Then,
e [f g is bounded, then ¢ € ®,.
e If supy |g| < oo for any bounded set K C R? (in particular, if g € C'(R?)), then ¢ € ®k°.

Theorem 8.3.6 Fort > 0 and ¢ € ®X<, there are r.v.’s (called the stochastic integral with
respect to the Brownian motion)

t
/ o(s,w)dB! i=1,...d (8.16)
0
with the following properties;

(a) If
(s, w) = &alw)liap)(s) (8.17)

where 0 < a < b and &, 1s an F,-measurable r.v., then

/0 (5, )AB = £,(w)(Biny — Bir). (3.18)

14This property is called progressive measurability
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(b) Fort>0, a,8 €R and p,1) € ®
/ (ap(s,w) + Bi(s,))dB. = a / o(s,w)dBi + 8 / b(s.w)dB,  (8.19)
0 0 0

(c) If p € g and t > 0, then,

2

t t
E / o(s,w)dB: = E/ lo(s,w)]Pds < oo, (8.20)
0 0

t
E {/ go(s,w)dBé} =0 (8.21)

0
Moreover, (8.21) and (8.20) remain true if t is replaced by t A7, with a stopping time T.

We now indicate how the construction of the integrals (8.16) goes (See [KS91, Section 3.2] dor
details).

e If ¢ is a linear combination of the functions of the form (8.17), we then defiene the
integrals by (8.18) and (8.19).

e For ¢ € ®,, we approximate ¢ by a sequence of linear combinations explained above (in
a certain L? sense), and define the integral by a limiting procedure.

e For p € ®P> We consider

t
T, = mnAinf {t >0; / lo(s,w)|?ds > n}
0
en(s,w) = @(s,w)lpz(s).
Then, 7,, / 00 and ¢,, € ®3. We then define the integrals (8.16) by

¢ t
/ ¢(s,w)dB’ = / on(s,w)dB: fort <,
0 0

Remark: In advanced texts in probability, properties (8.20) and (8.21) are usually stated in
the following stronger form. For ¢ € ®,, we set M; = fot ©(s,w)dB:. Then,

E[M;: A]=E[M,:A] f0<u<tand A€ F,. (8.22)

12
The same is true for M; = ‘f; gp(s,w)dB;’ - f(f lo(s,w)|?ds. In general, a sequence (M;)i>o C

LY(P) is called a martingale, if M; : Q@ — R is F;-measurable for all ¢ > 0, and (8.22) holds.
Martingale is in fact one of the most useful tools in modern probability theory. See again
[Dur84] or [KS91] for details.

Example 8.3.7 (Application to the Dirichlet problem) Let a bounded open set G C R¢,

f € C(9G), and g € C(G) be given. A classical problem in the theory of partial differential
equations is to show the existence and uniqueness of u € C(G) N C%(G) such that

a) 3Au=—g inG,
b) u‘ag = f
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A special case where g = 0 is especially famous as Dirichlet problem. Here, we will prove the

uniqueness by running a Brownian motion. We will in fact represent the solution of (a) and
(b) as follows. Let
7(x,0G) =inf{t >0; x+ B, € 0G}, =z ¢€G,

which is the first time for a Brownian motion (starting from z € G ) to reach the boundary
0G. By Exercise 8.3.1, 7(z,0G) is a stopping time. We will then prove that a solution u to
(a) and (b) is represented as

(z,0G)
D) =BG+ Baa)) B [ et Bds

hence is unique.
Let us first prove that!®

2) E[t(z,0G)] < sup |y — z|* < .
yeG

Since B} = [, dB, we have by (8.20) that

Elr(z,0G) At] = E[|Bracynl’]

= FE [|(x + Bi(z,a(;)/\t) - 9U|2] <suply — $|27
yeG

from which we obtain (2) by letting ¢ " oc. B
We now turn to (1). Suppose that z € G and u € C(G) N C?%(G) satisfies (a) and (b). We
have by Itd’s formula applied to y — u(z + y) that,

w(@ + Binr(za)) — u(w)

tAT(2,0G) ' 1 tAT(2,0G)
= Z / Oiu(x + Bs)dB, + —/ Au(z + By)ds
1<i<d 0 2Jo
tAT(2,0G) ' tAT(2,0G)
= Z / Oyu(r + Bs)dB; — / g(xz + By)ds.
1<i<d V0 0

We then take expectation and use (8.21) to see that

tAT(2,0G)
Elu(x 4+ Binrzpc))] — u(z) = —E/ g(x + By)ds.
0

By (2), we can use the dominated convergence thorem in the limit ¢ /* oo to conclude (1) from
the above displayed identity.

It is also possible to show the existence of the solution u by Brownian moiton. In fact, it
turns out that the function u defined by (1) gives a solution to (a) and (b). To do so, however,
one has to assume a certain regularity condition on 9D that

P(7(z,0G) =0) =1 for all x € 0G

to show the continuity of u at the boundary. See [Dur84, Sections 8.5,8.6], [KS91, Section 4.2]
for the proofs and details.

15This fact is not needed when g = 0.
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Remark: Of course, the existence and uniqueness of u discussed in Example 8.3.7 can be
shown without using Brownian motion.

e Uniqueness is a consequence of the maximal principle for harmonic functions [Fol76,page
93].

e FExistence can also be established via the existence of the Green function for the domain
G assuming that G has a smooth boundary [Fol76,pages 112, 343].
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9 Appendix to Section 2

9.1 Proof of Lemma 2.1.1

Let 1 and v be measures on a measurable space (S, B) and that u(S) = v(S) < co. Let us

consider

DY (B eB; u(B)=uv(B)} (9.1)

If the class D defined by (9.1) happens to be closed under intersection, it is then not difficult
to prove that D is a o-field'® and hence that o[A] C D. Unfortunately, D is not closed under
intersection in general. In fact, we see in Exercise 9.6.2 an example where

e the family D in (9.1) is not a o-field and hence is not closed under intersection (Exercise
9.1.1).

o “u(A)=vr(A) for all A€ A” does not imply “u(A) =v(A) for all A € o(A)” if A.

This difficulty can be circumvented as follows. We begin by introducing the abstract termi-
nology.

Definition 9.1.1 Suppose that S is a set. A subset A of 2° is called a 7-system if A;NA, € A
for any A;, Ay € A. A subset D of 25 is called'” a §-system or a Dynkin class if the following
conditions are satisfied;

D1) SeD.
D2) {An}nZI C D, A, C An+1 (TL > 1) = An+1\An eD (n > 1), UnzlAn eD.
Exercise 9.1.1 Prove that a d-system D is a o-field if and only if D is a m-system.

Lemma 9.1.2 (Dynkin’s 7-6 lemma) Suppose that S is a set and that A C D C 2°, where
A is a m-system and D is a §-system. Then, o[A] C D.

Proof: Define 0[.A] = ND, where the intersection is taken over all d-system D which contains
A. Then, it is easy to prove that §[.A4] is the smallest d-system that contains A and therefore
that

S[A] C D (9.2)

To complete the proof of Lemma 9.1.2, it is thus enough to show that
o[A] = d[A] if A is a w-system. (9.3)

It is clear that o[A] D d[A], since o[A] is a §-system which contains A. To prove the other
inclusion, it is enough to prove that 0[A] is a m-system, i.e. ,

AN B € i[A] (9.4)
for all {A, B} C §[A] (Exercise 9.1.1). We now introduce

By = {Be€[A]; (9.4) holds for all A € A},
By, = {BedlAl; (9.4) holds for all A € 5[AJ}.

16Use inclusion and exclusion formula to prove that D is closed under finite union.
1"Here,D is general and is not necessarily the one defined by (9.1)
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What we want to prove is paraphrased as By = [.A]. But we begin by proving that B; = §[.A].
Since A C By C ¢[A], the equality B; = 0[A] can easily be verified by showing that B; is a
d-system. By the equality By = 0[A], we now know that A C By C §[.A]. Therefore, it is also
easy to prove the desired equality By = 6[.A] by showing that B, is a d-system . O

Proof of Lemma 2.1.1: It is easy so see that D defined by (9.1) is a J-system . Since A C D
and A is a m-system, we see by Lemma 9.1.2 that o[A] C D. O

9.2 Uniform distribution and an existence theorem for independent r.v.’s

To difine a random walk (cf. Definition 4.2.1 below), we will need countably many independent
r.v’s. A question!® then arises: “Do such independent r.v’s exist?” This subsection is devoted
to answer this question. Throughout this subsection, we fix a probability sapce (2, F, P) and
r.v. U with the uniform distribution on [0,1), i. e., P{U € B} = [, dt for all B € B([0,1)).
The simplest example is provided by Q = [0,1), F = B([0,1)) and U(w) = w. We will prove
the following existence theorem for independent r.v.’s;

Proposition 9.2.1 Consider a sequence of probability spaces {(Sy, Bn, fin) tn>1 where for each
n, Sy, is a complete separable metric space and B, is the Borel o-field. Then, there is a sequence
of independent r.v.’s {X,, : Q@ — S,}n>1 such that p,(B) = P(X, € B) for alln > 1 and
B e B,.

Remark: Proposition 9.2.1 can be considered as a special case of Kolmogorov’s extension
theorem (See e.g., [Dur95, page 26 (4.9)] for the case S, = R?). Kolmogorov’s extension
theorem is so powerful that it allows us to construct not only independent r.v.’s but also any
r.v.’s which exsit at all. However, the proof usually requires another extention theorem in
measure theory (e.g., Carathéodory’s extention theorem). Here, to make the exposition more
self-contained, we restrict our attention only to independent cases and give an elementary
proof of Proposition 9.2.1 without relying on any big theorem from measure theory.

We begin with examples:

Example 9.2.2 Let us now construct an i.i.d. sequence {U, },>1 of [0, 1)-valued r.v.’s with the
uniform distribution. By Example 3.3.2, there is an i.i.d. sequence {X,, x }n>1 of {0, 1}-valued
r.v.’s with P{X, , = 1} = 1/2. We define {U, },>1 by

Un - Z Q*anyk.
k>1

Then, each U, is uniformly distributed by Lemma 9.4.1. Moreover, {U,},>1 are independent
by Exercise 2.3.9.

To prove Proposition 9.2.1, we will use Example 3.3.2, Example 9.2.2 and the following lemma.

Lemma 9.2.3 Suppose that (S, B, p) is a probability space where S is a complete separable
metric space and B is the Borel o-field. Then, there is a measurable map ¢ : [0,1) — S such
that

P{p(U) € B} = u(B), forall B € B, (9.5)

where U : Q — [0, 1) is a uniformly distributed r.v.

18This may be a question which a physicist would not care about. Those who do not worry about this
question can skip this subsection.
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Lemma 9.2.3 is quite surprising in the sense that it claims any r.v. with values in a complete
separable metric space can be constructed just by using a single uniformly distributed r.v. The
proof of Lemma 9.2.3 will be presented in subsection 9.3.

We now prove Proposition 9.2.1.

Proof of Proposition 9.2.1: Let {U, },>1 be [0, 1)-valued r.v.’s with the uniform distribution
constructed in Example 9.2.2. For each u, € P(S,,B,), we can find a measurable map
¢n 1 [0,1) — S, such that P{¢,(U,) € -} = p, by Lemma 9.2.3. We also see that {¢,(U,) }n>1
are independent since {U,},>1 are. Therefore the r.v.’s X,, = ¢,(U,) (n > 1) have desired
properties claimed in Proposition 9.2.1. O

Exercise 9.2.1 For i € P(R, B(R)), define

f(S) = ,u(—oo,s], s €R,
f2Ht) = inf{seR[t< f(s)}
= sup{seR| f(s)<t}, teR.

Prove the following; (i) f(s) is right continuous at any s € R. (ii) f='(¢) is left continuous at
all t € (0,1). (iii) For s e Rand t € (0,1), f='(t) < s <=t < f(s)

Exercise 9.2.2 Let i, € P(R,B(R)) (n =1,...) be a sequence of probability measures. Use
Example 9.2.2 and Exercise 9.2.1 to construct a sequence of independent r.v.’s X,, : 2 — R such
that P(X, € -) = p, for all n > 1. Hint: Define f,(s) = p,(—00,s] and ¢,(0) = (f.)=*(0).
Then, for all s € R,

P{¢H(Un) < S} = P{Un < fn(s)} = fn(s)'

Then, recall Exercise 2.1.1.

9.3 Proof of Lemma 9.2.3

The proof of Lemma 9.2.3 is not very difficult and the argument involved there is a rather
standard way to take advantage of the completeness and the separability of the metric space
S. However, the proof may look a little complicated at first sight. We therefore present also
a proof for the case of S = R? which is less abstract and which is the only case we need in
this course. The proof for this spaecial case might be useful to understand the idea behind the
proof of general case.

Those who are interested only in the case S = R? can skip the proof for the general case.
On the other hand, it is also possible to skip the proof for the case S = R? to proceed directly
to that in general case.

Proof of Lemma 9.2.3 in the case S = R%:

Step 1: We begin by constructing a sequence of intervals (in R¢)

Qs; O Qsysy Do D Qspesy, D vy

inductively, where the running indices s1, S, . .. are diadic rational points. As the first step of
the induction, we find a subset C' C 27'Z% and disjoint intervals {Q, }s,ec such that

Qs, > s forall sy e,

M(N) = 0, where N d;f. S\ Uslec QSU <96)
w(Qs,) > 0, forall s eC.
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In fact, this can be done just by setting
Qu = Tt st +27h), forsi = (s])iy €272,

C = {s5,€27'2%; u(Q,,) > 0}. (9.7)

The second step of the induction is as follows. For each s; € ', we repeat the same argument
as in the first step of the induction to find a subset C(s;) C Q,, N272Z% and disjoint intervals
{Qs, 55 }snec(s) with the side-length 272 such that

Qs;, D Qs D 8o forall so € C(sy),

def.
N(Nsl) = 0; where Ns1 = QSl\USQEC(Sl) Qsl,sza

w(Qsys,) > 0 forall s, € C(sy).

Suppose as the n'® step of the induction that we have an interval Q,,..,, with non-zero u-
measure and the side-length 27" for s; € nnC, ..., s, € C(s1--+8,_1). Then, we can find
C(s1+++8n) C Qgyos, N27MHDZL and intervals Qg,..s, ., for s,41 € C(s1+--s,) such that

Qo1 D Qspsniy D Sngr for all s,40 € C(s1,...,8,). (9.8)

def.
((Nsy..s,) = 0, where Ny .., = QS1-~~sn\ Usp1€C(s1,15n) Qsl“‘3n+17 (9.9)

P(Qsyesnyy) > 0 forall 5,11 € C(sq,...,8,).
Step 2: We next construct a sequence
Ig D1y, D . D Igs, D..o,

of sub-intervals of [0, 1) with positive lengths, where I, .. corresponds to Q,...s, in a way as is
explained below. We first split [0, 1) into disjoint intervals {1, }s,cc with length |/, | = u(Qs,)
for each s; € C. Then, for each s; € C, we split I, into disjoint intervals {Is, s, }s,ec(s,) With
length |I;, s,| = 1(Qs, s,) for each so € C(s1). We then inductively iterate this procedure to
get {Ig,..s, } such that

[07 1) = UsleCIs1a (910)
Isl---sn,1 - UsnEC(s1 ..... sn_l)Isl---sn7 (911)
oysn] = 1(Qsyos,)- (9.12)

Step 3: We now define ¢, : [0,1) — S by

on(0) =s, ifOe€l. . (9.13)

Let us check the following;
¢n 1 [0,1) — S is well defined and measurable for all n > 1. (9.14)
(on(0))n>1 is a Cauchy sequence for for all 6 € [0, 1). (9.15)

By (9.10) and (9.11), any € € [0,1) belongs to a unique interval Iy, ..s,. Therefore, ¢, is well
defined. The measurability is obvious, since ¢,, is a constant s,, on each measurable set I, .., .
To see (9.15), just observe that

Pmtn(0) € Qo1 (0),.omin(8) C Qipr(0),..0n(0)
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and hence that
|90m+n(9) - @n(9)| < 2_n\/c_l.

Step 4: By, (9.15) and (9.15), we can define a measurable map ¢ : [0,1) — R? by ¢(0) =
lim,, s on(6) for all 0 € [0,1). Let us see that ¢ satisfies (9.5). To do so, define a set

NO = UnZl Us1EC’ UszEC’(sl) cee USnGC(sl ..... Sn—1) NU Nsl U N8152 u...u Nsl...sn

which is pg-measure zero by (9.6) and (9.9). Moreover, for each x € R4\ Ny and n > 1, there is
a unique Qy, ., such that r € Q,,. .. Therefore, for any f € C,,(R?) we can define function
fn : IRd\‘ZVO — R by

ful@) =" > o DY [z € Qo)

51€C s2€C(s1) Sn€C (81, y8n—1)

.....

We see that

li/m fo(x) = f(z) for all z € S\ Ny, (9.16)

since |z — s,| < 27"V/d if x € Qs,..s,. Therefore,
Ef(e(U)) = li/m Ef(pn(U)) by definition of ¢,

S0 DED DESTPREED DR { O] A

51€C s9€C(s1) $n€C(81,..38n—1)

- JI}EOZ > > fsa)n(Qs.s,) by (9.23),

51€C s9€C(s1) sn€C(81,-.sSn—1)

= li/m / fadp by definition of f,,

by definition of ¢,

= /fdp by (9.16).

This proves (9.5) (cf. Lemma 2.1.2). O

Proof of Lemma 9.2.3 in general case: Most of the arguments presented below are repetitions
of the ones in the case of S = R?. However, we do repeat the every detail, so that this proof
for the general case can be read independently.

Step 1: We begin by constructing a sequence of measurable subsets

Qs; D Qsysy Do D Qsposy D ey

inductively, where the running indices si, So,... are elements in S. The first step of the
induction is as follows. Since S is separable, we can find a countable subset C' C S and
disjoint measurable subsets {Qs, }s,cc such that

Qs, > s forall sy e,

u(N) = 0, where N o S\ Us,ec Qs (9.17)
diam(Qs,) < 27,
,U/(Qsl) > 07
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In fact, let {B,},>1 be a covering of S by balls (open or closed) with the diameter 27! and
define {ﬁn}nZI by Bl = B1 and

B,=B,\UZ{ B; n=12,....

Then, {B,, },>1 are covering of S by disjoint measurable sets and diam(B,) < 27'. Now let
{Qn}n>1 be a subsequence of {B,},>1 which is obtained by throwing away all B, ’s which
have p-measure zero. Finally, we take s, € @, for each n > 1 and define @), = @,, and
C = {sn}n>1-

The second step of the induction is as follows. Since any subset in S is separable, we
can find a countable subset C(s;) C Qs for each s; € C, and disjoint measurable subsets

{Qsl,SQ}SQGC(Sl) such that

Qs;, D Qss, D52 forall so € C(sy).

def
w(Ns,) = 0, where Ny, = Qs,\ Usyec(s1) @s1,505

diam(Qs,s,) < 27 2
>

/"L(QSISQ) 0
Suppose as the n'-step of the induction that we have a measurable set Qs,..,, with non-
zero p-measure and the diameter < 27" for s € C, ..., s, € C(s1---8,_1). Then, we can

find a countable subset C(sq---s,) C Qs..s, and disjoint measurable sets {Qs,..s,,,} for
Snt1 € C(s1- -+ s,) such that

Qsivsn D Qsisniy D Spg1 for all 41 € C(s1,...,8n). (9.18)
def
M(NS1-~~sn) = 0, where Ny,..i, = Qs,.. Sn\ Uspi1eC(s1,, Q81 “Snt1) (9-19)
diam(Qs,..s,) < 277, (9.20)
P(@syosnyy) > 0 forall s, € C(s1,...,8,).

Step 2: We next construct a sequence
I, DI, D ... D 1g s, Do,

of sub-intervals of [0, 1) with positive lengths, where I, .., corresponds to Qs, ..., in a way as is
explained below. We first split [0, 1) into disjoint intervals {Ig, }s,ec with length | I, | = p(Qs,)
for each s; € C. Then, for each s; € C, we split I, into disjoint intervals {/, s, }s,cc(s;) With
length |[;, s,| = 11(Qs, s,) for each so € C(s1). We then inductively iterate this procedure to
get {I,..s, } such that

[07 1) = UsleCIs1a (921)
Isl---sn,1 - UsnEC(sl ..... sn,l)Isl---sny (922)
‘[Sr--sn‘ = /’L(QSI"'SH)' (923)

Step 3: We now define ¢, : [0,1) — S by
on(0) =s, if0€l. ., (9.24)

Let us check the following;

n:[0,1) — S is well defined and measurable for all n > 1. (9.25)
( n(6))n>1 is a Cauchy sequence for for all € [0,1). (9.26)
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By (9.21) and (9.22), any 6 € [0,1) belongs to a unique interval Iy, ..s,. Therefore, ¢, is well
defined. The measurability is obvious, since ¢,, is a constant s,, on each measurable set I, .., .
To see (9.26), just observe that

Pmtn(0) € Qo1 (0),..omin(0) C Qo1 (0),....0n(0)

and hence by (9.20) that
dist. (@m+n(0), pn(0)) < 27"

Step 4: By, (9.26) and (9.26), we can define a measurable map ¢ : [0,1) — S by ¢(0) =
lim,, s on(6) for all @ € [0,1). Let us see that ¢ satisfies (9.5). To do so, take f € C},(S) and
define a set

Ny = Unzl Us,ec USQEC(Sl) . UsneC(81 Sn_1) NU ]\/751 U N5152 U...u Nsl...sn

-----

which is g-measure zero, and function f, : S\NNy — R by

@)=Y > o Y fle)H{r Q0

51€C s2€C(s1) 8n€C(81,--8n—1)
which is well defined, by (9.17) and (9.19). Moreover, we see from (9.20) that

lim f,(x) = f(z) forall x € S\Ny. (9.27)

Therefore,
Ef(gO(U)) = li/m Ef((pn(U)) by definition of ¢,

— nh/rgoz Z Z F(su)|Lsy...s,| by definition of ¢,

51€C s2eC(s1) Sn€C(81yveySn—1)

B 7}1/1202 S Y fsa)mQas,) by (9.23),

51€C s2eC(s1) Sn€C(81,ySn—1)

= li/m /fnd,u by definition of f,,
= /fdu by (9.27).
This proves (9.5) (cf. Lemma 2.1.2). O

9.4 Complement to section 3.3

Lemma 9.4.1 Suppose that ¢ > 2 is an integer and that V =3, q "y, where {Yi}p>1 are
{0,1,...,q — 1}-valued r.v. and V is a [0,1)-valued r.v. Then, the following conditions are
related as “ (a1) & (a2) < (b)”;

al) {Yi}lr>1 are i.i.d.
a2) Y, is uniformly distributed, i.e., P{Y}, = s} =q~ ! foranys=1,...,q¢— 1.

b) V is uniformly distributed on [0, 1).
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Proof: (al) & (a2) = (b) : Suppose that (al) & (a2) holds. Then, (X,,),>1 in Example 3.3.1
and (Y,,),>1 have the same distribution. Therefore, U and V have the same distribution, which
proves (b).

(b) = (al) & (a2) : Suppose that (b) holds. Then, outside an event

Up>1 Up<s<gn—1 {V = s¢" "},

and therefore for P-almost all w € Q, Y;(w) is uniquly determied as the k'™ digit of the g-adic
expansion of the number V(w). We therefore see from (3.3) that (X,,),>1 in Example 3.3.1
and (Y},),>1 have the same distribution, which proves (al) & (a2). O

Exercise 9.4.1 Check an alternative proof of Lemma 9.4.1, (al) & (a2) = (b) presented
below. It is enough to prove that for any ¢ € [0,1)

P{V<t)=t (9.28)

(cf. Exercise 2.1.1). Let us expand ¢ € [0,1) as t = > =, ¢ "s; (s € {0,...,¢ — 1}) and
denote the left-hand-side of (9.28) by f(s1,s2,...). We will prove that

f(s1,80,...) =q *s1+q " f(s2,83,...). (9.29)

We have that

U<t} = {i<siju {Yl = 81, ZqikYk < qusk}
k=2 k=2

= {Yi < 81} U {Yi = 51, Zq_k}/}ﬁ_l S Zq_kskﬂ} . (930)

k=1 k=1
We are now going to use the two facts;
i) Y7 and (Yj41)52, are independent,
ii) (Yis1)52,; and (Yy)52,; have the same distribution.

Facts (i),(ii) and (9.30) imply that

P{V <t} = P{Yi<si}+P{Y1=s}P {Z q Ve < quSkH} by (i)

k=1 k=1
= 51 +q 'P {Z ¢ Yy < Zq‘ksm} by (i)
k=1 k=1
= 514 +q " f(s2,83,. ), (9.31)

which proves (9.29).
With (9.29) in hand, proof of (9.28) is easy. In fact, we have for any n = 1,2,...

f(s1,892,...) = Z G s+ " f(Sni1, Snaas ) (9.32)

k=1

by induction. Then (9.29) follows by letting n /" co. O
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9.5 Convolution

Definition 9.5.1 For Borel finite measures {y;}7_, on R?, their convolution juy - -+ * ju, is a
Borel finite measure defined by

(a5 -+ % ) (B) = (@) { ()i € RN 21+ ...+, € B}, BeBRY. (9.33)

Suppose that R%valued r.v.’s {X;}_, are independent and P{X; € -} = ;. We then have
by (2.9) that
PXi+4 ...+ X, €)= %% . (9.34)

Lemma 9.5.2 (a) For Borel finite measures i, pa on R?,

(p * p12)™(0) = 11(0) a2 () for all 6 € R, (9.35)

(b) Suppose that yu; (j =1,2) are Borel finite measures on R® with density f; with respect to
the Lebesgue measure (j =1,2). Then uy * us has a density

aﬂz/}ﬂw—wﬁwwy (9.36)

with respect to the Lebesgue measure.

(c) Suppose that p; (j = 1,2) are Borel finite measures on R? such that p;(B) =Y, cpanp [i(2)
for some f; : Z% — [0,00) for all B € B(RY). Then, pi1 * pa(B) = 3", cqanp(f1 * f2) ()
for all B € B(RY), where

(i fo)(x) =D filw —y) foly)dy (9.37)

yezd
Proof: Tt is easy to see (9.35). (9.36) can be seen as follows;
p* pp(B) = /MNMQWa@ﬂMZ+w
— [ h@hwdsdria+y
:(/ﬁ@—mh@mmmm@
_ /B (o # o) (@)da. (9.38)

The proof of (9.37) is similar to that of (9.36). O

Example 9.5.3 Let x; and xo be independent Gaussian r.v.’s such that P(y; € -) = vy,
(j = 1,2). Then, by Exercise 5.3.3,

P(xi+x2 € ) = vy, * 1y, = 415 (9.39)

Example 9.5.4 Let X and Y be independent real r.v.’s such that P((X,Y) € -) = 7.0 @ Y1p-
Then, by (3.1),
PX+Y €:)=%0a*%b = VYrato- (9.40)
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Example 9.5.5 Then, by Exercise 5.3.9,
P(Ny+ Ny € -) = Ty % Ty = Ty iy (9.41)

Exercise 9.5.1 Suppose that r.v.’s U; (j = 1,2) are independent and have the uniform dis-
tribution on an interval [a,b], i. e., P{U; € B} = [pu(t)dt for all B € B(R) (j = 1,2), where
u(t) = (b—a) '1,4(t). Prove then that the r.v.U; + U, has the triangular distribution on
2a,20], i. e.,

P{U, + Uy € B} = / o(t)dt. (9.42)
B
where i ob
— 2 _
v(t) = (uxu)(t) = m1[2a7a+b] () + ml[a_,_bgb] (t).
Then, conclude from (5.8) and (9.42) that
2
5(0) = w(0)* = (Gsh) . (0.43)

Exercise 9.5.2 Suppose that X; (j > 1) are r.v.’s with P{X; € -} = u; € P(R?, B(R?)) and
that N is a r.v. with (r)-Poisson distribution (cf. (1.22)). Suppose also that {N, X1, Xo,...}
are independent. Prove then that

P{X1+ ...+ Xy€-}=> e (s p,)/n! (9.44)

n>1

The distribution on the right-hand-side of (9.44) is called the compound Poisson distribution.
Poisson distribution is a compound Poisson distribution with X; = 1.

9.6 Independent families of random variables

Definition 9.6.1 a) Independent events: Suppose that A C F. Then, A said to be inde-
pendent, if
P (Naca,A) = H P(A) for any finite subset Ay in A. (9.45)
AEeAp

b) Independence for families of events: Suppose that A, C F for each A € A. Then, the
families {Ay}aca are said to be quasi-independent®, if

{A\}rea C F is independent in the sense of (a) for any Ay € Ay (A€ A).  (9.46)

The families {Ay}rca are said to be independent if the o-fields {o[Ax]}ren are quasi-
independent.

Remark: The condition (9.46) does not imply that {o[A,]}rea are independent o-fields (cf.
Exercise 9.6.2). This is the reason we do not define it as the “independence” for the families
{Ax}rea. If {Ax}rea are o-fields, then the notion of indpendence and quasi-indpendence
coincide. See also Proposition 9.7.1 below.

19This terminology does not appear in standard text books in probability theory. It is introduced by the
author of this notes for the convenience.
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Exercise 9.6.1 Prove the following: (i) o[{A}] = {0,9, A, A°} for aset A. (ii) For A C F, the
following conditions (a)—(c) are equivalent. (a):A is independent. (b):{14}4c4 are independent
r.v.’s. (¢):{o[{A}]}sea are independent o-fields.

Exercise 9.6.2 In the setting of Definition 9.6.1(a), events in A C F are (or A is) said to be
pairwise independent, if any two events in A are independent. Consider a probability space
(Q, F, P) defined by Q = {0,1,2,3}, F = 2% and P({i}) = 1/4 for i € Q. Check the following
statements for events A; = {1,2}, Ay = {2,3} and A3 = {3, 1}.

i) {A;}3_, are pairwise independent, but not independent in the sense of Definition 9.6.1 (a).

i) A; = {A;} and Ay3 = {As, A3} are quasi-independent in the sense of Definition 9.6.1 (b).

iii) o(A;) = {0,9Q, Ay, A7} and 0(Ay3) = F. In particular, o(.A;) and o(Ay;) are not indepen-
dent while A; and A3 are quasi-independent (cf. Proposition 9.7.1).

Remark: In Exercise 9.6.2, P(B|A,) = P(B) for all B € Ay, but not for all B € 0(Ag3). In
particlar, {B € F; P(B|A;) = P(B)} is not a o-field. cf. Lemma 2.1.1.

Throughout this subsection, we consider the following items;
e A probability space (2, F, P),
e Measurable spaces {(Sy, By)}rea indexed by a set A,
e Rv. X, : Q) — S, for each \ € A.
Definition 9.6.2 A o-field:
o [X5'(By); Br€ By, A€ A] (9.47)
is called the o-field generated by maps {X)}rea and is denoted by
o [{Xa}taea] or o[Xy; A€ A].

The o-field o [{ X }rea] (cf. (9.47)) is all the information needed to know how the values of
{ X }xea for all X are distributed at the same time.

Proposition 9.6.3 For a disjoint decomposition A = U,erA(7) of the index set A, the follow-
ing conditions are equivalent:

a) The o-fields
olXa; A€A(Y)], v€eT

are independent (cf. Definition 9.6.1(b)).

b) R.v.’s {)?}ver defined by

)?7 fw i (Xa(w))aeawm) € H Sy, vel. (9.48)
AEA(Y)

are independent.
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Definition 9.6.4 Families of r.v.’s
{(Xas AeA(y)}, yeTl (9.49)

in Proposition 9.6.3 are said to be independent if they satisfy one of (therefore all of) conditions
in the corollary.

Proof of Proposition 9.6.3: The equivalence is a consequence of Proposition 2.3.1 and an

identity o[X,] = o[X) ; A € A(v)], which can be seen from Exercise 2.2.2. O

Remarks:
1) The independence of the families of r.v.’s (Definition 9.6.4) can be considered as is a special

case of the independence of r.v.’s (Proposition 2.3.1), if we consider r.v.’s {X },er defined by
(9.48).

2) In the setting of Proposition 9.6.3, let us consider the following condition:
{Xx() }er are independent r.v.’s for any choice of A(y) € A(y) (y €T). (9.50)

This condition follows from the independence of the families (9.49). However, the converse is
not true. A counterexample is again provided by Exercise 9.6.2. Consider {14, } and {14,,14,}
there. Since, {A;}?_, are pairwise independent, we have (9.50) by Exercise 9.6.1. However,
{14,} and {14,,14,} are not independent, since o[{A;, As}] = 2%

Exercise 9.6.3 Suppose that (X,,),>1 are R%valued independent r.v.’s and let S, = X; +
-+ 4+ X,,. Prove then that, for each fixed m > 1, two families of r.v.’s

{Sn}nmzla {S”+m - Sm}nzl
are independent. Hint: Note that o({S,}r,) = c({X,}1,) and that o({Sp+m — Sm}n>1) =
0({Xntm}tn>1). Then, use Exercise 2.3.9.
9.7 Kolmogorov’s 0-1 law

Results in this subsection will not be used in the other part of this notes.?’ We however include
this subsection since Kolmogorov’s 0-1 law is an important aspect of independent r.v.’s. We
start with the following abstract statement.

Proposition 9.7.1 Suppose that {A)}ren are quasi-independent ww-systems on (Q, F, P) in-
dezxed by a set A. Then, {o[A\]}ren are independent o-fields.

Proof: We may assume that Q € A, for all \. We have to prove that {o[A]}}_, are
independent for any n > 1 and for any distinet Ay, ..., A\, € A. Weset A; = A, for simplicity.
We begin by proving that

if {A;}}_, are independent 7-systems, then so {o[Ai], Az, ... A,} are. (9.51)
To show (9.51), we fix A; € A; (2 < n < n) arbitrarily and prove by Lemma 2.1.1 that

P (AN (N1_yA4;)) = P(A) P (N/_,4;) AeoalAl.

20The reader can skip this subsection for this reason.
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This, together with the identity P (N7_,4;) = [1;_ P(A;), implies (9.51). Once (9.51) is ob-
tained, then the proof of the proposition can be finished by induction. Since {o[A;], As, ..., A, }
are independent m-system again, we can apply (9.51) to see that {o[A4],0[As], As,..., A}
are independent m-system. By proceeding inductively, we conclude that {U[Aj]}?’:l are inde-
pendent. O

We have following corollaries to Proposition 9.7.1, first of which is in fact even stronger
than the Proposition.

Corollary 9.7.2 Let { Ay} en be quasi-independent m-systems on (Q, F, P). Suppose that the
set A of indices is decomposed into a disjoint union as A = U,erA(y). Then the o-fields

o[Av; AeA(Y)], veT

are independent.

Proof: For each v € I, we define JL as a collection of sets of the form Nyc; A\ where [ is a
finite subset of A(y) and A, € A, for A € I. It is then easy to verify that

slA v AEAR)] =0 [A}} . (9.52)
We will prove that B
A, is a m-system for each v € T, (9.53)
and that B
{A,},er are independent. (9.54)

The corollary follows from (2.1), (9.53), (9.54) and Proposition 9.7.1.
To prove (9.53), take two sets A = Nyer Ay and A’ = Nyep A from A,. We then have that

ANA" = (Mierdy) N (NaerAl)

1
= MerurAy,

where
A,y lf)\EI\]/
A’;: Al if Ae I'\l
AxnA, ifxelnrl

Since each A, is a m-system, A} € A, and therefore, AN A’ € .zzl:,.
To prove (9.54), we have to show that {A;}7_; are independent for any n > 1, for any

distinct 71,...,7, € [' and for any A; € A,,. We write A; = Nyer)Ax with 1(5) C A(y;).
Since {Ay ; A € Uj_,I(j)} are independent events, we have
P(Misi4;) = P (Mo Mierg) A)
- H?:lHAeI(j)P(AA)
= II/_ P (MerAr)
= H?:lp (Aj)»

which proves (9.54). O
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Corollary 9.7.3 Suppose that Ay, As, ... are quasi-independent mw-systems on (Q, F, P) and
that A € Ny>10 [Ay, 5 m > n]. Then, P(A) = 0 or 1.

Proof: We define F,, = 0 [A,, ; m <n] and 7,, = o [A,, ; m > n]. Then, by Corollary 9.7.2,
F. and 7,4, are independent for all n > 1. From this, it is easy to see that U,>;F, and
Nn>17, are independent. Since each of U,,>1F, and N,>17,, is a m-system, we conclude from
Proposition 9.7.1 that

o [Up>1F,] and N,>17, are independent. (9.55)
On the other hand, it is easy to see that
o [Unzl./fn] D) nglZL- (956)

For A € Ny>17,, we see from (9.55) and (9.56) that A € N,>17, and A € o [U,>1F,] are
independent. Therefore, P(A) = P(AN A) = P(A)?, and hence P(A) =0 or 1. O

Exercise 9.7.1 Suppose that r.v.’s X,, indexed by n = 1,2, ... are independent, where each
X, takes values in some measurable space (S,,B,). Then, apply Corollary 9.7.3 with A, =
o[X,] to prove that P(A) =0 or 1 for all A in a o-field defined by;

T = Npo10 [{ X bnsn] - (9.57)

This result is known as Kolmogorov’s 0-1 law. The o-field 7 above is called the tail o-field of
the r.v.’s {Xn}nzl

Exercise 9.7.2 Apply Corollary 9.7.2 to prove that the families of r.v.’s (9.49) are independent

if r.v.’s {X)\}aea are independent. Hint: What we assume is that {o(X))}xea are independent
o-fields.
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10 Appendix to Section 4

10.1 Reflection principle and its applications

Reflection principle (Exercise 10.1.2) is a important tool to study symmetric, nearest neigh-
bor random walk in Z. In this subsection, we will forcus on the reflection principle and its
applications in a series of exercises.

Exercise 10.1.1 Let {S,},>1 be a symmetric random walk (cf. Exercise 4.3.2)and define

{szm) . m,n >0} by Sr(zm) =S, for n < m and Sém) =25,, — S, for n > m. Prove then that

(Sﬁm))nzo has the same distribution as (S, ),>0 for each m.

Exercise 10.1.2 Reflection principle; Consider a Z-valued random walk such that P{X; =
0} = r and P{X; = £1} = L5, For positive integers  and y and n, prove that

Px+S,=y,7<n)=Plx+S,=—-y)=P(—x+ S, =y), (10.1)

where 7 = inf{n > 1; 2+ S, = 0}. Hint: The second equality is easy. To prove the first one,
observe the following;

e By Exercise 10.1.1, (S,,),>0 and (Sﬁm))nzo have the same distribution for each m > 0.
o If 1 <m < n, then {$+S,(lm) =y,7=m}={x+95,=—-y,7=m}.
o {4+ S5, =—y}Cc{l<T<n},sincex+Sy=x>0and z+ S5, =—y <0.

We see from these observations that

n—1

P($+Sn:y,7<n) = ZP(!E+Sn:y7T:m)

m=1

n—1
= ZP((K—FSTSM) =y, 7=m)
m=1

n—1
= ZP(:E—I—Sn:—y,T:m)
m=1

= Plx+S,=—y).

Exercise 10.1.3 Consider a Z-valued random walk such that P{X; = 0} = r and P{X; =
+1} = 1—;” For integers > 0, y > 0 and n > 1, prove that

PS> —-x,....,8 1> -x,S,=y—x)=P(S,=y—xz)—P(S,=y+x+2). (10.2)
Then, use (10.2) to show that
P(S,>0,...,5,>0) = P(S,€{0,1}) (10.3)
= 22P(S, =0)+ = P(Sp1 = 0). (10.4)
Hint: The equality (10.2) can be seen as follows;
P(S1 > —z,...,5 1> —x,S,=y—x)
Pl+x+5>0,....,142+S,1>0,14+2+S5,=1+1y)
= Pl+z+S,=1+y)—P(-1—x+S,=1+4+y) by (10.1).

The equality (10.3) follows from (10.2). The equality (10.4) is easy.
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Exercise 10.1.4 Consider a Z-valued random walk such that P{X; = 0} = r and P{X; =
+1} = 15, For positive integers n and z, prove that
P{S <w,....S51 <z, Sp=a} = P{Si1>—x,....5% 1>-2,5 =—z}
= SP{Si>1-x,...,Spa>1-1,8,1=1-1}
= S (P{Sii=1—a} = P{Syi=1+2}). (10.5)

Hint: The first equality comes from th symmetry. The second one can be seen by using the
independence of {S;}7Z] and {X,}. The last equality follows from (10.2).

Exercise 10.1.5 Consider a Z-valued random walk such that P{X; = 0} = r and P{X; =
+1} = 1—;7" For integers n > 1 and y > 0, prove that
P(Sl > 0,...,Sn_1 > O,Sn: 1+y) = %P(Sl > 07‘-'7Sn—2 > OaSn—l :y) (106)
= 5 (P{S-1 =y} — P{Su =y +2}), (10.7)
P(S1#0,...,8,#0) = 2P(5>0,...,5,>0)
= (1-71)P(S; >0,...,5,_1>0)
= (1—=r)P(S,-1 €{0,1})
= (1—2r)P(S,-1=0)+ P(S, =0).
Hint: The equalities (10.6) and (10.7) can be seen as follows;

2P(S; > 0,...,81>0,8,=1+y)
= 2P(S =1,14+8 —8>0,...,14 8,1 —S >0,1+8,— S =1+1y)
= 2P(S; =P+ 85— >0,....1+ 8,1 —S1>0,1+8,— S =1+y)
= (1-r)P(14+5>0,...,1+85,9>0,1+S5, 1=1+y)
= (1-7r)P(5>0,...,5,2>0,5,_1=vy)
(1= 1) (P{Sus =g} — P{Su 1=y +2}) by (102)
Exercise 10.1.6 Consider a Z-valued random walk such that P{X; = 0} = r and P{X; =

+1} = 555, Prove that E[S,1q,] = 55~ for any n > 1, where Q, = {S; > 0,...,5, > 0}.

Hint: Note first that E[(x + X7)1{z + X; > 0}] = 2 for any positive integer z. We then see
that

ESula,) = Y E[lg, ,1{Sp1 =2+ X, > 0}(z+ X,)]
- ipmn—l N{Sn—1 = z})E[(z + X,){z + X, > 0}]
= Z P(Q,_1N{Sh—1 =2}z
= ElS.ala, )

10.2 Proof of the law of large numbers: L' case

We may and will assume that X,, > 0. In fact, X;" = max{X,,0} and X,, = max{—X,,0}
satisfy the assumption of the theorem and X, = X;* — X . Therefore, it is enough to prove
the theorem for X* separately. Define r.v.’s Y, and T}, by :

Y, =X, {X,<n}, T,=Yi+..+Y,
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We first observe that

1) Z H{X, #Y,} <ooas.

n>1

This can be seen as follows;

EY UX, £V} "= N P{X, £V}

n>1 n>1
< Y P{X,>n}=)» P{X;>n}
n>1 n>1

< Z/ ldtP{X1>t}:/0 dtP{X, > t}
n>1v "

Y BX, < oo,

which in particular implies (1).
We see from (1) that Theorem 4.1.2 follows from:

T,
2) lim — = E[X,] a.s.

We first prove (2) along the subsequence [(n) = [¢" |, where ¢ > 1:

AT
3 lim = F|X{]| a.s.
) n/o0 1(n) X
Since
EY, = EX,1{X, <n}=EX;1{X; <n} — EXy,
we have BT
lim 1] = FX,
n/o0o N
Thus, (3) follows from:
Timy — ElTin
4) lim — ) = E[X] a.s.
n,/oo l(n)

To show (4), we prepare the following estimate:
5) var(T,) < nE[X?1{X, < n}]
Indeed,

var(Ty) =S van(v)) < 30 BV
i=1 j=1

- zn:E[Xfl{Xl < j} < nE[X?1{X, <n}].

j=1

We next observe that
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1 2q
< .
6) Z l(ﬂ)_(q_1>xforanyx>0

n:l(n)>x

In fact, let M be the smallest n € N such that I(n) > z. Then, ¢ > z. Note also that
l(n) > q"/2 for all n € N. Thus,

1 -M —n
B RN A M

n:l(n)>x n>M n>0

With (5) and (6), we proceed as follows:

EZ i(n i )] - Zl(n)_gvar(&(n)) < FE X%Zl(n)_ll{Xl <n}
et n>1 n>1
©)  2q

A
&
s
A
8

_ 2
This implies that > -, Tl(")l(—i)m(")]

Finally, we get rid of the subsequence in (3). For any n, there is a unique integer k such
that

< 00, P-a.s. and therefore (4).

I(k) <n<Il(k+1).
We have by the positivity of {X,,} that

Uk +1)" Ty < 0™ 'Ty < U(k) ™ i)
By letting n " oo, we see from (3) that

¢ 'EX; < lim n ', < h/m n T, < ¢EX,
n,/ o0 n /0o

which conclude the proof, since ¢ > 1 is arbitrary. O

87



11 Appendix to Sections 5

11.1 Proof of Lemma 5.1.4

a): We prepare
1) hy * f — fin LY(R?) as t — 0, where hy(z) = (27t)~%2 exp(—|z|?/2t)
We have that

s £ = le) < [ W@ =) = Faldy = [ )l Viy) - f(o)ldy
R4 R4
and hence
2 [ s =A@ < [ oty where ) = [ 1# = Vig) - fo)ld.
Rd R4 Rd
We have for any y € R? that
i giy) =0 and 0<ay) <2 [ |f(e)ld.
Rd
Thus, by (2) and the dominated convergence theorem,
hm/ |he x [ — fl(z)dz

We set f¥(z) = (27)~4f(—z) (z € RY). We will next show that:

3) f*he = (f )Y, where hy(x) = (2mt)~ Y2 exp(—|z|?/2t) (z € RY, t > 0).
By (5.9),
4) hi'(8) = exp(—t|6]*/2).
Using (5.9) again, we see that h; = h}*Y. Therefore,
f*hi(x) = fxh)()

= (2m)” /f T — dy/ e(—0-y)  h(0)do

=e(—0-2)e((0-(x—y)))

Fubini (97~ / e(—0 - a)h) (6)do / f@=y)e((#- (= —y)dy

J/

=)
= (f'h) (@)
We see from (4) and the dominated convergence theorem that
1i_1>1(1)(fAhf)v(x) = f"(z) for all x € R%

Combining this, (1) and (3), we arrive at f*" = f,a.e., which is (5.6).

b):
/ fap / dn(e)er) " [ dbe(=0-2)fi0)

.
Fubini g1y /R anFi6) / o(=0 - ) dpun ()

J/

—i(-0)
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11.2 Some results from Fourier transform

Theorem 11.2.1 (Lévy’s convergence theorem) Let p1, € P(R?) (n € N) and f : R? —
C. Suppose that li/m ph(0) = £(0) for all & € R and that the convergence is uniform in |0 < §

for some 6 > 0. Then, there exists a pi € P(R?) such that f = u.

Theorem 11.2.2 (Bochner’s theorem) Let f € C,(R? — C). Then, the following are
equivalent:

a) There exists a finite measure p on RY such that f = p”.

b) For any N € N* and x1,...,zy € R?, the N x N matriz (f(z; — x;)))_, is non-negative
definite.
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12 Appendix to Section 7

12.1 Integral formula for the Green function

Lemma 12.1.1 For x € Z¢,

gs(x) = ﬁ/ﬂ d@f(_%;(zg)), 0<s<l. (12.1)
Moreover,
1 1 — Rev(0)
9:1(0) > @y /ﬂ d&—‘l S TIER (12.2)
1 do ]
gi(x) < @y /ﬂ Rea@) ©© 74, (12.3)
Proof:
= s" — ) 2 L s" e(—0-z)v(H)"
N =) | dve(=o-2)516)
Fubini 1 n~ym L e(—0-x)
- (2 /ﬂ dbe(=6-2) nzzo SVO)" = (2m)d /ﬂ d91 — sv(6)’

(12.2) can be seen as follows. Since the left-hand-side of (12.1) is a real number, we may
replace the integrand in the right-hand-side by its real part. We therefore see that

B 1 — sRev(0)
3 J(0) = (2m)? [ dp—22Y)
) a0 = e e
and that
MCT . (3), Fatou ] .1 —sRev(6) 1 / 1 — Rev(f)
0) =" limgs(0 > —— [ dfl — = d———s.
l0) " tio0) = G [ S5 = o | 0
(12.3) can be seen as follows. Note that
4) |1 —s7(0)] > 1 — sRer(6) > s(1 — Rev(6)).
Hence,
MCT . (121 1 do @ 1 dé
=" lim g < 1 — < —.
o) = e = Wona | 1= )] = @y /ﬂl—Revw)

Exercise 12.1.1 Consider a Z-valued random walk such that
PX,=1)=p>0,P(X;=—-1)=¢>0and P(X; =0)=r=1—p—gq.

Use residue theorem to compute the integral (12.1) and conclude that

2qs

7(5)—1/2 (1—7‘5—7(5)1/2>|x if 2 <0,

2ps

172\ |7l
o 7((9)—1/2 (1—7"8—’7(5) / > if 2 >0,
gs\T) =

where v(s) = (1 —rs)? — 4pqs®.
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We next relate the recurrence/transience with the bound on the ch. f. 7(6) near 6 = 0.

Lemma 12.1.2 a) Suppose that d < 2 and that there ezist 6; > 0 (i = 0,1,2) such that
5110)7 <1 —Rev(0) < |1 —0(0)] < 8]0)%, for |8] < &. (12.4)
Then the random walk is recurrent.
b) Suppose that d > 3 and that there exists 6 > 0 such that
1 —Rep(0) > 0|0)* if 0 € [—m, 7] (12.5)
Then the random walk is transient.

Proof: Note first that

df [ =00 ifd<2,
/eed[ |02 { <oo ifd>3, (12.6)
a): We see from (12.4) that there exists C' > 0 such that
1—Rerv(0)
1) > 10| <6
= OR IGI 0

and hence we get (R3) in Proposition 7.1.2:

(122) 1 1-Rer(d) ® C df (12.6)
00 2 oo [ a0 s o [
O = gt fy TR0 = @ S 107
b): We get (T5) in Proposition 7.1.2 as follows:
)(123) 1 / 1 (125) 1 df (12.6) c 71
(@) < (27)d 1—Rep(d) ~ (@mis ) o = % T

Exercise 12.1.2 Prove (12.6).

Exercise 12.1.3 Suppose that [, ;=
with d > 3. Prove then the following.
)= e LY(nl), gi(z)=(2m) [, d@e A(g NEWAS

ii) ¢g1(x) — 0 and h(z) — O as || — co. Hint: The Riemann-Lebesgue lemma.

iii) P(H ¢ {Sp}n>1) = 1, where H = {x € Z¢ ; h(x) > 0}. This is in contrast with Exercise
7.1.3. Hint: P(H C {S,}n>1) < h(x) for any = € H.

A(G) < 00, which is true for the simple random walk

12.2 When is the random walk “truely d-dimensional”?

In Section 12.3, we generalize Theorem 7.1.1 to more general class of random walks in Z¢.
Now, let us define these classes.

Definition 12.2.1 A random walk in R? is said to be truly d-dimensional if
0, L her?; 0. X, =0, P-as.} = {0}. (12.7)

Condition (12.7) says that the random walk is not confined in a subspace with positive codi-
mension.
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Definition 12.2.2 e For Z?valued random walk, we define

Rn={z¢€Z; P{S, =z} >0} (12.8)

e A Z%valued random walk is said to be aperiodic?® if
{r—y; 2,y €Up=R,} = 2% (12.9)
If otherwise, the random walk is called periodic.

Remark The left-hand-side of (12.9) is nothing but the Abelian subgroup of Z¢ generated by
Ry.

Lemma 12.2.3 Let (S,)n>0 be a Z%-valued random walk.

(a)

(b) (Sp)ns0 is truly d-dimensional if and only if Ry contains a linear basis of RY.
(c) Aperiodicity implies true d-dimensionality.

Proof: (a) & (b): Obvious from the definitions.
(c): This follows from (a),(b) and simple linear algebra. O

Example 12.2.4 If {ey,...,eq} C Ry, where e; = (§;;)%_, € Z¢, we then see from (12.10) that
the random walk is aperiodic. In particular, the simple random walk is aperiodic.

12.3 A generalization of Theorem 7.1.1

In this subsection, we prove the following theorem.

Theorem 12.3.1 Suppose that (S, )n>o0 is a Z%-valued, truly d-dimensional random walk with
the mean velocity v = 0.

(a) Ifd <2 and X, € L*(P), then the random walk is recurrent.

(b) Ifd > 3, then the random walk is transient.

Remark 12.3.2 For part (b) we will give a proof only in the aperiodic case. The proof for
the periodic case, which is more intricate, is presented in Section 12.5.

Theorem 12.3.1 is a consequence of Lemma 12.1.2 and the following lemmas.

Lemma 12.3.3 For a truly d-dimensional random walk with v = P{X; € -}, there exist
0; >0,1=1,2 such that
1 —Rev(0) > 6,10 if |0] < 9y (12.11)

2IThe definition of aperiodicity is the same as that in [Spi76, page 20]. However, the aperiodicity defined
here is weaker notion than the “aperiodicity” as a Markov chain. The “aperiodicity” as a Markov chain is
called “strong aperiodicity” in [Spi76, page 42].
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Proof: The proof is based on the observation that the expectation E [|o - X;|?] (can be +o0,
but) can never be zero for o # 0. We now use (7.16) and (7.17) as follows;

1 —Rer(d) = E[1—cos(f-X;)]

= 2E[sin*(0 - X1/2)]
410 - X1|?

> 2F . S0 Xq| <7
216]?
= 2 (07160,

where on the last line, we have introduced

F(,0) = Ello-Xi|* : |o-Xy| <7/d],
§>0, 08" ={yeR?; |y =1}

Hence it is enough to show that there exists d, > 0 such that
inf{F(8,0); § < dy,0 € S} > 0. (12.12)
Since F'(9,0) is decreasing in d, (12.12) is equivalent to;
inf{F(8,0); o € S} >0 for some ¢ > 0. (12.13)

We prove (12.13) by contradiction. Suppose that (12.13) is false. Then, there is ¢, \, 0 and
{o,}n>1 C S41 such that li/m F(8,,0,) = 0. By the compactness of S¢~! and by taking a

subsequence, we may assume that li/m 0, = o for some ¢ € S%!. Then, by Fatou’s lemma,
n, /oo

li/m F(6,,0,) > E [|lo- X1|*] #0,

which is a contradiction. O
Lemma 12.3.4 Let (S,)n>0 be an aperiodic random walk with with v = P{X, € -}. Then,
{0 € R?; D() =1} = {2nm ; m € Z%}. (12.14)
Moreover, there exists 6 > 0 such that
1 —Rep(0) > 0|0)* if 0 € [-m, 7] (12.15)
Proof: Let (S))n>0 be an independent copy of (Sy,)n>0. We first observe that
Unawsoir € 2% P{S, — S/, =z} > 0} = 2. (12.16)

This can be seen as follows. For any x € Z?, there are n,n’ > 0 and y € R,,, ¥ € R,y such
that x =y — /. Then,

P{S,— S, =2} > P{S,=y, S, =y}
P{S, =y} P{S, =y} > 0.
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We also observe that for t € R and a real r.v. X,
Fe(X)=e(t) < Ecos(X —t)=1 <= X € {t + 2mm}nez, P-as. (12.17)
Let S, = X| + ... + X],. We then have that

v()=1 < Fe(#-X,)=Fe(0-X])=1
< FEe(0-S,)=Fe#-5,)=1, forallnn >1,
= Fe( (S,—5),))=1, foralln,n >1,
<~ 0-(S,—95.) €{2mm}nez, P-as. foralln,n’>1, by (12.17)
< 0-1€{2mmlpez, forallz € Z by (12.16)
— e {QWm}mezd

We see from (12.11) that (12.15) is valid for |0] < d,. We next prove (12.11) for the case
0| > 5. By (12.14),{0 € nI ; v(#) = 1 } = {0}. Therefore, if weset K = {0 € nl ; |0] > 02},
then § € K — 1 — Rev(f) attains a positive minimum =: d3 > 0. Hence for |0| > 0,

1-— Ref)(@) Z 53 Z 5352_1|9|2

O

Proof of Theorem 12.3.1: We use Lemma 12.1.2.
(a): We see (12.4) from (6.4) and (12.11).
(b): (12.15) implies (12.5). O

12.4 More on the true d dimensionality

Lemma 12.4.1 Consider an L*-random walk with the mean vlocity v and the covariance ma-
trix I

(a) If det(I') > 0, then the random walk is truly d-dimensional.
(b) If the random walk is truly d-dimensional and v =0, then det(I') > 0.

Proof: (a): It is enough to prove that ©, C {# € RY; §-T0 = 0}. It is easy to see that for
0 € RY,
0-T0=E|X,—v)-0=1E|(X, - Xy) -0 (12.18)

If 0 € ©,, we then have that (X; — X3) -0 =0, P-a.s. and hence that 6 - T'6 = 0.
(b): If v =0, then (12.18) proves ©; D {# € R?; §-T0 =0}. O

Exercise 12.4.1 Find a truely d-dimensional random walk with degenerate covariance matrix.
Hint: Consider a Z%valued random walk such that P(S; = (§;4)¢_,) = 1/dforall j =1,...,d.

12.5 Proof of Theorem 12.3.1(b): periodic case
Proof is a consequence of (12.6) and the following

Lemma 12.5.1 Consider a Z-valued, truly d-dimensional L*-random walk with the mean
velocity v = 0. If 09 > 0 is small enough, then for all 0 < § < &g, there is positive constant B
such that

91(0) < B/ |0]72d6. (12.19)
74
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The proof of (12.19) is based on the following technical lemma
Lemma 12.5.2 Define ws : R? — [0,00) (§ > 0) by
B o Ol (2]
ws(0) = 1=~ 1165] < 0} (12.20)
Then, for x € R,
—~ def.
ws(r) = / e(z - 0)ws(0)dl
R4
sin(dz; 2
=TI, ( (;(xj;f)) : (12.21)

ws(z) = (27r)_d/Rde(x-9)@/u\5(0)d0. (12.22)

Proof: ws(0) = H?Zlv(g(@), where vs(6;) = 5;‘29j|1{|9j| < §}. On the other hand, it follows
from (9.43) that

/Re(:cej)va(ej)dej - (%)2 z €R. (12.23)
Therefore,
) = [ Tl
= 1., Re(l’j@j)va(%)d@j
- I ()

The last equality (12.22) follows from (12.21) and the Fourier inversion formula. O
Proof of Lemma 12.5.1:

P{S, =0} = w;(0)P{S, =0} since w;(0) =1,
< Y wi(x)P{S, =}
z€Z
= Z / e(x - ws(0)dOP{S, = x} by (12.21)
z€Z Re
= / dOws(0) Z e(r-0)P{S, = x} by Fubini’s theorem,
Re xeZ4
= / dOws(0)v(0)" by (7.13). (12.24)
Rd

If 0 < s <1, then s|v(f)| < s < 1. Note also that

0 < ws <5 7. (12.25)
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Therefore,

9s(0) = ZSnP{Sn =0}

n>0
<y / d0ws(0)(sD(0))" by (12.24),
n>0 R
= / dOws(0) Y (s(0))" by Fubini’s theorem,
R? n>0
= /d9w5(9)(1—sﬁ(9))_1
Rd
< /d9w5(0)|1—sﬁ(9)|1
Rd
< 5‘d/ di|1 — sv(0)|™1 by (12.25),
oI
< (5d6’/ 10]72d6 by (12.11).
ol

We see the desired upper bound for g;(0) by letting s 1.
(I

12.6 When to stop walking?

Definition 12.6.1 Consider a random walk S, = X; + ...+ X, (n > 1) defined on a proba-
bility space (2, F, P). We define a sequence (F,),>1 of sub o-fields of F by

Fo=o(X1,. .., Xp). (12.26)

The o-fields F,, can be considered as all information that the random walker knows up to time
n. Arv. 7:Q—{0,1,...,} U{oo} is called a stopping time if

{r=n}eF, foralln=12... (12.27)

Condition (12.27) says that the event {7 = n} depends only on (Xj)g>1 up to time n. For a
stopping time 7, we define

F.={AeF; An{r=n}eF,foralln=1,2---}. (12.28)

Exercise 12.6.1 For a random walk, define its m'"-hitting time of a Borel set A C R¢ by

n'™ = inf {n >1] ) 1{S, e A} = m} . (12.29)
k=1

Prove that ngm) is a stopping time.

Exercise 12.6.2 Prove that F, defined by (12.28) is a sub o-field of F.
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Lemma 12.6.2 (Strong Markov Property) Suppose that 7:Q — {0,1,...,} U {oco} is a
stopping time such that
P{T < o0} > 0. (12.30)

Then, under the measure P(-|T < 00),
a) Fr and o({X in}tn>1) are independent,
b) (Xrin)n>1 s an i.d.d. with P(X, 4, € |7 < 00) = P(X; € +).
Proof: It is enough to prove that
PAN{(Xrik)poi € B} | T <00) = P(A| T < 00)P{(Xy)s_, € B} (12.31)
for all A € F;, n>1and B € B((R%)"). This can be seen as follows,

P({r < oo} NAN{(Xrsk)i_y € B})
= Y P{r=0}nAN{(Xp)p, € B})

= ZP({T =1} NA)P{(Xi4r)i—1 € B}

= P{r <o} NA)P{(Xy)i_, € B}.
which is equivalent to (12.31). O

Exercise 12.6.3 Let o and 7 be stopping times such that ¢ < 7 a.s. Prove then that F, C F-

Exercise 12.6.4 The purpose of this exercise is to illustrate that property (a) in Lemma
12.6.2 is not true in general if we assume {X,},>1 just to be independent (not necessarily
identically distributed). Consider S, = X; + ...+ X,, where {X,},>1 are {1,2}-valued in-
dependent r.v.’s such that P(X; = 1) = 1/2, (j < 2) P(Xy = 1) = p (k > 3). We set
7 =inf{n > 1S, > 2 }. Prove then that two events {r = 1} and {X,; = 1} are indepen-
dent if and only if p = 1/2.

12.7 Green function and hitting times

We now define

GO
o ={ B 0z
and
he(z) = RV (z), 0<s<1. (12.33)
Note that, by the monotone convergence theorem,
P (z) = lin R (2), (12.34)
) (z) = n}bl/ngo A (). (12.35)
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Exercise 12.7.1 Prove that

Bl 1{n™ < oo}] = lim Zoh{™ (x). (12.36)
We now prove (7.8) in the following generalized form.

Lemma 12.7.1 Consider a random walk (S,)n>0. For all s € [0,1], z € R? and m > 1,

WM (z) = hy(z)h{D(0) (12.37)
= hy(x)hs(0)" (12.38)

gs(x) = 5o,w+%, (12.39)
(12.40)

Proof of Lemma 12.7.1: It is enough to prove (12.38) and (12.39) for s < 1. The results for
s = 1 can be obtained by passing to the limit s / 1. We begin by proving (12.38) for s < 1.
To do so, we may assume that P{n, < oo} > 0. In fact, (12.38) is just “0=0" if otherwise.

Note that

m m—1
7735: )2773:+% )a

if n, < oo, where

ey :inf{nz 1] Z1{X%+1+...+X,h+nzo}zm—1}.
k=1

By Lemma 12.6.2, the r.v. 7" on (Q, F, P( - |n, < 00)) is independent of 7, and has the
same distribution as the r.v. n(()mfl) on (2, F, P). Note also that

s = s”;m)l{nz < o0}.

We therefore have that

E [S";M)] = P{n, <oo}k [Snﬁﬁém_l)lnx < oo}

(m—1)

= Py, < 0o} E[s"|n, < 00| E [3"0 }
= E[s™|E [s’?ém”)] . (12.41)
By applying (12.41) for = 0 inductively, we see that
E [s"ém_l)} = E[s™]™ !,
which, in conjunction with (12.41), proves (12.38). We next prove (12.39) for s < 1 as follows:

gs(x) = dou+ Z s"P{S, =z},

n>1
Z s"P{S, =x} = Z s" Z P{n\™ =n}
n>1 n>1 m>1
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O
Exercise 12.7.2 Prove that for any z,y € RY,
L= A+ ) > mas{PL < nen} (1 - A(9), Play < merg}(—h@)} (1242

Hint: Let us prove that 1 — h(z 4+ y) > P{n: < Neyy} (1 — A(y)). To do so, we may assume
that h(z) > 0 (P{n, < Ns+y} = 0 if otherwise). Since h(x) = P{n, < oo}, we have

LB ty) = Pl = o)
> P{nm < Nty ﬁy = 00}7

where
ny=1inf{n >1; X, 1 +...+ X, 4n =y}

Therefore, by Lemma 12.6.2,

Plng < oo, 1jy =00} = P{ns < iy} P{ily = 00 | 1, < oo}
= P{n, < iy} P{n, = o0}
= P{ne <mory}(1 = h(y)).

By exchanging the role of x and y, we also see that 1 — h(z +y) > P{n, < 14y} (1 — h(x)).
Exercise 12.7.3 Use a similar argument in the proof (12.42) to show that
h(xz +y) > h(z)h(y) for any z,y € R%. (12.43)

Exercise 12.7.4 Generalize (7.6) by showing

he(z) = s(1 — hy(0))P{X, = 2} + sPhy(z — X1), z€RY 0<s< 1. (12.44)
Exercise 12.7.5 Consider a Z-valued random walk defined by

P{Xi=1}=p>0, P{X;=—-1}=¢>0and P{X; =0} =r=1—-p—gq.
i) Use Exercise 12.1.1 and (12.39) to prove that

1—7’8—’7(8)1/2 &

525 if x >0,
he(z) = ¢ 1 —~(s)/? if v =0, (12.45)
172\ =l
(Hs;pvs(s) / ) if 2 <0,

where v(s) = (1 —rs)? — 4pqs>.
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ii) Use (12.34), (12.36), (12.38), (7.8) and (12.45) to prove that if ¢ <p and m > 1,

(I—1[p—q))™* if £ >0,
Pp™ <o) =4 (1—[p—q)™ itz =0, (12.46)
(q/p)*I(1 — |p — g)™ " ifz <O.

oy _ [ #/(p—q) ifz>0g<pandm=1,
Bl { o0 if otherwise. (12.47)

Exercise 12.7.6 Consider a Z%valued random walk. For z,y € Z¢ and A C Z?, define

n(x,A) = inf{n>1; x+ S, € A}, (12.48)
77(3672/) = 77(:67 {y})7
n(z,A%)—1
g z,y) = E Z s"He+ S, =y}, (12.49)
n=0
Wi (z,y) = FE [s"(x’y)l{n(x,y) <n(z, A9}, 0<s<1 (12.50)
hi(wy) = Pln(z,y) <nle, A9}, (12.51)
H)z,y) = B[s"9 s+ Sypa=y}], 0<s<1 (12.52)
HiNz,y) = P{n(z, A%) < 00, T+ Syzac) =y} (12.53)
Prove then that for x,y € A,
hi(z, y)
A s )
- 6£E T 1 A/ S 17 .
9s (l’,y) vyt 1—h?($,l’) 0<s (12 54)
gS(y - ZL‘) = g?(xvy) + Z Hf(:v,z)gs(y - Z)? 0<s<1l (1255)
2€ZHN\ A

Special case of these identities can be found in [Law91]; See Exercise 1.5.7 and Proposition
1.5.8. of that book.

Exercise 12.7.7 Consider a symmetric, Z%valued, aperiodic L2random walk.

i) Use (7.13) to prove that

P{S, =z} = (27?)_d/ df cos(0 - x)v(0)" (12.56)

w1
Hint: P{S, =z} = 1P{S, = 2} + 3 P{S, = —z} by symmetry.

ii) Use (12.56) to show that the following for any d > 1;

n

a(z) < Jim > {P(Sk =0) = P(S = x)} (12.57)
k=0

= (2m)™ /I dﬁl_lc_o—sﬁ(fg')x), (12.58)

= i%(gs(o) - gs(x))' (12'59)
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The function a(z) is called the potential kernel of the random walk. Hint: Use (12.15) and an
inequality 1 — cos(6 - ) < (0 - x)?/2 to prove

/ df sup
nl  0<s<l
Then, use (12.56), (12.60) and the dominated convergence theorem to prove (12.58) and
(12.59).

1 —cos(f - x)

) | < (12.60)

Remark 12.7.2 i) We will see in (12.62) that a(z) has the following probabilistic meaning;

nz—1

> 1S, =0}

n=0

a(z)=F /(1 + h(2)).

ii) The symmetry we have assumed to prove the existence of the limit (12.57) is not essential,
but to simplify the discussion for d = 1. In fact, for d > 2, we can prove the existence of
the limit (12.57) and (12.59) without symmetry by (7.13), since |1 —e(6 - z)| < |0 - z|.
Even for d = 1, it is known that the limit (12.57) exists without symmetry [Spi76, page
352].

Exercise 12.7.8 Consider a Z-valued random walk such that P{X; = 0} = r and P{X; =
+1} = 55, Use Exercise 12.1.1 and (12.59) to compute a(x) in Exercise 12.7.7 explicitly;

a(z) = [z[/(1 —7).

Exercise 12.7.9 Consider a symmetric, Z%valued, aperiodic L?*random walk. Use (12.59)
and (12.55) to prove that

g (@, y) = alz — 2) + bz — w)aly — 2) — aly — ). (12.61)

and in particular (x =y = 0 # 2) that
a(z) = ¢“0,0)/(1 + h(z)). (12.62)

Exercise 12.7.10 Consider a Z%valued random walk such that P(X; = 0) # 1. For a finite
set A C Z%, there is an € > 0 such that

Pexp (en(z, A%)) < oo forallze A (12.63)

(cf. (12.48)). Check the proof of (12.63) presented below.

Proof of (12.63); We first pick z # 0 such that v(z) =3 P(X; =2%2)>0. Since A— A=
{x—2a'; x,2' € A} is a finite set, Nz ¢ A— A if N is large enough. We set § = 1 —v(2)V < 1.
We will prove by induction that

sup P{n(z, A°) > kN} <", k=1,2,.... (12.64)

€A
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We begin with k£ = 1.

P{n(x, A°) < N} P{z+ Sy ¢ A}
P{Sy ¢ A— A}

P{X,=...,=Xy=2z2}=v(z)".

AVAR AVARLVARLY,

This proves (12.64) for k = 1. We now suppose (12.64) for some k. Then,

P{n(a, A) > (k+ )N} < Y P{n(z, A%) > kN, @+ Sy =y, 7y, A) > N},

yeA
where
Ny, AY) =inf{n > 1; y+ Spixny — Sey € A%}

Since

{U(IL‘,AC) > kN, x + Sy = y} € Fin, (12.65)

n(y, A°) is independent of Fyy, (12.66)

n(y, A€) has the same distribution as 7(y, A°), (12.67)
we have

> P{n(z, A% > kN, z + Spy =y ij(y, A°) > N}

yeEA
= Z P{n(z,A%) > kN, x 4+ Spy =y} P{n(y, A°) > N} by (12.65), (12.66) and (12.67),
yeA
< 0Y P{n(z,A%) > kN, x+ Spy =y} by (12.64) for k=1,
yeA

= 0P{n(z, A°) > kN}
< ghH by the induction hypothesis.

This completes the induction and proves (12.64).
Now, (12.64) can be used to prove that there are C' > 0 and ¢ > 0 such that

P{n(x, A°) > t} < Cexp(—et), forallt>1,
which proves (12.63) (cf. Exercise 1.2.5).

Exercise 12.7.11 Consider a symmetric, Z?-valued, aperiodic L?-random walk. Use (12.59)
and (12.55) to prove that, if A C Z¢ is finite, then

a(y—x) = _gf(‘rvy)—i_ Z Hf(.ﬁlﬁ,Z)CL(y—Z), ;U,yEA. (1268)
2€Z4\ A

cf. [Law91l, Proposition 1.6.3] for the simple random walk case.
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