
f0(z) holomorphic near 0 f0(0) = 0 f ′
0(0) = λ

f0(z) = λz + a2z2 + . . .

f0(z) = e2πi p
q z + a2z2 + . . .

f0(z) = z + a2z2 + . . .

λ = e2πi p
q λ = 1 a2 '= 0

f(z) = e2πiαz + . . .

f(z) = e2πiαz + O(z2)

f ′(0) = e2πiα, α small | arg α| < π
4

α ∈ C ! {0} small and | arg α| < π
4

α ∈ R ! Q

ai ∈ N ai ≥ N

F0(w) = w + 1 + o(1) w = − c

z
near 0 near ∞ T (w) = w + 1 Φattr Φrep C/Z C

mod Z Ef0 Ef

f0 ! R0f0 R0f0(z) = z + O(z2)

f ! Rf Rf(z) = e2πiβz + O(z2) β = − 1
α

mod Z

Φattr(f(z)) = Φattr(z) + 1 Φrep(f(z)) = Φrep(z) + 1 Φ...(f0(z)) = Φ...(z) + 1

Ef0(z) = Φattr ◦ Φ−1
rep χf χf (z) = z − 1

α
R̃f = χf ◦ Ef R̃f Rf = χf ◦ Ef *

Ef0(z) = z + o(1) (Im z → +∞)

Π Π(z) = e2πiz Π : C/Z $−→ C∗ R0f0 = Π ◦ Ef0 ◦Π−1 R0f0 = Π ◦ Ef0 ◦Π−1

R0f0 = Π ◦ Ef0 ◦Π−1 Rf = Π ◦ R̃f ◦Π−1 = Π ◦ χf ◦ Ef ◦Π−1 = e2πiβz + O(z2)

where β = − 1
α

(mod Z) or α =
1

m − β
(m ∈ N)

f(z) = e2πiαz + O(z2) = e2πiαf0(z) where f0(z) = z + O(z2) 1-parabolic

1

f ↔ (α, f0) Rf(z) = e−2πi 1
αRαf0(z) R : (α, f0) "→ (− 1

α ,Rαf0)

f0 α α "→ − 1
α mod Z R0 R

R0 contracting? R hyperbolic? (Rα contracting?)

f = P ◦ ϕ−1

f = Q ◦ ϕ−1

0 ∞ (−∞,−1]

C R Z Q D H R ! Q C/Z C∗ D∗ C C ! D (−∞,−1]

z "→ e2πiz z "→ exp(2πiz)

f Rf R0f Rαf Rf χf

F0 F1 FQ
1

Q(z) = z

(
1 + 1

z

)6

(
1 − 1

z

)4 ,

Q satisfies Q = ψ−1
0 ◦ P ◦ ψ1 where ψ0(z) = −4

z
, ψ1(z) = − 4z

(1 + z)2
= 4fKoebe

(
−1

z

)

∞

2


