Fibred Fibration Categories
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Homotopy Type Theory [13] i%. Martin-Lof BUHEGR [6] & FE b E—fmdiE O
DWWz, FHEERIF L RE Y-S OB O IEE I N T WAL T —< T
Hb, ETNVE T ® (00, 1)-B [5] D& SZ, HIRAE N —DOSiEEEZ5
M, PERDEDLHART, FHEMZH - ZERGEH S HEPR VW E WS RFERH
5, £7-. FE M —FRRHEAD S, Univalence Aziom & Higher Inductive
Type &\ 5, BT NE—F, BEENAIZE > THEREWEE L EFNZ, 20
2 D01%, HIRAE M-z ENT 2 LT NZERE 2 4 D Univalence Axiom
& Higher Inductive Type (Z2ED< 74 7 U NERICFAFEINLTWS (1],

L% L. Homotopy Type Theory DRI FIZFHKBLTVWB EIXE X%
W, BRZRETVEIES Z 12L& D, Homotopy Type Theory D ¥ 1k 137
I N7z [4] A, canonicity, disjunction property, definability 7% & Oifiw i £ 2R
LERNTWVARWN,

w < S RIBEROFERGRIZ B W T, logical relation EWHIND T2 = 7 H
K i T &7z, Logical relation (21, fibred category (Grothendieck fibration)
% fifi o 72 PEERIE A2 B 5 2], Logical relation D7 27 =v 7 &2 HZ 508 5
M. BEERIZIE fibrewise K& & total category DIEE & /EN 2 2 (RFIZ I
ZOHH) L WS HEIZREI NS,

ARWH7ETlE, Homotopy Type Theory ZDEDTIXHRWAZDLETH S
Martin-Lof BB (205t 3 2 BERIUREE 12 D W T, fibrewise 72K & total 72
WiE e ZLIERT 5, Tk, identity type 122DV T D logical relation D%
HARBZEITi5,

2 Type-theoretic fibration categories

ZDETIX, Martin-Léf DE TNV TH 3 type-theoretic fibration category % EA
5,

E&ELEVZME GVI7ME). i:A=B,p: X =Y 2B C 0TS,
Mp it UTEY 7 MEEFEED (p i WHULTHY 7 MMEZRED) 21, TR
TD f:A—X,g:B—=Y Tpof=goi 2i/=3TdDIZH LT, h:B—+X
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T, hoi=f,poh=g Zi=THIFEHLTLILTH 5,
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£ 2 (Type-theoretic fibration category [10, Definition 2.2]). Type-theoretic
fibration category &%, P C &5 F C C T, R&{i~3THLDTH5D, T
ZT. F OH % fibration &Y, ZHEHRERMH X » YV &#HL, £z, TXRTOD
fibration (23 UT/AY 7 MEARFEDOH % acyclic cofibration ¥ IFCF, X 5V &
=<,

1. CIFHNR 1 KD,
2. IRTOEBHF L, 1 ~DEIL fibration TH 5,

3. Fibration & pullback &Z2WTEHU %: p: X — J % fibration, f: I — J
RO ET DL, pullback f*X BFHEL. f*X — I 1 fibration T
»H5,

4. [EEDHX acyclic cofibration & fibration 2533 5,

5. C 1% dependent products ZHiD: fibration f : X — Y 12U T, f*:
C/Y — C/X & partial right adjoint Iy %Zfib, TOEERMEIT X LD
fibration % &M, fHIL Y EOD fibration TH 5,

£ 3 (Strong fibration functor). Type-theoretic fibration category DD B
F F:C — D 7 strong fibration functor TH 5 L. F DHENR, fibration,
fibration @ pullback & acyclic cofibration ZR2Z & TH 5,

3 Fibred type-theoretic fibration categories
IOETE, EEHEZTOHABIOAT v FERRD, LA 12 b5,

E# 4. Fibred type-theoretic fibration category & %, strong fibration functor
p:E—B T, RziHE~THDTH 5,

1. p & fibred category TH 5,
2. Fibration ® @D Cartesian morphism & fibration Td %,
3. E—=B OXKX

WX UT, g & u W fibration 726, FEINDH X — v*Z % fibration
THhb,



4. Acyclic cofibration @ _E®D Cartesian morphism V& acyclic cofibration T
H5,

5. p I& dependent product %{£D,
EHE 5. ReEd 5,
1. p:E — B & fibred category TH 5,
2. B &% fiber E; 1% type-theoretic fibration category TH 5.,

3B DK u:I— JIZHUT, u*:E; — E; I& strong fibration functor T
H5,

4. B @ acyclic cofibration u : I > J ¥ E; ® fibration Y — X (25t LT,
wt By /X (X,Y) = Efut X (u* X, u'Y) 22 HTH 5.,

5 B D fibrationu: 1 — JIZX LT, u*:Ey — E; I fibration % &2 right
adjoint u, %¥FH. Beck-Chevalley condition % #7279,

ZD & E, E T type-theoretic fibration category DHGHENAD, p: E — B &
fibred type-theoretic fibration category (2785,

E T type-theoretic fibration category Df§i&E%x AL 5121k, E @ fibration
EHRONIE LW, E D fibration I$IXD Reedy fibration & T 3UL LW,

£ 6 (Reedy fibration). E O4f f: X — Y ' Reedy fibration TdH 2 & I,
pf:pX — pY B D fibration TH O P OFHINDH X — (pf)'Y 2 E,x
D fibration THBHIZ & TH 5,

iz, E O (Reedy fibration (ZDWT®D) acyclic cofibration & Reedy
fibration (23 f#3 5 Z & /RS, p » bifibred category TH UK [§] [11] D ik
MEDE EMZ M, SEIE p 2 bifibred category & IFKE LW, T DRH
Y. acyclic cofibration DFRWIEE % # 2 IXFEIKD Z L B TE 5,

8 7. Type-theoretic fibration category C @ acyclic cofibration f : A = Bz
HUT, g:B— AT, gf =1 273 EDONRFELET 5,

Proof. Fibration A — 1 1Zx3 540 7 MMEZHEZ IV, O

8 8. B @ acyclic cofibration u: 1> J & X €E; 2L, wX €Ey & u
D ED Cartesian morphism X — wX PFET 5,

Proof. ﬁ%ﬁlﬂ&: D, v:J = 1T, vu=1LR2HPELET S, wX =v*X &
I UL, Cartesian morphism X = u*v*X — v*X =wX %2155, O

LR o1z & b acyclic cofibration @ ® Cartesian morphism (34
7R E 2 R,

fHE 9. E—-B OMRX




BEWT, u: = J DB B D acyclic cofibration, f : A — B 25 u ®_ED
Cartesian morphism, g : X — Y 28 Ex @ fibration 7 51X, % #HD 25
B — X PHES %,

M EDHEZ M 2L, E 128\ T Reedy fibration ~D 3% EHTE 3,
f: XY ZEDH, pf=u:1—J &35, 3. BIZBWTu %
I>—Z> K —J &9f#¢ %, Cartesian morphism w*Y — Y C#HEI N5

v DEDS(f): X —» w'Y 2155, ?@@J: . v O LD Cartesian morphism
7 X = uX BMEET S, HEO L. K OLOS [f] 1 uX - w'Y T,
[flo = (f) 27T LDOWHEHET S, Ex T [f] 20T 5Z 22L&, IROX
DI fORRX - Z =Y %2145,

v w

ZOKD X — Z A Reedy fibration (23 LTAY 7 MEERED Z & 1d, M
EEZIERE S,

E % type-theoretic fibration category D¥% 0 ONE %2/~ 9 I & & F72,
p: E — B 7 fibred type-theoretic fibration category (272 Z & (IR BT R
%, PEflE [12] 2 /R &

4 FEwESERDORER

AW TlE. base category A% type-theoretic fibration category T#% fiber 2%
type-theoretic fibration category T# 5 fibred category {ZXf L T, total category
@ type-theoretic fibration category Ot % 5- 2 7z, S DE L U T, univalent
universe [9, Section 7] Z##D type-theoretic fibration category {22\ T[AkkD
BRATEDZRL VIV ADH B,

F72. G E UT (weak) generic object [3, Definition 5.2.8] 2§D fibred type-
theoretic fibration category 2% X % &, Z L polymorphic Homotopy Type
Theory Z2ET N LTWB & ARES, L1L, ZD &S 7% fibred type-theoretic
fibration category Z/EN 50 E 5 D iZbh > TWVWRY,
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