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Abstract

We work over C. The Hilbert scheme of n points of Enriques surface has a
Calabi-Yau manifold as the universal covering. We prove that every small de-
formations of the Calabi-Yau manifold is induced by that of the Hilbert scheme
of n points of Enriques surface, and count the number of isomorphism classes
of the Hilbert schemes of n points of Enriques surfaces which has X as the
universal covering space when we fix one for n > 3.

Theorem 0.1. Let E and E' be two Enriques surfaces, E™ and E'™ the Hilbert
scheme of n points of E and E', X and X' the universal covering space of E!"
and E'™, and n > 3. If X = X', then E") = E'" je. when we fix X, then
there is just one isomorphism class of the Hilbert schemes of n points of Enriques

surfaces such that they have it as the universal covering space. Furthermore if
X = X', then ElM = E'Inl,

Preliminaries

A K3 surface K is a compact complex surface with Kx ~ 0and H* (K, Og) = 0.
An Enriques surface E is a compact complex surface with H'(E,Og) = 0,
H?(E,0p) =0, Kg # 0, and 2K ~ 0. The universal covering of an Enriques
surface is a K3 surface. A Calabi-Yau manifold X is an n-dimensional compact
kéahler manifold such that it is simply connected, there is no holomorphic k-form
on X for 0 < k < n and there is a nowhere vanishing holomorphic n-form on
X.

Let S be a nonsingular surface, S[™ the Hilbert scheme of n points of S,
ng : S — S the Hilbert-Chow morphism, and pg : S™ — S the natural
projection. We denote by Dg the exceptional divisor of 7g. Note that S is
smooth of dimc S = 2n. Let A% be the set of n-uples (z1,...,2,) € S™ with
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at least two x;’s equal, ST the set of n-uples (x1,...,2,) € S™ with at most two
x;’s equal. We put
S = ps(ST),

AYY = ps(AL),
sl = mgt(se),
&, = ALNSE,
A(SZ) = ps(AL,), and
Fg = S \Sﬁ[ﬂn].

Then we have Blowar St/S, ~ S,[k"], Fs is an analytic closed subset, and its

codimension is 2 in S by Beauville [1, page 767-768]. Here S,, is the symmetric
group of degree n which acts naturally on S™ by permuting of the factors.

Let E be an Enriques surface, and E™ the Hilbert scheme of n points of E.
By Oguiso and Schréer [5, Theorem 3.1], E[ has a Calabi-Yau manifold X as
the universal covering space 7 : X — E[ of degree 2. Let y: K — E be the

universal covering space of F where K is a K3 surface, Sk the pullback of Ag)
by the morphism

p KM s (2, )] e (), ()] € BT,
Then we get a 2"-sheeted unramified covering space
1 g g K\Sk — EM\AY.

Furthermore, let I'x be the pullback of Sk by natural projection px : K™ —
K™ Since I'k is an algebraic closed set with codimension 2, then

1 o pr s KM\ — ECN\AD

is the 2"n!-sheeted universal covering space. Since E"\Dp = E (")\Agl) where
Dg = ng(AgL)), we regard the universal covering space u(™ opg : K"\I'x —
E(")\Ag) as the universal covering space of El" \ Dg:

™ opg : KM\I'g — EM\Dg.

Since 7 : X\7~Y(Dg) — EM\ Dg is a covering space and ™ opg : K"\I'x —
EM \ D is the universal covering space, there is a morphism

w:K"\Tg — X\ 7 (Dg)

such that w: K"\ T — X \ 7~ 1(Dg) is the universal covering space and We
denote the covering transformation group of 7 ow by:

G:={g€eAut(K"\T'g):mowog=mow}.



Then G is of order 2".n!, since deg(1u(™ o pr) = 2".n!. Let o be the covering
involution of u : K — E, and for

1<k<n, 1<t1<---<ipz<n

we define automorphisms oy, ;, of K™ by following. For z = (z;), € K™,

O—(xj) jG {ilv"' aik}

the j-th component of o;,. 4, (x) = : ; ;
z; j&{in, - ik}

Then S,, C G, and {0y, i\ }i<k<n, 1<ii<...<ir<n C G. Let H be the subgroup
of G generated by S, and {0;; }1<icj<n-
We put
Kp, o= (") 7HED),
where p™ @ K™ 5 (x); — (u(x;))y, € E™. Recall that u : K — E the
universal covering with o the covering involution. We further put

T*uij = {(xl)?zl € K:u : O'(JZ‘Z) = xj}7

Afcapij = {(@1)ier € K3, 0 @i = 35},

T*/L = U T*/“;J‘, and
1<i<j<n
AK*;A = U AK*ui,j~
1<i<j<n
By the definition of K7, H acts on K}, and by the definition of Ak, and

Ty, we have Ageyy, NTp = 0.
The universal covering map p induces a local isomorphism

Wl Blowa,.,ur, K7, /H — Bloway E"/S, = E!'.
Here Blow 4 B is the blow up of B along A C B.

Proposition 0.2. ,uLn] : BIOWAKWUTWKSM/H — Blowan E}/S, is the uni-
versal covering space, and X \ 7~ (Fg) ~ Blowa ., ,ur.,, K", /H.

Theorem 0.3. Let E be an Enriques surface, E" the Hilbert scheme of n points
of E, m: X — E" the universal covering space of E™, and n > 2. Then there
is a crepant resolution px : X — K™/H such that p'(Tx /H) = 7~ (Dg).

Proposition 0.4. For n > 3, the induced map p* : H*(X,C) — H?*(X,C) is
identity.

Recall that p : K — E is the universal covering of F where K is a K3
surface, and o the covering involution of p.



Proposition 0.5. Let E be an Enriques surface which does not have numeri-
cally trivial involutions, EM the Hilbert scheme of n points of E, © : X — E"
the universal covering space of E™, p the covering involution of w, and n > 3.
Let ¢ be an involution of X which acts on H*(X,C) as id, then 1 = p.

We suppose that E has numerically trivial involutions. By [4, Proposition 1.1],
there is just one automorphism of F, denoted v, such that its order is 2, and
v* acts on H?(E,C) as id. For v, there are just two involutions of K which are
liftings of v, one acts on H°(K,Q%) as id, and another acts on H°(K, Q%) as
—id, we denote by v4 and v_, respectively. Then they satisfies vy = v_ o 0.
Let v[") be the automorphism of E[ which is induced by v. For v, there
are just two automorphisms of X which are liftings of v/, denoted ¢ and ¢/,
respectively.

Lemma 0.6. Fors and<’, one acts on H°(X, Q%) as id, and another act on
HO(X,03%) as —id.

We put ¢4 € {c,¢’} as acts on HY(X,0Q%") as id and ¢_ € {c,¢’} as acts on
HO(X,03%) as —id.

Proposition 0.7. Suppose E has numerically trivial involutions. Let E™ be
the Hilbert scheme of n points of E, m : X — E™ the universal covering space
of EI™ | p the covering involution of w, and n > 3. Let v be an involution of X
which * acts on H*(X,C) as id and on H°(X, Q%) as —id, and ¢ # p. Then
we have 1 = ¢_.

Theorem 0.8. Let E be an Enriques surface, E™ the Hilbert scheme of n
points of E, m : X — EM the universal covering space of E™, and n > 3. If
X has a involution v which * acts on H*(X,C) as id, and ¢ # p. Then E has
a numerically trivial involution.

Since X and K™/H are projective, K" /H is a V-manifold, and 7 is a sur-
jective, 7 : HP9(K"/H,C) — HP9(X,C) is injective

By [4, Proposition 1.1], there is just one automorphism of F, denoted v,
such that its order is 2, and v* acts on H?(E,C) as id. For v, there are just
two involutions of K which are liftings of v, one acts on H°(K,Q%) as id,
and another acts on HY(K, Q%) as —id, we denote by v, and v_, respectively.
Then they satisfies vy = v_ o 0. Let v[™ be the automorphism of E™ which
is induced by v. For vl™, there are just two automorphisms of X which are
liftings of v, denoted ¢ and ¢’ respectively. Then they satisfies ¢ = ¢’ o o, and
each order of ¢ and ¢’ is 2. From 0.6, one acts on H°(X, Q%") as id, and another
act on HY(X, Q%) as —id. We put ¢} € {c,¢’} as acts on H°(X,Q3%") as id and
s € {s,¢'} as acts on HO(X, Q%) as —id.

Theorem 0.9. Let E and E' be two Enriques surfaces, E™ and E'™ the Hilbert
scheme of n points of E and E', X and X' the universal covering space of E™
and E'™, and n > 3. If X = X', then E") = E'" j.e. when we fix X, then
there is just one isomorphism class of the Hilbert schemes of n points of Enriques

surfaces such that they have it as the universal covering space. Furthermore if
X = X', then E" = E'IN,



Proof. For an involution of X which is the covering involution of some the
Hilbert scheme of n points of Enriques surfaces acts on H%(X, C) as id, H(X, Q3%)
as —id, and H?"(X,C)?"~1! as —id. From Proposition 0.7, the automorphisms
which acts on H?(X,C) as id, H°(X, Q3%") as —id, are only p and ¢_. From the
definition of ¢_ and Lemma 0.6, ¢_ does not act on H?"(X,C)?*"~ 11 as —id.
Therefore an automorphism g of X which acts on H?(X,C) as id, H°(X, Q%)
as —id, and H?>"(X,C)?>*~ 1! as —id is the covering involution p of X — E.

Thus we have an argument. O
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