EXTENDING LOCAL ANALYTIC CONJUGACIES

HIROYUKI INOU

ABSTRACT. We prove that if two globally-defined one-dimensional complex
dynamics are locally analytically conjugate, then we extend the conjugacy to
obtain global conjugacy by a correspondence. The most important case is
when two rational maps have analytically conjugate polynomial-like restric-
tions. In this case, we prove that there exists another rational map which is
semiconjugate to them both by some rational maps.

1. INTRODUCTION

Polynomial-like mappings were introduced by Douady and Hubbard [DH]. The
definition of a polynomial-like mapping is very simple and it contains large classes
of maps: A map f : U — U is polynomial-like if it is proper and holomorphic,
U’ and U are topological disks in C and U’ is a relatively compact subset of U.
However, they proved that polynomial-like mappings actually behave like polyno-
mials. Namely, any polynomial-like map is hybrid equivalent to some polynomial
of the same degree (the straightening theorem). In other words, the set of hybrid
equivalence classes of polynomial-like mappings of a given degree d is very small;
it is just the hybrid equivalence classes of polynomials of degree d.

However, in this paper, we prove there are plenty of classes in the sense of analytic
equivalence, by showing that we can distinguish polynomial-like renormalizations
(or restrictions) of rational maps by their analytic equivalence classes except when
they have some global analytic correspondence. We use this theorem to show that
straightening maps between renormalizable polynomials of a given combinatorics
and the corresponding family of polynomials is always discontinuous [I].

Theorem 1. Fori=1,2, let f; be a rational map or an entire map. Assume that
there exist polynomial-like restrictions fi : Uy — Uy and fo : U — Us of degree not
less than two which are analytically conjugate. Then there exist rational or entire
maps g, ¢1 and ¢o such that

(1) Jiogr=¢10g9, Jaoga =20y
and g has a polynomial-like restriction g : V' — V analytically conjugate to fy :
Uil — Uy by ¢1.
Furthermore,
o if both of the degrees di = deg f1 and dy = deg fo are finite, then g, ¢1, 2
are also of finite degrees. In particular, we have dy = ds.

o If f1 is a polynomial and fs is a rational map, then fo is a polynomial by
taking a Mobius conjugate and we can take g, ¢1 and ¢o to be polynomials.

Here we give several examples such that the conclusion holds. In the following,
we say a map ¢ is semiconjugate to another map f if there exists a map h such
1
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that hog = foh. We call such h a semiconjugacy from g to f. In this paper,
we always assume that f, g and h are holomorphic and mainly we are interested
in global semiconjugacies, i.e., f, g and h are polynomials, rational maps, or entire
maps.

Example. (1) Let h(z) be a polynomial and let f(2) = z(h(2))¢, g(z) = zh(z%)

and ¢(z) = 2. Then ¢(g(2)) = f(4(2)).

(2) For rational maps Ry and R, let f = R; o Ry and g = Rs o Ry. Then f
and g are semiconjugate to each other by Ry and R.

(3) Similarly, let Ry, Ry and R3 be rational maps and let f; = R; o Ry o Rs,
fo=Roo0R30R; and g = Rg o Ry o Ry. Then ¢ is semiconjugate to f; by
¢;, where ¢1 = R3 and ¢ = R3 o R;.

(4) Let fi(2) = 2(c+ 22)3, fa(2) = z(c + 2%)? and g(2) = z(c + 25). Then
f1(23) = (9(2))® and f2(2%) = (9(2)))?. Furthermore, f; and fo are not
semiconjugate to each other except when ¢ = 0 (see Appendix A).

Ritt [R] gave a description of decompositions of polynomials by composition.
It gives a classification of semiconjugate polynomials. See Appendix A for more
details. A classification of semiconjugate rational maps is an open problem because
we do not have such a nice theory of decompositions of rational maps. Transcen-
dental entire maps seem to be more difficult. We do not know even whether there
exist a transcendental entire map f; and a rational map fo which satisfy the con-
clusion of the theorem. A transcendental entire map cannot be semiconjugate to
a polynomial by a (transcendental) entire map (Proposition 4), but that is almost
all what we know and the following are open:

Conjecture. (1) A polynomial of degree greater than one cannot be semicon-
jugate to a transcendental entire map by an entire map.
(2) A transcendental entire map cannot be semiconjugate to a rational map by
a transcendental meromorphic map defined on C.

Observe that the inverse of a linearizing coordinate of a repelling fixed point gives
a semiconjugacy from a linear map (polynomial of degree one) to a transcendental
entire map.

The conclusion (1) in the theorem can be considered as a relation between f; and
f2. It becomes clear by describing in terms of correspondence [BS]. A holomorphic
correspondence h : X — Y is a multi-valued map between Riemann surfaces which
has the form h = Q_,_ 0Q~!, where Q_: Z — X and Q+ : Z — 'Y are holomorphic
maps between complex manifolds. That is, z — w if there exists some x € Z
such that z = Q,(x) and w = Q+(x) If X and Y are compact, then the graph
I = {(Q_(2),Q4(x)); z € Z} is a (singular) one-dimensional complex manifold.
Conversely, any (singular) one-dimensional complex manifold defines a holomorphic
correspondence .

In our case, h = ¢5 o qﬁfl is a correspondence conjugating f; and fy. Further-
more, if f; and fo are rational, then the graph of h is an irreducible algebraic set
in C2 (see Proposition 3). Hence we can say that fi and fo are conjugate by an ir-
reducible holomorphic correspondence. In the case of (transcendental) entire maps,
the graph can have very wild shape, but we still have Z to be a Riemann surface
(i.e. connected one-dimensional complex manifold). It is an open problem whether
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this relation is an equivalence relation or not. We can compose conjugacies as cor-
respondences to get a conjugacy, but a composition of two irreducible holomorphic
correspondences is not irreducible in general.

The proof of Theorem 1 depends on the “graph pushing-forward argument”,
which is a generalization of the classical extension technique by a functional equa-
tion. If we have a local conjugacy and one of the dynamics is univalent (like a
linearization of a fixed point), we can extend the conjugacy from univalent dynam-
ics to the other globally by using a functional equation.

Even when both dynamics have critical points, we can still extend a local conju-
gacy by pushing forward the conjugacy as a correspondence. The precise statement
is given in Theorem 2.

Roughly speaking, consider the graph I'y C U; x Uj of the analytic conjugacy ¢
and the product dynamics F' = (f1, f2). Then I',, := F™(I'y) forms an increasing
sequence of local analytic sets. The union I' = | J,, I';, is an invariant local analytic
set, so we have a dynamics F' : I' — T'. By normalizing (desingularizing) T, we
obtain a Riemann surface X and a dynamics g : X — X on it. We also naturally
have semiconjugacies ¢; : X — C from g to f;. Since g has a chaotic dynamics
coming from the original polynomial-like maps, X cannot be a hyperbolic Riemann
surface. Hence we can classify X and study the dynamics g to obtain the theorem.
Note that this proves that I is not only analytic but also algebraic in fact (Propo-
sition 3). Furthermore, X is minimal in the sense that if there exist rational maps
g and él such that él og=f;o gbfi, then § is semiconjugate to g (Proposition 6).

If we allow polynomial-like restrictions f; : U] — U; to have degree one, then
they are simply neighborhoods of repelling fixed points and they are analytically
conjugate if and only if those fixed points have the same multiplier. Our construc-
tion still works well in that case, but usually we have that g : C — C is a linear
map and ¢ : C — C and ¢o : C — C are the inverses of linearizing coordinates
for those fixed points. Thus ¢; and ¢, are transcendental. Further when f; and
f2 are rational maps, we have the following classification for a triple (f;, g, ¢;) for
each i =1,2:

(1) The conclusion of Theorem 1 like the above examples.

(2) Power maps: X = C* and g(z) = z*?. If further assume that ¢; is not a
rational map, then f; is an integral Lattes example.

(3) Chebyshev maps: X = C and g(z + 27 1) = 2% + 2~%. Similar to the case
of power maps, if ¢; is not rational, f; is an integral Lattes example.

(4) Linear maps on tori: X = C/A is a torus and g¢([z]) = [Az] for some A.
Then f; is a Lattes example.

In particular, g is not transcendental even in this case. Note that the definition
of the Chebyshev polynomial is slightly different from the usual definition (use
(z4271)/2 instead of z+271), but they are linearly conjugate and we use the above
definition to simplify the notation. A Lattés example is a rational map f : C—-C¢C
such that there exists a doubly periodic meromorphic function 6 : C — C and an
affine map #(t) = at + b such that o0 = f o l. We say f is integral if a € Z. For
more details, see [M] and [BE].

Acknowledgment. The author thanks Xavier Buff, Shaun Bullett, Arnaud Chéritat,
Shu Kawaguchi and Tomoki Kawahira for valuable discussions. He also thanks
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ter Bergweiler for explaining that a transcendental entire map cannot be globally
semiconjugate to a polynomial.

2. CONSTRUCTING A COMPLEX MANIFOLD

Let R; and Ry be Riemann surfaces and let M = R; X Ry. In the following, we
denote by p; : M — R; the projection to the i-th coordinate for i =1, 2.
In this section, we prove the following desingularization theorem:

Theorem 2. Let Ry and Ry be Riemann surfaces and let M = Ry X Ro. Let
fi + Ry — R; be a holomorphic self-map on R; fori = 1,2, ¢ : Uy — Us be a
nonconstant holomorphic map between open sets U; C R; and Ty = {(2,¢.); z €
Ui} C M be the graph of ¢. Consider a forward invariant set

r=JF(To)

n>0

by the product map F(z1,22) = (f1(21), fo(22)) on M. Then there exist a one
dimensional complex manifold X, possibly having infinitely many connected com-
ponents, and holomorphic maps g : X — X and 7 : X — M such that 7(X) =T
and mog= Fomw. Furthermore,

(1) let us denote ¢; = p; o . There exists an open set U C X such that
7(U) =Ty and ¢; : U — Uy is an isomorphism.

(2) If the degrees of f1 and fa are finite, then degg is not greater than deg fi -
deg fo.

(3) If Uy is connected and ¢ o fi = fo 0 ¢ on some open set Uj C Uy with
f1(U]) C Uy, then X is a Riemann surface (i.e., it is connected) and there
exists an open set U' C U such that 1(U') = U, g({U') C U and ¢109 =
fiopr onU'.

Note that I' can be weird, especially when f; is transcendental. It might have
a lot of self-intersections and might accumulate to itself like (un)stable manifolds
of two dimensional dynamics, and so on. This theorem implies that we can still
“desingularize” T

Proof. First, observe that I',, is a one-dimensional local analytic set in M for each
n. In fact, it is trivial for the graph I'g of ¢, and I',, is so because it is the image of
a local analytic set by a proper map.

Let T, = Ur—o Tk and let T, : X,, — [, be the normalization (desingularization)
of fn, i.e., X, is a one-dimensional complex manifold and 7, : X,, — M is a finite
proper holomorphic map which is biholomorphic to its image except on a discrete
set (see e.g., [C, § 6]). We have a natural inclusion ¢,, : X,, — X,41 induced
from the inclusion Ty, C Iy, which is holomorphic by the removable singularity
theorem. Similarly, since we have F (fk) C f‘k+1, there exists a holomorphic map
gn + X — Xp41 such that m,41 0 g, = F om,. We can take the direct limit of
{X,}:

X =1lim X,

then X is a complex manifold and 7, and g, induce holomorphic maps 7 : X —
I' C M (the normalization of I') and g : X — X such that mog = F o.
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Let U = {[z] € X; z € Xo}. It is easy to see that U, Xy, T'g and U; are
naturally isomorphic. This proves 1. The property 2 follows from the facts that =
is one-to-one except on a discrete set and deg ' = deg f1 - deg fo.

Under the assumption in 3, we have I';, 1 N Ty, D F*"FL(®(U])) where ®(z2) =
(z,6(2)) for z € Uy. Therefore, T, is an irreducible local analytic set and it follows
that X, is connected. Since ¢; : U — Uj is an isomorphism by 1, it is easy to check
U' = (¢1|v) "1 (U]) satisfies the desired property. O

Although we use the removable singularity theorem to prove the analyticity of
g, we can check directly the analyticity of the map g (or g,) at a singular point.
For a point zg € X,,, there is a neighborhood V C X, of zy such that =, is
biholomorphic on V' \ zg. Take a point zg € Uy and 0 < k < n such that there
exists a neighborhood V; of zy such that F*¥(®(z)) = m,(x¢) and

FFod: (Vi\z) — FFod®(Vy) C mn(V \ o)

is a proper map. Let a; be the local degree of fF at zg. Then there exist
conformal maps ¥ and 1; defined near zy and ff(zo) respectively such that

Yo(20) = ¥1(ff(20)) = 0 and
Yo ffoyyt(w) = w™.

Therefore, by the equality F* o ®(2) = (fF(2), f§(#(2))), there exists some b; > 0
dividing a; such that F* o ®(yy H(w)) = F* o ®(1y * (w)) if and only if w’ = @b,
Thus it follows that w?' gives a local coordinate (complex structure) of X in a
neighborhood of .

Similarly, there exists a conformal map 15 at fF1(z) such that ¢ (fF(20)) =
0 and g0 fI 1 oypg (w) = w* where ag = deg, ( 1) by replacing 1y if necessary
and w2 gives a local coordinate in a neighborhood of g(x) for some by which divides
as. Thus w® — w2 is holomorphic because b; divides by. This proves that ¢ is
holomorphic at xg.

3. PROOF OF THE THEOREM

3.1. Basic classification. Now assume that f; and f; are rational maps or entire
maps, and f1 : U{ — Uy and fo : U5 — Us are polynomial-like mappings of degree
d’ > 2 with analytic conjugacy ¢ : Uy — Us. By Theorem 2, there exists a Riemann
surface X and a holomorphic map ¢g : X — X such that ¢; o g = f; o 7;.

Furthermore, U in the conclusion of Theorem 2 is naturally isomorphic to U;
under ¢;. Namely, g has a polynomial-like restriction analytically conjugate to
fi : Ul — U;. This implies that g has a chaotic dynamics (for example g has a re-
pelling periodic point). Hence X cannot be hyperbolic. Therefore, X is conformally
isomorphic to either the Riemann sphere @, the complex plane C, the punctured
plane C* = C\ {0}, or a torus C/A. Therefore, g is

(1) a rational map if X = C,

(2) an entire map if X 2 C,

(3) g(z) = 2t de9¢"(2) for some holomorphic map h : C* — C if X = C*, and
(4) alinear map if X is a torus.

However, if X is a torus, g cannot have a polynomial-like restriction of degree
d’ > 2, so it is not the case.
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Since U; is an open set intersecting the Julia set of f;, we have
¢i(X) = 1(U) 2 C\ &,

where &; is the exceptional set for f;. Hence we may assume either
(2) ¢:(X) =C and f; is an entire map, or
(3) :(X) =C*.

Hence for each i, we can divide into cases according to X and ¢;(X).

3.2. The case of rational maps. First, we consider the case of rational maps
(including polynomials), i.e., d; = deg f; < oco. Then d = degg is also finite by
Theorem 2. Hence if X = C*, then g(z) = 2%? does not have a polynomial-like
restriction in C*. Hence we may assume X = Cor C.

Similarly, nor is ¢;(X) = C* the case. Thus we need only consider the cases
¢i(X) = C and ¢;(X) = C.
Case I. ¢;(X) = C and X = C. Then clearly ¢; : C — C is a rational map and we
are done.
Case II. ¢;(X) = C and X = C. A priori, ¢; can be transcendental. However,
Eremenko [Er] proved that ¢; is transcendental if g is either a power map or a
Chebyshev map, and f; is an integral Lattes example. Since any integral Lattes
example does not have a polynomial-like restriction, this cannot happen. Thus ¢; is
a polynomial. In particular, we have ¢;(X) = C, so Case II does not occur indeed.
Case IIL. ¢;(X) = C and X = C. Then ¢; must be a constant, which is a
contradiction. Therefore, we do not have this case neither.
Case IV. ¢;(X) = C and X = C. Again by [Er], ¢; cannot be a transcendental
entire function, so ¢; is a polynomial.

In any cases, ¢; is a rational map. Moreover, if f is a polynomial, then we have
¢1(X) = C by construction. This implies that X = C and ¢2(X) = C. This proves
the Theorem 1 for rational maps.

Proposition 3. Under the assumption of Theorem 1, if f1 and fa are rational
map, then T C C? is an irreducible algebraic set.

Proof. First, observe that T' = {(¢1(2), $2(2)); 2z € X }. Since ¢; and ¢ are rational
maps (including polynomials), we have

T = {(¢1(2), $2(2); z € C},
and it is an irreducible algebraic set. O
3.3. The case of (transcendental) entire maps. Now consider the case f; :
C — C is a transcendental entire map. By the same argument as Case III above,

X cannot be isomorphic to the Riemann sphere. However, we cannot exclude the
case X = C*:

Example. Consider the (complexified) Arnold family f, »(z) = = + a + bsin(27x)
defined on C/Z. It is conjugate to g4 : C* — C* defined by

gab(2) = Azexp <b; (Z - i)) ;
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where A = e¢*. When a =0, fo 5 is odd; fop(—x) = — fo,(z). Therefore, gop(1/2) =
1/g0,(z) and go is semiconjugate to an entire map

hy(w) = w cos (b\/ w? — 1) — iy w? — 1sin (b\/ w? — 1) .

Observe that cos z and zsin z are entire functions of z2.

Even when X = C*, we can get a semiconjugacy from an entire map to g by
taking a proper lift to the universal covering so that it still has a polynomial-like
restriction. Hence we need only consider the case X = C and g is an entire map.

However, as we stated in Introduction, we do not know whether g is transcen-
dental or not, nor whether f5 can be a polynomial or even a rational map.

We conclude this section by the following proposition and its application to
Theorem 1.

Proposition 4 (Bergweiler). A transcendental entire map f cannot be semicongju-
gate to a polynomial P by an entire map g.

Corollary 5. Let fi be a polynomial and fo be a (transcendental) entire map.
Assume f1 and fo satisfy the assumption of Theorem 1. Then the entire map g in
the conclusion is a polynomial.

This proposition will be proved by comparing the speed of divergence at infinity.
Let us recall some notation and facts before the proof. For an entire map ¢, let us
denote for r > 0

M(r, @) = max|ip(2)].

Then we have

(1) log M (r, ) is an increasing convex function of logr (Hadamard three-circle

theorem).
log M
(2) Ogli(r,go) tends to infinity if and only if ¢ is transcendental.
ogr
(3) Let f,g be entire maps and let a = f(0). There exists a constant K > 0
such that

1
M(’I“,gof) >M (KM (QTaf> 7g> .
for sufficiently large r > 0. (See, e.g., [Hal.)

Proof. We prove by contradiction. Assume go f = P o g for a polynomial P, a
transcendental entire map f and an entire map g. Then g must be transcendental
also. Let d = deg P. Then there exists some ¢ > 0 such that

log M (r,Pog) <dlogM(r,g)+c
for sufficiently large r > 0. By assumption and the fact 3 above, we have
log M (r1,9) < dlog M(r,g) +c,

where 7y = KM (4r, f). In particular, log M (r1, g)/log M (r, g) is bounded above.
On the contrary, we also have

log M(r1,9) _ (logM(ri,g) /logM(r,g)\ logr:
log M (r, g) log r1 logr logr
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Let 7o > 0. By 1, there exists some C > 0 such that for any r > rg,
logr
log M(r,g) _ logr —logr logM(ro,g) 1~ Tog,’ log M(r1,9)
logr  ~ logr; —logrg  logr 1— }Oiiro log 7,
ogri
< 1OgM(’I”07g) IOgM(rlmg)
- log r log r1

hence (log M(r1.9) / log M(r.g) ) is bounded from below for sufficiently large r by 2

log r1 log r
Since log "L tends to infinity by 2, it follows that % tends to infinity, so this
is a contradlctlon. (|

3.4. Minimality of g. We conclude this section by showing the minimality of g:

Proposition 6. The g constructed above is minimal. More precisely, if rational or
entire maps g and ; satisfy qﬁz og= fl o ¢; for i =1,2 and there is a well-defined
branch of (bl on Uy such that ¢20¢1 is equal to the original analytic conjugacy ¢,
then there exists a rational or entire map ¥ such that ¥ og= go and qAﬁl = ¢; 0.

Proof First assume that X in the proof of Theorem 1 is not isomorphic to C*. Let
X = C or C according to § is rational or entire (a polynomial or a transcendental
entire map). Roughly speaking (or when § is not transcendental), a map
v: X — CxC
z = (01(2),92(2))
gives a map from X =T (or T'), so we can get a semiconjugacy é =7n1o zﬁ via
the normalization 7 : X — T.

More precisely, by assumption, there exists a topologlcal disk U C X such that
$1:U — Uy is an isomorphism and $pi0G=fiop;onU' = g 1(U)ﬁU fori=1,2.
Then 7,/)( ) is equal to the graph of ¢. Therefore g = Lot : U — U = Xo is a
conjugacy between § and g. Similarly, we can define a holomorphic semiconjugacy
Y = b odp 2 g"(U) — ¢g"(U) = X, (where 7, and X,, are in the proof of
Theorem 2) and by taking the direct limit, we obtain a holomorphic semiconjugacy
P =lm__, 1, : X — X with wo P = 1[) It is easy to check that ¢ has the desired
property.

Even when X = C*, the same construction works onto C* and by taking the lift
to the universal cover which analytically conjugates the corresponding polynomial-
like restrictions, we can get the same conclusion. O

4. THE CASE OF DEGREE ONE POLYNOMIAL-LIKE MAPPINGS

Here we consider the case when f; : U/ — U; (i = 1,2) are polynomial-like
mappings of degree one. By the Schwarz lemma, there exists a repelling fixed point
x; € U] for f; and the forward orbit of any z € U/ except x; escapes from U]. Now
if f1:U] — Uy and f5 : U)j — U, are analytically conjugate, then fi(z1) = f}(x2).
On the contrary, if A = f](z1) = f}(x2), then let 1); be the inverse of a linearizing
coordinate; i.e., a holomorphic map defined near the origin such that v;(0) = a;,
Yi(0) # 0 and ¥;(A\x) = fi(i(x)). Then 1)y o ;! gives an analytic conjugacy
between the polynomial-like restrictions. Furthermore, it is well-known that we
can extend the domain of definition of ¢; to the whole complex plane. This implies
that we can always take X = C, ¢g(z) = Az and ¢; = 1; in the conclusion of
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Theorem 1. Namely, there exists a linear map z +— Az which is semiconjugate to
both fi; and fs.

However, we may still apply our construction of g : X — X which is semicon-
jugate to both f; and f; in this case to get the minimal g. Since we still have
expanding dynamics, X is still parabolic or elliptic. We can have all the cases
above because if two polynomial-like maps of degree greater than one are analyti-
cally conjugate and have repelling fixed points, then we get analytically conjugate
polynomial-like maps of degree one by restricting them to some neighborhoods of
the fixed points.

However, we have some other cases because we cannot exclude the case when
deg g = 1, nor the case when there does not exist any polynomial-like restrictions
(linear maps on tori, Lattes maps, g or f; are equal to 2% : C* — C*) in the proof.
When degg = 1, then X must be isomorphic to C, so we have already seen (i.e.,
1; = ¢; is the inverse of the linearizing coordinate).

When f; is a rational map, we can classify the rest of the cases for a triple
(fi,g,%;) as follows:

e If g: X — X is a linear map on a torus, then f; is a Lattés map.
e If g(z) = 2¥ and X = C*, then f; can be either

— a power map (¢;(z) = z),

— a Chebyshev map ¢;(2) =2+ 1/z, or

— an integral Lattes example (¢; is transcendental).

o If ¢;(X) = C*, then f;(z) = %% and g is either a power map (g = f;,
X = C*) or a linear map g(z) = +d;z, X = C).

o If X =C and ¢;(X) = C, then ¢; is transcendental when g is Chebyshev
and f; is an integral Lattes example. Note that if g is a power map, then it
is not semiconjugate to a Chebyshev map or an integral Lattes example by
our construction because 0 € X = J,,~, V', which implies that the superat-
tractive fixed point 0 lies in the domain of definition of the polynomial-like
restriction g : V! — V.

APPENDIX A. SEMICONJUGACIES OF POLYNOMIALS

In this Appendix, we give a classification of semiconjugate polynomials. It is
based on the results by Ritt [R] and Engstrom [En] on decompositions of polyno-
mials in terms of composition. Let S be the set of all affine conjugacy classes of
triples (f, g, h) of polynomials of degree at least two such that f oh = ho g, where
we say that two triples (f1,g1,h1) and (fa2,ge, ha) are affinely conjugate if there
exist affine maps o1, 05 such that

-1
fa=o010frooy,

-1
g2 = 02001009

hgzalohloagl,

and we denote (f1,91,h1) ~ (f2,92,h2). The aim of this appendix is to classify
[(f,g9,h)] € S.
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Theorem 7. Let [(f,g,h)] € S. If ged(deg f,degh) = d > 1, then there exists
polynomials g1, h1, f1,h1, a1 and By such that

fohi=hiog, fiohi =hyog, h=hiof =aoh,
deg fi =degg; =deg f, dega; =degf; =d, degh; =deg }{1 = degh/d.
In particular, if d < degh, then [(f, g1, h1)], [(f1,9, ill)] €S.

This theorem implies that we need only consider the case when deg f = deg g and
deg h are coprime. More precisely, for a given [(fo, go, ho)] € S, we can construct a
sequence {(fo, gn, hn) tn=1,... n and {[(fn, 90, ﬁn)]}nle by applying this theorem
repeatedly until we have ged(deg fo,deghy) = 1 and ged(deggo,deghy) = 1.

Furthermore, if deghy = deghy > 1, then [(fo, gn, hn)] and [(fn, g0, hn)] lie in
S. Otherwise, f and gy, and fny and g are affinely conjugate.
Example. Let us consider the example 4 in the introduction. Namely, let fi(z) =
z(c+ 22)% and fao(2) = z(c+ 2%)%. Since deg f; = deg fo = 7 is a prime number,
they are prime polynomials (i.e., f; cannot be decomposed into a composition of
polynomials of degree at least two).

Assume there exists a polynomial i such that f; oh = ho fy. If degh is divisible
by 7, then by Theorem 7, h can be written as

h=fiohi=hiogn

for some hy and hy. Repeating this argument, we can write h = f{* o h,, = h,, o s
for some n > 0, h, and h, such that degh, and deg f; = deg fo are coprime.
However, Theorem 8 below implies that such h,, exists if and only if ¢ = 0.

Here we give a complete classification for the case ged(deg f,degh) = 1.
Theorem 8. Assume [(f,g,h)] € S satisfies ged(deg f,degh) = 1. Then there
exists a representative (fo,go, ho) of [(f, g, h)] such that either

o f(2) = 2°Pb2), g(z) = 2°P(2®) and h(z) = 2°, where c =a mod b, or
o f=g=1T,, h="T, are Chebyshev polynomials
where a = deg f(= degg) and b = degh.

To prove these theorems, we need the following two facts on decompositions of
polynomials with respect to composition. The first one is proved by Ritt [R]:

Theorem 9 (The second Ritt theorem). Let o1, 92,11 and s be polynomials of
degree at least two such that

F = @109y =1 0o,

Assume a = degp; = degpy and b = degps = degy are coprime and a > b.
Then there exist affine maps p,v, 01,09 such that

Gr1=popioo; ", P2 =010 Py0UV,
Y1 =porprooy’, g =090y 0v
satisfy either

(1) ¢1 = Uy =T, and @o = 1 = Ty, where T}, is the Chebyshev polynomial of
degree n, or
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(2) let 0 < ¢ < b satisfy a = ¢ mod b. There exists some polynomial P such
that po(2) = P1(z) = 2 and
¢1(2) = 2°(P(2))", ba(z) = 2°P(2").

Remark 10. In the second Ritt theorem, the both cases of the conclusion hold only
if b = 2. In particular, if we replace the conclusion 1 by

(1) b >3, &1 =42 =T, and ¢z = P = Th,
then exactly one of the conclusion 1’ or 2 holds.

The second one is proved by Engstrom [En], which is a stronger version of “the
first Ritt theorem” [R]:

Theorem 11. Assume 1, pa,11,12 are non-constant polynomials such that
F = 1002 =11 0.
Then there exist polynomials o, 3, p1, 35271/;1,152, such that
p1 = oy, V1 = o, deg o = ged(deg 1, deg 11),
P2 = p20p3, Wy =1y 0 3, deg 8 = ged(deg 2, deg o).

Indeed, we can say more:

Corollary 12. In the conclusion of Theorem 11, we can also add the condition
$10 P2 =11 0.

Proof Assume the conclusion of Theorem 11. Then we have « o ¢1 o ¢>2 ol =
Qo wl ) wg o 3. Since f is surjective, we have a o ¢1 o d)g =ao wl ) wg By applying

Theorem 11 again to the decompositions « o (¢1 o ¢>2) =ao (¢1 o ¢2), we can see
that there exist polynomials ®, ¥, 3; such that

$10dy = Do, 1oty =Wop
and
deg 1 = ged(deg d1 © Ga, 11 0 1h2) = deg p1 © d = deg )1 0 V.
In particular, ® and ¥ are affine. Therefore, we have
rogy=PoU T oth oty
It is easy to check that the conclusion holds if we replace 7,[31 by ®oU~1lo 1/31. (I

Now we prove Theorem 7. First of all, the following lemma easily follows from
Corollary 12:

Lemma 13. Let [(f,g,h)] € S. Then there exist polynomials ¢y, ¢, 11,12, by, hy
such that
[ =¢100s, g =110,
h=¢10hy = hy o, ¢ 0hy =11 0 Iy,
deg ¢1 = degpy = ged(deg f,degh), degiy = deg o,
deg h; = deg hy.

(2)
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In particular, the following diagram commutes:

(3)

and Zf deghl > 27 we have [(f7glah1)]a[(f1agvill)] € S where fl = ¢2 © d)l and
g1 =12 0.

Theorem 7 is an immediate consequence of the diagram (3).

Proof of Theorem 8. Let [(f,g,h)] € S with ged(deg f,degh) = 1. By the second
Ritt theorem, there exist affine maps pu, v, 01, 09 such that

pr=pofoor, Y2 =010hov,
by =pohooy’, thy = 03090V
satisfy the conclusion of Theorem 9 (note that we do not know whether a = deg f >
b = degh or not). By taking an affine conjugacy, we may further assume that p
and oy are the identity, so it follows that h = 1.
First assume a > b. Then we have

Go=1a=h=07'ops0v
are either the power map or the Chebyshev polynomial of degree b. If they are
Chebyshev, then v and o7 are also equal to the identity and we have done. If they
are power maps, then v(z) = v -z and 04(2) = o - z are linear maps with o® = v.
Let us denote ¢1(z) = 29(P(2))? and thy(z) = 2°P(z?). Then f(z) = z°(Py(2))"
and g(z) = 2°(Py(z%)) where Py (z) = 0°P(c”z), so we have also done.
Now assume a < b. If (iA)Z and 1211 are Chebyshev, then we have the same conclusion
as above. So the remaining case is the following:
(3) Let 0 < ¢ < a satisfy b = ¢ mod a. There exists some polynomial P such
that ¢1(z) = 1s(z) = 2% and

Pa(2) = 2°(P(2))*, P1(2) = 2°P(2%).

Even in this case, by considering (f°",¢°", h) for sufficiently large n, we have
deg f°* = a™ > b, and ged(a™,b) = 1. Thus again we can apply the second
Ritt theorem and A has the form

h(z) = A(z + B)" + C.

(Observe that h is not Chebyshev because then f and g must be Chebyshev.) Fur-
thermore, h(z) has a symmetry: For an a-th root of unity w, we have h(wz) =
w°h(z) (= wbh(z)). This implies B = C = 0, i.e., h(z) = Az’. Hence P(z) =

Az=9)/% and ¢o(z) = Az® = h(z). Therefore, the triple (f,g,h) is affinely conju-
gate to (2%, 2%, 2%), so it is the first case of the conclusion of Theorem 8. (]
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A generalization of Ritt’s theorem for rational maps is an open problem. Hence
we cannot classify semiconjugacies of rational maps. A generalization to Laurent
polynomials was recently done by Zieve [Z].
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