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Introduction

In early 90’s, Gross and Prasad [17], [18] gave a series of fascinating
conjectures on the restriction of automorphic representation of a special
orthogonal group to a smaller special orthogonal subgroup. We now
recall their global conjecture. Let k be a global field with char(k) #
2. Let (Vo,Qo) C (V4,Q1) be quadratic forms over k with rank n
and n + 1, respectively. We assume that n > 2 and that (V4, Qo) is
not isomorphic to the hyperbolic plane. We regard Gy = SOg, as
a subgroup of G; = SOg,. Let m ~ ®,m, and m1p ~ ®,m, be
irreducible tempered cuspidal automorphic representations of G7(A)
and Go(A), respectively. Assume that Home,k,)(m1,0 ® To, C) # {0}
for any place v of k. Then the global Gross-Prasad conjecture [17]
asserts that

(1l po) = / ©1(90)o(g0)dgo # 0
Go(k)\Go(A)

for some p; € m and ¢g € m, if and only if L(1/2,m K m) # 0. Here,
L(s,m W mp) is the “product” L-function of 7; and m.

In this paper, we would like to formulate a conjecture, which ex-
presses the period (¢1]g,, ¢o) in terms of L-values. Put

A = JC2)CME) - C(20) if dimV; = 20 + 1,
STV c@)cM@) @ —2) L, xo,) i dimV; =2,

where x(, is the quadratic Hecke character associated with the discrim-
inant of @);. Let m ~ ®,m, and Ty ~ ®,m, be irreducible cuspidal
automorphic representations of G1(A) and Gy(A), respectively. We
assume, for simplicity, m; and 7y are tempered. We put

L(s,m X mp)
L(s+ (1/2),m,Ad)L(s + (1/2),m, Ad)’
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where L(s, 71, Ad) and L(s, mg, Ad) are the adjoint L-function of m; and
that of 7y, respectively. We assume that the L-functions L(s, m X m),
L(s,m,Ad), and L(s,my, Ad) have meromorphic continuation. For a
sufficiently large finite set of bad places S, we denote the partial Euler
products for Pr, x,(s) and Ag, by P2 (s) and A , respectively.

Let ¢1 = Qup1,, € m and @y = @ypo, € mo be cusp forms. We
consider the matrix coefficients

(I)Lpl,u,m,u (91) :<7T1,v(91)801,v,901,v>v7 g1 € Gi(ky),
¢900,'U7<P0,'u (90) :<7T0,v(90)900,v; 900,0>v7 9o € GO(kv)~
Put

](901,117 900,11) = / Cbsé?l,v,sol,v (gO,v)q)l.Do,v,t.Do,v (90,?)) ng,v-
Go(kv)

It will be proved that this integral is convergent (Proposition 1.1).
Then we conjecture that there exists an integer 3 such that

|<901|G07900>|2 8 S pS I(p1,0, Pow)
* = 2CoAE P (1/2 0 Pou)
) o o = 2 CA&PAm 2 o

veS

where Cj is a constant determined by the choice of local and global Haar
measure of Go(A) (Conjecture 1.5). For more precise definitions, see §
1. When n = 2, our conjecture reduces to the theorem of Waldspurger
[65].

One can give a possible interpretation of the factor 2° in (%) in terms
of the Arthur conjecture [3]. Let L£; be the hypothetical Langlands
group for k. Then, if we admit the Arthur conjecture, for an irreducible
cuspidal tempered automorphic representation m; of G;(A) (i = 0,1),
one can attach an L-homomorphism ; : £, — G, = CA?Z X Wy,
where Wy, is the Weil group [64] of k. It is generally believed that
the structure of the L-packet for 7; is closely related to the finite group
Sy, = Centg (Im(t);)). Then, we conjecture that

1

=
Sy | - [Syol

(cf. Conjecture 2.1.)

This paper consists of four parts. In Part I (§§1-3), we formulate our
conjecture in detail. We first formulate our conjecture in the tempered
case. Then we discuss the relation with Arthur conjecture. In partic-
ular, a possible interpretation of the factor 2° in terms of Arthur pa-
rameter will be given. In §3, we discuss the non-tempered case. In the
non-tempered case, several difficulties will arise. One is that the factor
P, .mo(8) may not be holomorphic at s = 1/2. Another difficulty is that
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the integral I(¢1.4, po,,) may not be convergent. Nevertheless, several
examples suggest that an analogue of (3 ) holds in non-tempered case.
We give a somewhat optimistic conjecture in §3 for non-tempered case.

In Part IT (§§4-5), we develop some local theory to show that our
conjecture (¥ ) makes sense. In §4, we prove that the local integral
I(¢1.4, @ow) is convergent if both m , and 7, are tempered. In §5, we
show that

1(901,117 @O,v) = AGLU,PMWJFO,v(l/z)

for unramified case (Theorem 1.2). In particular, the right hand side of
(%) is independent of the choice of the set S of bad primes. In course
of the proof, we make use of the results of Ginzburg, Piatetski-Shapiro,
Rallis [14] and those of Kato, Murase, Sugano [36]. We emphasise the
fact that the factor Py, -, (s) already appeared in [14].

In Part IIT (§§6-11), we give several examples over number fields.
In §6, we show that our conjecture is compatible with the theorem
of Waldspurger [65]. In §7, we will discuss the Jacquet conjecture.
The first named author proved a closely related result [31]. We show
that the recent result of Watson [66] is compatible with our conjecture.
We also discuss the relation with the conjecture of Deligne [9] and
the conjecture of Shimura [59], [60]. In §8, we consider the restriction
of the Saito-Kurokawa lifts to the diagonal subset. We show that the
first named author’s result [30] is compatible with our conjecture. Note
that this example is non-tempered. In §9, we consider our result on the
restriction of the hermitian Maass lift to the space of Saito-Kurokawa
lifts [32]. This example is also non-tempered, and is compatible with
our conjecture. In §10, we consider the trivial representation. This
example reduces to the mass formula for the quadratic forms. In §11,
we collect the calculation over the real place, which is necessary to get
the result of §§7-9.

In the final part (§§12-14), we give examples over function fields. We
do not pursue generality here. In fact, we consider only locally unrami-
fied examples. Nevertheless, we believe that these examples are strong
evidence for our conjectures. In particular, Proposition 13.7, Propo-
sition 13.10, and Proposition 13.13 are good examples for Conjecture
2.1.

The authors would like to thank Prof. Hiraga for helpful discussions.

Part I. Global theory
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1. FORMULATION OF THE CONJECTURE

In this paper, we would like to formulate a conjecture on a relation
between a certain period of automorphic forms on special orthogonal
group and some L-value. Our conjecture can be considered as a refine-
ment of global Gross-Prasad conjecture [17].

Let k be a global field with char(k) # 2. Let (V1, Q1) and (Vp, Qo) be
quadratic forms over k with rank n+ 1 and n, respectively. We assume
n > 2. When n = 2, we also assume (1, Q)g) is not isomorphic to the
hyperbolic plane over k. We denote the special orthogonal group of
(Vi, Qi) by G; (i = 0,1). From now on, the subscript ¢ will indicate
either 0 or 1, except for some obvious situation. We assume there is
an embedding ¢ : Vj — Vj of quadratic spaces. Then we have an
embedding of the corresponding special orthogonal group ¢ : Gy — G7.
We regard Gy as a subgroup of Gy by this embedding. The group
Gi(ky) of k,-valued points of G; is denoted by G; .

For even-dimensional quadratic form (V, @), the discriminant field
Kg is defined by Ko = k(y/(=1)dmV/2det Q). We put K = K,
(resp. K = Kg,), if dim Vj is even (resp. if dim V; is even). We call K
the discriminant field for the pair (V4,V;). Let x = x k& be the Hecke
character associated to K/k by the class field theory.

Put
A = Co(2)Co(4) - - - Gu(210) if dimV; =20+ 1,
T G@GMA) G2l = 2) - Ly(l ) if dim V; =2,
C(2)¢(4) -+ ¢(21) if dimV; =20+1,
“TNC@0C¢@) - c@-2)- L, x)  if dimV; =21,

Note that Ag, = L(M,;’(1)), where M)’ is the dual motive of the motive
M; associated to G; by Gross [16].
Let m; ~ ®,m;, be an irreducible square-integrable automorphic rep-

resentation of G;(A). There is a canonical inner product (x, %) on forms
on G;(k)\G;(A) defined by

<90i>90i>:/v(k)\e( )@(gz) ©i(9:)dgi,

where dg; is the Tamagawa measure on G;(A). We choose a Haar
measure dg; , on G, ,, for each v. There exist a positive numbers C; such

that dg; = C; [ [, dgi,», when the right hand side is well-defined. Since

Ti 1S an unitary representation, there is an inner product (x, *), on m; ,

for any place v of k. We put ||| = <g0m,gol-7v>zl/2, as usual. There
exists a positive constant Cr, such that (@i, ;) = Cr, [1,(@iw: @ o)
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for any decomposable vectors p; = ®,¢;, € ®@,m;, and ¢, = ®U90;,U €
®U7Ti,v

We fix maximal compact subgroups K; = [[, K1, C Gi(A) and
Ko =11, Kow C Go(A) such that [ICo : K1 N Ky] < co. We choose a
KC;-finite decomposable vector ¢; = ®,p;, € ®,T;,. We are interested
in the period (p1|a,, o) where ¢1|g, is the restriction of ¢; to Go(A).

Let S be a finite set of bad places containing all archimedean places.
We may and do assume the following conditions hold for v ¢ S:

(Ul) G; is unramified over k,.

(U2) K, is a hyperspecial maximal compact subgroup of G ,.
(U3) Kob C Ky

(U4) m,, is an unramified representation of G,

(U5) The vector ¢, is fixed by K;, and ||¢;.|| = 1.

(U6)

When G; is unramified over k,, we shall say that a Haar measure
on G, is the standard Haar measure if the volume of a hyperspecial
maximal compact subgroup is 1. Thus the condition (U6) means that
the measure dg; , is the standard Haar measure.

The L-group “G; of G; is a semi-direct product Gl X Wy. Here, W,
is the Weil group of £ and

7

o _ [sp(©) if dimV; =20+1,
SO(2(,C) if dimV; = 2I.

We denote by st the standard representation of “G;. The completed
standard L-function for ; is denoted by L(s,m;,st) for an irreducible
automorphic representation m; of G;(A). For simplicity, we sometimes
denote L(s,m;,st) by L(s,m;). For v ¢ S, the Euler factor for L(s, ;) is
given by det(1 —st(Ax,,) ¢, *)"", where, A, is the Satake parameter
of m;,. We consider the tensor product L-function L(s,m; X ). The
Euler factor of L(s,m M) for v ¢ S is given by det(1 — st(A,,) ®
t(Ary.) - 4,%) . A

Consider the adjoint representation Ad : /G; — GL(Lie(Gy)). The
associated L-function L(s,m;, Ad) is called the adjoint L-function. We
assume that L(s, m Xmy) and L(s, m;, Ad) can be analytically continued
to the whole s-plane.

We put

L(s,m X mp)
L(s+ (1/2),m,Ad)L(s + (1/2), 7, Ad)

Pm,ﬂo (8> -
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Let m;, be an irreducible admissible representation of G;,. We de-
note the complex conjugate of m; , by 7;,. It is believed that

(MF) dim¢ Homg,, , (71,, ® 7o, C) < 1

for non-archimedean place v of k. We do not assume (MF) in this pa-
per. Recently, Aizenbud, Gourevitch, Rallis, and Schiffmann wrote
a preprint [1], in which they obtained closely related results. For
archimedean place, (MF) is verified in many cases, but not in general.
(See e.g., [19].)

We consider the matrix coefficient

cI)npi,v,go;Yv (gz) - <7Ti,v(gi)<pi,m cp;,v>va gi € Gi,v

for a ICy ,-finite vector ¢ ,, 90/1,11 € m, and a Ky ,~finite vector ¢ ,, 906’7} €
To,v- Put

[((Pl,va 90/1,1;; ©0,v5 ()06,1;) = /(; (D‘Pl,va‘Pll,v (gO,v)cI)apoyv,apE,’v (go,v) ng,va
0,v

(D105 D101 L0vs P0.0) =Dt o Prrwimon (1/2) ™ 1010, €105 P00 ©0.0)-

When ¢, = ¢, and @, = ¢y, we simply denote these objects by
I(¢1,0, P0v) and ay, (14, Po.v), respectively.

Proposition 1.1. If both 7, and m, are tempered, then the integral
I(1.4, pow) is absolutely convergent and I(p1., Pov) > 0 for any IC; -
finite vector @;, € ;.

Theorem 1.2. Let v be a non-archimedean place. Assume that the
conditions (U1), (U2), (U3), (U4), (Ub), and (U6) hold. If the integral
I(¢1., o) is absolutely convergent, then we have c, (1,4, Pow) = 1.

The proofs of Proposition 1.1 and Theorem 1.2 will be given in Part
I1.

Conjecture 1.3. Assume that both 7, and 7, are tempered. Then
dime Homg, , (71,0 ® 7o, C) # {0} if and only if o, (41,4, @) > 0 for
some K; ,-finite vector ¢;, € m;,.

Now let m; ~ ®,m;, be irreducible cuspidal automorphic represen-
tation of G;(A). We shall say that m; is almost locally generic if 7;
satisfies the following condition (ALG).

(ALG) For almost all v, the constituent m;, is generic.

It is believed that 7; is almost locally generic if and only if 7; is tem-
pered (generalized Ramanujan conjecture).
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Conjecture 1.4. Let m; >~ ®,m;, be an irreducible cuspidal automor-
phic representation of G;(A). We assume both m; and m are almost
locally generic. Then

(1) The integral I(y1.4,¢0.) should be absolutely convergent and
I(1, Pow) > 0 for any K; ,-finite vector ¢;, € m;,.
(2) dime Homg, , (71, ®@70,0, C) # {0} if and only if oy (1,0, Po,0) >
0 for some K; ,-finite vector ¢;, € m;,.
Now we state our global conjecture.

Conjecture 1.5. Let m >~ ®,m, and 7y ~ ®,7, are irreducible cus-
pidal automorphic representations of G1(A) and Gy(A), respectively.
We assume 7, and 7y are almost locally generic. Then there should be
an integer 3 such that

|<901‘G07900>|2 Iéi Qy @11}79001))
— 2CoAc, Proy (1/2) [ ]
(1, 1) {0, ¥o) b [p1,0]12 - Nl

for any non-zero vectors ¢1 = ®, @1, € m and @y = @, Yo, € To.

veS

We will discuss the nature of the integer 3 in the next section.

Remark 1.6. When 7 and 7y are tempered, it is believed that the
local L-factors L(s,my,, Ad), L(s,mo., Ad), and L(s, 7, X m,) are
holomorphic for Re(s) > 0. Therefore in this case our conjecture is
equivalent to

’<901|007900>|2 Jé; 901v7§00v)
= 2CoAS PS L (1/2) ,
o1, 21) (20r 20) vo(1/2) Hnww e

vES

where AS and 7351 () are the partial Euler products. In particular,
the deﬁnitlon of the L-factors for bad primes plays no role in this case.

Note also that it is believed that L(1,7;, Ad) # 0 if 7; is tempered.

Remark 1.7. One can formulate Conjecture 1.5 in a different way as
follows. Assume the local measure dg;, and the local inner product
(%, %), are normalised so that C; = C,, = 1. Put

Hm T — HomGo( )XGO(A)((Wl X ﬁ-l) ® (7_7-0 X 7?-0)7 C)
We define two elements Lgl°obal [local ey

1,70 1,70

Lilf]:rzl(@lﬂpp@oa@o) <301|G07<)00><801|G07Q06>7

L2 (o1, €4 %0, 20) = [ [ oo (010 #4450 0h)-
Then Conjecture 1.5 can be reformulated as
Lglobal — QﬂAG’lpﬂlﬂro(l/2>Llocal

1,70 1,70 "
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2. RELATION TO THE ARTHUR CONJECTURE

This section is devoted to a somewhat speculative argument based
on the Arthur conjecture [3]. We recall the Arthur conjecture for au-
tomorphic representation of reductive algebraic groups. We assume,
for simplicity, G is a reductive algebraic group defined over k with
anisotropic center. The local Langlands group L, is defined by

ro_ Wy, x SU(2)  if v is non-archimedean,
v Wi, if v is archimedean,

where Wy, is the Weil group of k,. A Langlands parameter is a homo-
morphism ¢, : £, — G which satisfies certain additional conditions.
Two Langlands parameters are equivalent if they are conjugate by an
clement of G. Langlands conjectured that for each equivalence class
of Langlands parameter, one can associate a finite set II,, (G) of ir-
reducible admissible representations of G,. The finite set II, (G) is
called the L-packet for ¢,. The set II(G,) of all equivalence classes
of irreducible admissible representations of G, should be decomposed
into a disjoint union

II(G,) = H H%(G)a
bu

where ¢, extends over the equivalence classes of Langlands parameters.
The L-packet 114, (G) should contain a tempered representation if and
only if the Langlands parameter ¢, has a bounded image, in which case
¢, is called tempered. If ¢, is tempered, then all members of Il (G)
should be tempered.

A homomorphism ¥, : £, x SLy(C) — G whose restriction to
SLy(C) is holomorphic is called a (local) Arthur parameter if ¥z,
is a tempered Langlands parameter. One can consider the equivalence
of Arthur parameters as in the case of Langlands parameters. Arthur
conjectured that for each equivalence class of Arthur parameters ),
one can associate a finite set of unitary representations Il (G). The
set I, (G) is called the A-packet of ¢,. A-packets are not necessarily
disjoint.

For each representation p, of £, x SLy(C), we associate an L-factor
as follows. We may assume p, is irreducible. Then there exists an
irreducible representation ¢, of £, and an integer ¢ > 0 such that

po = ¢, B Sym’,
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where Sym’ is the unique irreducible representation of SLy(C) of degree
t+ 1. We put
t
L(s,po) = [ L(s = + (t/2), 00).
j=0

For each element 7, € II,, (G) and a finite-dimensional representation
r of 1G, we put L(s,m,,r) = L(s,r o1,). Note that L(s,m,,r) may
depend not only on m,, but also on 1, although the symbol suggests
it does not.

Langlands conjectured that there exists a locally compact group Ly
such that the equivalence classes of irreducible n-dimensional represen-
tation of £, is in one-to-one correspondence with the set of irreducible
cuspidal automorphic representations of GL,(A). There should be a
homomorphism ¢, : £, — L for each v. A (global) Arthur parameter
is a certain equivalence class of homomorphisms

Y Ly x SLy(C) — G

such that the image of £, is bounded. Let IL,(G) be the set of square-
integrable automorphic representations m ~ ®,m, of G(A) such that
Ty € Iy, (G) for each v. The set II;(G) is called the A-packet of
1. Arthur conjectured that the set of square-integrable automorphic
representations of G(A) is a union

Umu(@).
"

If 7 € I1I;(G), then 9 is called the Arthur parameter of 7. In general, v
is not uniquely determined by the equivalence class of 7, but for special
orthogonal groups or unitary groups, ¥ should be determined by 7.

It is believed that the Arthur parameter ¢ : £ x SLy(C) — G
associated with a square-integrable automorphic representation should
be elliptic in the sense that Im(¢)) is not contained in any proper Levi
subgroup of “G. This is the case if and only if Cents(Im(¢)) is finite.
If ¢ is an elliptic Arthur parameter such that II,,(G) is non-empty, the
A-packet II,(G) consists of only irreducible tempered cuspidal auto-
morphic representations if and only if the restriction gy, () is trivial.
In this case, the Arthur parameter 1 said to be tempered. For an
elliptic Arthur parameter ¢, we put

S¢ = Centé(lm(w))

Now we go back to the situation that G; = SO(n + 1) and Gy =
SO(n). Let 1; be an elliptic Arthur parameter for the group G;. In
this case, the group Sy, can be calculated as follows. Let st be the
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standard representation of “G;. Then st o1); can be decomposed into a
direct sum of irreducible representations of £ x SLy(C):

stou; = P
j=1

Here, the representations wi(l), ey wzm are mutually distinct orthogonal

(resp. symplectic) representations of Ly x SLy(C) if dim V; is even (resp.
odd). Then

) (@j2zy—" if dimV; is even and rank Y is odd for some j.
T\ (z)2z) otherwise.

In particular, Sy, is an elementary 2-abelian group.

Now we admit the Arthur conjecture. Let m; be an irreducible cusp-
idal automorphic representation of G;(A), which satisfies the condition
(ALG). Then corresponding Arthur parameter v); must be tempered,
since otherwise 7; , cannot be generic for any v.

Conjecture 2.1. Assume that 7; is an irreducible tempered cuspidal
automorphic representation of G;(A) with Arthur parameter ;. Then
the constant 2° in Conjecture 1.5 should be equal to 1/(|Sy,| - |Sy,|)-
Equivalently, the equation

|<S01‘G07 S00>|2 _ CVOAGH P (1/2> H av(@l,m 900,1))
(e1,01){00, 00) ISy, |-1Sue|” ™ lerol? - [0

holds.

2

veS

3. THE NON-TEMPERED CASE

Let m;, be an irreducible representation of G,,, which we do not
assume to be unitary for a moment. Note that if both m , and g, are
tempered, then oy, (01,0, 1 4; Po.us ¥p,,) gives an element of

HomGo,vaom ((ﬂ-l,v X ﬁ-l,v) X (ﬁ-O,v X 7%-0,1))7 C)a

where T, , is the contragredient of ;.

Conjecture 3.1. The quantity o, (©1,4, ¥} ,; Po., Po,,) should be some-
how “analytically continued” for any m, and mg,. If Homgoyv(m,v ®
To., C) # {0}, then the continuation a, (1,4, ¥} ,; Yo, 5,) is unique
and gives an element of

HomGo’vaoﬂ, ((ﬂ-l,v X 7~1-l,v) X (ﬁO,v X %O,U)7 (C)
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Now we consider the global situation. Let m; be an square-integrable
automorphic representation of G;(A), which may not be almost locally
generic. We assume that Homg, , (71,, ® 7o, C) # {0} for any v. For
v ¢ S, we may assume (1.4, ¢o,) = 1 by Theorem 1.2, as long as it
is meaningful.

Conjecture 3.2. Let 7; be as above. Then

(1) The integral {¢1]g,, o) should be convergent for any p; € m
and g € 7.
(2) There should be an integer 3 such that

‘<()01‘G07S00>|2 3 Oév(@l v7§00v)
=2 AG CY()/P7r o (1/2) : :
(€1, 1)(0, 0) L g\!wl,le-!\s@o,v\\z

for any non-zero decomposable vectors ¢ = ®,p1, € m and
800 - ®v%00’1) E 7T0.

Remark 3.3. Contrary to the almost locally generic case, the factor
28 depends not only on global data, but also on local data. See the
examples in §8, §9, §10, and §14.

Part II. Local theory

Until §5, we consider only local objects and drop subscript v.
4. CONVERGENCE OF THE INTEGRAL: PROOF OF PROPOSITION 1.1

In this section, we assume that & is a local field with char(k) # 2.
Let (V, @) be a non-degenerate quadratic space over k. We denote the
anisotropic kernel of (V; Q) by (V" Q*"). Then there is a decomposi-
tion V =X @ V* @Y, where X and Y are totally isotropic subspaces.
The Witt rank r of (V, Q) is, by definition, equal to the dimension of X
or Y. We put d = dim V*. Choosing a basis of X, we get a minimal
parabolic subgroup Puin = MupinNmin 0of G. The Levi factor M, is
isomorphic to (k*)" x SOgan. The split component A, of Myin is
isomorphic to (£*)", and the Weyl group W (G, Apin) is of type B or D
according as d # 0 or d = 0. We will denote an element of A, ~ (K*)"
by x = (x1,...,2,). The simple roots of (Pyin, Amin) are given by

o (z) = zxyt, a1 (2) = 2yt

ar(a:):{xr if d 0

Tz, ifd=0.
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These roots are also regarded as a character of Mpy,. Let dp_. (x) be
modulus character of P,;,. Then

T
5Pmin (x) - H |xz|d+2r_22
=1

Fix a special maximal compact subgroup K of G. Then we have a

Cartan decomposition G = KM}, K, where
M7, = {m € My Jos(m)| <1(i=1,...,7)}.

Fix a suitable embedding 7 : G — GL,,. Then the height function
o(g) (with respect to the embedding 7) is given by

o(g) = max (log|n(g)i;l, log [n(g™")is1).

1<j<m

When £ is non-archimedean, the following integral formula holds

[ r@dg= [ um) [ fumbs)didiadm,  f € 1(G)
G Mt KxK
where p(m) = Vol(Xm/k)/Vol(K). Moreover, there are positive con-
stants A such that A~'6," (m) < p(m) < Adp! (m) for m € MY,
(See Silberger [62] p. 149.)

When £k is archimedean, similar integral formula holds. (See e.g.,
Helgason, [27], Theorem 5.8.) In particular, there exists a non-negative
function p(m) on M}, such that

min

/f(g)dg:/ wu(m) f(kymky)dkydkydm,  f € LYG).

G M KxK

Moreover, there exists a constant A > 0 such that pu(m) < Aé;im (m)
for m e M. .

Harish-Chandra’s spherical function Z(g) of G is given by
=(0) = [ talkg)ak

where hy € Indgrnin 1 is a function whose restriction to K is identically
equal to 1. Note that = is a matrix coefficient of a tempered represen-
tation IndIGDmin 1. It is known that there exists positive constants A, B
such that

ATI2 () < B(m) < A2 (m)(1+ o(m)”
for any m € M7

oo- (See Silberger [62], p. 154, Theorem 4.2.1 and
Harish-Chandra [20] p.129, Lemma 1 in section 10.)
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Recall that a function f(g) on G satisfies the weak inequality if
f(9)] < AB(g)(1 + 0(g))"

for some positive constant A, B. A matrix coefficient of a tempered
representation satisfies the weak inequality.

Applying these results for G; = SO(n + 1) and Gy = SO(n), we can
now prove Proposition 1.1. As before, we define P, 1in, Ajmin, 7, €tc.
for the group Gj.

Proof of Proposition 1.1. Let m; and my be irreducible tempered repre-
sentations of G; and Gy, respectively. We may assume Ag min C A1 min-
Then we have an estimate

(@, o ()| < AGY2 (M) +0(m)?, (me M),
(Do ()| < A0 ()1 +0(m)?, (m € M)

for some positive constants A, B. When W (G, Ao min) is of type B, it
is enough to show the following integral

[ SR 2, )1+ )i

0,min

is convergent. This is reduced to the convergence of

T0
/ |<Jwa|<-<Jarg|<1 o1y -y | (L= Log g )P d e d g - d iy,
T1S[T2|S S| Trg |S

j=1
One can easily prove the convergence of this integral. Note that when
W (Go, Ao min) is of type D, Af . is not contained in A} In this

0,min 1,min"
case, one need to consider the integral

70
/ <laal o |$1$2---xm|1/2(1 —Zlog|a7j|)23dx$1 &y - d"e,,
z1|<|z2| < <|zrg <1

J=1
—1)1/2
+ |T129 - Ty 1|
21| <|w2| < <|wrg—1|<[arg |71 <1
ro—1
2B
x (1— g log |x;| + log |z, | )7 d™xy d™xg - - - d™xy,.
=1

One can show the convergence of this integral similarly.

To prove the latter part of the proposition, we make use of the result
of He [26]. Let E; and E( by Harish-Chandra’s spherical function for G4
and Gy, respectively. Then the function gy — E;(g0)Z0(go) belongs to
L'(Gy) by the first part of the proposition. Note that Harish-Chandra’s
spherical function is a matrix coefficient of a tempered representation.
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Then the latter part of the proposition follows from Theorem 2.1 of
He’s paper [26]. Note that He [26] used the estimates of almost L2

matrix coefficients [8], which is valid for p-adic groups as well.
O

5. CALCULATION OF THE UNRAMIFIED INTEGRAL: PROOF OF
THEOREM 1.2

In this section, we prove Theorem 1.2. We assume the conditions
(U1) - (U6) in §1 holds. In particular, both G and Gy are quasi-split.
We should consider the following two cases:

(Case A) G =S0(21 4+ 1) and Gy = SO(21),
(Case B) G =S0(2] 4 2) and Gy = SO(2] + 1).

Let K be the discriminant field. Note that K is equal to either k or the
unramified quadratic extension of k. Let ¢ be the number of elements
of the residue field of k. The local zeta function ((s) is defined by
(1—g)~"

Let B; = T;N; be a Borel subgroup of GG;, where T; and N; are a
maximal torus of (G; and the unipotent radical of B;, respectively. Let
A; C T; be the maximal split subtorus. Without loss of generality, we
may assume Ny C Ny and Ay C A;.

Let m = I(E) = Indgi(E) and my = I(§) = Indgg (&) be unramified
principal series of G; and Gy, respectively. Here, = and £ are unramified
quasi-characters of 17 and Tj, respectively. Let ®= and @, be the class-
one matrix coefficients of 1(Z) and I(§) such that ®=(1) = O¢(1) = 1,
respectively. We consider the integral

I(g1; Pz, D) Z/G D= (g1 ' 90) Pe(go)dgo-
0
We assume that both = and ¢ are sufficiently close to the unitary axis.
As shown in §4, this condition implies that the integral I(g;; =, ®¢)
is absolutely convergent. In this section, we calculate the value of
](gl,q)g,q)g) at g1 = 1.
Let fz € I(E) and fe € I(§) be the class-one vectors such that
f=(1) = fe(1) = 1. Then we have

O=(g1) = | f=(kig1)dki, 1 € Gh,
K1

Pe(g0) = f=(kogo)dko, g0 € Go.
Ko
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We recall the theory of Shintani functions [36]. We denote the Hecke
algebra H(KC;\G;/K;) by H;. By the Satake isomorphism, there are
algebra homomorphisms

W1IH1—>(C

and
wy: Hg — C

corresponding to the unramified principal series 7, and 7y, respectively.
Recall that a smooth function S on G, is called a Shintani function for
m and 7o, if the following conditions are satisfied:

° E(ko)R(lﬁ)S = S for any ki1 € K1 and ko € IC().
o L{p0)R(p1)S = wo(wo)wi(ep1)S for any ¢y € Ho and ¢ € H;.

Here, £ and R are the left regular representation and the right regular
representation, respectively. S.-I. Kato, Murase, and Sugano [36] has
proved that if both G; and Gy are split, then a Shintani function exists
and is unique up to scalar. In this paper, we do not use the uniqueness
of Shintani functions.

Recall that the double coset B;\G1/By has a unique open orbit and
the open orbit has a representative n € Ky (cf. [14], §7). Note that
n~tBinN By = {1}. Let Yz¢ be the function on G; determined by the
following conditions.

(1) Yze(bigibo) = (2716, (b1) (€6, /) (bo) Yz (1) for any by € By
and by € By.
(2) Yaeln) = 1.
(3) Yz(g1) = 0 if g1 ¢ BinBo.
Here, d; is the modulus character of B;. Note that a function satisfying
(1) and (3) is unique up to scalar. We define lz¢ € Homeg, (7, 7o) =

Homg, (I(2), 1(§71)) by
l=ze(pry(f))(g90) = ; f(9190)Yz¢(91)dg1, g0 € Go.

Here, pr; : C*(G,) — m = I(E) is given by

C

pry(F)(g1) = / (E1612) (bn) £ (brgn) .

By

Let (, ) be the natural pairing on my X Ty defined by

{©0, ©0) :/IC @0 (ko) ey (ko) dko



16 ATSUSHI ICHINO AND TAMOTSU IKEDA

for ¢y € mp and ¢f, € 7. Note that the defining integral of Iz ¢(pr,(f))
is convergent by [36] Proposition 4.8. Put

Sze(g1) = (fe, l=e(m1(91) f=)).

Then Sz ¢ is a Shintani function, and we have
Seelo) = [ fetha) [ Lii(ghhog)Vaeloh)dgia
Ko G1

= / Ve (kvgy " ko)dkdko.
’Cl ></C0

Here, 1y, is the characteristic function of ;. Put

f=(9190) fe(90)dgo  if g1 € BinBy

=e(g1) = ¢ 79
0 otherwise.

Then we have Tz¢(g91) = Tz¢(n) - Ya-14-1(g1), since Tz satisfies the
conditions (1) and (3) for =~! and ¢~!'. Therefore we have

I(g1; P=, D¢) :/ / f=(k197 ' g0) fe (kogo) dkodk: dgo
Go Jic1 Jico
:/ / f=(k1g7 " kogo) fe(go) dkodkrdgo
Go i1 Jico
:/ Tgé(klgl_lko)dkldko
]C1></C0

=Tz¢(n) / Va1 e-1(kugy ko) dkydkg
/C1 X/Co
:TE,E(TI)SE—I,g—l (91)-

In particular, Tz¢(n) and Sz-1¢-1(g1) are convergent if = and ¢ are
sufficiently close to the unitary axis.

We first assume that the residual characteristic of k is not 2. We
consider the case when K = k. In this case, both Tz ¢(n) and Sz-1 ¢-1(1)
are already calculated. Note that

() if Gy =SO(2 + 1),
T1 = Al ~ I .
(B)+if Gy = SO(21 + 2),
TO = AO >~ (kx>l if Go = SO(2Z) or GO = SO(2Z + 1)
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We write

(1]

(&, B G =802+ 1),
(El, oo 7El+1) lf G1 == 80(21 + 2),

There exists a quadratic space ~(f/l, Q1) € (Vi, Qo) such that V4 is iso-

morphic to the direct sum of Vi and the hyperbolic plane. Without

loss of generality, we may assume that (Vj, f/l) satisfies the conditions
(U1) — (U6). Put

(EQ,...7EZ) lf Gl - SO(2l+1),
Zo,...,B1)  if Gy =SO(20+2).

Since Tz ¢(n) is independent of the choice of 1), we set ((Z, ) = T=¢(n).
By Ginzburg, Piatetski-Shapiro, and Rallis, [14], p. 22, Corollary to
Lemma 1.1, we have

((E,8) = (& 2)

L(1/2,1(8),=) y L(1,Z3)7! (Case A)
L(1,1(2),5) 1 (Case B).

Here, L(s,I(§),=;) is the standard L-factor of I(§) twisted by the
character =;. By induction, we have

l

C(Evf) :HL(LEZQ)_l H L(l,EiEj)_lL(l,EiEj_l)_l

i=1 1<i<j<l

< [T L &&) 'L, &)™
1<i<j<l

< [ L2, 2:)L/2,,5¢7)
1<i<y<l

< TI L/2.26)L0/2.57%).

1<j<i<l
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in Case A, and
= == -1 = o—1\—1
C<:7 6) = H L(l, Ei:j) L(l, :i:j )

1<z‘<j<l+1

XHLlf H Llé@fj) 1L<1 fzg )

1<i<j<li
[1 ra/.z6)L0/2.26"
1<i<j<l
X H L(1/2,,2:&)L(1/2,,5;'¢)),
1<j<i<l+1

in Case B. On the other hand, Theorem 10.8 of [36] implies

55—1’571(1)
l
=A01<’(1)‘21HL(17 H L(LE7 gL, 0 tE)
i=1 1<i<ji<l
< ] L&'ghH L&)
1<i<j<l
[T zas2.57'¢hL0/2,.57)
1<i<j<l
< [T r/2, =7¢hLa/2, 26",
1<j<<l

in Case A, and
ngl’gfl(].)
=A™ ] LOLETED LA EE)

1<i<j<i+1

XHLm L Lagtg ) L g g

1<i<j<l
X H L 1/2 ) (1/277‘—‘ 5])
1<i<5<1
< [I cLa/2.='hLa/2, 267
1<j<i<i+1

in Case B. Combining these results, we have

I(l; Pz, (I)S) = AG17D7r177r0<1/2)7



19

when both GG and Gy are split. Thus we have proved Theorem 1.2 in
the case 2 1 ¢ and both G; and Gy are split.

Now we consider the case when the discriminant field K is equal
to the unramified quadratic extension of k. Note that the character
X associated to k* is equal to the unique unramified quasi-character
of order 2. As in the split case, we should consider the following two
cases:

(Case A) G1 =S0(2l + 1) and Gy = SO(2l),
(Case B) G1 =S0O(2l +2) and Gy = SO(20 + 1).
Note that

Ay~ () Ag ~ (k)71 (Case A),
Ay~ Ag ~ (B*)! (Case B).

The unramified characters = and £ are determined by their restriction
to A; and Ay, respectively. We write

(1]

=(Z1,...,5)

{(fl,---,fl—O (Case A),

f pr—
(&1,...,&) (Case B).
Put = = (... ,Z1). Weset ((2,€) = Tze(n). As before, we have

L(1/2,1(¢). %)
L(L1E).E)

by [14], p. 22, Corollary to Lemma 1.1. By induction, we have

l
:HL(L H L =5 L(l =; 1)—1

1<i<j<I

CE.6) =3 {L(l, =21 (Case A)

1 (Case B)

-1

X HL(L&)_IL(LX&')_I H L(Lfifj)_l[/(l,fi{j_l)_l

i=1 1<i<j<i—1

< [ L(1/2,2:&)L(1/2,5¢" HL 1/2,2)L(1/2, XZ;)

1<i<j<i—1

« I t/2z6)L0/2=7)

1<j<i<l
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in Case A, and
!

CEo=[[ra.z)Lx=)" [ LoEE) 'L, s
i=1 1<i<j<l
l
x [Jeaen™ I La&g) 'La, g™
i=1 1<i<y<l
l
< JI L/2,2¢)L1/2,5:¢ ™) [T L(1/2,&)L(1/2,x4)
1<i<5<l =1
< [ LO/2.2:4)L(1/2,57'¢)
1<5<e<l

in Case B. As for Sz¢(1), we can prove the following lemma.

Lemma 5.1. We have
Sze(1) = Ag,¢(1)~dmArmdmAo L1 \)71¢(E, €).

The proof of this lemma will be given in the appendix to this section.
Note that

Pryan(1/2) = ((1)7 A A L1, ) TIC(E,€)C(ET, €7,

We would like to emphasise that this relation has been already noted by
Ginzburg, Piatetski-Shapiro, and Rallis [14]. Combining these results,
we have I(1; @z, @¢) = Ag, Pry.xo(1/2). Thus we have proved Theorem

1.2 in the case 21 q.

Now we consider the case 2|qg. It is enough to prove that I(1; Pz, O¢)
is an element of Q(¢'/2,Z,€). More precisely, we will show that there
exists a rational function Z(t, Xy,...,x1,...) € Q(¢t, X1,...,21,...),
where t, X1,...,x1,... are indeterminants, such that if the order of
residue field of k is ¢, then

I<1aq)57q)§) = I(q1/27517 cee aflv e )

To prove this, we make use of Macdonald’s formula for the spherical
function. Recall that Macdonald’s formula ([6], p. 403, Theorem 4.2)
says that the spherical function ®z and ®; is of the form

P=(my) =Q" D y(wiE) - (wiZ)s; ) (my),  my € A,

w1 €Wy

De(mo) =Q5" Y Yolwol) - (wo€)dy /*)(mo),  mo € AF.

woeWy
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Here, Q1, Qo, 71(Z), 70(&) € Q(¢'/2, =, £) and 6; is the modulus function
of the Borel subgroup B;. The integral I(1; ®z, ®¢) is equal to

/+ @E(mo)q)g (mo)VOl(’COmoKo)dmo.
Ag

Note that Vol(Kemoko) = [Ko : Ko NmeKomgt]. One can show easily

this integral gives an element of Q(¢'/?,Z,&). Therefore the proof of

Theorem 1.2 is complete.
Appendix to §5: Proof of Lemma 5.1

In this appendix, we prove Lemma 5.1. The proof of Lemma 5.1
consists of three steps.

Step 1. The Weyl invariance.

The Weyl group W; x Wy acts on the character group of A; x Ay by
(E,€) = (u1Z, wof).
Lemma 5.2. The quantity Sz¢(g1)C(Z,€)™" is Wi x Wo-invariant as
a function of = and &. (cf. [36] Theorem 10.8.)
Proof. Note that both ((Z,£)((271,¢71) and

I(g1; ®=, (I’g) = C(E,f)SEq’Eq(gl)
are W; x Wy-invariant. It follows that
I(g1;®=,®e)  Sz1e-1(g1)

C(EQCETE)  CETET

is also W; x Wy-invariant. Hence the lemma. ]

Step 2. An explicit formula for Sz¢(¢1).

Now we closely follow the argument of [36]. Fix a hyperspecial max-
imal compact subgroups ; C G; and a maximal split torus A; C G;.
Then the centralizer T; of A; is a maximally split maximal torus of G;.
We assume Ky C K; and Ag C A;. Note that T need not be a sub-
group of T7. Choose a Borel subgroup B; = T; N; C G;. We also assume
Ny C N;. The opposite Borel subgroup of B; = T;N; is denoted by
Choose a longest element w; jone of the Weyl group W; = W(G;, 4,;).
We assume w; jong € K;. There exists a Iwahori subgroup B; C K; such

that Ni(o) C B;. We put Ni(l) = N; N B; and Ni(l) = wj, N(I)wi’bng.

i,long” '
Then we have an Iwahori decomposition B; = Ni(l)ﬂ(o)]\fi(o).
Recall that the element n € (G is a representative of the unique
open orbit of Bi\G1/By such that n € KC;. Let 0 and o be the ring of
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integers of k and K, respectively. The maximal ideal of 0 and ox are
denoted by p and py, respectively.

Lemma 5.3. One can choose the representative n of the open orbit of
B1\G1/By such that the following conditions hold.

(1) 77N C 8177;
0 0 0
2) Ny € TONDTOND.

Proof. We first consider Case B. Note that in this case Ny is a nor-
mal subgroup of N;. By [14], p.171, Lemma 7.1, Ny /Ny is isomorphic
to k71 x (K/k) as a left module of Ay = A; ~ (k*)!. We fix an
isomorphism N; /Ny ~ k'=! x (K/k), which induces an isomorphism
NN ~ o1=1 x (0 /o). Since K/k is unramified, ox /o is isomor-
phic to o, and so Nl(o)/Néo) ~ o!. There exists a cross section (i.e.,
“épinglage”) ¢ of the map Nl(o) — Nl(o)/Néo) ~ o', Let 7' be the im-
age of the cross section of (1,1,...,1) € o'. We put n = wijong7"
Then 7 is a representative of the open orbit of B1\Gi/By. Let U,
be the group generated by Nl(l) and Nl(l). Then U; is a normal sub-
group of ;. It follows that T]Nél) C ny = Un C Bin. As for (2),
]\71(1)7] = w; 10ngN1(1)n C W1longl u(p! )n’N(l). It suffices to prove that
L(pHn' C Tl(o)n'T This is easily seen by the facts 1 +p C 0*

Now we consider Case A. Let P; be the standard parabolic subgroup
of G with Levi factor (k*)"=! x SO(3) ~ (k*)!"! x PGL,. Let Np, be
the unipotent radical of P;. Then as in Case B, Np, /N is isomorphic to
k'=1 as aleft module of Ay ~ (k*)'~1. We fix an isomorphism Np1 /Ny =~

k'=', which induces an isomorphism (Np, N N ) /N . Take a

cross section ¢ of the map (Np, N Nl( )) — (Np, N N )/N ol L.
Put 7 = wyongt((1,1,...,1)). Then 7 is a representative of the open
orbit of Bl\Gl/BQ, since PGL2 = (PGL2 N Nl) : (PGLQ N To) (Cf [14],
Appendix 1 to §7). One can prove (1) in the same way as in Case B.
As for (2), observe that Nl(l) = (Nl(l) N Np,) - (]\71(1) N PGLy), where
Np, is the unipotent radical of the opposite parabolic subgroup of P
with respect to the Levi Subgroup (k)1 x PGLsy. One can prove that

(N(l) N Np,)n C T( )nT(O)N( in the same way as in Case B. Now (2)
follows from the fact (T(O)N NPGLy)- (Téo)ﬂPGLg) = KiNPGL,. O

Lemma 5.4. We have

Bor'B, € TONOy TN,



23

Proof. By Lemma 5.3, we have
Bon By = TLONO NV B,
- T()(O)Néo)n’131
TN RO N
c TONO O N©O,

Put
Al ={t € A||a(t)] <1 for any positive root o of (G, A1)},
Af ={t € Ag||a(t)] <1 for any positive root a of (Gy, Ag)}.
Then we have Cartan decompositions Gy = K1 AT K1, Gy = Ko A$ Ko.

For each positive root a of Gy (resp. Gy), we denote Harish-Chandra’s
c-function (cf. e.g., Casselman [6]) by ¢, (Z) (resp. co(£)). We put

Ew1(5): H Ca(E)a Ewo(g): H Ca(é)-

a>0 a>0
wia>0 woa>0

Lemma 5.5. There exists a basis {g1, bwew, of 1(Z)P" with the fol-
lowing properties.

(11) R(Lgy15,)9100 = VOl(BitBy) - (wiZ) 716, (¢) - gruy for any
te AT,

(21) The restriction of g11 to Ky is the characteristic function of B;.

(81) f2 = N NI e Cn (B) - G-

Similarly, there exists a basis {gowo buwoewsy 0f 1(€)P° with the following
properties.

(1) R(1gy-18,)90w, = Vol(BotBy) - (wgf)_léé/Q(t) “ Jow, for any
te Af.
(20) The restriction of go1 to Ko is the characteristic function of By.

(30) fe = IN" + No"T gy Cuo(€) - G-
Proof. See [36] p. 8, Proposition 1.10. O
Lemma 5.6. We have
Sze(ton 't ") =Vol(Boty ' By) Vol (Byt; ' By) ™
X (‘C(lBotngO)R(lBltlel)Siﬁ)(n_l)
forty € Af, t1 € AT.
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Proof. Tt suffices to show that
(BotoBo)n™ ' (Bity ' By) C Koton™ 't7' Ky
for to € Ad, t; € A. By Lemma 5.4, we have
BotoBon Bty ' By € Boto T, NV ' TNt 1B, .
Since tiTi(O)Ni(o)ti_ 'c Ti(O)Ni(O) , the lemma follows. O

Recall that
Sze(g1) = (fe, lz¢(m(g1) f2))-
By (11), (31), (1o), and (3p) of Lemma 5.5, we have

x Z Cans (2)Eu () (w1 Z) 16V (1y) - (wo) 10V (to)

X / 9o,uo (K0) 91, (k1) Yz e (konky)dko dk .
’CoX’Cl
By (21) and (2¢) of Lemma 5.5, we have
/ 90,1 (ko) g1,1 (k1) Yz ¢ (konk: ) dko dky
]C()X/C1

=Vol(B;)Vol(By)
=g, Ag, (1)~ dmArdimdo g3 )= /(N NVIING - N§Y))

Put cws(Z,€) = b(E,)d 1 (Z)1do(€) !, where

b )= [ LO/2.2&)L/2,E¢" HL1/2,_Z (1/2,XZ;)

1<i<j<l—1
< [ L(/2,2:&)L1/2,57'¢)
1<j<i<l
l
7 =[]Lo.E) J[ Lo )L(0,5=; ")
i=1 1<i<ji<l

-1
S =Jlro.e)Lo.x8) [ L0,&&)LO0.&&T)
i=1

1<i<j<l—1
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in Case A, and

l

b(E,&) " = [[ L(1/2.E&)L(1/2,2¢") [ L(1/2,6)L(1/2, X&)

1<i<j<l i=1
x [ L(/2,2&)0(1/2,57')
1< <i<l
l
2 =]]L0,2)L0,xZ) [] L0.ZE)L0,5E;")
i=1 1<i<j<l

l
=Tl T Lo.6g)Lo.687

1<i<j<l

in Case B. Then it is easy to see

cws(E,§) =

By the Weyl-invariance, we have

Sze(t 71t_1 —dim A; —dim -
T ) B maam g, )

X E Cws(w157wof)'(w15)715i/2(t1)‘(wof)fl(sém(%)-
w1 EW1
wo Wy

(cf. [36], Theorem 10.7.) Note that
b(E’7 6)7 dl(E)7 d0<£> € Z[qil/27 El; =2y - 51 627 e ]

Here and from now on, we identify an unramified quasi-character of £*
with its value at a primes element.

Step 3. Calculation of Sz(1)/((Z,¢).
Our next task is to prove the following lemma.

Lemma 5.7. The sum

‘?(Eé’(é)) _ AGIAGog(l)_dimAl_dimAOL(]., X)—l

X Y ews(wiE, we)

w1 €W,
woeWy

1s independent of = and &.
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Proof. We shall prove the lemma only in Case B. One can handle Case
A in a similar way. Put

Aze= ) cws(wiZ, wpd).

w1 €W,
woEWo

We are going to prove that Az, is independent of = and §. Put
DE)=Z"di(Z) = ) sgn(wi) - (wE)™"

w1 €WL

D(€) =& do(§) = ) sgn(wp) - (weé) ™,

wo Wy

where
plzpoz(l,l—l,...,l).

Then we have D(w,Z) = sgn(w;)D(Z) and D(wpé) = sgn(wg)D(§) for
wy; € Wy and wg € W,. Note that p; and py are half the sum of the
positive roots of type C. It follows that Az, is equal to

(DE)DE)™" > sgn(wi)sgn(wp) - (wiZ) " (woé) "b(wrE, wof).

Put Bz = E77¢ ™b(Z, ). Observe that Bz¢ is equal to

[T —a's) [ E'-a'2h

1<j<l 1<i<j<l

< 11 & =a?=h [ t-a28).

1< <i<l 1
1

IAIA
IAIA

j<I
We express Bz as a sum of monomials

Bz = Z C/\,#E)f“’ A€ Zlv Cap € Z[qilﬂ].

A

We say that a monomial ZA¢# is regular if Z¥V1A¢Wor = ZAEH implies
w; = wy = 1. We also say that a monomial is singular if it is not
regular. Here the action of the Weyl group on Z' is given by (w;Z)*1* =
=2, (wof)Wor = EH as usual.

We would like to show that if a regular monomial Z*¢# appears in
Bz ¢, then it is of the form ZE¥1P1£%0P with wy € Wy, wy € Wy. It is
enough to show |\;],|x;| < I, since such a monomial is either singular



27

or Weyl-equivalent to =71 £7°. Choose ig, jo € {1,2,...,l}. The positive
contribution of =;, comes from

H (1 o q71/2:10 ])

1<j<1

and the negative contribution of Z;, comes from

H (E;Ol . q71/25j71) H (5;1 . qfl/ZEifol).

i0<j<l 1<j<io

Therefore |\;,| < [. Similarly, the positive contribution of &;, comes
from

(5;01 —q7'&,) H (1- g '?E; jo)

1<i<l

and the negative contribution of &, comes from

& —a'6) [ G -a2gh T & —a =),

1<i<jo jo<i<l

Therefore |uj,| < I+ 1. Tt follows that if a regular monomial Z*¢#
occurs in Bz, then [ < |uj,| < 1+ 1 for some j,. We will show that
no regular monomial ZA¢* such that |uj,| > [ occurs in Bz¢. Assume
that the monomial EX¢# occurs in Bz¢ and |uj,| > I. We must show
that such a monomial Z*¢# is singular. Note that the monomial ZA¢H
occurs in

a6 ] G —a g
i0<j<l

X H 5_ _1/2H_1) q_l/Q:io Jo H (1_q_1/2Ei0 j)

1<j<o 1<5<1
J#jo
X (terms not containing =;, or §j,).

In particular, we have \;, # —I. If A;; = [, then the factor £ U must
occur in the factor

1T G =2 T &' =200,

i0<j<lI 1<j<io

which would contradicts to the condition s, > [. It follows that the
condition g, > [ implies |\;,| < . Therefore no regular monomial such
that 1, > [ occurs in Bz¢. Assume now i, < —[. Then the monomial
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ZAEF occurs in

G @rghr 11 G - aregh

i9<j<i
J#Jo
—Il+jo -1 —1/2—=-1 —1/2—~
% S H(f] —dq /“io)H(l_q Ein&i)
1<j<ig 1<j<!

X (terms not containing =;, or &;,)

if ig S jo, and

gj—l . (q_1/2§j_01)j0 H (Ez_ol _ q—1/2€j—1)
ip<j<I
14 _ —1/2—— —1/2—
> - +3o H (5] 1 —q 1/2:i01) H (1 —q 1/2:2'0 j)
1<5<io 1<5<i
J#3j0
X (terms not containing =;, or &;,)

if ig > jo. In particular, \;; # —[. If \;; = [, then the factor &, occurs,
and so the condition pj;, < —I[ fails. It follows that the condition
j, < —l implies |\;,| < I. Therefore no regular monomial Z*¢* such
that 1, < —l occurs in Bz .

We have proved that the regular monomials Z)¢* which occur in
Bz ¢ are of the form (w; =)~ (we&)~*°, for some w; € Wy and wy € W,
Therefore, up to a constant, Az ¢ is equal to

DEDE)™ S sgnlwn)sgn(wy) - (w1Z) 7 (wpf) ™ = 1.

Hence the lemma. [

Recall that
Aze= ) cws(wiE, wod).

w1 €W,
wo€EWp

Lemma 5.8. The constant Az ¢ is equal to Ag,}].

Proof. We shall prove the lemma only in Case B. One can handle Case
A in a similar way. We put

-1 —l+1 -1
7q 7"'7q )’

LB ),

=(q

:(qfl+(1/2)

My (IR
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As in the proof of [36], Lemma 11.9, we shall prove that b(w;Z, wog) =+
0 implies w; = wy = 1. Note that b(Z,¢) is equal to

IT a—azgh [ a-a?=7¢) [] 0 —a )

1<i<j<l 1<j<i<l 1<i<l
1)<
—142
X H (1-q77¢).
1<

Note that W) >~ Wy ~ {£1}! x &;, where &; is the symmetric group.
Therefore, for every wy € Wy, wg € Wy, one can find 0,7 € G; and
€i,€; € {#1} such that

U)(]é = 576—%1)7 cee 75?([))

Put iy =0"'(l+1—3s), jy =7 '(l+1—1t). Then we have

-t ;Eis s

(w].E)ZS :\:l+178 = q_‘sis. ,
(woé)jt :gf_lfl_t = q_Eg-t(t—(l/Z)).
Assume b(w1§,w05) # 0. Firstly, 1 — q_l(woé)?l # 0 implies ¢/ = 1.

Secondly, 1—q*1/2(w1§)i5 (wog)js # 0 and 1—q*1/2(w1§)it+1(w0§7)jt £ 0
imply

/
Ji
Now, if j; < i, then the second factor would contains the factor
1—¢~ V2 (w0, E);  (wof);, = 0, therefore we have j, > 4. Similarly, if i; <
-1
js+1

/ /
€ =€y =€), =€ = =¢g;, =¢; =1

o1, the first factor would contains the factor 1—g=/2(w; 2);. (woé)
0, therefore we have ig > j,,1. It follows that

J1 201> g2 20> > g 2,
and so w; = wy = 1. Tt follows that Az = b(Z,&)d;(Z) 'do(€)~". By

direct calculation, one can easily show that it is A@i. ([l

Now Lemma 5.1 follows from Lemma 5.7 and Lemma 5.8.
Part III. Examples over number fields

In §86-11, k is an algebraic number field. The Dedekind zeta func-
tion of k is denoted by (i (s). The I'-factors of L-functions are normal-
ized as in Tate [64]. In particular, [g(s) = 7~%/2T'(s/2) and TI'c(s) =
2(2m)7*T'(s). The completed Dedekind zeta function of k is denoted by
&k(s). When k = Q, the subscript k is dropped. The symbol L(s, 7, r)
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is the Euler product [],_ . L(s,m,,r) and the completed L-function for
L(s,m,r) is denoted by A(s,m,r).

6. WALDSPURGER’S THEOREM

The following example is due to Waldspurger [65]. Let D be a quater-
nion algebra over an algebraic number field k. Then G; = D*/k*
can be considered as a special orthogonal group associated to a 3-
dimensional quadratic space over k. Note that Ag, = & (2). Let
Go = T be an anisotropic torus of G;. Then T can be considered as a
special orthogonal group associated to a 2-dimensional quadratic space
over k. Let K be a splitting field of T over k. Then there exists an
exact sequence

1=k - K*—>T —1.

By means of this exact sequence, a character w of T'(A)/T(k) can be
regarded as a character of A /K> whose restriction to A} /k* is trivial.
As in [65], we choose a Haar measure of T'(k,) as follows. Fix a non-
trivial additive character ¢ of A/k. Then we give the Haar measure
Co(1) 7Y tdt, on kX, where dt, is the self-dual Haar measure of k,

with respect to ¢,. We give a Haar measure on K in a similar way:.
Then the Haar measure of T'(k,) is defined by the exact sequence

1—kf — K —T(k,) — 1

It is easily seen that Cy = A(1, xx/x) " for this choice of measure. Note
that in [65], Waldspurger considered the measure on 7'(A) such that
VoI(T(A)/T (k)) = 2A(1, /).

An irreducible cuspidal automorphic representation 7 of G1(A) can
be considered as a representation of D*(A) with trivial central charac-
ter. The base change of m to GLy(A) is denoted by II. Choose a cusp
form ¢ = ®,p, € T >~ Q,m,.

Then among other things, Waldspurger ([65], Proposition 7) proved
that the integral I(yp,,w,) is convergent and that

[{¢lay, @) A A1/2,TT®@w™) Hav(%,wv)
(o, 0)w,w) 477 AL T ADAL k) g ol
1

O{’U v w’U
=86, CoPr i, (1) [T )

4 LTl Tl

where m = 7w, mp = w. Thus Conjecture 1.5 is true for n = 2. Note
that we have |Sy,| = |Sy| = 2, if we admit the Arthur conjecture.
Thus Waldspurger’s result is compatible with Conjecture 2.1.
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7. THE JACQUET CONJECTURE

In this section, we consider some examples such that n = 3. We first
consider the example due to Harris and Kudla [24]. Put G; = SO(2,2)
and Gy = SO(2,1) = PGLy, defined over £ = Q. By definition, we
have Ag, = £(2)?. When v is non-archimedean, the local measure
dgo, of Gy, is the standard measure. In particular, the volume of
the hyperspecial maximal compact subgroup K, = Ky, = PGLy(Z,)
is 1. For the real place, we choose a Haar measure as follows. The
topological identity component of Gy(R) is denoted by Go(R)?. Let
Keo = Koo = SO(2,1) N SO(3) be a maximal compact subgroup of
Go(R). We put K2, = Go(R)? N K. Then Go(R)?/K2 can be identi-
fied with the upper-half plane §;. Let dk be the Haar measure on K%,
with total volume 1. Then the Haar measure dgg on Go(R)° is such
that dgo.o/dk induces the measure y—2drdy on Go(R)°/K2 ~ 9.
The Haar measure dgp . can be naturally extended to Go(R). Let
Go(R)? = ANK?, be an Iwasawa decomposition, which induces a bi-
jection $; ~ AN. Let X C AN be an image of a fundamental domain
for SLy(Z)\$1. Then there is a bijection

X x K% x J] Ko = Go(@)\Go(A).

V<0

It follows that

Go(Q)\Go(A)

<00

Therefore we have Cy = £(2)7! = 6771

Let f; € Sk, (SL2(Z)) (j = 1,2,3) be normalized Hecke eigenforms.
We assume k1 + ko = k3. We denote the automorphic form on GLy(A)
corresponding to f; by f;. Let 7; be the irreducible automorphic repre-
sentation of PGLy(A) generated by f;. Note that ¢y = f; x f; induces
a cusp form on SO(2,2)(A) and its restriction to SO(2,1) is fifs. Put
m =11 X7, myp = 13 and ¢y = f3. By the result of Watson [66], (see
also Harris-Kudla [24]), we have

A1/2,m x 7 x 73) = 229F2(f f, f3)2.

It is well-known that A(1,7;, Ad) = 2% (f;, f;). Here the (, ) is the
usual Petersson inner product.
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As both the Tamagawa numbers of SO(2,2) and SO(2,1) are equal
to 2, we have
|<901‘G07S00>|2 -9 (2) |<f1f2af3>‘2
(1, 01) (0, P0) [T (fi £
1 A(1/2,7'1X7'2><7'3)

255(2) H?:l A(17 75, Ad) ‘

By easy calculation,
B A(s, 71 X Ty X T3)

H?Zl A(s+(1/2),7;,Ad)’
'P (1/2> :Fc(l)r(c(lil)r(c(Iig)F(c(lig — 1) _ 271'3

TT1,00,710,00 FR(Q)grc(lil)Pc(/ig)P(c(lig) K3 — 1 ’

Proposition 7.1. Let 7j (j = 1,2,3) be the holomorphic discrete
series of SO(2,1) >~ PGLy(R) with lowest weight £k;. Put m o =
T1o0 X T2 00 NA T 00 = T3 00. Let 1,00 € T 00 be the vector with weight

(K1,K2). Let ppoo € Moo be the vector with weight k3. We assume
lo1.00ll = l0.00ll = 1. Then we have

Py mo (8)

I(Spl,ooy (;00,00) :477-(’{3 - 1)7
0500(901,007 900,00> =2.

The proof of this proposition will be given in §11. Putting altogether,
we have

|<901|G07S00>|2 1 CYoo(S01 00790000)
= —Ag, CoPryno(1/2) - : —.
(o1, 01)(p0, 00) 4 T 11,0012 - 100,00
Note that we have |Sy, | = |Sy,| = 2, if we admit the Arthur conjecture.

In fact, Watson [66] obtained a more general result. Let B be an
indefinite quaternion algebra over Q. The reduced discriminant dg of
B is, by definition, the product of primes which ramifies in B. Let N be
a square-free integer such that (N, dg) = 1. Put S; be the set of primes
which divide dgN. Let 7, = ®,7;, (j = 1,2, 3) be irreducible cuspidal
automorphic representation of A*\B*(A) with new vector f; = ®,fj.
which satisfies the following conditions:

(1) When v < oo and v ¢ S, the local components 7;, (j = 1,2,3)
are unramified representations and f;, are unramified vectors.

(2) When wv|dg, the local component 7;, (j = 1,2,3) are one-
dimensional representations of the form x; o vp,, where y; are
unramified quadratic characters and vp, is the reduced norm.
We also assume x1x2x3 = 1.
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(3) When v|N, the local component 7;, (j = 1,2, 3) are represen-
tations of the form x; ® (Steinberg), where y; are unramified
quadratic characters. We assume that xix2xs is the unique
unramified character of order 2 and that f;, are Iwahori fixed
vectors.

(4) When v = oo, we assume that 7, (j = 1,2,3) are discrete
series representations with minimal weight +r;. We assume
K3 = K1 + ke and f;, have weight x; > 0.

Then Watson’s result ([66] Theorem 3) says

Uy fE) () H(E)Im(2)w2dz]2 2852 A(1/2,71 x 7 X 75)
fom OPIm(z)o2dz (dsN? [P, A(L 7, Ad)

Here, X = OW(dg, N)\$:, where OW(dp, N) is the arithmetic sub-
group defined in Watson [66], Ch. 1. Watson proved that

vol(x) =2¢2) [T (= ) [Tt + D).

pldp p|N

Watson also considered the cases when 7; o, are not discrete series, but
we do not discuss such cases.

We now interpret Watson’s result in terms of our conjecture. Let V;
be the vector space B equipped with the reduced norm form vg. The
subspace Vy C Vj is defined by the space of elements of reduced trace
0. Then we have

G1={(91,92) € B* x B* |vp(g1) = vB(g2)}/Q%,

Gy = B*/Q*.
As in the case of SO(2,2), we regard m = 7, X 7 as a representation of
G1(A), and my = 73 as a representation of Go(A). We put p1 = f1 X fa,

and ¢g = f3. We may assume ||, = [0, = 1 for any v. Note that
Watson’s result implies

[(¢1lgos p0)
(1, 1) {0, ¢0)

UX fl )fz( Jm(z)"s~ 2dz‘2
J 1fX|fJ )[2Im(2)%i—2dz
= 271E(2)Pry o (1/2)

<[ a-p) [ ' a+ph).

pldp p|N

= Vol(X)

We describe local calculations below. Since G is an inner form
of PGLy, we can transfer the local measure of PGLy(Q,) to Gy, =
B*(Q,)/Qy. Note that Ag, , = (,(2)* and Cy = 67! are unchanged.
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When pl|dg, we have
Vol(Gop) = (41, P0p) = 2]?_1(1 - p_l)_la
,P”LPJOJJ(I/Q) = Cp(l)QCP(Q)_Q'

It follows that a,(¢1,, pop) = 2p (1 — p~t) for pldg. When p|N, let
gp be the unique unramified character of Q, of order 2. Then we have

Prypimon (1/2) = L(1,65)" L(2,£,)(2)
=(1+p )?QA+p ) (1 -p7%)
The integral I(¢1,,0,) can be calculated as follows (cf. Godement

and Jacquet [15] §7). The image of ((i 2) in PGL2(Q,) is denoted

by [i 2] Let
I= {{“ b} € PGL,(Q,)
c d P
be an Iwahori subgroup of Gg, = PGLy(Q,). Let W, be the affine Weyl
group generated by w; = [(1) (1)] and wy = [2 p (;1] The extended

affine Weyl group W is defined by W = W, x Q, where Q is the

a,b,d € Z,,c Gpr}

group of order 2 generated by w = [2 (1)] Then we have a Bruhat

decomposition Gy, = [],c fwl. The extended Weyl group W has
a length function [(w) such that I(w;) = l(wy) = 1, l(w) = 0. The
Poincaré series ., - t1®) is equal to (1 + t)(1 — t)~*. Then the
function

®(bywwhy) = (—1) (—pH)' ™, by by e 1,5 €{0,1}, w e W,

is a bi-I-invariant matrix coefficient of the Steinberg representation of
Gy. From this, we have
1

I(1p 00p) = Y (=17 > Vol(Iwwl)®(ww)?

Jj= weW,
=2p+1)7" Y (—p )™
’LUEWa

=2 '(1—p (A +p )"
Note that .
Vol(Iwl) = (1+p) p'™, weW.

It follows that a,(¢1,, o) = 2p (1 +p~!) for p|N.
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Putting together, Conjecture 1.5 holds in this case with 2° = 1/4.
Note that the orders |Sy,| and |Sy,| must be equal to 2, since the
Steinberg representation does not come from a quadratic field. Note
also that Conjecture 1.5 holds for any vector ¢; € m and ¢y € my,
since dim¢ Homg, , (71, ® 7o, C) = 1 for any v (see Prasad [54]).

We remark that Conjecture 1.5 is compatible with algebraicity re-
sults for the triple product L-functions. For j = 1,2,3, let f; be a
primitive cusp form with weight &;, level N;, and character ¢;. We
assume that e1e0e3 = 1 and k1 < kg < k3. We denote by 7; the
automorphic representation of GLy(A) generated by f;.

We use the symbol a ~ b for a,b € C, which means that b # 0 and
a/b € Q. Tt is well-known that A(1,7;,Ad) ~ (f;, f;). Then Harris-
Kudla [24] proved that

A(1/2a7—1 X Tg X 7_3) Np(f17f27f3)7
where

(i, fr)(fo, fo) (S, f3) i kg < Ky A4 Ko
(f3: f3)? if kg > K1 + K.

We assume A(1/2,7 X 7 x 13) # 0. They also proved the Jacquet
conjecture which states that there exist a unique quaternion algebra D
and some automorphic forms F” € 7% such that

FP(9)FP (9)FY (9)dg # 0.

p(f17f27f3) = {

/AXDX(Q)\DX(A)

Here 7P

 1s the Jacquet-Langlands-Shimizu correspondence of 7;. As-
sume that e16; = e3 = 1 and F” € 7°. Then @y = Fy’ can be regarded
as an automorphic form on Gy = D*/Q* and ¢, = FP x FP can be

regarded as an automorphic form on
Gl = {(dl,dg) S D* x D* |l/(d1) = V(dQ)}/QX

Here v is the reduced norm of D. As before, we transfer the Haar
measure dg, on GLy(Q,) to Go(Q,). In particular, Cy = 6/.
For finite prime p, the component m, has a Q-structure. Note that
for Q-rational vectors o, and ¢y, the quantity a,(¢1,, vo,) € Q.
In the balanced case k3 < Ky + kK2, the quaternion algebra D is
definite. We choose arithmetic automorphic forms F]-D € TjD . Then we
have

<$017 901>7 <9007 900> € @X7 <§01|G0, 900> € @
Note that in this case we have

Qoo (1,00, P0.00) ~ Ay Prr imo o (1/2) 71 - VOl(Go(R)) ~ 7
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Note that Vol(Go(R)) = Vol(U(2)/(U(1) x U(1))) ~ w. Therefore in
this case our conjecture is compatible with the known results

A(1/2>7'1 X Ty X 7'3) ~ <f17f1><f27f2><f37f3>-

Now we consider the unbalanced case k3 > k1 + k9. We choose arith-
metic holomorphic automorphic form Fy € 72 of weight 3 and arith-
metic nearly anti-holomorphic forms F? € 7P and FP € 7P with some
weight. Then we have (see Shimura [58])

(po, po) ~£(2)"(fs, f3),
(o1, 1) ~EQ2) 72 f1, [1)(fa, f2),
(@1los po) ~E(2)7H(f3, f3)-

Note that in this case, we have oo (¢1.00, P0.00) ~ 1. Therefore in this
case our conjecture is compatible with the known results

A(1/2,71 X 75 X 73) ~ (f3, f3)*.

Remark 7.2. More generally, Conjecture 1.5 is compatible with Shimura’s
conjecture [59], [60] for Hilbert modular forms, which was proved by
Harris [21], [22], [23], and Yoshida [68] in most cases.

8. RESTRICTION OF THE SAITO-KUROKAWA LIFT TO THE
DIAGONAL SUBSET $); X 1

Let K > 0 be an odd integer. Let f € S5.(SLa(Z)) and g €
Swt1(SLa(Z)) be normalized Hecke eigenforms. We denote the Kohnen
plus subspace by ST, | 5 (T0(4)) C Sei(1/2)(To(4)) (cf. Kohnen [38]).
Let h € S:+(1/2) (I'p(4)) be a Hecke eigenform associated to f by Shimura
correspondence. Let F € S,11(Spy(Z)) be the Saito-Kurokawa lift of h.
Let 7 and o be the automorphic representations of GL2(Ag) generated

by f and g, respectively. Then it is shown in Ichino [30] that

<fa f> |<:F|Y31><55179 X g>|2
(h, h) (9,9)* '

Here, (, ) is the usual Petersson inner product on $);. We interpret this
result in terms of automorphic representations. Let ¢; be the automor-
phic form on G (Ag) = SO(3,2)(Ag) corresponding to F. Similarly, let
@o be the automorphic form on Gy(Ag) = SO(2,2)(Ag) corresponding
to gxg. Asin the last section, let dgo, be the standard Haar measure of
Go(Q,) for v < co. Let Go(R)? be the topological identity component
of Go(R). The maximal compact subgroup K% of Go(R)? is defined
by K2 = Go(R)° N SO(4). Let dgo be the Haar measure of Gy(R)°
such that dgg/dk is equal to the measure (y1y2) 2dz1dxody, dys on

A(1/2,Ad(0) ¥ 7) = 2°H1
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Go(R)°/KS ~ ©; x ;. Here, dk is the Haar measure of K2 with
total measure 1. The Haar measure dgp ., can be naturally extended
to Go(R). We calculate the constant Cy. Let Go(R)? = ANK?, be an
Iwasawa decomposition, and X C AN be a set bijective to a funda-
mental domain for (SLy(Z)\$1)?. Then each element of Go(Q)\Go(A)

has exactly two representatives in X x K2, x [],_.. Koo It follows that

/ _— H dgo,, = —Vol (SLo(Z)\$1)* = 2£(2)°.

Therefore we have Cy = £(2)72 = 367 2. Note that Ag, = £(2)£(4).
Note also that the volume of Spy(Z)\$s is 2£(2)£(4), where $) is the
Siegel upper-half space of genus 2. It follows that

_ ()
L @
_{9.9)°
{0, o) —2£<2)2 )
o1l 2ol _ E() [(Floxano X 9)F

(p1,01) (w0, 00)  26(2)  (F,F)g,9)?

As noticed in the last section, it is well-known that (f, f) = 272%A(1, Ad(7)).
By Kohnen-Skoruppa [39], we have

<F"’T> _ ok—2__—1
W_Q 7 &(2)A(3/2, 7).

(Note that there is a minor error in the unfolding argument of [39],
p. 547. Since the action of the center of Sp,(Z) on £, is trivial, the
right hand side of the equation of [39] p. 547, line 23 must be multiplied
by 2.) It follows that

(prloo po)* _  €(4)  A(1/2,Ad(0) KT)
{e1, 01) (@0, #0) §(2) €(2)AB3/2,7)A(1, Ad(7))

It is easy to check that

A(s, mo) = A(s, Ad(0))&(s),
A(s,m) = A(s, 7)E(s + (1/2))€(s — (1/2))
A(s, o, Ad) = A(s, Ad(0))?,
A(s, 71, Ad) = A(s, Ad(7))A(s + (1/2),7)A(s — (1/2),7)
< €5 + DE(s)E(s — 1)
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From this, one can show that Py, ., (s) is equal to

A(s —(1/2),Ad(0))A(s,Ad(o) K 7)
E(s+ (3/2))A(s+ 1,7)A(s + (1/2),Ad(0))A(s + (1/2), Ad(7))

It follows that

A®0, Ad(0))A(1/2, Ad(0) B 7)
Primo(1/2) = 53y A 372, 1A (L, Ad(o))A (L Ad(7))
 A(1/2,Ad(0)X 1)
“ER)AB/2 )AL AA()

Observe that

- Te(1)Te(k) - Te(r)Te(26) (1)
Pr oo (1/2) “T(®) - Tols + S -FR(2CC)FC(/~€C+ 1) -(;R(Q)PC(?“)

=4r 27t

Proposition 8.1. Let 7 o be the irreducible holomorphic discrete se-
ries representation of SO(3,2) with lowest K -type (det)* "+ Let mq o
be the irreducible discrete series representation of SO(2,2) with lowest
K-type £(k + 1,k +1). Choose lowest weight vectors 100 € T1,00 and
Po.00 € To00 SUch that ||p1 0|l = [P0l = 1. Then we have

271_2,

1(901,007 (P0,00) =16~
O‘oo(SDLt)oa QOO,OO) =4m.

The proof of Proposition 8.1 will be given in §11. Using Proposition
8.1, we have

|<901‘G07900>|2 1 aoo(gpl o003 PO oo)
= 786, CoPry iz (1/2) - 00 7000
(1, 01)(p0, 00) 4 " o [p1,00]1% - ll0,00]|?

Therefore in this case, it seems Conjecture 3.2 holds with 27 = 1/4.

Remark 8.2. Now choose another normalized Hecke eigenform ¢ €
Se+1(SLa(Z)) such that g # ¢’. Let ¢’ be the irreducible cuspidal
automorphic representation of GLg(A) generated by ¢'. Let ¢ be as
before and ¢q the lifting of g x ¢’ to Gp(A). Then we have (¢1|g,, o) =
0. Note that Homg, (71, ® 7., C) = {0} for some v (See e.g., [34]
Proposition 3.1). After a little calculation, one can show the numerator
of Pr, (s) is equal to

A(s, 7 x o x d")A(s+ (1/2),0 x ")A(s — (1/2),0 x o)
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and the denominator is
A(s+(1/2),Ad(7))A(s+ 1,7)A(s, T)

x §(s +(3/2))¢(s + (1/2))¢(s — (1/2))
x A(s+ (1/2),Ad(0))A(s + (1/2),Ad(d")).

Note that as far as we know, any relation between ord—; 2 A(s, 7 X o x
0') and ords—;/2A(s, ) are not known. It seems this example suggest
that there is no relation between the period (¢1|g,, o) and the L-
value Py, ~,(1/2), when m; or my are non-tempered and the condition
Homg, , (71,0 ® T, C) # {0} fails.

9. RESTRICTION OF THE HERMITIAN MAASS LIFT TO $9

Now we discuss the case n = 5 and k = Q. We put Gy = SO(3, ) ~
PGrSp2 Let kK > 0 be an odd integer and f € S5.(SLs(Z)), h €
St vay2)(Fo(4)), F € Sii1(Spa(Z)), and 7 be as in §8. Let

M= Y el
n>0
—n=0,1(4)
be the Fourier expansion of h(T).

Let K be an imaginary quadratic field with discriminant —D. We
assume that ¢(D) # 0. We denote by x and wg the associated Dirichlet
character for K/Q and the number of units in K, respectively. We put
G1=50(4,2)k/g ~ SU(2, 2)k/o/{£1}.

Now let I'r = SU(2,2)(Q) NGL4(Ok) be the special hermitian mod-
ular group, where Ok is the integer ring of K.

By using the fact that the Tamagawa number of SU(2,2) is 1, one
can show that the volume of the fundamental domain for I'k is equal
to

Vol(T'x \Hz) = 272 D*?(4, wi)E(2)A (3, X)€(4),
where ‘Hy is the hermitian upper-half space of degree 2. Here, we have
given an inv_ariant measure on Hy as follows. Put X = (Z + Z)/2,
Y =(Z—-"2)/(2y/—1) for Z € Hy. The measure dX on the space of
hermltlan matrices is deﬁned by dX = [, dXU [1.., dXi; (@)

’L] )

X = X0 4 /-1X0, Z] ,Xij € R. Then the invariant measure is

given by (det Z)~ 4dX dY. This calculation will be carried out in the
appendix to this section.

Let g € S.(To(D),x) be a primitive form and G € S, 1(T'x) the

hermitian Maass lift of g (cf. Kojima [41], Krieg [42], Tkeda [35]). We

where
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assume that G # 0. Let p be the irreducible cuspidal automorphic rep-
resentation of GLg(A) generated by g. By using Sugano [63], Corollary
8.3 and Ikeda [35] §15, we have

(G,G) = 27T D" 172 (4, wi )E(2)A(2, Sym® (p))A(1, Ad(p)).

One can prove this formula using Raghavan-Sengupta [55]. The main
theorem of Ichino and Ikeda [32] says

|<g’527f>’2 _ 2—4&—2D2H—1A(1/27p X p X T)'

DI =7 7y L

Combining these result and the Kohnen-Zagier formula [40]

D)) — oyt ptmp 12 r 0 ),

(h, )
we have
|<g|ﬁ2>f>|2 _ - Vo -1
AN =27 - Vol(T'k \H2) ~ £(2)A(3, x)&(4)

A(1/2,Sym?(p) K 7)A(3/2,7)
A(2,8ym?(p))A(1, Ad(p))A(1, Ad(7))

We translate these results to adelic language. Let ¢1 (resp. ¢o)
be the automorphic form on G;(A) (resp. Gp(A)) corresponding to
G (resp. F). We put S = St U {oo}, where S is the set of primes
which divide D. When v < oo, let dgo, be the standard Haar mea-
sure of Go(Q,). The topological identity component of Gy(R) is de-
noted by Go(R)?. Let K2 = Go(R)” N SO(5) be a maximal com-
pact subgroup of Go(R)". Let dk be the Haar measure of K% with
the total measure 1, and dgg o, the Haar measure of Go(R)® such that
dgo.00/dk is equal to the measure (det Y)™3dXdY on H, ~ Go(R)°/KC,.
Then we have Vol(PGSp,(Z)\Go(R)) = Vol(Spy(Z)\$H2) = 2£(2)E(4).
It follows that Cy = £(2)7'¢(4)~' = 54073, since there is a bijec-
tion Go(Q)\Go(A) =~ (PGSp,(Z)\Go(R)) x [, Kop- Note also that

Let m; (resp. mo) be the irreducible cuspidal automorphic represen-
tation of G1(Ag) (resp. Go(Ag)) generated by ¢; (resp. ¢p). Note that
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both m; and 7y are non-tempered. It is easy to check that
A(s,m) = A(s, Sym®(p))&(s + 1)E(s)E(s — 1),
A(s,mo) = A(s, 7)E(s + (1/2))6(s — (1/2)),
A(s,m, Ad) = A(s + 1, Sym?*(p))A(s, Sym®(p)) A(s — 1, Sym*(p))
X A(s, Ad(p))E(s + DEs)E(s — 1),
A(s,mp, Ad) = A(s, Ad(7))A(s + (1/2),7)A(s — (1/2),7)
X €(s + DE)E(s — 1)
It follows that Pr, -, (s) = R(s)/Q(s), where
R(S) :A(57 Sym2(p) X T)A(S - 17 7-)5(5 o (3/2>>7
Q(s) =A(s + (3/2), Sym*(p)) A(s + (1/2), Ad(p))
X A(s + (1/2),Ad(7))&(s + (3/2)).
Observe that
A(1/2,Sym®(p) K T)A(=1/2, T)f(—l)
Primo (1/2) =
U2 =R, Sym?(p) AL Ad()A(L, Ad(7))E(2)
_ AQ/2,Sym*(p) M T)A(3/2,7)
A(2,Sym*(p))A(1, Ad(p))A(1, Ad(7))
by the functional equations A(1 —s,7) = —A(s,7), (1 — s) = &(s).
We consider the local factor o, (914, p0.). For v ¢ S, we may con-
sider ay, (1.4, 000) = 1. For v € S, the condition (U1) and (U2) of §1
fail. Instead, (Ul) and (U2), we consider the following conditions:
(U1) G, is quasi-split.
(U2) K;, is a special maximal compact subgroup of G .

Lemma 9.1. Assume n = 5. Let v be a non-archimedean place such
that the conditions (U1"), (U2'), (U3), (U4), (U5), and (U6). Then we
have (91,0, Po0) = Ay Pryymo. (1/2), if it is convergent.

The authors have verified this lemma by using computer calcula-
tion. By this lemma we may consider a,(p1,,90,) = 1 by “analytic
continuation”.

For v = 0o, one can easily see that Pr, _ r, .. (1/2) is equal to

Fc(l)rc(ﬁ)rc(QI{ - 1) . F(c(/{ - 1) . FR(—l)
Mr(2)Tc(k + 1) - Tr(2)Tc(k) - Tr(2)Tc(2K) - T'r(2)
B 1677
Ck(k—1)(2k—1)
Note that 7 is a discrete series representation of SO(4,2), and the
K-type of ¢ « is the lowest K-type. Similarly, 7~ is a discrete series
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representation of SO(3,2), and ¢y  is a lowest K-type vector. We may
assume [[100]] = [|¢0,00l = 1.

Proposition 9.2. We have

6473
1 00y o) — )
(Proos P0.00) =20 = 1)

O‘oo(solpoa SOO,OO) = —A4m.
A proof of Proposition 9.2 will be given in §11.
By Proposition 9.2, we have

‘(901‘G07900>’2 1 CVoo(gpl 00y L0 oo)
= _AG COPﬂ' ST (1/2) . - :
(1,010 (00, p0) 4T 1,007 - 0,00 12

1 0 (P1,05 P0,0)
= _AG COPW ST (1/2) : :
4 o 11 leroll? - lleowlI?

veS

under the assumption ¢(D) # 0. Therefore in this case, Conjecture 3.2
seems to hold with 27 = 1/4.

Appendix to §9: Calculation of the volume of the fundamental
domain for I'x\H,

In this appendix, we calculate the volume of the fundamental domain
for the hermitian modular group. Let K = Q(v/—D) be an imaginary
quadratic field with discriminant —D. We put K, = K ® Q, and
O, = Ok ® Z,, where Oy is the integer ring of K.

Let F%) = SU(n,n)(Q)NGLa,(Ok) be the special hermitian modular
group. By using the fact that the Tamagawa number of SU(n,n) is 1,
we shall show that

2n
Vol(T{P\H,,) = 27"+ D@ =079 ) [T AG, ),
71=2

where H,, is the hermitian upper half space of degree n.
Put & = SU(n,n). Then

Lie(®) = {X € My, (K)| XJ + J - X =0, tr(X) =0},

0o -1,
1, 0
Let E[i, j] € M, (Z) be the (i, j)-elementary matrix of size n. Set

Sii. ] = {EM (i =),

where J = . We choose a basis of the Lie(®) as follows.

Eli,j]+ E[j,1] (i #J)
Ali, 4] = Eli, 5] — E[j,1].
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Put
Xij=(E[é’j] —E?j,i])’
v (555 = (0 0)

0 0 [i,5]1 0

_ v p(Eldl 0
Wi = ‘D< 0 E[j,i])’

, = (El,i]—E[li+1,i+1] 0
Wi= _D< 0 Eliyi] — Eli+1,i4+1])°
The following vectors make up a basis of Lie(®).

Xij  (1<id,j<n),
Y (1<i<j<n),
Yy (1<i<j<n),
| (1<i<j<n),
w! (1<i<n)

Let £ C Lie(®) be the lattice generated by this basis. This basis
determines a Haar measure dg, on &(Q,) for each place v, and the
product measure [ [, dg, is the Tamagawa measure on &(A). For each
prime p, we define a maximal compact subgroup Ke, of &(Q,) by

Kes, = 6(Qp) N GLy,(0,). Since [0, : Zy, + vV —DZy] = (2,p), we have
[Lie()(Qy) NMz2q(0,) = £®Z,] = (2,p)™ " .

It follows that the volume of K¢ is equal to (2, p)2in—l H?Zz L(i, X;)*l.
For the real place, the vectors

Xij_in (1§Z<]§n)a

Y;—Y, (1<i<j<n),

Vi+V,  (1<i<j<n),

Wi, + W, (1<i<j<n),
w! (1<i<n)
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generate the Lie algebra of a maximal compact subgroup Kg_, of B(R).
The maximal compact subgroup Kg_ is isomorphic to

{(u1,uz) € U(n) x U(n) | detuy - det ug = 1}.
This isomorphism is explicitly given by Ad(A) : k — AxA™!, where

Ao 1 (1, —v-1-1,
V2 \,, veie1, )

Note that

Ad(A)(X;; — Xji) = (A[E)7 d A[?aj]) ’

Ad(A)(Yy —Y)) =v—1 <S[g / —S([)',J‘]) ’

Ad(avy + vy =B (A0

Ad(A) (Wi + W) =V—=D (S[Z’J] v ) >
Ad(AY(IT) =

Let dk be the Haar measure on Kg_ determined by these vectors. By
Macdonald [49], the volume of U(n) is equal to (27)""+D/2 [T T'(i)1,
if the Haar measure is normalized by a Chevalley basis of Lie(U(n))®C.
Using this, we have

Vol(Ke_: dkso) = D(n?41)/29-n?+2n_n?+n—1 HF@&'
i=1
We now consider the invariant measure on the hermitian upper half
space ‘H,. We define an invariant measure on H, as follows. Let
Her,(C/R) be the space of hermitian matrix of size n. Then the
Haar measures dX and dY on Her,(C/R) are such that the covol-
ume of the lattice Her, (C/R) N M, (Z[y/—1]) is 1. Then the measure
(det Y)™>"dX dY is invariant under the action of &(R) = SU(n, n)(R).
Note that (R)/Ke,, ~ H,. We claim that dg./dks is equal to
27D~ =M/2(det Y)"2"dX dY. To prove this, we consider the Iwa-
sawa decomposition &(R) = Ag, Ne. Kes_,, where Ag_ and Ng_ are
Lie subgroup of B(R) corresponding to the Lie algebras generated by

and
{Xi;, Vi, Wi | 1 <i<j<n}U{Y;|1<i<j<n},
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respectively. Then it is easy to check the left invariant Haar measure
determined by these basis induces 27D~ "*~/2(det V) ~2"dX dY on
‘H,,, which implies the claim.

Now we consider the adele space B(A). Let X be a fundamental

domain for F%)\Hn. We regard X as a subset of Ag Ng, by the
bijection Ag_ Ng.. ~ &(R)/Kes. ~ H,. Then each fibre of the map

(] Ke,) x X x Ke.. — G(Q)\&(4)

has exactly §Z (Fg?)) elements, where Z (F%)) is the center of F%). Note
that ]jZ(Fg?)) = (2n,wg). It follows that

2n n
(27% wK)fl . 22n27n71 H L(i> Xi)fl . D(fn2+1)/227n2+2n7rn2+n71 H F(i)fQ
=2 1=1

x 27" DRyl (%) = 1.
It follows that

2n
Vol(T{\H,,) = 27"+ D@ =n=D/2(9n_we) TT AG, ),
1=2

as desired.

10. THE TRIVIAL REPRESENTATION

Let k& be a totally real field and S the set of archimedean places
of k. The discriminant of k is denoted by D,. Recall that the com-
pleted Dedekind zeta function & (s) satisfies the functional equation
(1l —s) = D,‘z*(l/z)é’k(s). Put d = [k : Q]. We assume the following
conditions:

(a) Both Gy and Gy are unramified over k, for each v ¢ S.
(b) Gy, is compact for each v € S.

Note that such a pair Gy C G exists, then the following (i), (ii), and
(iii) hold:
(i) The discriminant field K is unramified over k.
(ii) K is totally real if n = 0 mod 4, and totally imaginary if n = 2
mod 4.

(iii) d is even if n = 3,4, 5,6 mod 8.
Let Ko = [], Ko, be a maximal compact subgroup of Go(A). We
assume [y, is a hyperspecial maximal compact subgroup for v ¢ S.
For v ¢ S, we give the standard Haar measure dgg, on Gg,. Forv € S,
we give the Haar measure dgo , with total volume 1 on Ky, = G ,,. The
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constant Cy can be calculated directly, but here we make use of the mass
formula. There exists a finite subset B C Gy(A) such that Go(A) =
[1,cm Go(k)zKo. For each x € 9B, the group I'" = 27 'Gy(k)x N Ky is a
finite group. The left coset Go(k)\Go(A) is decomposed into a disjoint
union
Go(k)\Go(A) = ] = - (I"\Ky).
DY

Let e, be the order of the group I'*. The mass M is defined by M =
> wem €5 - Then the mass formula (See Shimura [61], p.27, Theorem
5.8) says that

m—1

M =20 =) [(27)="T (m V] { [(27)~%T 2])]d<’k(2j)}
j=1
if n = 2m is even, and that
M = 2t-mdpmitim/2) H{ [(2m)~%T( 2])]d<k(2j)}
7=1

if n=2m-+1 is odd.
Then we have

/ H ng,v = M.
Go(k)\Go(4)

v

Since the Tamagawa number of G is 2, we have Cy = 2M 1.
By definition, we have

A — [T52 6k (29) if n = 2m is even,
C AL )T &(2)) i n=2m+1is odd.
We now put ¢; =1 and ¢y = 1. Then 7; is the trivial representation
of G;(A). Obviously, we have
[(¢1lges po)
(o1, 1) {0, 0)
The L-function of the trivial representation of Gy is given by

A(s, mo) = A(SaX)Hzm 1fk(s—m+j) if n = 2m is even,
v H?Zlfk(S—mﬂL]—(l/Q)) if n=2m+1 is odd.

=1

Similarly, we have

As,m) H?Tlfk(s—m+j—(1/2)) if n = 2m is even,
s =
! A(s, X)H2m+1£k(s—m+j—1) if n=2m +1is odd



When n = 2m is even, we have

A(s, m Kmy) = HA(S —m+i—(1/2),x)

2m 2m—1

< [T T &(s —2m+i+j—(1/2)

i=1 j=1

2m—1

A(s,mo, Ad) = ] Als —m+1i,x)

X H (s —2m+i+7)

1<i<j<2m—1

As,m Ad) =[] &(s—2m+i+j—-1).

1<i<j<2m

It follows that

A(s —m+ (1/2), x "i—ffks—23+ (1/2))

7)7r1,7ro(s>_ gk(3+2m 1/2 1 fk S+2]_ /2))7
- & 2] +
Pmﬂro(l/Q) H Sk
m2-<m/z>A<m» X)
D &(2m)

if n =2m is even. A similar calculation shows that

Primo(s) = Als +m + (1/2), x HZ j:—;j—i__ 1;;;;

m

2j+1
Prro(1/2) = Al +1,X) H gk;j

47
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if n =2m+11is odd. When v € S, the integral I(y1,,¢0.) is clearly
equal to 1. It follows that

OéU(@l,U? (100,17) = Aaivpﬂ'l,vyﬂ'o,u<]‘/2)il
Tp(l—m) ' T[7 Tr(=2j + 1) if n=2m = 0 mod 4,
= (TR —m) ' [ Tr(=2j + )" if n.=2m =2 mod 4,
[[Z Tr(=2j +1)7" if n =2m+ 1 is odd.
Therefore we have

[{©1]ays o)
<8017 901><3007 900>

= 2BAG100,P7F1,7T0(1/2> H O‘U(@va SOO,v)a

veS
where

6=

—md  if n = 2m is even,
—2md if n=2m+ 1 is odd.

Note that the integer § depends on the number of bad places.

11. CALCULATION FOR THE REAL PLACE

In this section, we carry out the calculation of the archimedean local
integrals which appeared in §§7-9. Every algebraic group is defined
over R in this section.

We first consider the case Gy = SO(2,1) ~ PGLy(R). The (topo-
logical) identity component of Gy is denoted by Go(R)?. Note that

Go(R)° ~ SLy(R)/{+£1}. The image of (i Z) in PGLy(R) is denoted

by {CCL Z] . The maximal compact subgroup O(2)/{£1} C PGLy(R) is

denoted by K. Put K = SO(2)/{£1} C K. The Haar measure dk on
K° is such that the total measure is 1. By Iwasawa decomposition, an
element g € Go(R)" can be uniquely written as

et 01 n
K b

t,n € R, k € K°. We choose a Haar measure dg on Go(R)" such that
dg/dk induces the measure y 2dxdy on the upper half plane §; ~
Go(R)/K. Note that dg = 2dtdndk. The Haar measure dg can be
naturally extended to Go(R). We put

£> o} |

{2
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We consider the map

KOx At x K —  Go(R)°

By Cartan decomposition, this map is bijective outside the boundary
of AT. Tt is well-known (e.g., [27], Theorem 5.8) that

dg = C - sinh(2t)dk dt dk'
for some constant C' > 0. Let A(T") be the area of the small disc with ra-

dius T and center /—1 € $,. Then we have A(T) ~ C f smh 2t)dt
when T — 0, and so we have C' = 4.

Let 7; be the (limit of) discrete series representation of PGLy(R)
with minimal weight £x;. Let ®; be the matrix coefficient of 7; o with
respect to the lowest weight vector with norm 1. Then the support of
®, is contained in Go(R)° and

o ([ 8]) - i

Proof of Proposition 7.1. Let ¢ o, and ¢g~ be as in Proposition 7.1.
Then we have

11,00, $P0,00) =47r/ cosh(t) 2" sinh(2t)dt
0
=4m(kg —1)7"
For the latter part of the proposition,
OéOO(SOLOO’ SOO,OO) AG} 007)7"1,007“'0,00(]‘/2)7II<301,007 800,00) = 2

Next, we consider the case Gy = SO(2,2). Put
L = {(hy, hy) € GLy x GLy | det hy = det hy}.

Then, we have SO(2,2) ~ G ( )/R*. We denote the image of
(hl,hg) € GL ( ) in SO 2 ) Y hl,hz] Put
t1
=q[(o ) (0 ) eemy
{636 5l

K :{[kl,kQH kl,kQ S O( ),det kl = det kQ} .



50 ATSUSHI ICHINO AND TAMOTSU IKEDA

For each (ty,t;) € R? we put

=[5 1) (5 8]

The connected component SO(2,2)° is equal to the image of SLy(R) x
SLy(R). Put K% = £ NSO(2,2)°. Then we have an Iwasawa decom-
position SO(2,2)? = ANK?. Then SO(2,2)°/K° can be identified with
91 % 91. The Haar measure dk on K° is the Haar measure such that the
total volume are 1. We choose a Haar measure dg on SO(2,2)° such that
the induced measure dg/dk on $; x 9, is equal to y; 2y, 2dx, dxo dy, dys.
Then dg = 4dt, dty dnq dny dk. The Haar measure dg can be naturally
extended to Go(R) = SO(2,2). Put AT = {m(t,t2) | t1,t2 > 0}. Con-
sider the map

A K2 x AT x K% — S0(2,2)°
(l{?, m(tl, tg), k’,) — k- m(tl, tz) . k,.

Let OA™ be the boundary of AT. If g € Go(R)? is not in the image of
DA™, then A\7!(g) consists of two elements. In terms of the map \, we
have

| g

Go(R)O

:167T2 / f(/\(kﬁ, m(tl, tg), k?/)) smh(2t1) Slnh(?tg)dk’ dtl dtg dk’,
KOx A+ xKO

for any integrable function f on Go(R)°.

Proof of Proposition 8.1. We need to calculate the matrix coefficient
of Y100 € T . In fact, it is enough to consider the pullback of the
matrix coefficient by the map SLy(R) x SLy(R) — SO(2,2) € SO(3,2),
since AT is contained in the image of this map. Note that the image
of SLy(R) x SLy(R) is contained in the identity component SO(3,2)° =
Spo(R)/{£1}. The restriction of 7 o is a direct sum of a holomorphic
discrete series and an anti-holomorphic discrete series. Since the holo-
morphic discrete series is a lowest weight representation, its pullback
to SLy(R) x SLy(R) is a direct sum of lowest weight representations.
We denote 7, the holomorphic discrete series of SLo(R) with lowest
weight A. Since the lowest weight (k + 1,k + 1) occurs with multi-
plicity one, the summand contains 7., X 7,11 exactly once, and the
other summands are of the form 7, X 7),, where A\;, A2 > £+ 1 and
(A1, A2) # (k+ 1,6+ 1). (In fact, the precise decomposition of the
restriction is known in this case.) Therefore the value of the matrix
coefficient at m(t,ty) € AT is equal to cosh(t;) ™" cosh(ty)# 1.
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It follow that

1(1 00, P0.00) = 167° (/ cosh(t)~ 2 sinh(2t)dt)
0

2

= 1672 /K2,
0500(901,007 (100,00) AG% oopm,oo,ﬂo,oo (1/2)711((:01,007 900,00)
= 4.
0
Now, we consider the case Gy = SO(3,2) = GSp,(R)/R*. we denote
the image of (é g) € GSpy(R) in Go(R by é, lB; Put
([ e 0
0 et 0
0 et 0
ul 0 e
([ 1 n} 0
/ 0 1 /
N' = ny €R .,
0 1 0
ul —nj 1
([ 1 nyp Ny,
N/l o 2 /n’/1,2 77/2,2 " R
= 9 N1, Ny, Mgy € ;
0 1,
\ L

KO = H_AB ﬁ] A+V-1B GU(2)}.

Then the topological identity component Go(R)? = SO(3,2)° has an
Twasawa decomposition Go(R)? = ANK?, where N = N'N”. Note that
Go(R)°/KP can be identified with £,. We take the Haar measures dk on
K° with the total volume 1. We choose the Haar measure dg of Go(R)°
such that the induced measure dg/dk is equal to (det Y)3dXdY. Then
we have
dg = 4dt, dty dn’ dny, dnYy dnb, dk.

The Haar measure dg can be naturally extended to Gy(R). Put a =
Lie(A). Then a can be identified with R? and we put

efr 0

0 e 0

m<t17 t2) = G_tl 0

0 e
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for each (t1,t;) € R? ~ a. The positive chamber A" is defined by
AT ={m(ti,tz) € A|t; >ty > 0}. Then the map

A K x AT x K0 — SO(3,2)°
(]{7, m(tl,tz), l{?/> — ]{7 . m(tl, tg) . k/

is a double covering outside the boundary of A™. In terms of this map,
we have (cf. [27], Theorem 5.8)

dg = C'sinh(2t;) sinh(2ty) sinh(t; — t3) sinh(t; + to)dkdt,dtodk'.

for some positive constant C' > 0.
The constant C' can be calculated as follows. We recall the argument
of [27], Ch.I, Theorem 5.8. We shall calculate the Jacobian of the

induced map
A K2 x AT — Go(R)°/K° ~ AN

at (k,m(t1,tz)) € K° x AT, Let g = p + € be the Cartan decompo-
sition of g = Lie(SO(3,2)?). Then the tangent space of K° x A" at
(k,m(t1,t2)) can be identified with € + a by left translation. Let X7
be the set of positive roots for (Go(R)?, A). Then for each o € 1, we
put

b, = {T € t|ad((z1,22))’T = a((z1,22))°T for all (z1,22) € a}.

Then dima, = 1 for any o € ¥. Choose a non-zero vector T, € &,
for each o € 7. For example, we can choose

Do) 0 0 oo
T, ., = T, =
£1—€2 0 O 1 ) 2e1 _1 O O )
-1 0 0 O
01 00
O 11 0 O 1o 1
TE1+€2: 0 _1 ) T2€2_ 0 0
1 0| " 0o —1] Y

For each o € ¥,

Ua = a((t1,t2)) " ad((tr, t2))(T)



belongs to p, and does not depend on (t1,%,) € a. Note that

0 1
10| Y
N T
011 ¢
0 1
011 ¢
Ueites = 0 1] |
1ol Y
Then
T, (a € Xh),

make up a basis of £ + a, and

U, (@ €X1),

make up a basis of p. By the proof of [27], Ch.I, Theorem 5.8,

U251 =

U2£2 =

O =

o O

(1,0),(0,1) € a

(1,0),(0,1) € a

o O

— O

10
0 0

0

o O
— O

| det(dA (e )| = ] (sinh(a(ty, t2)))

aeXt

with respect to these basis.
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Let w, (o € 1) be the basis of the space of left invariant 1-forms
on K° dual to T, (o € ©7). Then it is easy to check that

/’CO| /\ we| = 272,

aeXt

On the other hand, the dual basis of
(1,0),(0,1) € a,

induces

16

on AN =~ Gy(R)°/K°. Tt follows that C' = 6473,

Ua

1
—dty dty dn’ dn’; dn'y dn},

(€ XT)

Proof of Proposition 9.2. As in the proof of Proposition 8.1, the value
of the matrix coefficient (71 00 (g0)¥1,00, ¢1,00) at go = m(ty,2) is equal
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to cosh(ty) ™" cosh(ty)™"1. Tt follows that

I(¢1 005 P0,00) =647° / cosh(tl)’%’2 cos.h(tg)’%*2

t1>t22>0
X Slnh(2t1) Slnh(2t2> sinh(t1 + tg) Sinh(t1 — tg)dtldtg

=647° / / cosh(x + y) 7" cosh(y) "2
o Jo
x sinh(2z + 2y) sinh(2y) sinh(z + 2y) sinh(z)dzdy.
By using the formulas
sinh(2a) = 2sinh(a) cosh(a),
sinh(a + b) sinh(a — b) = cosh?(a) — cosh?(b),

one can show that the integral I(¢1 o, ®0,5) is equal to

2567?3/ cosh(y) ! sinh(y)
0

X / cosh(z + )~ !sinh(x + y)[cosh?(x + y) — cosh®(y)|dzdy
0

:2567T3/ cosh(y) ! sinh(y)
0

—2Kk+27 @ e
X { [_u } — cosh?(y) [_u } } dy
2K — 2 u=cosh(y) 2k u=cosh(y)

3 oo
:% /0 cosh(y) ™! sinh(y)dy
6473
“h(k— D)2k —1)
Since Ag, 0o = Tr(2)Tr(4)? = 775, we have oo (91,00, P0.00) = —4T.
0

Part IV. Examples over function fields

12. BASIC DEFINITIONS

We give several examples over a function field k. We assume £ is a
function field of genus 1 over a finite field F, with odd characteristic.
The zeta function of k is denoted by ((s) = (x(s). The residue of
((s) at s = 1 is denoted by pi. For each place v of k, let k,, 0,, and
£, denote the completion of k at v, the maximal order of k,, and the
residue field of k,. The order of €, is denoted by ¢,. Put o =[], o,
and 0* = [], 0. The subgroup of square elements of A* is denoted
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by A*2. When (a;;) is a matrix, we denote f(a;;), rather than f((as;)),
to avoid notational complexity.

Lemma 12.1. There exists an additive character ¥ = [[, ¥, of kK\A
such that the order of 1, is 0 for any v.

Proof. We fix a faithful character ¢ of F,, = Z/pZ. Let €2 be a non-zero
invariant differential form defined over [F,. Put

o () = to(Tre, /r, (Res, (242))

for x € k,. Then 1, has order 0 for any v. By the residue theorem,
Y =[], ¥» induces an additive character of k\A. O

We fix such an additive character 1) once for all. The Haar measure
on algebraic groups will be given as follows. For a unipotent group N,
we give the Tamagawa measure dn on N(A). For any algebraic group
G C GL,, defined over k, we put K¢ = G(A) N GL,(0). When G is a
connected reductive algebraic group defined over k, we denote by dg
the Tamagawa measure. If G is unramified over k,, then dg, denotes
the Haar measure such that the volume of the hyperspecial maximal
compact subgroup is 1. For locally unramified algebraic group G, we
define the constant Cg by dg = C¢ ], dg,. For example, Cg,, = p. ',
Csr, = ¢(2)7!, and Cs,, = ((2)7'¢(4)"'. The Haar measure of the
adele groups of non-connected algebraic groups are defined as follows.
Let G be an algebraic group defined over k such that the connected
component GY is a reductive group. Let Z° be the split component
of the connected component of the center of G°. We assume that Z°
is contained in the center of G and that every coset for G/G° has a
k-valued point. Consider the exact sequence

1—>g0—>g—>g/g0—>1,

We give the Tamagawa measures on G°(A) and Z°(A). On the group
G(A)/G°(A) =T1,(G/G"), we give the Haar measure such that the total
volume is 1. In particular, if Z° = {1}, then Vol(G(k)\G(A)) = [G :
G971 Tam(G°), where Tam(G°) is the Tamagawa number of G°. For a
unitary character w of Z°(A)/Z°(k), we define L*(G(k)\G(A);w) to be
the space of functions h on G(k)\G(A) such that h(zg) = w(z)h(g) for
z € Z°A) and |h| € L*(G(k)Z°(A)\G(A)). We put

(i, ha)g — / hy(9)ha(g) dg
G(k)ZO(A)\G(A)
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for hy,hy € L*(G(k)\G(A);w), where dg is the Haar measure defined
as above. For example,

<1, 1>SO(n) = 2<1, 1>O(n) =2 if n Z 3,

<1, 1>SO(n) = 2<1, 1>O(n) =2 if n = 2, SO(2) ;ﬁ Gm,

<1, 1>SO(n) = 2<1, 1>o(n) =1 ifn=1.

The metaplectic cover Sp,,(k,) — Sp,,(k,) is given by Ranga Rao’s

2-cocycle ¢,(g1,92) (cf. Ranga Rao [57]). Thus an element of Sp,,(k,) is
represented by (g,() € Sp,,(k,) x {1} and the multiplication is given
by (g1,¢1) * (92, ) = (9192, (g1, 92)C1¢2). There is unique splitting
over the maximal compact subgroup Sp,,(0,), which is denoted by g —
(9, s0(9)) for g € Sp,, (o).

For each finite set .S of places of k, put Ag = (HUGS kv) X (vas ov).
Then we have

Sp,(Ag) = (H Sp,, (k ) X (H Spn(ov)> :

vES v¢S

—_—

The double covering Sp,,(Ag) of Sp,(Ag) is given by the 2-cocycle
[I,es co(grv: g20). For S C Sy, there is a natural inclusion map

—_—

Spn(A&) - Spn(AS2) such that the image of ((gv)mC) € Spn(A)Sﬁ
is equal to

((gv)o> H su(gv) - €)-

VES2
vgSt

—_——

The metaplectic covering Sp,,(A) of the adele groups Sp,,(A) is given
by the inductive limit, i.e.,

—_ e/~

S

—_—

It is well-known that the covering Sp,,(A) — Sp,,(A) splits over Sp,, (k)
uniquely. We identify Sp, (k) with the image of the splitting.
For square-integrable genuine automorphic forms hy, hs on the meta-

plectic group Sp,,(A), we put

(hs ha)sy, = / ha(9)ha(9) do.
Sp,, (k)\Sp,, (A)

where dg is the Tamagawa measure on Sp,,(A).
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For each place v of k, we denote the Weil constant associated to 1,
by 7y, (t) for t € k. We adopt the normalization such that

i Wo(ta?2)¢(x) dx =y, (2)]t], V2 : Yu(—2%/(2t))9(x) de,

d(z) = i Oy (zy) dy

for any ¢ € S(k,). Here, dr and dy are the self-dual Haar measures
with respect to ¢,. Note that ~,, (f) =1 for ¢ € 0,, since 9, is of order
0.

Let Q = 'Q be a non-degenerate symmetric matrix of size m. For
simplicity, we assume @) € GL,,(F,). In particular, the quadratic form
associated to () is locally unramified. For t € k,, the Weil constant
Yo, (t) associated to @ is defined by Y. (t) = [[im; Ve (@it), if Q is
equivalent to diag(qi,...,qm). For an idele t = (¢,), € A*, we put
Q) = 1T, 1.0 (to)-

Let S be a finite set of places k. The Schwartz space S(M,,,,(A)) is
equal to the inductive limit of

S(an(A>>S = (®UESS(an(kU))) ® (®v¢5q)0,v) )

where @, is the characteristic function of M,,,(0,). The Weil repre-

e~

sentation wy, of Sp, (Ag) x Og(Ag) on S(M,,,(A))s is given by

wo (0 ah) €) @) ¢l der A (),

wo (1) ¢) o) ettt 2)

w (L 07))e@=c [ awEym
o ()0() =00

for A € GL,(Ag), B = ‘B € M,(Ag), ¢ € {£1}, h € Og(As), and
® € S(M,,n(A))s. This action is compatible with the inductive limits,

——~——

and so we obtain the Weil representation wy, of Sp,,(A) on the Schwartz
space S(M,,,(A)).
For ® € S(M,,,(A)), the associated theta function is given by

O(g, h; ) = Y wylg, h)®(x)

TEMpm n (k)
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for (g, h) € Sp,,(A) x Og(A). When & is the characteristic function of
M, (0), we usually drop ® from the notation.

When m is even, we regard wy as a representation of Sp, (A) x
Og@(A). In this case, the Weil representation wy, can be extended to a
representation of

G(Sp, x Oq) = {(g,h) € GSp, x GOq|v(g) =v(h)},
where v is the multiplier character (cf. [25] §3). Then action is given
by
wi(g: W) @(@) = ()| wy(d(v(g))g)@(h™ )
for (g,h) € G(Sp,, x Og)(A) and ® € S(M,,,,(A)), where
1, 0 «
d(u)—(o V-1n>’ veA”
For ® € S(M,,,(A)), the associated theta function is given by
O(g, ;@)= > wylg,h)d(x)
TEMm, n (k)

for (g,1h) € G(Sp, x Og)(A).
The Siegel-Eisenstein series E(s, g) on Sp,,(A) is defined by

E(s,9)= Y,  W(s,y9),
YE P (K)\Sp, (k)

where P, is the Siegel parabolic subgroup of Sp, and ¥(s,g) is the
unique right g, -invariant function such that

U (s, (1(4)1 tAB—l)) = | det A]sH(+D/2)

When y is a locally unramified character of A* /k*, we define E(s, x, g)
by
E(s,x;9)= Y.  ¥(s,x,79),
YEPn (k)\Sp, (k)

where W(s, x, g) is the unique right Kg, -invariant function such that

—_—

Similarly, the metaplectic Siegel-Eisenstein series E(s, g) on Sp,(A) is
defined by

E(s,9)= ) U(s,79),

YEPn (k)\Sp,, (k)
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where \TJ(S, g) is the unique right Kg, -invariant function such that

T A B _ 1 s+((n+1)/2)
P (= (6 uh) ) = Sateea

for ((61 tABl) ,C) € Smg) Here, K, is identified with the

image of the canonical splitting Ks, — Sp,,(A).

13. UNRAMIFIED TEMPERED EXAMPLES OVER A FUNCTION FIELD

The main results of this section are Proposition 13.7, Proposition
13.10, and Proposition 13.13. Let 7 be an automorphic representation
of GLy(A) such that 7, is unramified for any v. We denote the central
character of 7 by w,. We assume that w, is unitary. We shall say
that an automorphic form f € 7 is a primitive form if the Whittaker

function . /M f (((1) ff) g) —

is identically 1 on Kgr,. Note that the primitive form f is uniquely

determined by 7. In particular, f is the primitive form of the contra-
gredient 7.

Proposition 13.1. Let f € 7 be a primitive form of a unitary ir-
reducible cuspidal automorphic representation T of GLa(A). Then we
have

<fa f>PGL2 = 2C(2>_1L(17 T, Ad)

Proof. By Rankin-Selberg method, we have
Lis, 7 7) = Codu,0(29) | B(s — (1/2).)|f () do.
PGLa(k)\PGLa(A)
Note that
Cpar, =¢(2)7!
L(s, 7 x 7) =((s)L(s, T, Ad)
Ress:l/QE(Svg) :2_1C(2)_1R888:1§(8).

Hence the proposition. l

Let 7 be a unitary irreducible cuspidal automorphic representation
of GLy(A). The restriction of the primitive form f € 7 to SLy(A) is
denoted by f°. The irreducible automorphic representation of SLy(A)
generated by f° is denoted by 7°. Then 7?0 is the unique irreducible
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constituent of the restriction of 7 to SLy(k,) which has an SLy (o, )-fixed
vector.
We put

X, = {w € Hom(A*/E*,C*) | T @ w ~ 7}.
Note that each element of X, is unramified. By the result of Labesse-

Langlands [46], the group X, is an elementary 2-abelian group with
order |X;| at most 4.

Proposition 13.2. Let f € 7 be a primitive form of a unitary ir-
reducible cuspidal automorphic representation T of GLy(A). Then we
have

(O FOs, = %] - C(2) 7 L(L, 7, Ad).
Proof. Let {w1,...,w,} be the set of characters of A*/k*A*26*. Put
(f@wi)(g) = wi(det g)f(g) for 1 <i <r. Then f ® w; is the primitive
form associated to 7 ® w;. In particular, f ® w; = f ® w; if and only if
wiw; € X;. Put

r

3lg) = Y _(f @ wi)(g)-

i=1
Then the support of ¢ is contained in {g € GLy(A) | det g € k*A*?6*}.
It follows that
Bragn) = [A* KA ] (2) ()
for v € GLy(k), z € A*, g € SLy(A), and k € Kgr,. Therefore we have
(6, Ohpar, = 2B KA (£, f)sr,.
On the other hand, we have
(0, 0)par, = |Xo| - [AX D BXA 0] (f, flrar,.

Hence the proposition. U

The proof above is essentially due to Hiraga and Saito [28] §4. We
thank Prof. Hiraga for explaining their result to us. -

Now we assume w, = 1. Then we have 7 ~ 7 ~ 7 and f = f, where
f is the primitive form of 7. Recall that the group PGL, is isomorphic
to SO(2, 1), where SO(2,1) is the special orthogonal group associated
with the quadratic form
0
0
10

We can extend f to a Ko(2,1)-invariant automorphic form on O(2,1)(A).
Then we have

0 1
20
0

<fa f>0(2,1) = C(Q)_IL(L T, Ad)
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Let wy, be the Weil representation of Sm) x 0(2,1)(A), acting on the
Schwartz-Bruhat space S(A?). The theta function ©(gi, g2) is defined
by

O(g1,92) = Z wy (91, 92)Po (),

zek3

P

where g1 € SLy(A), g2 € O(2,1)(A), and @ is the characteristic func-
tion of 63. The theta lift 6(f) of f to SLy is defined by

wmmz/ (g1, 92) (9)dgs.
O(2,1)(k)\O(2,1)(4A)

—_———

Then 6(f) is an automorphic form on SLy(A). The automorphism

Y-y

induces an automorphism of SLy(A), which we denote by g, — ¢ as
well. Note that

0(f)(91) = 0(f)(9)

Consider

wwmwzéww%p@wwmmm.

Then 6(0(f)) is an automorphic form on O(2,1)(A).

Proposition 13.3. Let f be a primitive form of an irreducible cuspidal
automorphic representation T of GLa(A) such that w, = 1. Then we
have

0(0(f)) =27"¢(2)°L(1/2,7) - |,
The Petersson norm of 0(f) is given by

<9(f)7 9(f)>SL2 - 2_16(2)_3[/(1/2’ T)L(L T, Ad)

Proof. Note that §(0(f)) is a Koe,1)-fixed vector of 7 ~ 7. It follows

that 6(6(f)) = c¢f for some ¢ € C. Consider the seesaw

0(f) : SL, 0(2,1) cf
X
o(f) - Sk 0(2,1) f

Then by the seesaw dual identity, we have

(0(f),0(f))sL, = c(f, f>0(2,1).
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In particular, ¢ > 0. Now we consider the seesaw

1E(0) : Sp, >%1) x0(2,1) : cf xcf
0(f) x 0(f) © SLyx SLy 0(2,1) S
Here, SLy x SLsy is embedded into Sp, by
aq 0 bl 0
L aq b1 % a9 bg . 0 as 0 —b2
“\a dy cy dy c1 0 |d; 0
0 —Cy 0 dg

Then we have a seesaw dual identity

62<fa f>0(2,1)
1

2 /(SLQ(zc)\sm(A))2

Here, we have used the regularized Siegel-Weil formula (See [45], [43],
§3)

E(0,1(g,9") - 0(f)(g) - 0(f)(g")dg dg'.

1~
% @(gah>dh‘: _E<Oag)7
0(2,1)(k)\O(2,1)(A) 2

where the left hand side is a regularized theta integral ([45], [29]). The
Rankin-Selberg identity says

/ E(s,i(0,9)) - 0(/)(g) - B0 ()dg dg’
(SL2(k)\SL2(A))?

= Csryd(s + (1/2)) 7 L(s + (1/2), 7)(0(f), 0(f))s..

Here, the normalization factor d(s) for the Eisenstein series is equal to
((2s41). For the calculation of Rankin-Selberg integral for metaplectic
groups, see e.g., [48], §4. From these identities, we have

A(f, oy = 27'¢C(2)L(1/2,7){0(f), 0(f))st..
Hence the proposition. U

Next, we consider the groups O(2,2) and GO(2, 2) associated to the
quadratic form

_— o O O
O = OO
OO = O
oo O
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We define two homomorphisms ji, jo : GLy — GO(2,2) by

a b
j<a b)_ c d 0
e d) — a —b |’
0 —c d

a 0|—=b 0
. (a b\ _ _1 0O al 00
J2 (c d) =(ad — be) o0l 40

0 ¢c| 0 d

Let (t) be a group of order 2 which acts on GLy x GLy by t(g1,¢92) =
((det g5 M) go, (det g7 1) g1). Then there is an exact sequence

1 — G,, — (GLy x GLy) x (t) — GO(2,2) — 1,

where GLs X GLy — GO(2,2) is given by j; X js and the embedding
G, — GLy X GLg is given by z +— (2-15, 2-15). The image of GLy X GL;
in GO(2,2) is denoted by GSO(2, 2). The center Z of GSO(2, 2) is equal
to the image of {(z - 12,15) |z € G,,,}. Put

GL§2) ={(91,92) € GLy x GLy | det g; = det g }.

Then SO(2,2) ~ GL{? /G,, and O(2,2) ~ (GLY x (t))/G,. Note that
J1 X j2 : SLg x SLy — SO(2,2) is an isogeny.

Let fi € 7 and fy € 75 be primitive forms on GLy(A). We assume
wrwr, = 1. The function fi(g1)f2(gs) for (g1, ¢2) € GLY(A) can be
considered as an automorphic form on SO(2,2)(A), which we denote
by gpfcgfz. Note that gp?loﬁ is an R-valued function. When 7 ~ 75, we
write gp?lo = gp?fffz, for simplicity.

Similarly, the function fi(g1)f2(g2) for (g1,92) € GLa(A) x GLa(A)
can be considered as an automorphic form on GSO(2,2)(A), which

we denote by go?fg. We denote the automorphic representation of

GSO(2,2)(A) generated by @%87/92 by 7 X 75. The function (gpj;’lsg +
©§59 0t)/2 can be extended to a right Kgos,)-invariant automorphic
form on GO(2,2)(A), which we denote by ©$% . Note that p$52 ot =
@%87/92 if and only if 7 ~ 7.

Let X, ,, be the group of characters w € Hom(A* /k*, C*) such that

w(det g1g5 ") f1(g1) f2(92) = f1(g1) f2(g2)

for any g1, g2 € GL2(A). Then it is easy to see X, , = X, N X,,. In
particular, we have X, = X,. As in Proposition 13.2, one can prove
the following proposition.
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Proposition 13.4. Let f; € 7 and fo € 15 be primitive forms on
GL2(A) such that w,w., = 1. Then we have

(30,050, )s02) = 21%n ~|C(2)2L(L, 7, Ad)L(1, 75, Ad),

(59, 59, ) _ C(2)72L(1, 71, Ad)L(1, 72, Ad)  if 71 % 7,
Pig BRG0P T 90(9) 211, 7y, Ad)? if 7~ .

Let wy be the Weil representation of SLy(A) x O(2,2)(A), acting on
the Schwartz space S(A?). The theta function ©(g, h) is defined by

h) = wylg, h)Po(x)

xek?

where ® is the characteristic function of 6*. In fact, we use a different
model for the Weil representation. The Weil representation wy, can be
also realized on the Schwartz space S(My(A)). Consider the partial
Fourier transform S(A?) — S(My(A)) given by

n

2 [(T1 T2 Y2
0] = 0] + dys dyy.
<x3 x4> /M o ¢($1y1 $2y2) Y3 AY4

T3

Then the new action &y, on S(My(A)) is given by @y (g, h)® = (wy(g, h)®) .
It is easily seen that

Wy (12, 71(9)) @ () =B(zg),
Wy (12,72 (5 7)) P(2) =@(x)ih(b - det x),
Wu(g, 14)@(2) =P(g™'x),
@ ((89), (07 13)) (@) =[al® ((§2) =)

for g € SLo(A) and & € S(Mz(A)). Let &9 € S(M2(A)) be the char-
acteristic function of My(0). Then the theta function ©(g, h) is equal
to

> Gulg, h) ().

x€Ma (k)

Let 0(f) be the automorphic form on GO(2,2)(A) obtained by theta
correspondence

6(F)(h) = / e, OO AR B) o) do

where d(v) = (§9).
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Proposition 13.5. Let f € 7 be a primitive form on GLo(A). Then
we have

0(f) = C(2)7 5.

Proof. Since the right-hand side is Kgo(2,2)-invariant, it is enough to

prove the equation as a function on GSO(2,2)(A). It is well-known

that the automorphic representation generated by 6(f) is isomorphic

to 7 ® 7. Therefore there is a constant ¢ € C such that (f) = cp$§°.
By easy calculation (cf [32], Lemma 5.1, [65], I1.2), we have

[ 0G5 i (32 T B an

-/ / / © (9 (44) %22 (314))
E\A J E\A JSLa(k)\SL2(A)

by + by) dg dby db,

/// D @ (L2t (6%) x 52 (3%)) Polg ')
E\A JE\A JSL2(k)\SL2(A)

z€Ma (k)

()61 + b) b2) dg db db,
/ / @y (12,51 (5)) Polg™"2)
k\A JSLa(k)\SLa2(A)

x€SLo (k)
(b1> dg db1

/k\A /SL @y (12,51 (5%)) Do(g~ 1) f(g)(by) dg dby

= [ wiens ) dg
SLa(A)
()

Hence the proposition. U

Let GLg?’) and GO(2,2)® be the groups defined by

GLYY = {(g1, 92, 93) € (GLy)?| det gy = det g5 = det g5},
GO(2,2)® = {(g1, 92, 95) € CO(2,2)° | v(91) = 1(ga) = 1(g5)},
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where v(g) is a multiplier of ¢ € GO(2,2). We define the embedding
1) GL?) — GSpg by

aq 0 0 bl 0 0

0 a9 0 0 bz 0

(2 e 8 2 )| SRS
cr di) ' \ca dy)  \cs ds ]l ¢4 0 0|dy O O

0 Co 0 0 d2 0

0 0 ec3[0 0 ds

Proposition 13.6. Let f1 € 11, fo € 7o, and f3 € T3 be primitive forms
on GLa(A) such that wywr,wr, = 1. Then we have

f1(9)f2(9) fs(9) dg|® = C(2)°L(1/2,71 x 13 X 73).

/PGLg(k)\PGLQ(A)

Proof. Since GLg’)/Gm is isogenous to (SLy)®, we have C’Gng)/Gm -
¢(2)73. By the integral representation of the triple L-function ([11],
[53]), we have

(s) / B, g0, 9))
GLSY (k)AX\GL (4)
X f1(g1) f2(92) f3(g3) dg1 dgo dgs
= C<2)73L(S + (1/2),7’1 X Tog X 7'3)7

where d(s) = ((2s + 2)((4s + 2).
Consider the seesaw

JE() 1 GSpy; GOR2,2)® ¢ ((2)79F0 x ¢ x o
fix fax fs3 GLg’) GO(2,2) 1.

Here, we have used the regularized Siegel-Weil formula ([45], [25], §4).
The left hand side of the seesaw identity is equal to

1

/ E(0,4% (g1, g2 95)) f1 (90) fo 92) f5(g5) dgs dga dgs
2 JaL® (ma<\aLP (a)

_ %qm*uquX@X@y
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The right hand side of the seesaw identity is equal to

¢(2)7* / ©72(9)5°(9)¢5°(g) dg
GO(2,2) (k)AX\GO(2,2)(A)

5o | 5500257 (0)£5(9) d
GSO(2,2)(k)AX\GSO(2,2)(A)

1
=—¢(2)7? 1(9) f2(9) f3(g9) d
[ ha b)) i

<[ AT (a1 (9] d.
PGLy(k)\PGL2(A)
Hence the proposition. O

Now put G; = SO(2,2) and Gy = SO(2,1). The following propo-
sition is an analogue of the results of §7. The following proposition
follows from Proposition 13.1, Proposition 13.4 and Proposition 13.6
easily.

Proposition 13.7. Let f| € 11, fo € 7o, and f3 € T3 be primitive forms
such that wnw., = w., = 1. Put G; = SO(2,2) and Gy = SO(2,1) =~
PGL,. Then we have
(Phonlon f)*  €(2) L(1/2,m X 75 X 73)
<30§107f27 90§8f2><f37 f3> 4’%7'1,7'2‘ Hj’:l L(L Ty, Ad)
Note that |Sy,| and |Sy,| should be 2|X, ,,| and 2, respectively.
Therefore, it seems Conjecture 2.1 holds in this case.

We next consider the orthogonal group O(3,1). Let K = Fp -k
be the quadratic constant field extension of k. Choose a non-square
element § € Fx. The group O(3,1) is the orthogonal group for the
quadratic form

00 0 1
02 0 O
00 =20 0
10 0 O

Recall that there exists an exact sequence
1—-G,, — H—S0(3,1) — 1,
where
H={g€ GLy(K)| detg € k*}.
Let h be a primitive form of an irreducible cuspidal automorphic

representation o of GLy(Ag) such that w|yx = 1. The restriction of h
to H(A) can be considered an automorphic form on SO(3,1)(A), which
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we denote by h*. The proof of the following propositions are the same
as Proposition 13.4 and Proposition 13.6. We omit the detail.

Proposition 13.8. Let h be a primitive form of an irreducible cuspidal
automorphic representation o of GLa(Ak) such that wiyx = 1. Then
we have

L(1,0,Ad)
C(2)L(2, xK/k)

(W, WM s03.1) = 21X Km0
Here,
Xk/ko = {w € Hom(Ag /K™, C*) |w|ax = 1,0 ®w ~ 0}

Proposition 13.9. Let f be a primitive form of an irreducible cuspidal
automorphic representation T of GLa(A). We assume w, - wy|ax = 1.
Then we have

/ 9)1(9) dg? = G(2) L(1/2, Asai() x 7).
PGLy(k)\PGL2(A)

Here, L(s,Asai(0)) is the Asai L-function of o.

Put G; = SO(3,1) and Gy = SO(2,1). The following proposition
follows from Proposition 13.1, Proposition 13.8, and Proposition 13.9.

Proposition 13.10. Let h be a primitive form of an irreducible cus-
pidal automorphic representation o of GLa(Ak) such that wy|yx = 1.
Let | be a primitive form of an irreducible cuspidal automorphic rep-
resentation T of GLa(A) such that w, = 1. Then we have

[(h"eo, HII? L2, xksk) L(1/2, Asai(o) x 7)

<hH’hH><fa f) 4‘:{1(/16,0‘ L(1707Ad)L(177—7 Ad)

Note that |Sy,| and |Sy,| should be 2|Xk/i .| and 2, respectively.
Therefore, it seems Conjecture 2.1 holds in this case.

Next, we consider an analogue of the Yoshida lifting [67].

Let 7 and 75 be irreducible unramified cuspidal automorphic rep-
resentations of GLy(A) such that w;, = w, = 1. We assume that
1 % To. Let fi € 7 and fy € 75 be primitive forms. We think
of 979, as a function on GO(2,2)(k)\GO(2,2)(A) or a function on
GO(2,2)(k)A*\GO(2,2)(A). Note that ¢§% is R-valued. Let Y}, f, =
0((,0?1%2) be the theta lift of cpj(;‘l(?fQ to the similitude group GSp,. Since
Y}, s, is invariant by the center of GSpy(A), Yy, f, can be considered
as an automorphic form on PGSp,(A) ~ SO(3,2)(A). Note that Yy, f,
is a cusp form, since gpﬁ?ﬁ does not come from the theta correspon-
dence for GLy x GO(2,2). One can think of Y%, ;, as an analogue of
the Yoshida lifting [67] for function field.
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We consider the theta lift 0(Yy, r,) of Yy, 1, to GO(2,2). There exists
a constant ¢ such that 0(Yy, ) = cw%%c2. The seesaw identity for

Y5, : GSp, GO(2,2) : cpf9,

implies that
GO GO
Y pos Yii12)PGSp, = AP, 100 P11 1) GO(2,2)-
Hence we have

0(Y; 1) = Yrpo YropadPGso,  co
o <(p§jlc,)f2’(’0?1(?f2>GO(272) ol

Now we compute (Y, 1,, Yy, 1) pasp,- Put

GO(2,2)® ={(g1,92) € GO(2,2) x GO(2,2) |v(g1) = v(g2)},
GSpy” ={(g1,2) € GSp, x GSp, |v(g1) = v(g2)}-

The regularized Siegel-Weil formula [45], [29] and [33], Theorem 9.7
says that

¢(3)¢(4)
Here E(s) is the Siegel-Eisenstein series on GSp, and (1) is the regu-

larized theta integral associated to the dual pair GO(2,2) x GSp,. We
use the seesaw

Ress—1/2E(s) = (1).

9(1) : GSp4 GO(Q’ 2)(2) : Q(Yfl,fz) X H(YfoQ)
Yigp* Y 0 GSpY GO(2,2) 1

Here, GSpS? is embedded into GSp, by

Al 0 B1 0
<A1 Bl)x (A2 192>H 0 A 0 —B,
Cy Dy Cy Dy (& 0 | D 0
0 —Cy| 0 Dy
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By Rallis’ inner product formula, we have

P6(2) (OY7,.1),0(Yy 1)) co,2)

¢(3)¢(4)
L(s+(1/2),Yy, 4,,st
= Cpasp,Ress=1)2 ( (ii(l) fu.f )<Yf1,f2an17fz>PGSp27

where
d(s) =C(s +(5/2))¢(2s +1)((2s + 3),
L(s, Y}, 1y, 8t) =C(s)L(s, 1 X 72).
This shows that

ka<2) <Yf1’f27Yf17f2>%GSp2 . pkL<1,7'1 X 7'2)
GO GO - 2 2 <Yf17f2> Yf17f2>PGSP2'
C)C(4) (5, PF p)co2)  C(2)%C(3)¢(4)

Thus we have

L(l, T X 7'2)
(Y, 12s Y1, 12)PGSpy OO (05, 5% ) co@ea)

L(1,7 x 1) . .
_—C<2)5<(4) L(1,7,Ad)L(1, 75, Ad).

We state this result as a proposition.

Proposition 13.11. We have

<Y Y, > — L(l’Tl X 7—2>L(177—1aAd)L(1,TQ,Ad)
fi.f20 L f1,f2/PGSpy C(2)5C(4) .

We consider the restriction of Yy, s, to GLY(A). Let o1 and o3 be
irreducible cuspidal automorphic representations of GLy(A) such that
Wy, Wy, = 1. Let hy € 01 and hy € 09 be primitive forms. We consider
the seesaw

Yigp @ GSpy GO(2,2)@ : O(hy) x O(hy)
hixhy : GLY GO(2,2) 03O,

Note that 6(hy) = ((2)7 ' and 6(hy) = ((2)7'¢;°. We get the
seesaw identity

(Y7, 12180220 @ natso@2) =C(2) 75, onlom ) coee)

:%C(Q)_Q <f1, h1h2>PGL2 <f2, h1h2>PGL2 .
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Let SO(3,2) be the special orthogonal group for the quadratic form
00001

_— o O O
O = OO
S O NN O
O O O
o O OO

Then PGSp, ~ SO(3, 2), which is compatible with GL{” /G, ~ SO(2, 2).
Thus we obtain the following proposition, which can be regarded as an
analogue of [4] for function field.

Proposition 13.12. We have

1 _
|<Yf17f2 |SO(272)7 Qph17h2>|2 = ZC(Q) 8L(1/27 T1 X071 X 02)L<1/27 To X 01 XU?)'

Combining Proposition 13.4, Proposition 13.11, and Proposition 13.12,
we obain the following proposition.

Proposition 13.13. Let 7, 1, 01, and oy be irreducible cuspidal au-
tomorphic representations of GLa(A) such that 7 % To, wr = Wry, =
Wo,Wey, = 1. We think of Yy, 4, as a cusp form on PGSpy(A) =~
SO(3,2)(A). Then we have

[(Yi1 £2150(2.2) P o) |2
<Yf17f2’ Yf17f2> <S0h1,h27 90h1,h2>
B 1 C(4) L(1/2,7'1XO'1XO'2)L(1/2,TQXO‘1XO'2)
8|%01702| C(Q) L(l, 1 X 7'2) H?:l L(l, Ti, Ad)L(l, 0;, Ad) ‘

Note that |Sy,| and |Sy,| should be 4 and 2|%X,, ,,|, respectively.
Thus, it seems Conjecture 2.1 holds in this case.

Remark 13.14. The examples in this section are tempered by the result
of Lafforgue [47].

14. UNRAMIFIED NON-TEMPERED EXAMPLES OVER A FUNCTION
FIELD

We first consider an analogue of the results of §8. Let f € 7 be a
primitive form on GLy(A) such that w, = 1. If the multiplicity formula
for the Saito-Kurokawa packet (cf. Piatetski-Shapiro [52], Cogdell and
Piatetski-Shapiro [7]) of PGSp, ~ SO(3,2) holds for the function field
k, then the Saito-Kurokawa packet consists of only one element, since
7 is locally unramified. Moreover, the automorphic representation in
the Saito-Kurokawa packet is cuspidal if and only if L(1/2,7) = 0.
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To get a cusp form, we need to twist the theta correspondence by
a quadratic character, which complicates the situation considerably.
Therefore we consider the residual automorphic representation in the
Saito-Kurokawa packet. -

Let 6(f) be the theta lift of f to SLy. We assume 0(f) # 0. This is
the case if and only if L(1/2,7) # 0. Put

F(h) = / O, h)I()(g) dg.
SL2(k)\SL2(A)

—_——

where ©(g, h) is the theta function of SLy(A) x O(3,2)(A) associated
with the characteristic function of 6°. Then F' can be considered as a
theta lift of 6(f) to O(3,2) ~ PGSp, x {£1}, although F' is not a cusp
form. We denote F' by SK(f) and call it the Saito-Kurokawa lift of f.

We shall show that SK(f) is a residue of some Eisenstein series. Let
P = MN be a parabolic subgroup of SO(3,2) with M = G,, xSO(2,1).
Note that the unipotent radical N of P is abelian. Let h = hyhnhi
be an Iwasawa decomposition of an element h € SO(3,2)(A), where
har € M(A), hy € N(A), and hx € Ksoz2). We define a function §*)
on SO(3,2)(A) by

O (h) = f(m)[t]*+2),
where hy = (t,m) € A x SO(2,1)(A). Set
ENms = > Db,
HEP(k)\SO(3,2) (k)
S(hS f) :Ress=1/2 [ 8)(h5 f)} .

Lemma 14.1. Let f € 7 be a primitive form of GLg(A) such that
wr = 1. Assume that L(1/2,7) # 0. Then we have

£(f) = %SKW

In particular, SK(f) is an R-valued function.

Proof. One can easily prove that the representation generated by E(f)
is isomorphic to the representation generated by SK(f). One can also
show that the constant terms of £(f)p and SK(f)ps vanish, where P’
is a proper parabolic subgroup other than P. For the constant terms
along P, we have

Y

—Res S)®) — pel(1/2,7) (=1/2)
g(f)P =R 5:1/2M( )f - 2((2)[/(3/2, T)f
L(1/2, 7')]( (=1/2)

SK()r =557

Y
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where M(s) is the intertwining operator. The latter equation fol-
lows from Rallis [56] §1 and Proposition 13.3. It follows that £(f) —
prC(2)L(3/2,7)7ISK(f) is a cusp form belonging to the Saito-Kurokawa
packet. Since 7, is a principal series for any place v, the results of
Piatetski-Shapiro [52] implies that there are no cuspidal automorphic
Saito-Kurokawa representations. Hence the lemma. O

Proposition 14.2. The Petersson norm of E(f) is given by
(E(F), E())so2) = pr¢(2)72C(4) T L(1/2,7)L(3/2,7) " L(1, 7, Ad).

Proof. We use the inner product formula of the truncated Eisenstein
series (see Arthur [2], Morris [51] p.143):

CruCidsa - (NTED (), ANTED(F))

6(5+§)T s—35)T

— _ (f(s)7 f(s)) +

S+ s
e(—s+§)T

el

(), M(s)§*))

e(—s—§)T

]

(M(s)f),§) + (M(s)f™), M(5)§®).

+ - =
—S+ S —S—3S

Here, AT is the truncation operator (cf. [2]) and

(f1, f2) :/ / f1(harhic)fo(harhic) dhag dhy.
Ksos,2) Y M(k)\M(A)!

Note that CMC'S_(%(&Q) = CG"LC'SO(QJ)C’S_&&Q) = p.'C(4). We put s =
(1/2) ++/—1t, and let ¢ tend to 0, and then let T" tend to +oo, we have

E)E)) = P2 (512 Res,_y s M()f).

¢(4)
Since
o C(@2s)L(s,7) s
M(s)f) = C2s+ )L(s+1,7) .
we have
_ o peL(/2,7) ) c1p)
(£, () = s S E (0, 1)
e pel(1/2,7) 1701,
St ELEn P AL
Hence the proposition. U

Using Lemma 14.1 and Proposition 14.2, we have the following for-
mula for the Petersson norm of the Saito-Kurokawa lift SK(f).
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Proposition 14.3. Let f € T be a primitive form on GLg(A) such that
w; = 1. Then we have

(SK(f),SK(f))so@2) = ¢(2)7*C(4) " L(1/2,7)L(3/2,7)L(1, 7, Ad).

Let h; € o1 and hy € 09 be primitive forms on GLy(A) such that
WoWey, = 1. Put G; = SO(3,2) and Gy = SO(2,2). The main results
of Ginzburg, Piatetski-Shapiro, and Rallis [14] imply

C§01(2,2) <5(S) (f) |G0 ) (pfsz?,hg >G0

_ L(s+ (1/2),01 X 09)
— 1 ’ SO
=Csoen ¢z 1+ )L(s + 17) (Phrnalso@n: Fsore.y

In particular, (€(f)|ay: hon,)co = 0 unless o1 ~ G,. We consider the
case 0 = 01 =~ 09. Let h be the primitive form of ¢. Then taking the
residue, we have
pkL(]-7 g, Ad) 7

hh :
C(2)2L(3/2,7)< 7f>PGL2

By Proposition 13.6, we obtain the following proposition.

<g(f)|G07 SOfSLO>G0 =

Proposition 14.4. We have

,  PAL(L, 0, Ad)2L(1/2,7)L(1/2, Ad(0) K 7)
|<€(f)|Go’90iSLO>| =tk C(2)6L(3/2a7_)2

Note that
[(SK(N)lao, #2000l HEW)lcn, 93°) ol

(SK(f), SK(f)) (3%, 3%)  (E(F), EFN{R0, i)

Therefore, we obtain the following proposition by combining Proposi-
tion 13.4, Proposition 14.2, and Proposition 14.4.

Proposition 14.5. Put G; = SO(3,2) and Gy = SO(2,2). Let f € T
and h € o be primitive forms on GLy(A) such that w, = 1. We assume
L(1/2,7) # 0. Let SK(f) be the Saito-Kurokawa lift of f. Then we
have

[(SK(Nleo, en ) 1 ¢(4) L(1/2,Ad(0) ¥ 7)
(SK(f), SK(NNen®,05%)  21%Xo|¢(2)* L(3/2,7)L(1, 7, Ad)

In this case, it seems Conjecture 3.2 holds with 2° = 1/(2|X,|).

Next, we consider an analogue of the results of §9. Let § € IF, be a
non-square element. Let ) be a non-degenerate quadratic form of rank
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6 defined by

—roococoo
o~ ocoocoo
cCooNnOo O
|
oo oo
>,
coocor o
o0 o O

The anisotropic kernel of () is isomorphic to the norm form of F 2. We
denote the orthogonal group for @ by O(4,2). The quadratic character
associated to () is denoted by x = x¢, which is the unramified character
of order two associated to the quadratic constant field extension of k.
Put Gy = SO(3,2) and Gy = SO(4,2). The symmetric matrix defining
SO(3,2) can be considered as a submatrix of ) by deleting 4-th column
and row. We regard Gy as a sugroup of GGy by this embedding. Let
PO,min = AO,minNO,min C G(0 and Pl,min = Tl,mian,min - G(1 be Borel
subgroups such that Fymin C Pimin a0d Agmin C 11 min. Note that
Apmin = (k*)? is a maximal split subtorus of G;. We may assume
the set of simple roots {ay,as} of Agmin corresponding to the Borel
subgroup Py min is given by ay(ty, 1) = tity' and ao(ty, ty) = to for
(tl, tQ) S AO,min- Fix a place Vo of k. Put

AO,min(kvo;T) = {(tlatQ) S AO,min(kvo) | |t1t2_1|fuo7 |t2|vo Z T}

Recall that Siegel domains &y = G (20, T) C Go(A), 61 = &,(24,T) C
G1(A) are subsets of the form

60(90, T) :QO : AO,min(k’Uo; T) ’ ICGO
&1 (21, T) = - Apmin(kuy; T) - Ky,

for some compact subsets g C Pymin(A), Q1 C Pimin(A) and a con-
stant 7' > 0. We have G;(k)&;(92;,T) = G;(A) for some ; and T' > 0.

Let g be a primitive form of an irreducible cuspidal automorphic
representation o of GLg(A). We assume o does not come from the
unramified quadratic extension K = Fgp - k. We consider the theta
lift M(g) := 6(¢°) of ¢° from SLy to O(4,2). This is an analogue of
the hermitian Maass lift considered in §9. We call M(g) the hermitian
Maass lift of g.

Proposition 14.6. We have

(1,Ad(0))L(2, Ad(0) ® X)
C2PLEBX)CE)

(M(g), M(9))so(s) = 2%, |2
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Proof. We make use of the seesaw

M(g) x M(g) = 0O(4,2) x O(4,2) Sp, D E(3/2,x)

>

1 : 0(4,2) SLy x SLy @ gYx ¢°

where E(s,x, g) is the Siegel-Eisenstein series with character x. Here,
we have used the Siegel-Weil formula (see [44])

/ Og. h)dh = B(3/2,x.0).
0(4,2)(k)\O(4,2)(4)

Let ¢ : SLy x SLy — Sp, be as in the proof of Proposition 13.3. Then
the seesaw dual identity says

(M(g), M(9))o.2)

E(3/2,x, (@1, 22))g(21)g(x2) dxy ds

/(SLz(kr)\SLz(A))2

L(2,Ad(0) ® x)
L(3,x)¢(4)

By Proposition 13.2, we have
1y L, Ad(0)) L(2, Ad(0) ® X)
(M(9), M(9))owz2) = | %] C2PLB ) .

Hence the proposition. 0]

=Csi, (9°, 4")s1,-

Recall that there exists an exact sequence
1—-G,, — H—S0(3,1) — 1

where
H={z € GLy(K) | detx € k™ }.

Let det : H — k* be the restriction of the determinant map GLy(K) —
K*. Now let g € o be a primitive form on GLy(A). We assume that
o does not come from a Hecke character of Aj. The base change
lift BC(o) of o to GLy(Ag) has a central character w, o N i, where
N A — AJ is the norm map. Let BC(g) be the primitive form of
BC(o). Note that BC(g) is a cusp form by our assumption. The twist
of the restriction of BC(g) to H(A) by w, ' odet can be regarded as an
automorphic form on SO(3,1)(A). We denote this cusp form by BC(g)°.
It can be extended to a right o3 )-invariant automorphic form on
0O(3,1)(A), which we also denote by BC(g)°. Note that BC(g)" is an
R-valued function. As in Ichino [30] §10, one can prove the following
lemma.



s
Lemma 14.7. The theta lift of ¢° to O(3,1) is equal to ((2)"1BC(g)°.

Next, we consider theta correspondence between O(3,2) and gl;
Lemma 14.8. Let

@(ga h) = Z leJ(g’ h>©0(x)

rekd

—~—

be the theta function associated to the Weil representation of SLy(A) X
0(3,2)(A), where ®q is the characteristic function on 6°. Let &y =

So(Q,T) C SO(3,2)(A) be a Siegel domain and X C SLo(A) be a
compact set. Then there exists a constant C' > 0 such that

|O(z, ptr)| < Cltitsa)w,
forany x € X, p e Qo, t = (t1,t2) € Apmin(kv, : T), and k € Kso(s,2)-

—_——

Proof. Let wy, be the Weil representation of Sp;(A) on S(A®). Take a
Siegel domain & = QA3 (k,,, T')Ksp, C Sps(A). Let Q and A5 (ky,, T')

be the pullbacks of  and A% (k,,,T’) in Sps(A), respectively. Then

there exists a constant C’' > 0 such that
O - (t',¢) - &) < C'|tythtst)ts] )

Vo

for any p' € Q, k' € Ksp., and
(,¢) = (diag(ty, by, b,y t, 13ty 85ty 57 ),0) € A (ko T).

—~——

Here O(g) is the theta function on Sps(A) associated to the charac-
teristic function of 6°. The desired estimate is obtained by taking a

—_—

pullback by the embedding SLy(A) x SO(3,2)(A) — Sp;(A). Note that

the image of diag(t1,ts, 1,5, 1;") € SO(3,2) is equivalent to
diag(ty, b1, ba, o, 1, 1,87, 171, 1515 1) € Spy

under the action of the Weyl group. U

Proposition 14.9. Let f be a primitive form of an irreducible cuspidal
automorphic representation 7 of GLa(A) such that w, =1, L(1/2,7) #
0. Consider the theta lift 0(SK(f)) of SK(f) from O(3,2) to SLy. Then
we have L

O(SK(f)) = C(2)7'C(4) T L(3/2,7) - 0(f).
Proof. First we note that the theta lift §(SK(f)) is well-defined. Fix a
Siegel domain &y = G (20, 7) C Go(A). By Moeglin-Waldspurger [50]
Lemma [.4.1, there exists a constant C” such that

[SK(f)(ptr)] < C"[ta]u,
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for p € Qo, t = (t1,t2) € Aomin(kvy;T), K € Kg,- By Lemma 14.8
and the estimate as above, one can easily show that the theta integral
6(SK(f)) is absolutely convergent.

We use the seesaw

SK(f) = 0(3,2) SL, = O(SK(f))

<

SK(f) : 0(3,2) SL, 0(f)
It is well-known from the theory of dual paring that the representation
generated by 0(SK(f)) is isomorphic to the contragredient of (7). By

the multiplicity one theorem of SLy(A), there exist a constant ¢ such
that 0(SK(f)) = c(f). By the seesaw identity, we have

(SK(f),SK(f))oez2) = c(0(f),0(f))st,-
By Proposition 13.3 and Proposition 14.3, the proposition follows. [

Now we consider the restriction of M(g) to SO(3,2)(A). We first
show that the inner product (M(g)|c,, SK(f)) is absolutely conver-
gent. By Mceglin-Waldspurger [50] Lemma I.4.1, there exists a constant
C" > 0 such that

IM(g)(ptr)| < C"[t1 v,

for p-(t1,t2) -k € Q1+ Apmin(kuy; T') - K, = &1. Then the inner product
(M(g)|a,, SK(f))| can be estimated by

C//C”/ / ‘tl |12)0 dg
Go(Qo,T)

< C”Cm/ / / 5;01mm(t1, t2) . |t1 30 dpd*t, d*ty dk
PEQo  (t1,t2) € A0 min(kvy;T) J kEKL G, ’

< 0Q.

Here, dp, ... (t1,t2) = [t1]3,|t2|v, is the modulus character of Ag min(Fku,)-
It follows that [(M(g)|c,, SK(f))| is convergent. Now we consider the
seesaw

Mg) 0(4,2) SLy x SLy 3Oy x 0(SK({))

1xSK(f) : O(1)x0(3,2) SL, : q°

Here, O(1) ~ {£1} is the orthogonal group associated to (—20), and
O, is a theta function associated with the characteristic function of 0
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with respect to the Weil representation wy,,, where ¢5(z) = 1 (2dz).
By the seesaw dual identity and Proposition 14.9, we have

AL(3/2,7)2 ——
(0009 s, SK( s [ = ‘gt (0,807 )l
Next, we calculate (0,0(f),7%)s,. We use the seesaw:
C2)7'BCe) + 0(3,1) SLo x SL, = 30y x 0(f)
1x f : O(1) x O(2,1) SL, : q°.

By seesaw dual identity, we have

(©,0(f),3")s1, = %(2)<BC(9)O|PGL27 fIpar,-

By Proposition 13.9, we have

(BC(9)°Ipara, flpar, [ = ¢(2)72L(1/2,7)L(1/2,Ad(0) BT @ X).

Therefore we have

[(M(9)]s0e3.2): SK(f))so@.2)?
B L(3/2,7)2 . N
= S /2 TLO /2 () BT @),

Combining these results, we obtain the following proposition.

Proposition 14.10. Let f be a primitive form of an irreducible cuspi-
dal automorphic representation T of GLa(A) such that w, = 1, L(1/2,7) #
0. We denote the Saito-Kurokawa lift of f by SK(f). Let g be a prim-
itive form of an irreducible cuspidal automorphic representation o of
GL3(A), which does not come from the quadratic constant field ex-
tension K. We denote the hermitian Maass lift of g by M(g). Put
G1=50(4,2) and Gy = SO(3,2). Then we have

[(M(9)]Go: SK(f))I?
(M(g), M(g))(SK(f),SK(f))
1 L(3,x)L(3/2,7)L(1/2,Ad(0) KT ® X)
©2|%,| L(1,Ad(7))L(1,Ad(0))L(2, Ad(0) ® X)

It seems Conjecture 3.2 holds with 28 = 1/(2|X,|) in this case.
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