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1. Non-symmetric Diffusion on a Riemannian manifold

(M, g): d-dimensional connected complete Riemannian manifold.

m = vol : the Riemannian volume. b : a vector field on M.

We consider the following opetaror in L?(m):
1
The dual operator is
1

A* = EA_Vb — divbd

and the symmetrization is
1 1 1

2 —(A+A*) = —A — —divb
(2) g (A +2AT) =2 5 div

They are well-defined in Cg° (M).



The bilinear form £ associated with 2( is
1
(3) E(u,v) = —(RAu,v) = —/ (Vu, Vv)dm — / (Vyu)vdm.
2 M M
The symmetrization of this is
~ 1 1
(4) E(u,v) = —/ (Vu, Vv)dm + —/ uv div bdm.
2 M 2 M

This corresponds to the operator %(2[ + 2*) in (2).
We are interested in when the semigroup associated to 2 exists in LZ2.

We impose the following condition to ensure that —2( is bounded from below.

(A1) Ty €R:zdivb> —v.

Under this condition, £ is bounded from below and closable.



e d: the distance function

e o € M: afixed reference point
o p(x) =d(o,x)
We add the following condition for b :
(A.2) Ik: [0,00) — [0,1] with [~ k(z) dz = oo so that

k(p)Vep = —1.

o Atypical exampleis k(z) = L. Vup(z) > —p(z).



No problem

p=r

OK

No!
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Theorem 1. Under the assumptions (A.1) and (A.2), the closure of (A, C§°(M))
generates a Markovian Cy-semigroup in L?(m).

We claim the following:

e the dissipativity: ((A — v)u,u)s < 0.

o the maximality: (2 — v — 1)(C5°(M)) is dense in L?.
In fact,

1
(A —y)u,u)2 = ——/ (|Vu|? + u? div b) dm —/ ~u? dm < 0.
2 M M

A —~v—1)*'u=0 = u€cC>®M)

=  (u, (A —~v—1)(xnu))2 =0
= u=20



The Markovian property is checked by the following criterion:
(5) (RAu,u —u A1)z < v|lu—u Al

Here a A b = min{a, b}

We can also show the L-contraction property.

Proposition 2. Under the assumptions (A.1) and (A.2), {e~2*7T;} satisfies the
L'-contraction property.

We check the following criterion:

(% = 2v)u,uy Al)z < —lluy A L]



As for 1*

1
A* = EA — Vp — divb.
We need the following condition:
(A.2)* Jk: [0,00) — [0,1] with [~ k(x) de = oo so that

k(p)Vep < 1.

Theorem 3. Under the assumptions (A.1), (A.2)*, the closure of (A*, C5°(M))
generates a Co-semigroup in L?(m). It satisfies L!-contraction property. If, in
addition, div b > 0, then the semigroup is Markovian.




2. Domain of the generator

If the Ricci curvature is bounded from below, then Dom(A) = Dom(V?). We can
get similar result for 2. To do so, we need the intertwining property. The following
Intertwining property is well known:

VA =04 V.
Here [1; = —(dd* 4+ d*d) is the Hodge-Kodaira operator.

Now we define an operator 2 acting on 1-forms by
A9 = %Dle + V0 + (V.b, 0).
Then we have
vl = 2AV.

As before, the bilinear form associated with the symmetrization of 21 is given by

- 1 1 1
£(0,m) = S (VO,Vn)2 + /M{5 Ric(0,n) +  divb(6,n) — (BO,n)} dm.
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where B is the symmetrization of Vb : B = (Vb + (Vb)*).

We have
(—216,0), = £(0,6).
We impose the following condition so that £ is bounded from below.
(A.3) Ric is bounded from below and 34 : ; Ric+3 divb — B > —4.
Note that

1 ~
_IVOII3 < £5(6,6).

Theorem 4. Assume (A.1), (A.2), (A.2)* and (A.3). Then v € Dom(%1) if and
only if u € Dom(A) and Vyu € L?(m).

As for A*

We have to handle div b.
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Define an operator D acting on 1-fomrs by
- 1
DO = §D19 — V0 — (V.b,0) — 0divb.

The intertwining property holds as

—

VA*u = DVu — uV divb.
The bilinear form associated with the symmetrization of D is

- 1 1 1
£'(0,1) = (Y0, Vn)a + /M{5 Ric(0,1) + - (6,m) div b + (B8, n)} dm

We impose the following condition:

(A.4) Ricis bounded from below and 36 : Ric 43 divb + B > —¢’ and

V div b .
div 12712 IS bounded.

Theorem 5. Assume (A.1), (A.2), (A.2)* and (A.4). Then v € Dom(%l) if and
only if u € Dom(A) and Vyu + 2udivb € L.




3. Convergence to the invariant measure

Le M be a compact connected Riemannia maniflod.

%A p(tamay) — 1
IA+b (divh = 0) q(t,z,y) — 1
How fast?
] 1
A= — lim ~log sup |p(t,z,y) — 1],
t—oo ¢t x,yeM
] 1
Y= — Iim — log sup |Q(t9w7y) - 1|'
t—oo ¢ x,yeM

Our aim is to show that

12
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Dirichlet forms satisfying the sector condition

(M, m): a measure space, H = L?*(m): a Hilbert space
£: a Dirichlet form, &: symmetrization of £

2. the generator

{T:}: a Markovian semigroup

We assume that £ is non-negative definite and satisfies a weak sector condition:
E(f,9)| < KE(F, £)'/?E1(g,9)">.

We also assumed that {T}"} is a Markovian semigroup.
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Ultracontractivity

Theorem 6. Let u > 0. We have the following equivalence:

1T flloo < ext™/2||f]l1, Vt € (0,1]

i

IFIZT2 < ca(ECL £) + NIFI2) I1FIE7H
0
1F 1120 a2y < cs(E(S, F) +1IF113) (1> 2)

Key estimate:

E(Tsf, Tsf) < CLE(S, f) + |1 FII3}
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Dirichlet forms having invariant measure

We continue to assume the sector condition. In addition, we assume

m IS an invariant probability measure.

/Mthdm:/Mfdm

T:1 = 1 and 21 = 0.

The following inequality is called the Poincaré inequality

(6) 1f —m(H)IZ < ATEL S)

where
m(f) = | f(@)m(de).
M
This inequality is equivalent to

ITef — m(f)|12 < e 2| f — m(f)]2.
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Theorem 7. Let u > 0. We consider the following two conditions.

(i) There exists a constant ¢; so that for all f € L1

ITef — m(f)lloo < cxt™2||fll1, VYt € (0,1].

(i) There exists a constant ¢, so that for all f € Dom(€) N L*(m)
If = m(HIET" < e2 ECF D IIFIR™

Then, (i) & Poincaré inequality < (ii).
Under the condition (ii), there exists a constant ¢4 > 0 so that for all f € L*!

ITef — m(f)lloo < cae™ || fll1, VE>1.

Here A is a constant appears in the Poincaré inequality (6).
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Proof.

[Tt — m|l1500 = [[(Th — M) (Tz—2 — m)(T1 — Mm)[[1-00

IN

Ty — m|2soo || Tt—2 — m||2—2 ||T1 — Mm||1—2

IN

T, — mll2— o0 e~ Mt—2) Ty — m||1—2 L]

Let us investigate the convergense rete. Set a; = || Ty — m||1— o and define ~ by

. 1
(7) vy = — tli)rglo n log a;.
Theorem 8. We have
Y2 A

and the equality holds if 2 is normal. Here X is the spectral gap (6).




Case that M is compact

Let us return to the diffusion on a Riemannian manifold M generated by
1 1

If M Is compact, then there exists an invariant probability measure.
v: an invariant probability measure: v = e Ym
We use the following notations

V: the Levi-Civita covariant derivative
V*: the dual operator of V w.r.t. m
V*:. the dual operator of V w.r.t. v

wp. 1-form corresponding to b



19

We now change the reference measure to v. So our Hilbert space changes to
L?(v).

Set

G, = {2 ; A has an invariant measure v.}
We set
~ 1
b= 5(VU)lj + b,

1
wp = EVU + Wp.
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Theorem 9. A € G, if and ony if V¥w; = 0. In this case,

1
Af =~ VIVS + (w5, V)

and

1
AU f = —gv,’ivf — (wg, Vf).

Further the associated symmetric Dirichlet form is given by

~ 1
Ef.1) =5 [ (V5. Vm)a.
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Normal operator

Theorem 10. 2 is normal if and only if b is a Killing field and [VU*, b] = 0.

A vector field X is called a Killing field if Lxg = 0. Itis known that X is a Killing
field if and only if VX is skew-symmetric. This is also equivalent to

div X = 0,
V*VX + Ric(X) = 0.
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Recall

1
Q[ — EAV —I— VB,
1
Qﬁﬁz:—ZkV——Y7F
2
Here
AN, = —V;V = -V*V+VU.V.
Then
AUA* — A*A = [V,;, Ayl.
Moreover

(A, Vil f = 2(Vwy, V2F) + (= V*Vw; + Ric(w;) + [VU, b]", V f)
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T; has a density p(t, x, y) with respect to v. Define

1
v = — lim —log sup |p(t,z,y) — 1].
Let A be the spectral gap:

N~ in E(f, f)
() || f —v(f)]?

Theorem 11. We have

v > A

The equality holds if 2( is normal.

We can give a characterization of ~ in terms of the spectrum:

v = inf{Rn; n € o(—A)}

Theorem 12. If v = A, then —%2( has an eigenvalue ¢ so that R¢ = A and its
eigenfunctions is also an eigenfunction of %V;V for an eigenvalue .




Example: 2-dimensional torus

M = T?
(x,y): the standard local coordinate
0 0
b= — .
f(x) oy +9(y)

Then

J = constant, g = constant

f=0

f # constant, g 7% constant

= Y =A
= Y =A
= 7> A

24
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Thanks a lot!



