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1. h-transformation

We consider the following operator on adomain D C R<:
1 .
L = Eaijc‘?i(‘?j —+ b’c‘?z + V.

Weset Lo = L — V. For positive function h, the h-transform of L Is
defined by

1
h — —
L"f = —L(hf).

More explicitly,
Lhf = Lo+ Vh v+ Lh
p— a—— - —,
° h h

If h isaharmonic function, i.e., Lh = 0, then L" has no O-th order term.

In the sequel, we assume that the semigroup generated by L has the



transition measure: denoting T; = et*

ﬂfz/Dp(t,:v,dy)f(y)-

Then, the transition measure of L" is given by

p"(t, z,dy) = ——p(t, =, dy)h(y).

( )

2. Invariant function

p(t, x, dy) : atransition measure

o Iscaled ainvariant function if

p(x) = /DSO(y)p(t,w,dy), vt > 0.
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It IS easy to see

w Isinvariant < h-transform by ¢ IS conservative.

principal eigenvalue

For any transition measure p(t, , dy) assiciated with L, there exist A
sothat L — X issubcritical for A > A.and L — X issupercritical for
A < A.. Here

subcritical: Green measure exists
supercritical: no Green measure and no positive harmonic function

X i1scaled a (generalized) principal elgenvalue.

We will show that any 1-dimensional (minimal) diffusion process with
A. = 0 has an invariant function.
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3. Onedimensional diffusion processes

D= (1_,1;).

{(X3), P} : a(minimal) diffusion on D (Dirichlet boundary condition)
s(x) : the sclae function

dm(x) : the speed measure (standard measure)

¢ : the explosion time

d d
. the generator
dm ds
df d
Dirichlet form: E(f,g) = —f—gds

p dsds



From dm, we define aright continuous non-decreasing function m as

m(y) — m(x) = / dm

(z,y]

Takeany a € (1-,1) and define

S(x) = /( {m(y) — m(@)}ds(y) = / {s(x) — s(u)}dm(u),

(a,z]

M(x) = 1s(y) — s(a)}dm(y) = {m(z) — m(u)}ds(u).

(a,z] (a,z]
S(l+) < oo =14 iscaled exit.
S(l+) = oo = [, iscaled non-exit.
M(l+) < oo = 14 iscaled entrance.

M (l+) = oo = 1, iscaled non-entrance.
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(X;) isconservative< S(l+) = occand S(I-) = oo

h-transfor mation

Let v be a A\-harmonic function, 1.e.,

d d
vV = A\.
dm ds
Define dm = v?dm, ds = %. Then
(3.1 o P
| v \ dm ds Y= amds?

isthe h-transform of %i —

d d
dim d3 ds
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d d

For 1-dimensional diffusions, we have A, = inf o (—- -+

Theorem 3.1. Let (X;) be a diffusion process on D with A, = 0.
Then there exist ainvariant function.




| eft right D eigenvalue | h-transform
exit | exit
casel (0,1) Ao >0 po(x)
non-exit )
eXit —/—> 0, co
case 2 (0,00) >0 | s(x) ==
— | \((), 1)
non-entrance
non-exit
exit —
case 3 (0, 00) Ao >0 po(x)
— —

entrance




4. Gibbsmeasureon C(R — R)

We are given a potential function
V : R — R : continuous and non-negative.

A Gibbs measure associated with V' isformally expressed as

p(dx)

= 7z 1 exp{—% /_Z &(t)|? dt — /: V(x(t)) dt} ] d=(t).

teR

10



Dobrushin-Lanford-Ruelle equation

Precise characterization of Gibbs measureisgiven asfollows. For I C R,
weset Fr = o{z(t); t € I}. Let P}¥ bethe pinned Brownian motion
with x(s) = « and x(t) = y. Then aprobability measure p iscalled a

Gibbs measure if it satisfies

(- P @) = 27 exp{ = [ Viatw)du| P2 @5,

Here Z isanormlizing constant.

We restrict ourselved to the following Gibbs measures:

G = {u satisfies DLR equation and the family {u o x(¢) '} istight}.
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Schrodinger operaotr

H=:A-V
Ao = inf o(— H) : (generalized) principal eigenvalue
h = e~V : (generalized) eigenfunction for X\

If h € L?(R), then A\ isan eigenvalue.
Hh = —)\oh,
1
(H +X0)"f = - (H + Xo) (hf);
1
(H + X)) = 5A—VU-V.

((H + Xo)", L2(h%dx)): aself-adjoint operaotr
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an associated Dirichlet form:
1
g(.fag) — _/(V.fa Vg)hzdm
2 Jr
U and V satisfy the following relation:
AU — |VU|? = 2(Xg — V).

The diffusion operaotr %A — VU - V may generate a explosive
diffusion. But we can assume that the associated diffusion is conservative
by changing an elgenfunction if necessary (Theorem 3.1).
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Transition measure associated with %A — V Isgiven by

t
p(t,2,y) = Bgblexp{~ | V(a(s)) dsHg(t,,v)
0
where Ef;j;{; stands for the integral with respedt to the pinned Wiener
measure Eg¥, and g(t, z, y) isthe Gauss kerne

1
27t

(y—w)z}.

expy —
p{—

g(t,xz,y) =

g(t,z,y) = h(z) 'p(t, z,y)e h(y).

q(t, x,y)dy : transition measure of the semigroup generated by
(H + Xo)"

h 1san invariant function of H + Ag
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h? dx is an invariant measure

Set

(b2 y) — q(t,x,y)  p(t,x,y)e
T Y T Ty T h@)h(y)

and
v(dz) = e 2V @) dg.
q(t, x,y) isadensity function with respedt to v.
When v(R) < oo, weassumethat v isnormalized asv(R) = 1.
Then the following is well-known:
v(R) =1 = limy 00 SUPy, 1y <k [4(E; T, y) — 1| = 0.

V(R) = co = limy_. supy, 1y <r |4(t, z,y)| = 0.
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Theorem 4.1. If A\gisaneigenvaluethenf(G) = 1, i.e., theuniqueness
holds.

Sketch of proof

Under the assumption, we have v(R) = 1.
the law of x(0) isv.

.- The density function of law of (0) is

/fi(t,w,Z)h(Z)zd(t,Z,y)h(y)2
R? 4(2t,z,y)h(y)?
G(t,z, z)h(2)’4(t, 2, Y) (1
_ [ 4@ 2DME)AE2Y) a000) (g, dy),.
R2 Q(Ztawa y)
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Non-existence

If V =0, then(G) = 0.

g(ta £, z)g(t, <y y)

(2(~1),z(t))
p (dz, dy)
g(2t, z, y) ’

1 1 1 1
_ 2 2 2
= expyi——|z — x| — —|y — z|“tVvia4rntexpli—|y — @
pEE020) (de, dy)
1 1 1 1
2 2 2
= expi—— |1z —x|"— —|ly—2z|"+ —|ly—=x

p(@(=1)x(?)) (dx, dy)
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