ON CRITICAL VALUES OF ADJOINT L-FUNCTIONS
FOR GSp(4)

ATSUSHI ICHINO

ABSTRACT. We express Petersson norms of certain generic cusp
forms on GSp(4) in terms of critical values of adjoint L-functions

for GSp(4).

1. INTRODUCTION

Let f € Si(SL(2,Z)) be a normalized Hecke eigenform and 7 the irre-
ducible cuspidal automorphic representation of GL(2, Ag) determined
by f. Let L(s, 7, Ad) denote the adjoint L-function, which have been
studied by Shimura [33] and Gelbart and Jacquet [9]. Then

<fa f) = Q_kL(la T, Ad)7
where

(f. )= / |f(7) > Im(7)* 2 dr.
SL2,Z)\$

The purpose of this paper is to prove a certain analogue for GSp(4).
We now give a precise description of our result. Let

g (_012 102) ‘9 =v(g) (_012 102) L v(g) € Gm}

be the symplectic similitude group in four variables. Let 7 = ®,m, be
an irreducible globally generic cuspidal automorphic representation of
GSp(4, Ag) with trivial central character. We assume that

GSp(4) = {g € GL(4)

e 7, is unramified for all primes p,

i 7TOO|SP(4,R) = D pg) @ Ding,-n0)-
Here Dy, »,) is the (limit of) discrete series representation of Sp(4,R)
with Blattner parameter (A;,A2). By Theorem 6.8.1 of [21], Dy, a,)
is large in the sense of Vogan [35, §6]. Hence we may assume that
1—X < X <0. By [6], [3], 7 has a functorial lift IT to GL(4, Ag).
We say that 7 is stable (resp. endoscopic) if II is cuspidal (resp. non-
cuspidal).
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We consider a non-zero element f = ®,f, € 7 satisfying the follow-
ing conditions:

(1.1) fp» is GSp(4, Z,)-invariant for all primes p,
Here, with the notation of [30], [28], vy is the lowest weight vector of
the minimal U(2)-type of D(_», —»,). Let W = ®,W, be the Whittaker

function of f. To be precise, let ¢ = ®,1, be the standard additive
character of Ag/Q, so that ¢ (x) = exp(2my/—1z) for x € R. Let

1 % % *
0 1 x x

U= 001 o0l¢€ GSp(4)
0 0 % 1

denote the standard maximal unipotent subgroup of GSp(4). By abuse
of notation, we write ¢ for the non-degenerate character of U(Aq) given
by

1 =z *
0 1
0 0 —x 1

Then
W(g) = / F(ug)(w) du
U(Q)\U(Ag)

for g € GSp(4,Ag). By explicit formulas for Whittaker functions [5],
[30], [28], W,(1) # 0 for all places v. We normalize f so that

(1.3) W(1) = 1.

By [20], the multiplicity of 7 in the space of cusp forms on GSp(4, Ag)
is one. Hence the conditions (1.1)—(1.3) uniquely determine f € 7. Let

= £(9) dg
Aj GSp(4,Q)\ GSp(4,Aq)

be the Petersson norm of f, where dg is the Tamagawa measure on
GSp(4,Ag).

Our main results is as follows.

Theorem 1.1. There ezists a constant Cy, € C* which depends only
on T Such that

(f, ) =2°Co L(1, 7, Ad).
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Here

{1 of ™ is stable,

2 if mis endoscopic,
and Ad : GSp(4,C) — GL(10,C) is the adjoint representation.

Remark 1.2. Let Lg be the hypothetical Langlands group of Q. Let
e+ Lo xSL(2,C) — GSp(4, C) be the (conjectural) Arthur parameter
associated to m and Sy, the centralizer of the image of ¢, in GSp(4, C).
Then Arthur’s conjecture [1], [2] asserts that

1Sy = 2 if 7 is stable,
SR VRN T endoscopic.

Hence the constant 2¢ is related to the theory of endoscopy. (See also
[16].)

Remark 1.3. Tt seems difficult to compute the constant C,, which is
expressed in terms of local zeta integrals. (See (4.2) and (4.3) for the
definition of C,.)

Remark 1.4. Theorem 1.1 is compatible with the following speculation
about the transcendental part of critical values of adjoint L-functions
for GSp(4) in terms of Deligne’s conjecture [7]. Let fio be a Siegel cusp
form of degree 2 and of weight k& with respect to Sp(4,Z). We assume
that fio is a Hecke eigenform and is not a Saito-Kurokawa lift. Let
be the irreducible cuspidal automorphic representation of GSp(4, Ag)
determined by fio. Since m,o is unramified at every finite place and
is expected to be tempered, Arthur’s conjecture [1], [2] predicts that
there exists an irreducible generic cuspidal automorphic representation
Tgen Of GSP(4, Ag) such that II = {mpe|, Tgen } is an L-packet. Let M be
the (hypothetical) motive attached to the spinor L-function L(s,II).
Then M would be of rank 4 and of pure weight 2k — 3. Moreover,
Hpr(M) would have the Hodge decomposition

Hpr(M)® C = HZ 30 @y gh—1kh=2 g prh—2k—1 g [y0.2k=3

with a basis

{fhola fgemE’ m}

over C. Here fgen is an element of 7., and would also play an important
role in Deligne’s conjecture [29], [12], [14], [10, §12]. By Yoshida’s
formula [37, (4.15)],

¢t (Sym*(M)) = (2rv-1)

12—6k
c—‘r

(M)c™ (M){ frot, fnol),
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where ¢t (Sym?(M)) is Deligne’s period of Sym?(M), etc. Moreover,
the (conjectural) relative trace formula of Furusawa and Shalika [§]
suggests that

[Bp(1)|” WP
<fhol, fhol> <fgen’ fgen> .

Here D < 0 is a fundamental discriminant, yp is the Dirichlet character
associated to Q(v/D)/Q, Bp is the D-th Bessel function of fi., and
W is the Whittaker function of fee,. This leads to speculation that

<fgena fgen>

¢t (Sym?(M)) ~ WOR

~ L(%,H)L(%,H ® XD)

This paper is organized as follows. In §2, we recall two integral
representations of automorphic L-functions, which are the main in-
gredients in the proof of Theorem 1.1. We use the integral repre-
sentation of the standard L-function L(s,w,St) by Piatetski-Shapiro
and Rallis [32] and that of the degree 16 L-function L(s,7m x 7¥) =
C(s)L(s,m,St)L(s, 7, Ad) by Jiang [18]. In §3, we review the results
of Kudla and Rallis [25], Kudla [22], and Jiang [19] on the Siegel-Weil
formula. This formula gives relations among the terms in the Laurent
expansions of Eisenstein series and will be used to compare the two
integral representations. In §4, we finish the proof of Theorem 1.1.

Acknowledgments. The author expresses gratitude to Masaaki Fu-
rusawa and Tamotsu Ikeda for their advice and encouragement.

2. AUTOMORPHIC L-FUNCTIONS

2.1. Preliminaries. Let k be a totally real number field and A = A,
the ring of adeles of k. If v is a finite place of k, let o,, @,, ¢, be the
maximal compact subring of k,, a generator of the maximal ideal of o,,
and the cardinality of o, /w,0,, respectively. Fix a non-trivial additive
character ¥ = ®,1, of A/k. Let £(s) = |D|2 [],<.. Co(s) denote the
zeta function of k, where D is the discriminant of k. It satisfies the
functional equation £(1 — s) = £(s) and has the Laurent expansion of
the form

S(s)zs_il—i-’y—l—O(s—l).

Let H = GSp(8) and
G = {(g91,92) € GSp(4) x GSp(4) [v(g1) = v(g2)}-
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Let Zy be the center of H. We identify G with its image under the
embedding

G — H.
ap 0 bl 0

aq bl (05} b2 0 ag 0 _b2
<(Cl d1> ’ (CQ d2)> — C1 0 dl 0
0 —C2 0 d2

Let m = ®,m, be an irreducible globally generic cuspidal automorphic
representation of GSp(4, A) with trivial central character. By [6], [3], m
has a functorial lift IT to GL(4, A). By [11], IT is either cuspidal or IT =
71 B 15, where 7; is an irreducible cuspidal automorphic representation
of GL(2,A) with trivial central character such that 7 # 7. We say
that 7 is stable (resp. endoscopic) if IT is cuspidal (resp. non-cuspidal).
Let S be a finite set of places of k including all archimedean places
such that, for v ¢ S, 7, is unramified. Let St : GSp(4,C) — GL(5,C)
and Ad : GSp(4,C) — GL(10,C) denote the standard representation
and the adjoint representation, respectively. Then

L5(s, T, A%) = ¢%(s) L% (s, 7, St),
L5(s, 11, Sym?) = L%(s, 7, Ad).
By [11], L%(s, 11, A?) has a simple (resp. double) pole at s = 1 if 7 is
stable (resp. endoscopic). Hence L°(s, 7, St) is holomorphic and non-
zero (resp. has a simple pole) at s = 1 if 7 is stable (resp. endoscopic).

Moreover, L(s,m, Ad) is holomorphic and non-zero at s = 1.
Let v be a finite place of k£ such that m, is unramified. Let

A, = diag(ao, vpar, apaz, aparaz) € GSp(4, C)
be the Satake parameter of 7,. Note that a2ajas = 1. Then I, is also
unramified and its Satake parameter is ¢(A,), where ¢ : GSp(4,C) —
GL(4,C) is the natural embedding. Since II, is generic and unitary,
we have, by [34],
1 1

@ * < |l |, |agaal, |apanas| < g
Hence there exists 0 < e, < 1 such that
2.1) % < Jaal o < g5

2.2. Standard L-functions. In this section, we review the doubling
method of Piatetski-Shapiro and Rallis [32], [13, §6.2].

Let
a *
P= { (O yta_1> cH

a € GLM4), v e Gm}
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be the Siegel parabolic subgroup of H. Then the modulus character
dp of P(A) is given by

* _ 5),,]—10
5p((0 Ja 1)) = |detal’|v|”".

Let I(s) = Indg((ﬁ)) (51%) denote the degenerate principal series represen-
tation of H(A). For a holomorphic section F' of I(s), define a Siegel
Eisenstein series E(s, F') by

E(h;s,F)= > F(yh,s)
yeP(k)\H (k)

for Re(s) > 0, and by the meromorphic continuation otherwise. By
Theorem 1.1 of [25], it has at most a simple pole at s = 1.
For f € m, let

(s, . F) = / (g1, 2); 5, F) £ (91)F(g2) dn dgo.
(A)G(K)\G(A)

We assume that f = ®,f, and F' = ®,F,. Choose local pairings ( , ),

on m, such that (f, f) = [[,(fv, fo)v, and define a matrix coefficient ¢,
of m, by

Pu(g) = (fo, fv>;1<7rv(g)fva fo)o-
Note that ¢, does not depend on the choice of (, ),. Let S be a finite
set of places of k including all archimedean places such that, for v ¢ S,

e T, is unramified,

e f, is GSp(4, 0,)-invariant,

o [, is H(o,)-invariant and F,(1,s) = 1.
Put d7(s) = (s + 2)¢®(2s 4+ 1)¢¥(2s + 3). Define a local zeta integral
Zy(8, ¢p, Fyy) by

where
0 0 —31, 31,
s |32 312 0 0
1, —1, 0 0

Then, by [32], [13, §6.2],
Z(s, [, F) = (f, Nd3(s) 'L (s + §,7,80) | | Zo(s, b0, Fo)

vES

for Re(s) > 0.
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Lemma 2.1. Let v be a finite place of k such that m, is unram-
ified. Assume that ¢,(kigks) = ¢u(g) for all ki, ko € GSp(4,0,).
Then Z,(s, ¢y, F) is absolutely convergent for Re(s) > e, — %, where
0<e,<1isasin (2.1).

Proof. Let s € R. Let K = Sp(4,0,) and
AT = {diag(@", @?, w, ™, @, ™) |n; > ny > 0}.

Then Sp(4, k,) = KATK. We may assume that F, is H(o,)-invariant
and F,(1,s) = 1. In particular,

Fy(0(k1gks, 1), s) = Fy(6(g,1), 5)

for all k1, ks € K. Let
a = diag(@w, @, w, ™, w, ™) e A".
By [36, p. 241], there exists a constant C' > 0 such that
vol(KaK) < Cglmt2nz,
By Proposition 6.4 of [32],
Fy(8(a,1), 5) = gy *TDM),

By Macdonald’s formula [27], [4], there exists a polynomial ¥ such that

6u(@)] < W)y reretnrsra),

Hence |Z,(s, ¢y, F,)| is majorized by
> vol(KaK)F,(8(a, 1), )|y ()|

acAt

= = —(sti-ey)n1 —(s+2—ey)n
<O YT DT W), g

ni=nz no=0

This completes the proof. 0

Lemma 2.2. Let v be a real place of k. Assume that the irreducible
components of T,|spak,) are (limit of ) discrete series representations of
Sp(4,k,). Then Z,(s, ¢y, F,) is absolutely convergent for Re(s) > —1.

Proof. Fix s > —%. By Holder’s inequality, it suffices to show that the
integral

(2.2) / Fy(5(g,1), )20 dg
Sp(4,kv)

is convergent for some € > 0. Let K = Sp(4, k,) N O(4) and
a+ = {diag(XlaXQa _Xla _XZ) | Xl Z X2 Z 0}
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Then Sp(4,k,) = Kexp(a™)K. We may assume that F, is (H(k,) N
O(8))-invariant and F,(1,s) = 1. In particular,

Fv((S(klnga 1)7 S) = Fv(a(ga 1)7 8)

for all ki, ks € K. Let AT be the set of positive roots determined by
the chamber a*. Let

X = diag(Xy, Xa, — X1, —Xp) € a”
and a; = exp(X;). By Proposition 6.4 of [32],

Fy(6(exp(X), 1), s) = (H \/(1 +a7)(1+ a;2)> < (araz) ™" 2.

Obviously,

Hence the integral (2.2) is majorized by

/ / Fy(0(ky exp(X)ks, 1), 5)*0 | T sinh(a(X))| dhy dky dX
at JKxK
acAt
< /OO /OO a;QS*1+268+56a52873+268+56 d><a2 dxal.
as 1
This completes the proof. O

2.3. L-functions for GSp(4) x GSp(4). In this section, we review
Jiang’s integral representation of the L-function for GSp(4) x GSp(4)
[18].

Let
a * k% a € GL(3)
0 a * v a v
Q= 00 va' 0]F H (c’ a) € GL(2)
0 ¢ = d v=dd -bVdeG,,

be a maximal parabolic subgroup of H. Then the modulus character
dg of Q(A) is given by

a
0 -

o) 00 val 0 = |det a|®|v|*.
0
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Let Z(s) = Indg((ﬁ))(éé) denote the degenerate principal series repre-
sentation of H(A). For a holomorphic section F of Z(s), define an
Eisenstein series £(s, F) by

Eh;s, F)= Y Flyh,s)
YEQ(K)\H (k)

for Re(s) > 0, and by the meromorphic continuation otherwise. By
Theorem 4.0.1 of [18, Chapter 3], it has at most a double pole at s = 1.
For f € m, let

2.0.7) = | E((01.92): 5. F) 1 (60) T 2) dgn
Zu(A)G(k)\G(A)

We assume that f = ®,f, and F = ®,F,. Let W = ®,W, be the
Whittaker function of f. Let S be a finite set of places of k including
all archimedean places such that, for v ¢ S,

e 1, and 1, are unramified,

e f, is GSp(4, 0,)-invariant and W, (1) = 1,

e F, is H(o0,)-invariant and F,(1,s) = 1.
Put dg)(s) = ¢¥(s+1)¢%(s +2)¢5(s + 3)¢¥(2s 4 2). Define a local zeta
integral Z,(s, W,,F,) by

Z,(5, Wy, F) = / ~ Folnlgrs92)s 8)Wo (g1 Wolg) don dogs,
ZH (kv)U(kv)\G(kv)

where
1 0 =z O
- 0100
U= u 00 10 LU uel xe G,
000 1
and
10 0 0 0O0O0O
01 0 0 0000
00 0 0 0O0O0°1
oo 0o 0o 0010
100 0 0 1010
00 0 0 0101
01 0 —100 0 0
10 -1 0 0000
Then, by [18],
Z(s, £, F) = dy(s) 'L 7w x 7) [[ Zo(s, Wa, 7o)

ves
for Re(s) > 0.
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Let v be a real place of k. By Theorem 3.2.1 of [18, Chapter 5],
Z,(s, Wy, F,) is absolutely convergent for Re(s) > 0, but the mero-
morphic continuation of Z,(s, W,, F,) has not been proved.

3. THE SIEGEL-WEIL FORMULA

3.1. Eisenstein series. Let n, r be positive integers such that n > r.
Let G = Sp(2n) denote the symplectic group of rank n defined by

0o 1\, (0 1,
I\-1, o)97\=1, o)

Sp(2n) = {g € GL(2n)

Let
a * % %
0 d b a € GL(r)
Pn,r = t —1 e a v
0 O/ a ;J/ o d)€ Sp(2n — 2r)
0 c *

be a maximal parabolic subgroup of G. We define a maximal compact
subgroup K =[], K, of G(A) by

K - G(o,) if v is finite,
" ) G(k,) NO(2n) if v is real.

Let go be the Lie algebra of [, G(ky) and Koo =[]
vjoe G (ko).

Let I,,,.(s) = Indgﬁ)( ([ det |[* @ 1) denote the degenerate principal
series representation of G(A). For a holomorphic section F of L.(s),
define an Eisenstein series E(™") (s, F) by

E"(g;s,F)= > F(ygs)
YEPur ()\G(K)

vloo K, a maximal

compact subgroup of ||

for Re(s) > 0, and by the meromorphic continuation otherwise. Let

B P = Y (= sl B s, )

d>—o0

be the Laurent expansion of E™") (s, F) at s
invariant and F(1, s) = 1, we write E™")(s) = B!
B (s, F).

So. When F is K-
)(s, F) and B (sq) =

3

T
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3.2. Theta integrals. In this section, we review the result of Kudla
and Rallis [25] on the regularization of theta integrals.

Assume that 2 < r < n. Let V,, = k*" be the space of column
vectors equipped with a non-degenerate symmetric bilinear form ( , )

given by
(0 1,

for z,y € V,,. Let G' = O(r,r) denote the orthogonal group of V.,
defined by
t ! 0 ]—r /I 0 ]-7‘
(i 5)- (0 %))
P = { (g ta:) eG|ac GL(T)}

be the Siegel parabolic subgroup of G’ and N’ its unipotent radical.
We define a maximal compact subgroup K’ =[], K| of G'(A) by

K = {G/(Ov) if v is finite,

O(r,r) = {g' € GL(2r)

UG (k) NO(2r) if v s real.

Let dg’ be the Haar measure on G'(A) such that vol(G'(k)\G'(A)) = 1,
da (resp. dn') the Tamagawa measure on GL(r, A) (resp. N'(A)), and
dk’ the Haar measure on K’ such that vol(K’) = 1. By [17, §9],

¢(g/) dg/ = Cr/ ¢ ((aj t (11> n/k/) da dn/ dk'/
G'(A) GL(r,A)x N'(A)x K’ 0 ‘@

for ¢ € L'(G'(A)), where

H 5 (20 + 1)

£(2r — 2i)

Let w = wy,y,, denote the Weil representation of G(A) x G'(A)
on S(V,, (A) ) = S(Matg, «,(A)) with respect to ¢. Let S, be the
subspace of S(V,,(A)") consisting of functions which correspond to

polynomials in the Fock model at every archimedean place. For g €
G(A), ¢ €e G'(A),and ® € S, ,, let

0(g,95®) = Y wlg,g)P(x).
x€Vy (k)™

Fix a real place v of k and let z = 2,1, € 3(g,) be the regularizing
differential operator as in Corollary 5.1.2 of [25]. By Proposition 5.3.1
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of [25], the function ¢ +— ©O(g,¢';z - ®) on G'(k)\G'(A) is rapidly
decreasing. Here 3(g,) acts on S, , via the differential of w.
r—1

Put s, = 5=. Let F' be the K’'-invariant holomorphic section of

Indgggﬂ det |*) such that F'(1,s) = 1. Define an auxiliary Eisenstein
series E(s) by
E(gis)= >,  F(/d.s)
Y EP(\G' (k)
for Re(s) > 0, and by the meromorphic continuation otherwise. Note
that F(s) has a simple pole at s = s, with constant residue. Following
25, §5.5], we consider the integral

1) (g; 5, ®) = ppp(s) ™" / O(g,9'52- ®)E(g';s)dg’,

G/ (R)\G'(A)

where )

pra(s) =[J((s = sp+0)* = (n+1—-1)%).
=0
Let
107 (s, @) = Y (s = s6) "I (@)

d>—o0

be the Laurent expansion of (™" (s, ®) at s = s},. Note that 7" (s, ®)
has at most a simple (resp. double) pole at s = s if r < % (resp. 2 <
r<mn).
Let @ be the Weil representation of G(A) x G'(A) on S(Mat, w2, (A))
defined via the partial Fourier transform
S(Matg,wn(A)) — S(Mat, w2, (A)),

dr— b

d(u,v) = /M _ o (2) (tr(v'r)) do

for u,v € Mat,«,(A). For Re(s) > —n + 2=1 define a (goo, Koo) X
G(Ay)-intertwining map

where

F S, — I,.(s)
by
F(®)(g,5) = C, (9, 1)®xr(Opens @, Oy | det a]* =72 da,
GL(r,A)

where

Brer() = /K/w(u;')@(x) K.
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Then, by [25, §5.5],
1) (s, ®) = B (s, F(®)).

3.3. First and second term identities. In this section, we give cer-
tain identities relating the terms in the Laurent expansions of regular-
ized theta integrals to that of Siegel Eisenstein series, which have been
studied by Kudla and Rallis [25], Kudla [22], and Jiang [19].

Let n = 4. Assume that & = Q. Then p = Res;—1£(s) = 1. Let
1 be the standard additive character of A/Q. Let A denote the space
of automorphic forms on G(A) = Sp(8,A) and R the subspace of A

spanned by residues E(_41’4)(%, F), where F' is a holomorphic section of

I44(s). Define a (goo, K&) X G(Aj)-intertwining map
54,3 B [4,4(%)
dr— Fq;.
by
We extend Fgp to the holomorphic section Fg of Iy 4(s) such that its

restriction to K is independent of s. We define ®° = ®,9 € Sas as
follows:

e @Y is the characteristic function of V3 3(Z,)* for all primes p,
o 0 () = exp(—m tr(z'r)).
Then @ is (K x K’)-invariant. By a direct calculation,

4,3 o E(s+1)E(s+2)E(s+3) 3
100 ) = eme  © @

Hence, by Corollary 6.3 of [25] and Lemma A.8, for all & € Sy 3,

(3.1) 159(@) = 754 4 ).

Let S75 be the (g, Koo) X G(Af)-submodule of Sy3 generated by
P°. As in [17, §5], define a (goo, Koo) X G(Ay)-intertwining map

pr: 54,3 — 54,2

by

du

e
=
—~
=
VRS
< 8
N———
I
T
2
3
< o8
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for z,y € Matay4(A). By a direct calculation,

E(s+2)¢(s+ 1)

10 s, pr(#)) = =2 2 B )
Proposition 3.1. For all ® € S},
149@) - SCF a4y - L pioa py)er
- £(3)5(4)2™° gay0 I

Proof. Define (goo, Koo) X G(Af)-intertwining maps

A1 . 5473 ./4 — A/R,
A2 . S4,3 — 54,2 — .A — A/R,
Ag . 5473 — 14’4(%) A/R,

A1(@) = IUP(@),  Ag(@) = I (pr(@)),  As(®) = BV (L, Fy).

A=A mmear™

Since the map
A 5473 — .A/R
iS (goo, Koo) X G(Ay)-intertwining, it suffices to show that
A(®) =0 mod R.

By Lemma A8,

Hence, by Lemma A.9,
A@) = B (1) - =

This completes the proof.



ON CRITICAL VALUES OF ADJOINT L-FUNCTIONS FOR GSp(4) 15

4. PROOF OF THEOREM 1.1

Let f € m be as in §1. We normalize W, so that W,(1) = 1 for all
places v. For an automorphic form ¢ on Sp(8, A), let

<80af® f) :/ 90((91,92))]6(91)@0591 dgo.

(Sp(4,Q)\ Sp(4,4))?
Lemma 4.1. Assume that 7 is stable. For all p € R,

(p, f® f)=0.

Proof. Since L(s, m, St) is holomorphic at s = 1, the assertion follows.
O

Lemma 4.2. Assume that 7 is stable. For alld € Z and all ® € Sy,
(15(®), f @ f) = 0.
Proof. Let my be an irreducible component of the restriction of 7 to

Sp(4,A). Let 6, ,(m) be the theta lift of 7y to O(r,r)(A). By (2.1),
9171(71'0) =0. If 92,2(77'0) 7é 0, then

L%(s,m,St) = ¢5(s) L5 (s, 7 x 72),

where S is a sufficiently large finite set of places of Q and 7; is an irre-
ducible cuspidal automorphic representation of GL(2, A). This contra-
dicts the holomorphy of L“(s,w,St) at s = 1. Hence

(41) 02’2(71'0) =0.
Let 2- @ = 37 @15 ® By € Sy with @5 € Spp. Then

O((g1,92). 2+ ) Z@ 91,9’ 21;)0(g2, ¢'; Pay).
By (4.1), the theta lift 0(f, ®;;) is identically zero, where
0y .05) = [ 09,4/ %,)f(9) dg
Sp(4,Q)\ Sp(4,A)
for ¢ € O(2,2)(A). Hence (I*?) (s, ®), f ® f) is equal to
/)4,2(5)_1/ /
(Sp(4,Q)\ Sp(4,4))? Y O(2,2)(Q)\ O(2,2)(4)
X O((91,92), 95 2 - P)E('s 5)f(91)f (92) dg' dgy dge

> 0(g's £, 21)0(g'; f, oy)Eg's ) dy’

J

— paals)™ /
0(2,2)(Q)\ 0(2,2)(A)

= 0.
This completes the proof. O
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Let ® = ®,®, € Sy 3 such that ®, = @) for all primes p. Then there
exists a holomorphic section F' = ®,F, of I(s) satisfying the following
conditions:

o F, is H(Z,)-invariant and F,(1,s) = 1 for all primes p,

o I, = Fy_ depends only on ¢,

o E(s,F) = EWY (s, Fp) on Sp(8,A).
Also, there exists a holomorphic section F = ®,F, of Z(s) for Re(s) >
0 satisfying the following conditions:

o F, is H(Z,)-invariant and F,(1,s) = 1 for all primes p,

o Foo = Fs__ depends only on @,

o (5, F) = I*3(s,®) on Sp(8, A).

Since f is GSp(4, Z)—invariant, we have
(B (s, Fy), [ © f) = (f, dpin() " Ln(s + 57,50 Zoa (5, 6ncs Fi),
(I (s, @), f @ f) = dosin(s) " Len(3F, 7 x ) 265, Was, Fa)-

2
Let Sy 3,00 (resp. S5 ) be the archimedean component of Sy 3 (resp. SY5).

Lemma 4.3. For all @ € Si300, Zoo(S, Weo, Fa,) has a meromor-
phic continuation and is holomorphic at s = 1.

Proof. By (3.1) and Lemma 4.1, (I*%(s,®), f ® f) has at most a
simple (resp. double) pole at s = 1 if 7 is stable (resp. endoscopic).
Since L, (s, m X m7) = Lgyu(s, IT x ITY) has a simple (resp. double) pole
at s = 1 if 7 is stable (resp. endoscopic), the assertion follows. O

Lemma 4.4. There exists ®oo € Sy 4, such that
Zoo(%a ¢ooa F<I><x>) 7é 0.

Proof. For convenience, we suppress the subscript oo from the nota-
tion. Let p, ¢ be odd positive integers such that p + ¢ = 6. Let V,,
denote the quadratic space over R of signature (p,q) and wyy,, the
Weil representation of Sp(8,R) x O(p, ¢) on S(V},). Let R(p, q) be the
image of the (sp(8,R), U(4))-intertwining map

S(V;fq) - I474<%)7

D r— Fcp

where Fp(g,3) = way,,(g,1)®(0). By [23], [26],
Let S(V5l5)° be the (sp(8,R), U(4))-submodule of S(V4's) generated by
the Gaussian ®°. Since R(3,3) is generated by Fiyo, the natural map

S(Vis)" — R(3,3)
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is surjective.

Let 7y be a (limit of) discrete series representation of Sp(4,R). Fix
a pairing (, ) on my. For fi, fo € m, define a matrix coefficient ¢, g,
of my by

¢f1®f2(g) = <7T0(g)f17f2>-
Then the local zeta integral Z (%,¢f1®f2,F ) is absolutely convergent

and defines a (sp(4,R), U(2)) x (sp(4,R), U(2))-intertwining map
1474(%) — 7T(\)/ & 0.

Fr— [fl ®f2 = Z(%7¢f1®f2aF)]

By Corollary 3.2.3 of [24], for fixed non-zero elements f1, fo € 7, there
exists F' such that Z(3, ¢pep, F) # 0.

Assume that 7 is large. Let 6, ,(mg) be the theta lift of 7y to O(p, q).
By Theorem 15 of [31], 051(my) = 615(my) = 0. Hence, as in the proof
of Proposition 3.1 of [15],

Hom (sp(a,2).0(2)x (spar).0 @) (R(5, 1), 75 ® 70) = 0,
Hom apa,),U(2))x (sp4.2).0(2) (R(1, 5), g @ 7o) = 0.
This completes the proof. O

Let & = ®,9, € 3273 such that ¢, = (132 for all primes p. By
Proposition 3.1 and Lemmas 4.1, 4.2,

I4(@). f @ f) = €@ HE G, Fa). [ @ )

if 7 is stable. By (3.1),
(1%57(@), fo f) =@ ESY( Fa), f @ f)

if 7 is endoscopic. Hence
2dg in(1) " Lan (1, 7, St) Ln (1, 7, Ad) 25 (1, W, Fo..)
=) Adpan(3) Lan(1, 7, 5) Zoo (3, oo, Fa.)
if 7 is stable and
4dq in(1) 7" Resszt Lan(s, m, St) Lan (1, 7, Ad) 200 (1, W, Fa.)
= £/ f)dpan(5) ™ Ressmr Lan(s, 7, 8t) Zoo (5, doc, Fa)

if 7 is endoscopic. Since Lg, (1,7, St) # 0 (resp. Ress—1 Lgn (s, 7, St) #
0) if 7 is stable (resp. endoscopic) and Ly (S, Too, Ad) is holomorphic
and non-zero at s = 1, we have

QCL(laﬂaAd)Zoo<1a Woovf‘I)oo) = C</x3<f7 f)Zoo(%7¢oan<I>oo>-
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Here
1 if 7 is stable,
. {2 if 7 is endoscopic,
and
(4.2) C! = Coo(4)  Loo(1, Too, Ad) € C*.

By Lemma 4.4, we may assume that Zm(§,¢m,F¢m> # 0. Then
Zo(1L, Wy, Fo,) # 0 and
L(l,’]T,Ad) O/ (%7¢OOaF<Doo) '
<faf> OOZ (LWomeboo)
Since ¢, and W, depend only on 7, the right-hand side depends

only on m,, and ®,. However, the left-hand side is independent of
®,,. This completes the proof of Theorem 1.1.

(4.3) %

APPENDIX. SPHERICAL EISENSTEIN SERIES

In this appendix, we recall some relations among the terms in the
Laurent expansions of spherical Eisenstein series, which have been stud-
ied by Kudla [22] and Jiang [19], and give a proof for the sake of com-
pleteness.

We retain the notation of §3.1. For an automorphic form ¢ on G(A),
let pp,, be the constant term of ¢ along P, ;. We regard ¢p, , as an
automorphic form on A* x Sp(2n — 2, A). Let 1 denote the constant
function.

Lemma A.l. Let ¢ be a K-invariant automorphic form on G(A).
Assume that ¢ is concentrated on the Borel subgroup. If ¢p,, = 0,
then

v = 0.
Proof. See Corollary 3.1 of [19]. O
Proposition A.2. If1<r<n, then E™")(s)p, , is equal to

|| (=D (s 4+ )
£(S+n_3r 1)
E(s+n—5)

§(s —n+ P7)€(2s)
E(s+n—"52)E2s+r—1)
If r =1, then E™Y(s)p, , is equal to
E(s+n—1)

§(s+n)

| e BrE(s)

i | |—s+n—% ® E(n—l,r—l)(s . %)

E(s—n+1)

o (n—1,1)
|'®F (s)+ s+ 1)

|1+ el
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If r =n, then E™™(s)p, , is equal to

| ‘er”TH ® E(nfl,nfl)(s + %)

n-l 2 ntl
e ey [ @ B ey

Proof. See Proposition 2.6 of [19].

Obviously,

Al Rl g ———
(A1) )= o

A2 E®V@9) = g3y = L 1
( ) 1 () 1 (2) 5(4)
and

(A3) &(s+1)E2s)EP (s — 1) = ¢(s — 1)¢(2s — 1) E®? (—s +

Lemma A.3.

E% (L) = #)E@ Y(0).
1),

Proof. By Proposition A.2 and (A

1,1
P | Pe EMY(0),

E(2,2) 1 _ P
-1 (2)P2,1 25( )2

1 (1,1)
5() @ Ey(0).

P
£2)
EFV(0)p,, =2+ PO®1+ s

Hence

2,2 P 2,1
E(—l )(%)le - —E( )(O)P2,1'

26(2)""
This completes the proof.

Lemma A .4.

ey §(2) e

19

Proof. Put E®Y(s) = &(s + 2)E@V(s). Since E®V(—s) = E@(s),

we have

BRI = e@ELY0)+ €@ 0) =0
s=0
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Lemma A.5.
E(3,2) 3 p E(3,1) 1
—1 (2) €(4) 0 ()7
E(_3,3) 1) = /? E(s 1) 0).
Proof. By Proposition A.2 and (A 2)

3)
EGA3y, — P el () 2 1 +Pf( e B2V,
3) £(2)
B8V (L), = |4®1+i-| Lo B0 1) + 22 P,
’ " £(4) ’ ( )
2)?
E® (1 = 5914 5( Lo B (L),
ESDO)p, =2 \3®1+% e B0,
Hence, by Lemma A.3,
(3,2) /3 P (3,1)
E 2 =—FK 1
1 (2)133,1 5(4) 0 ()P3,17
E®(1)p,, = —2—EEV(0)p, .
-1 ( )Ps,1 25(4) 0 (O)P5,1
This completes the proof.
Lemma A.6. P
3,2 3,3
Y6 = 53 >E( (0)
Proof. By Proposition A.2 and (A.3), F (%) Py, 18 equal to
P 2 22) 1) 7 ¢ 2 (2,2) 1
. ESY2 (L . B 1
5(3)1|® )+ gt (2~ 3)!!@9_1(2)
P’ 2 (2,1) 2 (2,1)
Py ®FE 0) + —= log| | ® E, 0
2 /
P 2§ ) 2 g (21
eyl (ES e el :
2(2€0) (- g ) ITeR0)
and E (O) Py, 1s equal to
6¢'
2| o B 2| Plog| [0 B2 + 22|

€2
Hence, by Lemmas A.3, A 4,
p £33

E(f)f)(%)lja@ - m 0 (O)P3,1'

(2,2)
-1

()
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This completes the proof. O
Lemma A.7.

G §6) e

B9 (0) = 35/(2)E(3’3)(0).

2

@1 (s) and EG3)(s)

Proof. Put EGV(s) = £(s + 3)E a — S\
EGY(s) and EG3)(—s) = B33 (s), we

2)EG3)(s). Since EGV(—s) =
have

0 =~
&E(s’l) (S)

0 -~
&E(S’S) (S)

= (BB (0) + € 3)ES(0) = 0,

s=0

= ¢(2)2BPV(0) + 3¢(2)¢'(2) ESY(0) = 0.

s=0

Lemma A.8.

4,3 P 4,2 P 4.4
ESY(1) = —=E4P(3) = <B4V (D).

£
Proof. By Proposition A.2,

2
B4 W), = Lo P W) + 22| e 552,
§(4) 3
2) 2 p 3,1
E(4»2) 1 — g( 112 E(31 )1 38 E( 1) 0
-1 (2)P4,1 5(4) | | ® £ <2>+ 25 | | ® 0 ( )a

@A) 1y |3 e (33) PE(2) e B9)
E—l (;)P4,1_|| ®E—1 (1)+2£(3)£(4) || ®EO (O)

Hence, by Lemmas A.5, A.6,
E(—42’3)(1>P4,1 = LE(—41’2)(%)P4,1 = LE(—leA)(%)P&r
§(4)
This completes the proof. O

Lemma A.9.
E0) - 5B — g )
P <_7+3§/(2) +§/_> E(4’4)(%).

@\ p e )
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Proof. By Proposition A.2, E(_41’3)(1)p4,1 is equal to

e BSY(3)

bt PO B+ s (2= S8 Po B )

S PO EPIG) - S0 | Plogl |0 BSP(3)
pEQ) (7 26) 3 | pan

~gr (% s ) 1P

E((]4’2)(%)p4’1 is equal to

| 'e B (1)

£2) 2o m621y, §2)
+a>"®E (”+a®<

3 1) P
“f‘m ||®E (0)——

26(4)
p(2y 3¢ ) 3
+25(4)( 52 4)) Fe

and F 44)( )Py, 1s equal to

@) _CWY |y g
) PR
|

Plog| | ® £V (0)

| PeESY) +] Plog| | @ ESY(1)
2
p£(2> ‘ ‘2 E(3,3)(O> B pﬁ( ) | ‘210 ‘ ‘®Eé3,3)(0)

T 2(3)E®) : 2£(3)(4)
@) (1 €0 £B) W\ . o
*%@a@<p+am RE) a&)"®% ©):

Hence, by Lemmas A.5-A.7,

(4,3) P 42 P L4
E—l (1)P4,1 5(4)E0 ( )P41 5(4)E0 (2)P4,1
_ (P) <_2+ 35(()) + (( ))) | |3®E33)(1)
pE(2) (v 3¢(2)  €B) 9 . (33)
*ametr (ot 5 tew) e R0
I 3¢'(2) @ (44) 1
“ e (34 %+ ) P O

This completes the proof.



ON CRITICAL VALUES OF ADJOINT L-FUNCTIONS FOR GSp(4) 23

REFERENCES

[1] J. Arthur, Unipotent automorphic representations: conjectures, Astérisque
171-172 (1989), 13-71.

, Automorphic representations of GSp(4), Contributions to automor-
phic forms, geometry, and number theory, Johns Hopkins Univ. Press, 2004,
pp. 65-81.

[3] M. Asgari and F. Shahidi, Generic transfer from GSp(4) to GL(4), Compositio
Math. 142 (2006), 541-550.

[4] W. Casselman, The unramified principal series of p-adic groups. I. The spher-
ical function, Compositio Math. 40 (1980), 387—406.

[5] W. Casselman and J. Shalika, The unramified principal series of p-adic groups.
II. The Whittaker function, Compositio Math. 41 (1980), 207-231.

[6] J. W. Cogdell, H. H. Kim, I. I. Piatetski-Shapiro, and F. Shahidi, Functoriality
for the classical groups, Publ. Math. Inst. Hautes Etudes Sci. 99 (2004), 163—
233.

[7] P. Deligne, Valeurs de fonctions L et périodes d’intégrales, Automorphic forms,
representations and L-functions, Proc. Sympos. Pure Math. 33, Part 2, Amer.
Math. Soc., 1979, pp. 313-346.

[8] M. Furusawa and J. A. Shalika, On central critical values of the degree four
L-functions for GSp(4): the fundamental lemma, Mem. Amer. Math. Soc. 164
(2003), no. 782.

[9] S. Gelbart and H. Jacquet, A relation between automorphic representations of
GL(2) and GL(3), Ann. Sci. Ecole Norm. Sup. 11 (1978), 471-542.

[10] A. Genestier and J. Tilouine, Systémes de Taylor- Wiles pour GSp,, Astérisque
302 (2005), 177-290.

[11] D. Ginzburg, S. Rallis, and D. Soudry, Generic automorphic forms on SO(2n+
1): functorial lift to GL(2n), endoscopy, and base change, Internat. Math. Res.
Notices (2001), no. 14, 729-764.

[12] M. Harris, Formes autormorphes “géométriques”, Séminaire de théorie des nom-

bres, Paris 1984-85, Progr. Math. 63, Birkhduser Boston, 1986, pp. 109-129.

[13] , L-functions of 2 x 2 unitary groups and factorization of periods of
Hilbert modular forms, J. Amer. Math. Soc. 6 (1993), 637-719.
[14] , Occult period invariants and critical values of the degree four L-

function of GSp(4), Contributions to automorphic forms, geometry, and num-
ber theory, Johns Hopkins Univ. Press, 2004, pp. 331-354.

[15] M. Harris, S. S. Kudla, and W. J. Sweet, Jr., Theta dichotomy for unitary
groups, J. Amer. Math. Soc. 9 (1996), 941-1004.

[16] A. Ichino and T. Ikeda, On the periods of automorphic forms on special or-
thogonal groups and the Gross-Prasad conjecture, preprint.

[17] T. Ikeda, On the residue of the Eisenstein series and the Siegel-Weil formula,
Compositio Math. 103 (1996), 183-218.

[18] D. Jiang, Degree 16 standard L-function of GSp(2) x GSp(2), Mem. Amer.
Math. Soc. 123 (1996), no. 588.

[19] | The first term identities for Eisenstein series, J. Number Theory 70
(1998), 67-98.

[20] D. Jiang and D. Soudry, The multiplicity-one theorem for generic automorphic
forms of GSp(4), Pacific J. Math. 229 (2007), 381-388.



24
[21]

[22]
[23]

[24]

[28]

[29]

[30]

[31]

[32]

[35]
[36]

[37]

ATSUSHI ICHINO

B. Kostant, On Whittaker vectors and representation theory, Invent. Math. 48
(1978), 101-184.

S. S. Kudla, Some extensions of the Siegel-Weil formula, preprint.

S. S. Kudla and S. Rallis, Degenerate principal series and invariant distribu-
tions, Israel J. Math. 69 (1990), 25-45.

, Poles of Fisenstein series and L-functions, Festschrift in honor of I. L.
Piatetski-Shapiro on the occasion of his sixtieth birthday, Part II, Israel Math.
Conf. Proc. 3, Weizmann, 1990, pp. 81-110.

, A reqularized Siegel-Weil formula: the first term identity, Ann. of
Math. 140 (1994), 1-80.

S. T. Lee and C.-B. Zhu, Degenerate principal series and local theta correspon-
dence. II, Israel J. Math. 100 (1997), 29-59.

1. G. Macdonald, Spherical functions on a group of p-adic type, Ramanujan
Institute, Centre for Advanced Study in Mathematics, University of Madras,
Madras, 1971.

T. Moriyama, FEntireness of the spinor L-functions for certain generic cusp
forms on GSp(2), Amer. J. Math. 126 (2004), 899-920.

T. Oda, Hodge structures attached to geometric automorphic forms, Auto-
morphic forms and number theory (Sendai, 1983), Adv. Stud. Pure Math. 7,
North-Holland, 1985, pp. 223-276.

, An explicit integral representation of Whittaker functions on Sp(2; R)
for the large discrete series representations, Tohoku Math. J. 46 (1994), 261
279.

A. Paul, On the Howe correspondence for symplectic-orthogonal dual pairs, J.
Funct. Anal. 228 (2005), 270-310.

I. 1. Piatetski-Shapiro and S. Rallis, L-functions for the classical groups, Ex-
plicit constructions of automorphic L-functions, Lecture Notes in Mathematics
1254, Springer-Verlag, 1987, pp. 1-52.

G. Shimura, On the holomorphy of certain Dirichlet series, Proc. London
Math. Soc. 31 (1975), 79-98.

M. Tadié, Classification of unitary representations in irreducible representa-
tions of general linear group (non-archimedean case), Ann. Sci. Ecole Norm.
Sup. 19 (1986), 335-382.

D. A. Vogan, Jr., Gelfand-Kirillov dimension for Harish-Chandra modules,
Invent. Math. 48 (1978), 75-98.

J.-L. Waldspurger, La formule de Plancherel pour les groupes p-adiques
(d’aprés Harish-Chandra), J. Inst. Math. Jussieu 2 (2003), 235-333.

H. Yoshida, Motives and Siegel modular forms, Amer. J. Math. 123 (2001),
1171-1197.

DEPARTMENT OF MATHEMATICS, GRADUATE SCHOOL OF SCIENCE, OSAKA
CiTy UNIVERSITY, 3-3-138 SUGIMOTO, SUMIYOSHI-KU, OSAKA 558-8585, JAPAN
E-mail address: ichino@sci.osaka-cu.ac. jp



