Appendices.’

§A1l. Kuranishi structure.

In this book we use the moduli spaces of pseudo-holomorphic discs of various
kinds and their fundamental chains to define various operators, homomorphisms and
etc.. We need to appropriately perturb our moduli spaces so that they have “correct
dimension” (that is the index of the linearized operator of pseudo-holomorphic curve
equation) to define their fundamental chains.

A priori, our moduli spaces are not necessarily transversal. We use the gen-
eral framework developed in [FuOn99II] (See [LiTi98], [Rua99], [Sie96] for related
works.), where we introduced the notion of Kuranishi structure. Typical examples
of the space with Kuranishi structure are the moduli spaces of various kinds, in
which case Kuranishi neighborhoods are constructed using the finite dimensional
reduction of the differential equation defining the moduli space. However the def-
inition of Kuranishi structure applies to more general circumstances than that of
studying the moduli space.

In the framework of Kuranishi structures, we use a multisection of the obstruc-
tion bundle, as a multi-valued perturbation of the originally given equation, for the
construction of a perturbed moduli space of correct dimension and of the fundamen-
tal chain of the space. We call this fundamental chain a virtual fundamental chain.
This machinery works in many different circumstances arising in geometry. In this
section we give a rather complete and self-contained account on the story of Ku-
ranishi structures needed for the applications in this book. We provide most of the
proofs of the basic properties of the Kuranishi structure except the proof of some
technical lemma for which we refer to the original paper [FuOn99II]. The defini-
tion of Kuranishi structure (and that of multisection) is a rather elementary notion
whose understanding requires nothing more than basic knowledge of topology and
geometry.

Most of the contents of this appendix consist of a review of materials from
[FuOn99II]. So the reader who is familiar with Kuranishi structure does not need
to read §A1.1. However we add a few new points in subsections §A1.2, §A1.3 and
§A1.6 to those already in [FuOn99II]. Namely, we give the definition of the fiber
product of spaces with Kuranishi structure in §A1.2 and that of finite group action
on Kuranishi structure in §A1.3. Then in §A1.6, we discuss some special case of
stacks arising in relation to the finite group action.

The boundaries of various moduli spaces that we inductively construct arise
as the fiber product of other moduli spaces that are constructed in the earlier
induction steps. (See §29.) So the fiber product enters in an essential way in

1version November 10, 2007



2 FUKAYA, OH, OHTA, ONO

the precise description of the boundaries of the moduli spaces. We note that the
fiber product is also used in the compactification of the moduli space in a similar
inductive fashion in [FuOn99II] for the construction of Gromov-Witten invariant on
general symplectic manifolds. However for the case of Gromov-Witten invariants
one can work in the level of homology which enables us to choose perturbations (i.e.,
multisections) individually at each stage and hence the usage of fiber products in the
compactification was not so essential. On the other hand, in the circumstance of this
book where we need to work in the level of chains, it is the essential point to make
the system of multisections constructed in different inductive steps compatible to
one another. Therefore it is crucial to give the precise meaning of the compatibility
where a careful treatment of the fiber product of moduli spaces is needed in relation
to the transversality and the gluing.

A brief outline of the contents of this appendix is in order. We give a quick
review of the materials on the Kuranishi structure from [FuOn99II| in §A1.1 and
give the definition of fiber product in §A1.2 and that of a finite group action on the
Kuranishi structure in §A1.3. The action of a finite group and its quotient space
with Kuranishi structure is used in §41. Actually such a notion was already used in
[FuOn99II, §23] but we provide a more precise description which is needed in §41.

We add some discussions about the smoothness of the coordinate transformation
of the Kuranishi structure in §A1.4. In §A1.5 we examine several (counter) examples
which illustrate some delicate issues arising in the definitions of Kuranishi structures
and of orbifolds.

In §A1.6, we discuss a ‘purely ineffective’ version of orbifold. Namely a ‘space’
which is obtained by ‘gluing’ ‘quotient spaces’ M /G where the action of G on M
is trivial. Especially we study ‘vector bundles’ on such a ‘space’. Such a space
naturally appears when we study the subset X=(T") of an orbifold X consisting of
the points whose isotropy groups are isomorphic to I'. In §35 we need to study the
‘normal bundle’ of X=(T') in X. We introduce such a notion in §A1.6. The story
we describe there can be regarded as a special case of the theory of stack, which is
due to Grothendick and is classical (goes back to 50’s or 60’s) at least in its scheme
version. So this is really not new. However we provide full details in an elementary
manner without using category theory, which is usually the common language used
in the definition of stacks. We believe this direct elementary approach is useful for
some of the readers who are not familiar to abstract algebraic geometry.

There were some technical errors in [FOOOO00] and an error in [FuOn9911] related
to the materials of this section. All of these errors are corrected in this version and
none of them are essential. For the convenience of readers who already studied
[FOOO000], [FuOn991I], we identify these errors and their remedies in §A1.7. For
other readers, this section is not necessary to read.

Al.1. Review of the definition of the Kuranishi structure and multisec-
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tion.

First of all, we define the Kuranishi structure (with corners). Here we rephrase
the definitions in [FuOn99II] without using the phrase “smooth embedding of orb-
ifolds”. Let X be a compact metrizable space and p € X.

Definition A1.1. A Kuranishi neighborhood of p in X is a quintet (Vj,, Ep, I'p, ¢p, Sp)
such that

(A1.2.1) V, is a smooth manifold of finite dimension, which may or may not have
boundary or corner.

(A1.2.2) E, is a real vector space of finite dimension.

(A1.2.3) T, is a finite group acting smoothly and effectively on V,, and has a linear
representation on [,.

(Al.2.4) s, is al, equivariant smooth map V,, — E,.

(A1.2.5) ¢ is a homeomorphism from s, 1(0)/T’, to a neighborhood of p in X.
We put U, = V,,/I', and says that U, is a Kuranishi neighborhood. We sometimes
say that V), is a Kuranishi neighborhood by an abuse of notation.

We call E, x V, — V), the obstruction bundle and s, the Kuranishi map. For
x € V,, denote by (I',), the isotropy subgroup at z, i.e.,

(Fp)a: ={ve 1jp|7x = x}.

In case V, has boundary or corners, we say that (V,,, E,, 'y, ¥y, sp) is a Kuranishi
structure with boundary or corner.

Let us take a point o, € V,, with s,(0,) = 0 and ¥ ([o,]) = p. We may and will
assume that o, is fixed by all elements of I';,.

Definition A1.3. Let (V,, E,, L'y, ¥p, sp), (Vg Eq,Tq, g, 8q) be Kuranishi neigh-

borhoods of p € X and ¢ € ¢,(s, ' (0)/T,), respectively. We say a triple (Dpg> Dpas Prpg)
a coordinate change if

(A1.4.1) hy, is an injective homomorphism I'; — T'),.

(A1.4.2)  ¢pg : Vpq — V, is an hy, equivariant smooth embedding from a T’
invariant open neighborhood V), of o, to V), such that the induced map qu :
Vpq/Tq — V, /T is injective.

(A1.4.3)  (dpg> bpq) is an hy, equivariant embedding of vector bundles E, x V,, —
E, xV,.

(A1.4.4) gfqu 084 = Sp O ¢pg. Here and hereafter we sometimes regard s, as a
section s, : V), — K, x V}, of trivial bundle E, x V, — V.

(A1.4.5) o, =10 ¢,, on (571(0) NV,q)/Ty. Here ¢, isasin (A1.4.2).

(A1.4.6)  hpg restricts to an isomorphism (I'y)z — (') e, (2) for any x € V.
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Combining Condition (A1.4.6) and the injectivity of (U Vpg/Tq = Vp /Ty, we
find

(A1.4.6")  If (Yopg(Vpg)) N (dpg(Vig)) # 0 and v € Ty, then v € hyy(Ty).

If we choose V, sufficiently small, (A1.4.6) is equivalent to the condition that
hpq testricts to an isomorphism I'y = (I'y)o, — (I'p)g,.(0,)- In our construction
of Kuranishi structure on the moduli spaces, I', corresponds to the automorphism
group of the stable map possibly with marked points. Thus (A1.4.6) is satisfied in
our case.

Definition A1.5. A Kuranishi structure on X assigns a Kuranishi neighborhood
(Vi Ep,T'p, 1y, sp) for each p € X and a coordinate change (¢pq, ¢pq, hpq) for each
q € ¥p(s,1(0)/T'p) such that the following holds.

(A1.6.1) dimV, —rank F, is independent of p.
(A1.6.2) Ifr e y(s;1(0)/Ty), q € Yp(s, ' (0)/Tp) then there exists ypq, € I'p such
that

_1 n i i
hpq © hgr = Ypgr * Ppr - Ypgr> ®pq © Par = Vpgr * Pprs  Ppq © Par = Vpgr * Ppr-

Here the second equality holds on qﬁqj} (Vog) N Vg NV, and the third equality holds
on Ey x (¢q_rl(qu) N Var 0 Vir)-

We remark that (A1.6.2) is equivalent to the condition that

qu ° ?qr - Qpr'
(We can prove this equivalence by using the effectivity of the I'), action.)
We can define the notion of germ of Kuranishi structure. But we do not use it
in this book. We regard two Kuranishi structures

({(Vp, Eps Tps by, sp)p | p € X, {(épqa Ppgs Ppg) | P q € ’tﬂp(S;l(O)/Fp)})

and

(VB Tty sh)p | 2 € X3, {(Bhgs Dogs Ppg) | 220 € 15y (s7571(0)/T) )

are the same if and only if all the data are the same, namely V, = V], E, =
B, hpg = hiy,

We call dim V), — rank E,, the virtual dimension (or dimension) of the Kuranishi
structure.

In case K C X we say U is a Kuranishi neighborhood of K it U = {V,, /'), },
K C Uz 1/)]91 (S;il (0)/FZJ1)

An orbifold structure on X is, by definition, a Kuranishi structure on X such
that E, = 0 for all p.
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Example A1.7. Let W; be a Banach manifold, W5 be a Banach space and let
F : Wi — W5 be a smooth (non-linear) Fredholm map. We assume that there is an
action of a discrete group G on W and also G has a linear representation on Ws,
such that F' is equivariant.

We consider the situation when X is a moduli space of solutions of an equation

(A1.8) F(w)=0.

We assume that the action of G on the set of solutions of (A1.8) is properly discon-
tinuous. (We remark that the set of solutions of (A1.8) is locally compact since F’
is Fredholm.)

We consider the space : X = {w € W; | F(w) = 0}/G. Typically (A1.8) is a
nonlinear elliptic partial differential equation.

In this situation, we can define a Kuranishi structure of X as follows.

Let w be a solution of (A1.8). We consider its linearized equation as follows. Let
u € T,Wi. We put

d
Dy F(u) = ﬁF(w + tu)|i=0-

Here DwF : TwW1 — WQ. (We identify TOW2 = WQ)

In case D, F : T,,W; — W5 is surjective, X is a smooth manifold in a neighbor-
hood of w by the implicit function theorem. Hence V,, (a Kuranishi neighborhood
of [w]) can be chosen as a neighborhood of w in X and E,, = 0.

We consider the case when D, F' : T,,W; — W5 is not surjective but is a Fredholm
operator. We choose a finite dimensional linear subspace F,, C W5 such that

(A1.9) Im(Dy, F) + B, = Wa.
We now define V,, to be the set of all u in a neighborhood U(w) of w such that
(A1.10) F(u)=0 mod Ey,.

I, is the set of automorphisms of w. Namely I',, = {g € G | gw = w}. Since we
assumed that the action of G' on the set of solutions of (A1.8) is properly discon-
tinuous, it follows that I',, is a finite group. If u satisfies (A1.10), we put

Then s, defines a map V,, — E,. If u € V,, and s,(u) = 0, then u is a so-
lution of (A1.8) and hence its equivalence class 1, (u) is an element of X. We
can choose V,, small enough so that (A1.9) and the implicit function theorem im-
ply that V,, is a smooth manifold. Thus we obtained a Kuranishi neighborhood
(Vw7 Eun Fwa ¢wa Sw)-

If w’ is in the image of 1),,, then we may choose E,, so that E,, C E,,. (See the
discussion at the end of §29.4.) In this case F(u) = 0 mod E,, implies (A1.10).
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Hence V,,» N U(w) is a submanifold of V,,. Therefore by putting V. = Vi N
U(w), we have ¢y @ Vi — Vi. Moreover since E,, C E,,, we have a bundle
embedding qgww/. Furthermore, we may choose V,, enough small such that the group
of automorphism I',» of elements of V,, is contained in the group I'y,, the group of
automorphism of w. We thus obtain a coordinate change (gzgww/, Gww’ s Pww’)-

We remark that in general dimV,, # dim V. So it may happen that the coor-
dinate change exists only in one direction. Our idea to obtain fundamental chain
for space with Kuranishi structure is to perturb the Kuranishi map s, so that it is
transversal to zero. The perturbed Kuranishi map should be compatible with co-
ordinate change. As in the usual proof of transversality theorem, we will construct
perturbation of Kuranishi map in each of the Kuranishi neighborhood inductively.
Since coordinate change may exist only in one direction, we need to find a clever
choice of the order of the Kuranishi neighborhoods to work out the induction. The
choice of good coordinate system below provides such a clever choice.

Lemma A1.11. ([FuOn99II, Lemma 6.3]) Let X be a space with Kuranishi struc-
ture. Then there exists a finite set P C X, an order < on P, and a Kuranishi
neighborhood (V,, Ep, Ty, 1y, sp) of p for each p € P, with the following properties.

(A1.12.1)  Ifq <p, ¥p(s; 1 (0)/Tp) Nahg(s;1(0)/Tq) # 0, then there exists

(qu7 ép(ﬁ ¢pq7 hP(I)

where :
(A1.12.1.1) V,q is a T'y invariant open subset of Vg such that Vp, /Ty, contains

Uy (G (s (0)/T) N tys7 ' (0)/T,),

(A1.12.1.2)  hyy is an injective homomorphism I'y — Ty with its image (I'y) g, (¢)»
(A1.12.1.3) @pq : Vg — Vp is an hyg equivariant smooth embedding such that the
induced map Vpq /Ty — V, /T is injective,

(Al.12.1.4) (quq, ®pq) 18 an hyq equivariant embedding of vector bundles Egx Vg —
E, xV,,

(AL12.1.5) ¢pg o sq = Sp 0 Ppg, Yg =po ?pq'

(AL122) 17 < < p, (s (0)/Tp) (57 (0)/Tg) (s (0)/T) £ 0, then
there exists ypqr € I')y such that

hpq © hgr = Vpar = hpr - 7;;;1r7 Ppq © Par = VYpar - Pprs  Ppq © Par = Vpar * Ppr-
Here the second equality holds on gb;rl(qu) N Vyr N Vpyr, and the third equality holds
on E, x ((b;Tl(qu) N Vo N V).
(A1.12.3)
U ¢s(s,1(0)/T) = X.

peP
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We call {(V,, Ep, Ty, ¥p, sp) }pep a good coordinate system.

The proof of Lemma A1.11 is rather technical and is omitted here. See [FuOn991I]
pp 957-958.

In this book we use virtual fundamental chains of the space with Kuranishi
structure. A virtual fundamental chain may be regarded as a chain of some infinite
dimensional space into which all the Kuranishi neighborhoods are embedded. How-
ever this picture is not so useful for our purpose of this book. We use the Kuranishi
structure over a space X from which there is a map to another space, say Y, and
use the virtual fundamental chain as a chain in the space Y. In our circumstances
the map will be an evaluation map from the moduli spaces.

Namely we work in the following situation.

Definition A1.13. Consider the situation of Lemma A1.11. Let Y be a topological
space. A family {f,} of I'p-equivariant continuous maps f,, : V, — Y is said to be
a strongly continuous map if
Jp o dpq = fq

on Vp,. A strongly continuous map induces a continuous map f: X — Y. We will
ambiguously denote f = {f,} when the meaning is clear.

When Y is a smooth manifold, a strongly continuous map f: X — Y is defined
to be smooth if all f, : V,, — Y are smooth. We say that it is weakly submersive if
each of f, is a submersion.

In the construction of this book, the evaluation maps from various moduli spaces
are weakly submersive, i.e., the restriction of the evaluation map to each boundary,
corner of the moduli space is also weakly submersive.

We need some more conditions for a space with Kuranishi structure X to have
a fundamental chain. Let

€ Yp(s, ' (0)/Tp) Ng(sy1(0)/Ty) C X,

where (V,, E,, Iy, 1y, sp) and (Vy, Ey, Ty, 1, s4) are Kuranishi neighborhoods. Let
T = YPp(xp) = Yg(xq). We consider d,, sp : T,V — (Ep)e, and dy 54 2 Ty Vg —
(Eq)z,- They may be regarded as tangential complexes of our ‘moduli space’. In
fact if s, is transversal to 0 at z,, then X is a manifold in a neighborhood of z,
and T, X = Ker(dy,sp). The condition below implies that the tangential complex
dy,5p : Ty, Vy — (Ep)s, can be glued to give a virtual bundle on X.

Consider the situation of Lemma A1.10. We identify a neighborhood of ¢,,(V}q)
in V, with a neighborhood of the zero section of the normal bundle Ny, V, —
Vpq, using an exponential map of an appropriate Riemannian metric. We take the
fiber derivative of the Kuranishi map s, along the fiber direction and obtain a
homomorphism

dﬁberSp : NquV;? — Ep X qu

which is an hp4-equivariant bundle homomorphism.
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Definition A1.14. We say that the space with Kuranishi structure X has a tan-
gent bundle if dgpersp, induces a bundle isomorphism

Ey, X Vi
Ppq(Eq X Vpg)

(A1.15) Ny, V, &

P

as I'y-equivariant bundles on V.

Note that Condition (A1.4.6) guarantees that the normal bundle of the smooth
orbifold embedding V,,,/I'; — V, /I, is defined as an orbi-bundle. (See Definition
A1.33 for the definition of orbi-bundle.)

We remark that the homomorphism (A1.15) does not depend on the choice of
Riemannian metric which we use to identify a given tubular neighborhood with an
open set of the normal bundle.

By definition, the following diagram commutes for each z € gbq_rl (Vig) NV NV

par ddpg
(NVqTVq)x ’Y—> (var‘/}?)x - (NquVp)¢q,n(w)

AL 1 j j

E, Ypar ®pq E, E,
djqr,a:(E'r) ¢pr,z(Er) ¢pq,¢qr(x)(Eq)

Here and hereafter ngp@, : By — E, is the restriction of the bundle map <;3pq to the
fiber of x.

Definition A1.17. Let X be a space with Kuranishi structure which has a tan-
gent bundle. We say that the Kuranishi structure on X is oriented if we have a
trivialization of

A®PEY @ APTV,
which is compatible with isomorphism (A1.15).

Example A1.18. Let us consider the situation of Example A1.7. We show that
this Kuranishi structure has a tangent bundle : Let w’ is in the image of v,,. We
have F,,, C E,,. Hence if u € V,,,, C V, then

TV = (DuP)  (EBy), TV = (DyP) (Ey).
Therefore, since Im(D, P) + E,, = Wa, an isomorphism

TVi . FEu
Tqu’ N Ew’

is induced by dF'. The isomorphism (A1.15) is induced from this isomorphism. Since
the Kuranishi map is a restriction of F' in this example, the above isomorphism is
induced by the Kuranishi map.
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Now we describe the construction of the virtual fundamental chain in [FuOn99II].
For this purpose we need the notion of multisection. We assume that I' acts on a
manifold V' and a vector space E. A symmetric group &,, of order n! acts on the
product E" by

0-(3717 to 7:1371) = (xa'(l), to 7370‘(n))’

Let S™(E) be the quotient space E™/&,,. Then I' action on E induces one on
S™(E). The map E™ — E™ defined by

(x17"' 73371) = (xla"' sy L1y L2y 3 L2y 3, T, ;mn)
m times m times m times

induces a I' equivariant map S™(E) — S"™(E).

Definition A1.19. An n-multisection s of 7 : E x V — V is a I'-equivariant map
V — S™(E). We say that it is liftable if there exists s = (s1,---,5,) : V. — E"
such that its composition with 7 : E™ — S™(FE) is s. (We do not assume s to be I'
equivariant.) Each of 51,--- 5, is said to be a branch of s.

If s: V — S™(F) is an n multisection, then it induces an nm multisection for
each m by composing it with S™(E) — S™™(FE).

An n multisection s is said to be equivalent to an m multisection s’ if the induced
nm multisections coincide to each other. An equivalence class by this equivalence
relation is said to be a multisection.

A liftable multisection is said to be transversal to zero if each of its branch is
transversal to zero.

A family of multisections s, is said to converge to s as € — 0 if there exists n such
that s, is represented by an n-multisection s and s!' converges to a representative
of s.

From now on we assume all the multisections are liftable unless otherwise stated.

Lemma A1.20. For any multisection s of m: E x V. — V| which is transversal to
zero in a Kuranishi neighborhood of K C V/T', there exists a family of multisections
se converging to s in the C%-sense such that s, is transversal to zero and s = s in
a neighborhood of K.

Proof. Let m be the order of I'. Let s be represented by 7w os™ where s" : V — E".
Then, by the usual transversality theorem, there exists s, = (S¢;)i=1.... n, Which
converges to s, is transversal to zero, and coincides with s™ on K. (Here KcV
such that I}/F = K.) Wedefine 5, : V — E"™ by (005,00 1);—1.... n. ser. (Here
m = #I'.) The equivalence class of s, is the required multisection. [

Definition A1.21. Let us consider the situation of Lemma A1.11. We assume
that our Kuranishi structure has a tangent bundle. Suppose p,q € P, ¢ < p and
suppose we have multisections s, s;, of E, x V;,, E, x V, respectively. We now
define the compatibility between them.
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Now consider the embedding ¢,q : Vg — V, in (A1.12.1.3). We identify its
normal bundle Ny, V), with a tubular neighborhood of ¢pq(Vy,). For each z € V),
we fix a splitting

Ly

A1.22 Ep 2 ¢pgn(Ey) ® —2—.
( ) p = Ppg.a(Ey) (B

Ep

For each y € Ny, V,, we obtain an element 1(y) of Forr B

by using the
isomorphism (A1.15).

Then, on Ny, V), we define a multisection s}, © 1 as follows. Let (s} 1,---,5 ,)
be a representative of 5. We put (using (A1.22))

Eo)(y) =G (n(y) @ 1(y), - 8. (7(y) ®1(y))

n EP ' ~ M
€ <¢pq,m(Eq)@ A (Eq)) =k,

pq,7(y)

We denote by s; @ 1 the equivalence class of 5) @ 1.

Now we say that s,
coincides with s; @ 1.

We remark that the (single valued) section s, (that is a Kuranishi map) is com-
patible with s, in the sense defined above. This follows from the fact that (A1.15)
is induced by the fiber derivative of the Kuranishi map.

A multisection 5 = {s,},ep is a compatible system of multisections (s}, : V), —
E,). If X is a space with Kuranishi structure, then a multisection of X is, by
definition, a multisection of its obstruction bundle.

is compatible with s, if the restriction of s, to Ny, V,

Theorem A1.23. Consider the circumstance of Lemma Al.11. Suppose the Ku-
ranishi structure over X has a tangent bundle. Then there exists a family of mul-
tisections 5. = {s,, .} such that it converges to {sp}pecp (the Kuranishi map) and
such that s, . are transversal to 0 for all € > 0.

Moreover if K C X is a compact set and if {s,, .} is a family of multisections in
a Kuranishi neighborhood of K that converges to {sp}pep and is transversal to 0
on K, then we can take the family {s), .}p.c so that it coincides with {s; .} on some

Kuranishi neighborhood of K.

Proof. We can construct {s; .}, on V,, inductively on the order < on P. Each
inductive step is done by Lemma A1.20 as follows. Let us assume that {s;}qsep
is defined for ¢ < p. Then, on the union of Ny, V, (¢ < p), the multisection
sp is already determined as s) . @ 1 which was described in Definition A1.21. (If
r < q < p, then we can prove s, . &1 = 3. @1 on Ny, V, N Ny, V, by using
commutativity of (A1.16).) We can now construct s, . by Lemma A1.20. [
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Let Y be a topological space and {f,} (fp : Vp — Y) be a strongly continuous
map. We will construct a virtual fundamental chain, which is a chain in Y using
the multisections s, produced in Theorem A1.23. This construction is now in order.

We put

—_——

(s5,)71(0) = {y € V}, | there exists a branch 5], _; of s, ; such that 5, _,;(y) = 0},

—_——

(5p.6) 71 (0) = (55,6)~1(0) /T

The compatibility implies that

(A1.24) ) (s,6)1(0) N Viq _ (s5,)71(0)NTy - (Ny,, V)
. Spq T, T :

where @pq : Vpg/Tg — V, /T We put

(s (0)set = |J (s55.071(0)/ ~,

peEP
where ~ implies that we identify y € (s} )~'(0) with ., (W)€ (s7,.¢)~1(0).

For each p we choose ny, and s, . = (S, 1, 1 8pen,) t Vp — E,” such that
mo3s), . (where 7 : Ep” — 5™ (E,) is the projection) is a representative of s/, .. For
y € (53,6)71(0), we put
(A1.25) valy(7(y)) = #{i | 5, :(y) = 0},
where 7 : (s;’e)*l(O) — (s;’e)_l(O).

Lemma A1.26. ([FuOn99II] Lemma 6.9) For a generic choice of s., the space
((s2)7(0))set has a smooth triangulation such that for each simplex A™ in the

triangulation, there exists po such that A7 C (s}, )7'(0) and valy, is constant on

IntA7".

The proof is rather technical and is omitted, cf. [FuOn991I] p. 946.

Now assume that X is oriented. Let d be the virtual dimension of X. For each d
dimensional simplex A2 of ((s.)71(0))set We define its multiplicity as follows. (We
remark that the dimension of ((s.)71(0))set is d by transversality.)

Definition A1.27. Let us consider the situation of Lemma A1.26. Let w(y) €

Int A?, where y € V,, and 7w : V,,, — V,,, /Ty, Let 8, = (5, .1,  Spasenp, ) -
V., — Ep’® be as in the definition of val, . For each i with Sp. c.i(y) = 0 we define

€; € {1} as follows. Since s, is transversal to 0 it follows that

dys; :TyVy, — By,

Pa>€,?
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is a surjection. Using the trivialization of
to * to
APE, @ NPT, V),

induced by the orientation, we can assign an orientation on (d,s! _,)”'(0) as in

Pa €,
§45.1, Case (4) in Chapter 9. We put ¢; = 1 if this orientation on (dys), . ;)~'(0)
coincides with the one on A% and ¢; = —1 if not. Now we define
D€
mulpa = —=——— € Q,
“ Npg * #Fpa
here the sum in the numerator is taken over all i with s, _.(y) = 0. Using the

fact that val,, is constant, we can prove that mula« is independent of y € Al
Using the compatibility, we can prove that mulaa is independent of p, such that
A C (8p,.)7H0).

Now we give the definition of the virtual fundamental chain f.[X]in Y.

Definition A1.28.

(A1.29) FAXT =) maulaa fp, (AL,

Here f.[X] is a Q-singular chain of Y.
Next we consider the case where X has boundary or corner.

Definition A1.30. x € X is said to be in the codimension k corner of X if x =
Yp(mx) where € V}, is in the codimension k corner of V,, and 7 : V,, — V,,/T', is a
projection. (We remark that V, is a manifold with corner.) We denote by 0X the
set of all z in the codimension 1 corner (that is the boundary). We also write Si X
be the set of all elements of X in the codimension k corner.

We define a Kuranishi structure on S3 X as follows : If p € S, X and the I'-action
induces an effective action on SV, we take (SiV), Ep, Ty, sp|s,v,) as its Kuranishi
neighborhood where S V), is the codimension %k corner of V.

If the induced I'p-action on SV, is not effective, we increase both the Kuranishi
neighborhood and obstruction bundle by adding the same representation of I', so
that the action to the Kuranishi neighborhood is effective. (This process requires
some care. See Remark A1.102.)

Lemma A1.31. Denote by Of = flox. Then

Of.[X] = f.[0X].

The proof is easy and is left to the reader. We can use Lemma A1.31 to show
the following.
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Lemma A1.32. If0X =0, then f.[X] is a cycle. Its homology class is independent
of the choice of perturbation s..

Proof. The first half is immediate from Lemma A1.31. To prove the second half
we remark that X x [0, 1] has Kuranishi structure with boundary such that (X x
[0,1]) = X x {0,1}. Let us assume that we have two choices of s, say s0,sl. We
can find 57 on X x [0, 1] whose restriction to X x {to} (to = 0, 1) coincides with s’

(Theorem A1.23). Second half of Lemma A1.32 then is immediate from Lemma
A131. O

We next review the definition of bundle system in [FuOn99II]. (We used this
notion in §41, §42.)

Definition A1.33. Let X be a space with Kuranishi structure. A bundle system
on X is the following objects : Let (V,, E,, 'y, 9y, sp) be a Kuranishi neighborhood
of pe X.

(A1.34.1) For each p, we have a pair Fy p, F» , of vector bundles over V), such
that I'), acts on Fy p, Fo ).
(A1.34.2) Ifge 1/)(%[1“ ), then, for i = 0, 1, we have an h,, equivariant embed-
dings of vector bundles ¢; ,,q : Fi g — Fip over ¢pg 1 Vg — V.

Moreover we have an isomorphlsm

Fl’p|¢pq(vq) ~ FQ’p|¢pq(Vq)
‘bl,pq(Fl,q) ¢2,pq(F2,q)

(A1.34.3)  Ifr € ¥g(Vy/Tq) € ¢p(Vy/Tp), then @; g 0 $igr = Yogr - Gipr-
(A1.34.4) Ifr € ¢y(Vy/Ty) C 1q(V,/I'p), then the following diagram commutes.

pqg -

2 —1
0 Fl,q‘¢q7~(vr) ®1,pq Fl,p"ypqr-d>p7~(vr) TOYpqr Fl,p|¢>pq(vq) 0
‘z)l,pr(Fl,r) '7pq7"¢1,p7‘(F1,7‘) ¢1,pq(Fl,q)
‘I’qu ’YPqTO@P"‘O’Y;qlrl (I’pql
X -1
0 FQvQ‘djqr(Vr) ®2,pq FQ,p‘wpqr~¢pr(Vr) TOYpqr FZ,p|¢pq(Vq) 0
®2,pr(F2,r) Ypar - P2,pr (F2,r) #2,pq(F2,q)

In case X is an orbifold, we call a pair (F} p, élypq) an orbi-bundle on X if it satis-
fies (A1.34) with F5 , = 0. In other words, an orbi-bundle is a pair ({F p}, {¢1,pq})
where Fy,, is a I'), equivariant vector bundle on V), and ¢1 pq 18 an hps-equivariant
isomorphism of vector bundles such that (;51 pq © ¢1 qr = Ypgr (;51 pr-

Example A1.35. If the Kuranishi structure on X has a tangent bundle, then

F,=TV,, Fy, = E, xV, define a bundle system. In fact the isomorphism ®,, is
isomorphism (A1.15). The commutativity in (A1.34.4) is commutativity of (A1.16).
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A1.2. Fiber product.

We next define a fiber product of Kuranishi structure. We assume that Y; are
smooth manifolds, X are the spaces with Kuranishi structures, and the notations
(VIj,E;,FZ,W sp,V;q, L. pq,h" ) are as in Lemma A1.11. (¢ = 1,---,1.) Let
{fip:} + Xi — Y; be smooth strongly continuous maps. We assume that they are
weakly submersive. We put Y = [[Y;. Let W be a manifold with corner and
f: W — Y be a smooth map. Let f; : X; — Y, be the continuous map induced

from {f; p,}. We put
Z=]]XixyW:

(A1.36)
{((pz € HX X W' (fi(p1), - fulpn)) = f(p)}-

We will define a Kuranishi structure on Z.

Definition A1.37. Let = ((pi),p) € Z and V,!, be Kuranishi neighborhoods of
p;. We put

(A1.38) Vy:= {((mi),x) € HVZ’ X W (fip(@1), - fap, (@) = f(l‘)} :

Since f; », are submersions, it follows that Vj is a smooth manifold for each p. We
put Ey =[] E}, and T'y = [T}, . It is easy to see that 'y acts on Ey x Vy — Vj.
We can define a map sy : V3 — Ej using sjioi in an obvious way. A map vy :
(s5)~1(0)/T5 — Z is induced from )/ .

It is straightforward to check that (V E Tz, 1z, s5) is a Kuranishi neighborhood
of p and that they are glued to define a Kuramshl structure on Z.

Lemma A1.39. If the Kuranishi structures on X; have tangent bundles, so does
the Kuranishi structure on Z. If the Kuranishi structures on X;, and the manifolds
Y;, W are oriented, so is the Kuranishi structure on Z.

Proof. Let q; < p; and x; € 1y, (5,1 (0)/T,) Nthg, (5,1 (0)/Ty,) C X;. We put z; =

Up, (T(@ip;)) = Vg, (7(21,q,)). We assume ¢ = ((¢:), ), T = ((2i),2), P = ((p:),p)
are elements of Z. By (A1.15), Kuranishi maps induce isomorphisms

(A1.40) Tein,Vor ~ By,
‘ (dmi,qi (bPiQi)(Tmz q; VZ) B Qgpiq«hxi <qu Vp a; )

We put @5 = ((zip,),x) € Vi, Zg = ((Tig,),x) € Vz. Since there exist exact
sequences
0 — T5(Vp) — @TM v, @TWH@T Y; =0

Ti,q;

0— Tx(Vg) — @T VZ@TWH@T Y; — 0,
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it follows that we have an isomorphism

Ty Vi T, V¢
(A1.41) LAk ~ P B
(dfq¢ﬁ§) (qu‘/q') P (dwi,qi gbpi(h‘ ) (Tmi,qi ‘/qzz)

Therefore (A1.40) implies

Tz, Vi

D - Ey, __ B
(dfﬁgbﬁﬁ(Tf@Vq‘) i ¢Pz‘Qi,9Ei(EQi Vpiiqi) 55»5<E§‘Vﬁq)

112

(A1.42)

which is induced by the differential of the Kuranishi map. We have thus proved
existence of the tangent bundle. The proof of orientability is similar. [J

We remark that the map Z — W is induced by a strongly continuous map, which
we write f = (f;) xy W.

Lemma A1.43. We assume that W and Y are compact without boundary and
orientation and 0X; = 0. Then we have

F*(PD(fr.([X1])) U--- U PD(fr.([X1)))) = £PD(f.([2])).

Here PD is the Poincaré duality.

The proof is easy and is left to the reader. (We do not use Lemma A1.43 in this
book.)

Let f; : X; — Y (i = 1,2) be strongly continuous maps and Z = X; Xy Xs =
{(z1,22) € X7 X Xo | fi(z1) = fa(x2)}. If X;,X5 have Kuranishi structure and
f1, fo are weakly submersive, then we may regard Z = (X; x X3) Xy2 Y where
Y — Y2 y+— (y,y). Then Z has a Kuranishi structure. Actually it is enough to
assume that one of f1,f> is weakly submersive.

Remark A1.44. (1) We define fiber product only in case when f; are weakly
submersive. We can reduce the general case to this case by modifying the Ku-
ranishi structure. Namely, we can increase V;}j and E;j at the same time so
that f;, are submersions as follows. Let (Y/;j,E;j,Féj,w;j,géj) be a Kuranishi
neighborhood of p; € X;. Consider the graph Ffi,pj c V, xY and take its
tubular neighborhood U(I'y, , ). The normal bundle N(U(I'y, ,)), whose the unit
disc bundle is identified with U (T’ Fim, ), is naturally isomorphic to the restriction
of pr3TY, where pr, is the projection from Vpij x Y to the /-th factor. Then
(U(Ffi,pj ),pr§TY|U(pfi’pj),I‘;j , ¢;j opry, s;j ® Scan) is a Kuranishi neighborhood of
pj € X;. Here, I‘;j acts trivially on the second factor Y, and s, is the tautological
section of N(U(Ffi’pj )) over U(I‘fl.,pj ). Since f;;,, coincides with pro o (id, f; ;) and
the restriction of pry to U(T fi,pj) is clearly a submersion, we can make f; weakly
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submersive. Alternatively, we can use the above observation that the fiber product
X1 Xy Xg is identified with Z = (X1 X X2) ¢, xf, Xy xy AY, where A: Y - Y xY
is the diagonal embedding. We also remarked that this fiber product carries a Ku-
ranishi structure, if either f; x fo or A is weakly submersive. Denote by U(Y) a
tubular neighborhood of A(Y) in Y x Y and by Ny (Y x Y) its normal bundle.
Then (U(Y), Ny (Y X Y), Scan) gives a Kuranishi structure of Y, where s.q, is the
tautological section. Note that U(Y) — Y is an open embedding, especially a sub-
mersion. From this observation A is weakly submersive. Thus Z carries a Kuranishi
structure.

(2) It seems possible to generalize the construction to the case when Y is not
necessarily a manifold but has a Kuranishi structure, under an appropriate assump-
tion. We would then have a category whose objects are the spaces with Kuranishi
structure and whose morphisms are a kind of strongly continuous smooth maps.
Such a category would be a smooth analog of the category of schemes or stacks.
(We remark that the fiber product of schemes is always well-defined and plays an
important role in the theory of schemes.) We are not trying to rigorously define it
in this book since we do not use it.

A1.3. Finite group action and the quotient space.

We next define the action of a finite group on the space with Kuranishi structure
and its quotient space. We used it in §§41,42.

Definition A1.45. Let ¢ : X — X be a homeomorphism of a space X with Ku-
ranishi structure. We say that it induces an automorphism of Kuranishi structure
if the following holds : Let p € X and p’ = ¢(p). Then, for the Kuranishi neighbor-
hoods (Vy, Ep, Ty, ¥p, Sp)y (Virs Epr Ty by, sp0) of p and p’ respectively, there exist
pp:Lp—=Tp, op: V) — Vp, and ¢, : £}, — E, such that
(A1.46.1)  p, is an isomorphism of groups.
(A1.46.2) ¢, is a p, equivariant diffeomorphism.
(A1.46.3) ¢p is a pp, equivariant bundle isomorphism which covers ¢,.
(A1.46.4)  sp 0 pp = Pp O Sp.
(A1.46.5)  The restriction of ¢, to s, *(0) induces a homeomorphism s (0)/T", —
35,1(0)/pr, which we write ¢ . Then we have

p

wp’ofp:‘:powp-

We assume p,, ¢p, ¢, are compatible with the coordinate changes of Kuranishi
structure in the following sense : Let g € v,(s,'(0)/T,) and ¢’ € @bp/(s;l (0)/T)

such that p(q) = ¢'. Let (ggpq, Gpqs Ppq)s (gzgprq/, Gpq’» hprqr) be the coordinate changes.
Then there exists vpqpqr € I'py with the following properties :
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(A1.47.1) Pp © hpg = Ypap'q’ * (hprgr © pg) -fy;q;,q,.
(A1.47.2) ¥p © ?pq = Tpap’'q’ - (?p’q’ ° Pq).
(ALAT.3)  @podpg = Ypgp'q - (Pprg © Pyq)-

We call ((pp, ¢p, Pp)p; ) an automorphism of our Kuranishi structure.

We say an automorphism ((pp, ¥p, $p)p; @) is conjugate to ((p},, @ps Pp)p;¢’) if
¢ = ¢' and if there exists 7, € I',(,) for each p such that

(AL48.1)  pp, =Y pp-p -
(A1.48.2) ¢, = ¥p
(A1.48.3) &, = Pp-

The composition of the two automorphisms is defined by
(s s Bp)pi 2 )0((055 05, 22) 3 07) = (P2 () 0P P2 () 0L Pop2 () 0P ) 0 0.

We can easily check that the right hand side is compatible with coordinate change
in the sense of (A1.47) if so is left hand side.

We can also easily check that the composition is compatible with the conjugation.

We say that the lift is orientation preserving if it is compatible with the trivial-
ization of A*PEY @ A*PTV],.

Let Aut(X) be the set of all conjugacy classes of the automorphisms of X and
Aut(X) be the set of all conjugacy classes of the orientation preserving automor-
phisms of X. They become groups by composition.

Let G be a finite group which acts on a compact space X. We assume that X has
a Kuranishi structure. We say that G acts on X (as a space of Kuranishi structure)
if, for each element of g € G, the homeomorphism z — gx, X — X is lifted to an
automorphism g, of the Kuranishi structure and the composition of g, and h, is
conjugate to (gh)..

In other words an action of G to X is a homomorphism G — Aut(X).

An involution of a space with Kuranishi structure is a Zy action.

Lemma A1.49. If a finite group G acts on a space X with Kuranishi structure
then the quotient space X/G has Kuranishi structure.

If X has a tangent bundle and the action preserves it, then the quotient space has
a tangent bundle. If X is oriented and the action preserves the orientation, then
the quotient space has an orientation.

Proof. We first assume that the action of G is effective.
Let g € G and p € X and (V,, Ep,T'p, 1y, sp) be its Kuranishi neighborhood. We
put
Gp={9€G|gp=np}

By definition, the element g € GG}, induces

Ogp: Vo= Vo, Ggp it Ep XV = Epy XV, pgp:T'y =T
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We identify G, = {py, | g € Gp}.

Let I'y,) be the group generated by G, and I', in the group of diffeomorphisms
of V.

We claim that an element of the group I'(, is written uniquely as a composition
g oy where g € G, and v € I',. To prove the claim we proceed as follows.

For g1, g2 € Gy, let 74,9, € I', be an elements such that

91(92(2)) = Yg1,9.((9192) (7))

Such 7,4, 4, exists since the composition of g; and g is conjugate to g1 g2. It follows
that, the product o on I'f, is given by the following formula

91092 = Yg1,90 ©(9192), gov=pgp(7)oyg

for g, g1,92 € G, and v € I',,. This implies our claim.
It follows that I'[) is a finite group. Moreover, there exists an exact sequence

(A150) 1— Fp — F[p] — Gp — 1.

The action of each element of G, on I',, induced by the exact sequence of (A1.50)
is given by g — pg . (Note g — pg p is not a homomorphism.). The exact sequence
(A1.50) may not split. Actually 7, 4, corresponds to the 2 cocycle which determines
the extension (A1.50).

We can lift the action of I'y, on V, to its action on E, x V), since the relations
among the maps ¢y, (9 € G,) and v € I, are described by the same p,, ; and v, g, -
The Kuranishi map s, : V, — E, is I';;] equivariant. Since V,, /T, = (V,/T) /Gy,
it follows that 1, : s,'(0)/T, — X induces ¢y, : s,7(0)/T,] — X/G which is
a homeomorphism onto a neighborhood of [p]. Thus we constructed a Kuranishi
neighborhood (V},, E, L'}, Y1, 5p) of [p] € X/G.

It is straightforward to construct a coordinate change of this Kuranishi neigh-
borhood and to check the required properties in Definition A1.3 and Definition
A1.5. The proof about the tangent bundle and the orientation is obvious from their
definitions.

When G is not effective, we fix an effective finite dimensional representation
G — GL(E). We replace the Kuranishi neighborhood (V,, E,, Ty, %y, sp) by (V) x
E E, x E,T'y, v, s, ®id). Then the G-action on this Kuranishi neighborhood is
effective and hence the above construction applies. The proof of Lemma A1.49 is
now complete. [

Remark A1.51. (1) In the circumstance in Chapter 8 §38-43 where we use Propo-
sition A1.49, we can construct Kuranishi structure so that the Z,m action on the
moduli space is induced by an action on its Kuranishi structure.

(2) In the circumstance of Example A1.7, we assume that there exists a group G’
containing G as a normal subgroup of finite index and that G actions on Wy, Wy
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extend to G’ actions and F' is G’ equivariant. Then we can choose the Kuranishi
structure on X = F~1(0)/G so that it becomes H equivariant where H = G'/G.
Moreover the quotient Kuranishi structure on X/H of Lemma A1.49 is isomorphic
to the Kuranishi structure on F~1(0)/G".

(3) The definition of the group action can be generalized to the case of continuous
group in an obvious way, cf. §22 in [FuOn99II|. Then Lemma A1.49 is generalized
under the assumption that the action is proper and the isotropy group is finite. We
do not need this generalization in this book so we do not try to prove it.

Al.4. A remark on smoothness of coordinate transform.

In the definition of Kuranishi structure we require the coordinate transform ¢,, :
Vg — Vp to be smooth. (See (A1.4.2).) In the actual construction of Kuranishi
structure on the moduli space we use, this smoothness is apparent as far as the
points p, ¢ lie in the interior of the moduli space. This corresponds to the case
where the domain of the corresponding stable map is nonsingular. The smoothness
is less apparent when they correspond to the stable map whose domain is singular.
In this subsection we clarify this point mainly for the completeness’ sake : this point
of the smoothness of the Kuranishi map s was already mentioned but not spelled out
in [FuOn991II, Remark 13.16]. (We remark that smoothness of coordinate change
was not used in [FuOn991I], since only 0 and 1 dimensional moduli space was used
there. In other words, in Situation 30.2 mentioned in §30, we do not need it.) The
authors would like to thank Melissa Liu who called our attention of this point during
her visit of Kyoto in 2003.

To highlight the main point, we consider the case of the moduli space My.1(f)
and restrict ourselves to the case discussed in §29.3. The discussion of the other
cases are similar.

Let p; = (3, 20) w()), j = 1,2 be two elements of My 1(3). We put the
following additional assumptions for simplicity of exposition :

(1) £0U) has exactly one boundary singular point and splits into

where each of Zgj ) is the disc.

(2) They are of the same combinatorial type, namely there exists a homeomor-
phism (3(1), 21) —y (N2 52)).

(3) The restriction of w® to 251) (resp. Egl)) is homotopic and close to the

restriction of w® to 282) (resp. Ef)) so that the inclusion (A1.52) below
holds.



20 FUKAYA, OH, OHTA, ONO

Without loss of generalities, we may assume that the zero-th marked points of
them are on E(()l) or E(()Q) respectively, and let the double point be the /-th marked
point of E(()l) or 282). We put

(E(j), g(j),w(j)) — (Egj), Z_’ij),ng))#(ﬁéj), 5(()3'), w(()j))

and
(Zgj)v Z(lj)u ng)) € Mk1+1(61)7 (Zéj)7 z(()j)’ w(()J)) = MkO_Fl(ﬁO).

Following the notations of §29.3 we denote
(=27 = (X7, 67).59), (=01, j=1,2).
In §29.4, we took the finite dimensional spaces

E ) C gop

(t9) 0@) @) (t9) 49 @)

so that the map (29.26) becomes surjective. They determine the obstruction bundles
Ep; = E(x6) 200 w) = E@) o0 0y S E@) o) 00

and the Kuranishi neighborhood Uy, is the set of solutions of the equation (29.22).
As in §29.4, we adopt the normalization put in Appendix of [FuOn99II], when at
least one of the marked Riemann surfaces Zéj ) and 25" ) is unstable. Namely we add
an interior marked point ZZ-(j )int Int(Zz(-j )) where the maps wi(j ) is an immersion.
For each i, j we also take an (2n — 2) dimensional submanifold Yi(j ) which intersects
with w£j )(Zgj )) transversely at w,gj )(zi(j )’int).

Now we assume that pa € Up,. Then by the choice of Ep. explained in §29.4 we
may assume

(A1.52) By, C Ep,.
(We identify the subspace Ep, of @, Ei’é) £ ) with a subspace of @, S(Ot’g) o )

via the parallel transport along the minimal geodesics as we did in §29.)
By (A1.52) we have

(A1.53) Op1.ps : Up, CUp,.

(A1.53) provides our coordinate transformation. To show that it is smooth, we need
to put a coordinate chart on Up,. We review how the coordinate chart is defined in
§29.3. Let us put

pgi) _ (Egj),gfj),ng)) € My, 11(5:).
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We use

E &y =E._ 6 ,6). G
pg) (9 6D @)

K2

as an obstruction bundle and obtain a Kuranishi neighborhood (Up(i),Ep(i),Sp(i))
J J J

of pgi) in Mg,+1(B;). (In the current case of our interest, the automorphism group
is trivial.) Then by construction we may take

(A1.54) Upj = Up§1) X, UPE-O) X (C, OO]

for some large C. Here the last factor (C, oo| is the smoothing parameter of the
singularity of ).

Let us discuss this parametrization more in detail in case the domain Egj ) is
unstable. We assume k1 = 0, kg = 1. In other words, we glue the 0-th (the only)
marked point of Egj ) to the 1-st marked point of Zéj ), (The 0-th marked point of

Z(()j ) will become the 0-th marked point of the glued disc.) This is the most delicate
case where both of the components are unstable. As we mentioned above we take

interior marked points zi(j hint o Int(Egj )). We identify the domain Zgj ) with
(A1.55.1) Z1:={2€C||z|] <1, Rez <0} U{z € C| |Imz| <1,Rez > 0},

and Egj) with

(A1.55.2) Zy:={2€C||z| <1, Rez >0} U{z € C| |Imz| <1,Rez < 0}.
Under this identification, o ():nt corresponds to 0 € C, the 0-th (the only) marked

point of Egj) to 400, and the first marked point of E(()j) to —oo.

Since we consider a compact family, the 0-th marked point of E(()j ) moves in a
compact subset of 82(()j ). We choose a constant C that is sufficiently large compared
to the distance of the 0-th marked point of Z(()j ) from the origin in Z_ = E(()j ),

For each T > C we identify 5T + /—1s € 2?’ with —5T + y/—1s € Egj) to
obtain 2352 ). We then perform the construction of §29 to obtain a map from Eg,z ) to
M when the corresponding evaluation maps coincide. This defines a map
(A156) §Z5p1,p2 : Up;n X, Upéo) X (C, OO] — Up§1) X Upgo) X (O/,OO],

if C is sufficiently large compared to C’. Under the identification (A1.54) this map
is nothing but (A1.53).

On the other hand, by the definition of Kuranishi neighborhoods, there exists a
coordinate change

d)pgi)’p;i) . Up;i) — Upgi).
We define
/ . ’
¢p17p2 . Up;l) X Upéo) X (C, OO] — Upgn X Upgo) X (C ,OO]
by
Do, po (X1, %0, T) = (¢p§1> o (x1), P H© (%0),T).



22 FUKAYA, OH, OHTA, ONO

Proposition A1.57.
(A1.58.1) The restriction of ¢p, p, in (A1.56) induces a smooth map

U (1) XLU (0) X (C,OO) —-U (1) XLU (0) X (C/,OO).
P> P> P P

(A1.58.2) At T = oo the map ¢p, p, coincides with ¢}, . .

(A1.58.3) There exist ¢, > 0 and C, > 0 depending only on k such that

|¢;)1,p2 - ¢P1,p2 ‘Ck < Cy eXp(—CkT).

The first two statement is obvious from construction given in §29.3. We will
prove (A1.58.3) later in this subsection.

Now we put
s=1/T.

It easily follows that ¢p, p, is smooth with respect to this coordinate up to the
boundary of Up(l) X1, Up<0) x (C, 00].
2 2

Note the C* norm in (A1.58.3) involves both the derivatives along Up, direction
and T' direction.

Proof of Proposition A1.57. Recall we are considering only the case k; = 0 and
ko = 1. We use the notation introduced above and in §29.3. We first take a

relatively compact subset Wi(j ) such that each element of Epm is supported in
J
it. (See (29.14.2).) We start with a family of pseudo-holomorphic maps wfj)z
parameterized by x; € Up(i) . Then for sufficiently large T" we obtain an approximate
2

solution . . . _
/
oL o = ol S —

by gluing two maps using a partition of unity. (This is the map w/. defined just
below Figure 29.4.) Then by the argument of §29.3, we obtain a genuine solution
wgf;)xhx() of the equation (29.22) parameterized by x1,%x¢ and 7.

Now the main technical lemma we need to prove Proposition A1.57 is Lemma
A1.59 below which provides an estimate of difference between w’T;XMXO and wWr.x, x,
together with all of its derivatives. In order to define appropriate norm we use for
the estimates, we proceed as follows :

We take compact subsets W; C Z; = EEJ ) and take a finitely many but a big num-

ber N of points in it. We then consider the evaluation map evyy, : M ap(Eg ), M) —
MV . We remark that our choice of W; is independent of j = 1,2. We may choose
it so that the restriction map

(Xl, Xo) = EVw; (w%il ﬂTwéin) 3 Upél) XL Upéo) — M./\f
defines an embedding, for each 7. (Note that if we choose W; so that they are
disjoint from the neck region, this map does not depend on T'.)
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Lemma A1.59.
8k+£
oOTkox?!

(evw, (w’gj;)xl,x0> — evw;, (wgrj;);l xo))| < Creexp (—cxT),

where ¢y > 0, Cre > 0. (Here and hereafter 68—:[ denotes the derivatives with
respect to Xg,X1.)

Since the target of evyy, is a manifold, it is an abuse of notation to write — in the
above formula. However since it will be proved that the two elements evyy, (Wr,x, x,)
and evy, (W, ,) are sufficiently close to each other, we can obviously make sense
out of the expression via the exponential map.

Before proving Lemma A1.59, we now complete the proof of Proposition A1.57

using the lemma.

We note that since we chose Yi(j )’s s0 that they intersect at ng ) (zZ(J )’mt) and set
zfj)’mt = 0 in the identification of Egj) >~ 7, given in (A1.55), the two T-coordinates
for j = 1, 2 do not coincide. We now estimate their difference as T' — oc.

Consider the T-projection of the coordinate change ¢p, p,,

T =Dprrodp,p, : (X1,%0,T) — T((x1,%0,7T)).
In general T((x1,x0,7")) # T. However we now prove the estimate
(A1.60.1) |T((x1,%0,T)) — (T + h(x1,%0))|cr < Crexp (—ciT),

for some smooth function h(x;,xg) on Up(l) X Up(O). Here the C* norm in the left
2 2

hand side includes both T and x(,x; derivatives.
We first take the intersection of w! , (here j = 1) with Yi(2) (here j = 2). We

Tix1,x
thus fix a complex structure of the domain Zgﬁ ) equipped with additional marked

points. We use it to obtain T’'((x1,%0,7")). Using Lemma A1.59 we find
|T((x1,%0,T)) — T ((x1,%0,T))| < Crexp (—cT).
On the other hand, by construction, it is easy to see that
T ((x1,%0,T)) — (T + h(x1,%0))|cr < Cexp (—erT),

where h(x1,%0) is a smooth function on Up(l) X Up(o). Indeed we can prove this
2 2

inequality by using exponential decay estimate near the end of the biholomorphic
§1)"“t to z§2)’mt. We thus obtain (A1.60.1).

(2)r
wT;x’l,x()

map 21(1) — 252) which sends z

(1)1

We next compare evw, (Wp,, ) With evw, ( ) where

(X?l7x6) = apl,pg (X17 XO)'
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By the construction of coordinate change ¢ and by (A1.60.1), we easily obtain

k+¢
OTkox¢

Therefore (A1.60.1), (A1.60.2) and Lemma A1.59 immediately imply Proposition
A1.57. O

We can prove Lemma A1.59 in a straightforward way by examining the details
of the proof of §29.3. Since estimating the 7T-derivatives may not be so standard,
we give a detailed proof of the exponential estimates in Lemma A1.59 below for
completeness.

Before going to the proof, we recall that the method of the proof in §29.3 imi-
tates the one in [Fuk96II]. The proofs of surjectivity of the linearized operator in
Proposition 29.27 of this book and the one stated in [Fu96II, Lemma 8.5], follow
Donaldson’s ¢ ‘alternating method’ in [Don86]. The method of §29.3 is slightly dif-
ferent which uses the implicit function theorem. (However at the most important
ingredient, Lemma 29.32, of the proof, we use the same idea as the alternating
method.) In [Fu96lI] the alternating method was used to study the linear part of
the equation, while Donaldson used the alternating method directly to solve non-
linear partial differential equation in his original argument [Don86] which is the
anti-self-dual equation for his case.

To see the T" dependence of the construction in a transparent way, it seems sim-
pler to use the alternating method directly rather than to put a part of the proof in
a black box of functional analysis (that is implicit function theorem). All the tech-
niques involved in the proof have become by now standard since it first appeared
more than 20 years ago. For example, Donaldson’s paper [Don86| appeared in 1986
which has become a classic for those working on geometric PDE seriously. Neverthe-
less, we describe the main scheme of alternating method here in our circumstance.
After that, we examine details of the constructions used in the method and derive
the statement of Lemma A1.59. Especially we will explain how the T-derivatives
can be estimated in this way. It seems that the estimate of T-derivative is easier
if we use cylindrical coordinate than the standard coordinate near the nodal points
on the domain.

Now we are ready to prove Lemma A1.59.

P1,P2

(2)/

(A1.60.2) (evwy, (wg};)):hx()) — evy, (wT;x/l,xg» < Croexp (—cgeT).

Proof of Lemma A1.59. First of all, we may assume that the (2n — 2)-dimensional
submanifolds Yy, Y7 are totally geodesic with respect to the Riemannian metric. In
the following argument, we consider the space of mappings with the constraints
that w(zi"™) € Y;, i = 0,1. Then the tangent vector at w is a section V of
(w*TM,w|;sTL) such that V(z"*) € Ty(zint)Y;. (Here X is either ¥;, 1 = 0,1
or ET)

We start with the approximate solution wg,{);hx()
Proposition A1.57. From now on we omit j and write w’T;XhX0 since we can work
for each of j separately for the proof of Lemma A1.59.

constructed in the proof of
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(Cycle 0) We put

!/ /

T;%x1,%0 T;%x1,%0;0

(There are no (Step 0-1) and (Step 0-2) in Cycle 0, because we already start with
the approximate solution. See the corresponding steps in the later cycle described
below.)

(Step 0-3) : (Apply O operator to the approximate solution.) We consider
the O derivative

5(U){T’;Xl,Xo;O) E F(ET; AOJ ® (w%;xl,XO;O)*TM)'
This is exponentially small in the sense of Lemma 29.29. We denote it by Errg :
Erro = 5<wlT;x1,xo;0)'

(Step 0-4) : (Decompose the error term into 2-pieces.) We use the operator
Jf’ ; (1 =0,1) which was defined just below Figure 29.4 to obtain elements

Errg; = J2 ;(Brrg) € T(Z;, A% @ (W, xpi0:0) TM), i=0,1.

Here we put S =0 in J*SZ Let us explain the notation wi. . ..;. We remark that
JS’Z- for © = 0, 1 are operators which decomposes the section into two pieces by a
partition of unity cuting along [—1,1] x [0, 2].

Therefore after we cut the section into two, the support of the section J7 ; (Err)
lies outside [57 + 1,00) x [0,1] C ;. (Note that ¥; is denoted by X(t;,¢;) in
§29.3 and contains [0,00) x [0,1].) We define a map wp, .04 @ 21 — M so
that it coincides with wp., . . outside [10T —1,00) x [0,1] where wp., . o 18
defined, and extend it over [107" — 1,00) x [0,1] by an appropriate partition of
unity via the exponential map at the corresponding nodal point. We also define
W, x0:0:0 * 20 — M in a similar way. Note that the part [107" —1,00) x [0, 1] is
not used in (Step n-2) and (Step n-4) so it does not matter how we extend as far
as we choose it so that its T-derivatives etc are exponentially small. We can check
this point inductively on n, the number of cycles.

By a reason we will explain later (after (A1.62)) we complete the 0-th cycle here
and enter to the next cycle, (Cycle 1).

(Cycle 1)
(Step 1-1) : (Solve the equations on the 2-parts.) We apply a version of
Lemma 29.20 here. Namely we use the surjectivity of

(A1.61) oD 91 X — NP /By @ ExP/Ey.

/ ’
wT;xl ,%x03051 ’wT;xl ,%x030;0

We remark (A1.61) is slightly different from the operator appearing in Lemma 29.20.
That is, we use wi_p;xhxmo;i in place of w; which was used in Lemma 29.20. The
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reason of this difference is that we are doing a nonlinear version of the alternating

argument of Donaldson while Lemma 29.20 was used for its linear version. However

since the difference between them is exponentially small, (A1.61) is still surjective.
We apply a right inverse of (A1.61) to (Errg 1, Errg ). We then obtain

Vlai < F((Eﬂ Z;nt)7 ((wa";xl,xo;();i)*TMv TY;)), i=0,1.
(Step 1-2) : (Glue the solutions.) We use (V3 1,Vi) in the same way as we

constructed w/. just below Figure 29.4. More precisely, we glue them as in (29.23).
(We take S = 2T in (29.3).) We then obtain an element of

P((ETa Zilnt7 Z(i)nt)a ((w/T;xl,xo;O)*TM7 Yy, TYO)'

Applying the exponential map XDyt . thereto, we obtain a new map
1X1,XQ3

w/T;xl,xml b — M,
such that w1 (2") € Yi, i = 0,1. We remark that we use a partition of unity
cutting along [27° — 1,27 + 1] x [0,1] C X7 which corresponds to [71 — 1,71 +
1] x [0,1] C ¥g. This region is by 27T farther to the direction towards the end
than the region cut along which we used a partition of unity in (Step n-4). This
difference of 2T is the crucial ingredient which makes the error term drop by the
order exponentially small with respect to I'. This point appears both in Donaldson’s
argument [Don86] and in the proof of Lemma 29.32 by the similar fashion.

(Step 1-3) : (Apply O operator to the approximate solution.) We consider
the 0 derivative

Errl = g(w%;xl,xo;l) e F<ET7 AO71 ® (w&ﬂ;xhxo;l)*TM)

in the same way as (Step 0-3).
(Step 1-4) : (Decompose the error term into 2-pieces.) We use the operator
Jf:i (¢ =10,1) in the same way as (Step 0-4) to obtain element

Errlﬂ' = Jg,i(Errl) S F(Ei’AO’l ® (wa“;xhxo;l;i)*TM)v i=0,1.

The maps wp.,, . .1.; are defined in the same way as Step 0-4.

Now we come back to the same situation as Step 1-1. So we can start the next
cycle :

(Cycle 2)  (Step 2-1) => (Step 2-2) => (Step 2-3) => (Step 2-4)

and proceed to (Cycle n) in the same way.
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In the same way as [Don86] (with its minor adaptation to the Bott-Morse case
in [Fuk96]) we can show that the limit

lim (w/T;xl,xo;n)
n—oo
is a pseudo-holomorphic map which is our desired wr,x, x,-
We remark that at the beginning of each (Cycle n) we have elements of

(A1'62) F(Zia A @ (w%;xhxo;nfl;i)*TM)v i =0,1.

Here the domain %; is independent of 7. The bundle (wp, . .. 1.;)"TM may
depend on T'. But the difference is small in the exponential order of T' (as we can
prove inductively at the same time). So they can be identified to each other by
taking a trivialization of the tangent bundle of the target space M locally. Namely
for each cycle we start with elements of (A1.62) and at the end of the cycle we obtain
an element of the same function space. So it makes sense to take T' derivation at
each cycle. (This is the reason why we start each of the cycle as we described
above.)

Now we are in the position to estimate the T" derivatives of the sections appearing
at each step. (The estimates of the terms which do not involve T' derivatives are
quite obvious from the description above.)

We first consider (Step n-2), (Step n-3) and (Step n-4). We remark that these
steps are local processes, which are gluing sections by partitions of unity, applying
exponential maps, and applying the 0 operator. None of these processes themselves
involve the T-parameter. but some functions etc appearing in the processes contain
the T" parameter. Therefore they become the sources where non zero T-derivatives
can appear. By examining the construction, we can check that there are two sources
from which such non zero T-derivatives can appear :

(A) We use partitions of unity that depend on 7. Taking the T-derivatives of the
terms involving the partitions of unity generate terms of the form ¥y /dT*. Such
terms are bounded in C'"*° norm. Therefore multiplying them is a bounded operator.
We then note that we multiply the derivatives to a section whose exponential decay
is already established by an earlier stage of induction. Therefore these terms can
be estimated in the exponential order.

(B) The maps wp., xo:n OF Wr, xom (8 = 0,1) appear in the course of the
construction. They are T-dependent because T appears at the earlier stage of
induction. However we can inductively prove that they are exponentially small
in local weighted WP norm used here. (See §29.3 for the definition of the norm.)
Therefore by taking the T-derivative we obtain a multiplication operator by a section
whose local WP norm is of exponentially small order. Using the boundedness of
the product map WP x WP — LP we conclude that the resulting terms in this
way is also exponentially small.
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We next consider (Step n-1). This step is slightly more non-trivial since it is
non-local and uses the right inverse of (A1.61). To study this step, we consider
the T-derivative of (A1.61). We remark that the leading term of (A1.61) is the
Cauchy-Riemann operator and does not contain 7. The 0-th order part of the
operator (A1.61) does contain 7" because the maps wp, . ..., contain T. By the
same reason as (B) above, the T-derivative of (A1.61) is a multiplication operator
by a section whose weighted WP norm is exponentially small. Here we note that
the function spaces in (A1.61) do not depend on 7" at all in (Step n-1). Thus by a
standard argument (for example by using the Neumann series) we can find its right
inverse whose T' derivatives are exponentially small with respect to the operator
norm for the operators LP — W1P).

Therefore the proof of Lemma A1.59 is now complete. [

Remark A1.63. If we identify the double of the glued discs with a closed Riemann
surface, then the glued surface is regarded locally (around the singular point) as a
solution of z129 = r, where r = exp(—cT"). So (A1.58.3) can be written as

k
(9 ¢P17p2

—k
< /r.ck: .
a/’nk

This is the same type of estimate which is satisfied by a function such as f(r) = r.

In that sense our estimate is natural. On the other hand, it is not enough for the
smoothness of ¢p, p, With respect to (a power of) r. Our choice of coordinate here

is
r=e /5.

In this coordinate f(s) = e~*/* is certainly smooth.

One might expect the smoothness of ¢p, p, With respect to some power of r.
(This seems to be the case when we can work in the category of real algebraic
geometry, for example.) We do not try to improve our estimate here since a sharper
estimate is not necessary for our purpose, though such an estimate looks interesting
of its own. The authors have recently learned (at the year 2007) that several people
are trying to prove this sharper estimate.

A1.5. Some counter examples.

Example A1.64. We first give an example related to the definition of the tangent
bundle (Definition Al.14). Let X = [-2,2]. We put V; = C x [-1,2], F; = C,
Iy = {1}. We define s1(z,t) = 22 and 91 (0,t) = t, ¢ : 57 '(0) — X. We next put
V2 = [—2,0] E2 = O, FQ = {1}, So = 0. wg(t) =t.

The coordinate change ¢ is t — (0,t), [-1,0] = V12 — C x [-1,0] C V4.
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This defines a Kuranishi structure on X. The normal bundle Ny,,V; is obviously
trivial. Hence it is isomorphic to Ej/¢12(Es). So the isomorphism (A1.5) exists
but is not induced by s.

The multiplicity at {2} is 2 and at {—2} is 1. The virtual fundamental chain
is not homologous to zero. Therefore, by Lemma A1.31, we can not modify our
Kuranishi structure of X outside the boundary, so that it has a tangent bundle.

Example A1.65. We next consider compatibility condition (A1.6.2). Let us con-
sider an orbifold C/Zy where Zs action is by z — —z. We find that (C/Zs) \ {0}
is isomorphic to C \ {0} as an orbifold. We glue it with (C U {oo}) \ {0} to obtain
an orbifold X. This is an example of bad orbifold, that is, an orbifold that is not a
global quotient of a manifold by a discrete group action.

A coordinate at 0 is given by V/Tg = C/Zs. Let p; = [exp(2nty/—1)] € C/Zs.
A small disc IntD? with trivial T, is its coordinate chart. The coordinate change
from this chart to V;, /Ty is given by

(A1.66) z — texp(2ntv/—1) + z.

Here we may choose either 4+ or — in the above formula.

Let us move ¢ from 0 to 1 continuously. If we do not put 7,4 in compatibility
condition (A1.6.2) then we can not change £ in (A1.66). Namely if we fix it for
some ¢ then we are not allowed to change it. However ¢t = 0 and ¢t = 1/2 corresponds
to the same point. This is a contradiction. Namely we need to include 4, = —1
to Definition A1.5 (A1.6.2) to include this example to an orbifold.

We remark that we need v, 4, etc. in Definition A1.45 by the same reason.

Remark A1.67. An orbifold can be regarded as a groupoid which is a category all
of whose morphisms are isomorphisms. (This fact is classical and goes back to the
early days when the theory of stack was started by Grothendieck. As the first and
fourth named authors mentioned in [FuOn991], the theory of Kuranishi structure is
an analog of the theory of stack.)

A map between two orbifolds corresponds to a functor between the two categories.
In the category theory, it is crucial to tell the notion of two objects, morphisms etc.
being equal from that of being isomorphic. The condition (A1.6.2) corresponds to
the condition that two functors are equivalent (that is, isomorphic). The isomor-
phism with 7,,. = 1 exactly corresponds to the equality. In order to define the
notion of stack we need to glue local objects. The compatibility condition of gluing
maps is, by definition, that the composition of gluing maps is equivalent to the third
composition map. This coincides with the condition (A1.6.2) in our definition. In
fact, our exposition would be more systematic, if we used the notion of 2-category.
However since we do not need this abstraction for the applications in this book, we
do not use the language of 2-category but state the gluing condition explicitly as
the coincidence condition of equivalence classes.
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We next provide an example related to the discussion in §35. Let X be an orbifold
and I' be a finite group. We define

X=M)={zeX|I,~T}

In §35 we need to consider a normal bundle Nx=rX of X=(I') in X. At first
sight, one might expect that there exists a vector bundle Nx= )X over the topo-
logical space X=(I") together with a I' action on Nx=X such that Ny=r)X/T'
is diffeomorphic to a neighborhood of X=(T') in X. However such a vector bundle
Nx=rX does not exist in general. In fact we have the following counter example.

Example A1.68. We consider C" x S! with Z,, action defined by

(A1.69) (k] - (2, [t]) = (exp(2nv/—1k/p)z, [t]).

Here [k] € Z mod p, [t] € R/Z = St.
We define an isomorphism

F:(C"xSY/z, — (C" x SY)/Z,

by
F([z,[t]) = [exp(2nv/=1t/p)z, [¢]].

We take two copies (C" x D%)/Z, of (C" x D?)/Z, where Z, action is similar to
(A1.69). We identify

(C" x §Y)/Z, = (C" x 0D?)/Z,

with
(C" x $Y)/7, = (C" x 0D*)/Z,

by F' and obtain an orbifold X.
In this example X=(Z,) = S?. The normal bundle N x=(z,)X does not exist
since I does not lift to a bundle isomorphism : C"* x St — C" x S*.

A1.6. Singular locus as a stack and its normal bundle.

As Example A1.68 shows, the normal bundle of the singular locus X=(T") does
not exist as a vector bundle with a I' action, in general. On the other hand, in §35
we need to use normal bundle X=(I") to define normally conical perturbations. For
this purpose we define a notion of normal bundle in the sense of stack. We restrict
our discussion of the stack to the case we use for this purpose. Related material
is discussed in various references such as [Bry93], [Gir70]. The discussion here is
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related to the phenomenon that occurs when we remove the effectivity of the I'y,
action from (A1.2.3).

A1.6.1. Sheaves of category over a group.

Let G be a group. We consider the category G which has only one object * and
morphism G(x,%) = G. Let M be a topological space and U = {U; | i € I} be
an open covering of M. We assume that U;, N---NU;, (i1, -+ ,ix € I) are either
empty or contractible. Namely we take a good covering.

Definition A1.70. (1) A sheaf of category of G on (M,U) consists of pair
({higbs {vige})
of an isomorphism
hij : G — G for each U; NU; # 0

and an element

Vijk € G for each U; NU; N Uy, # 1]

such that the following compatibility conditions (A1.71.1) and (A1.71.2) hold for
every Uy NU; NUL,NU; # 0 :

(A1.71.1) hij © hjk = Yijk - ik %;113
(A1.71.2) Vijk * Yikt = Pij (Vikt) - Viji-

See Figure Al.1. (We will explain how (A1.71) follows from the definition of a stack
in the categorical context in Remark A1.81 (5).)

Figure Al.1
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(2) ({hij}s {vigx}) s said to be isomorphic to ({hi;},{v{;}) if there exist ¢; €
Aut(G) for each 4, p;; € G for each U; NU; # 0, hi; € Aut(G) for each U; NU; # 0,
and ;% € G for each U; N U; N Uy, # ) such that

(A1.72.1) hi; = iohijot;
(A1.72.2) Viji = Vi(vign),

(A1.72.3) pij - b - pot = hij,
( )

A1.72.4 tig - B (k) - Yigw = Vijn - Mik-

See Figure A1.2. We call a pair ({pi;}, {¢i}) an isomorphism : ({hi;}, {7Vijx}) —
({hi;},{7ijx})- We will prove in Lemma A1.75 that we can compose isomorphism
and ‘isomorphic’ defines an equivalence relation.

Figure A1.2

(3) We denote by Sh((M,U);G) the set of all isomorphism classes of sheaf of
categories of G on (M,U).
To illustrate the meaning of (A1.71) we show the following :

Lemma A1.73. Let {Y;}; be a collection of sets on each of which G acts effec-
twely and there is a point with trivial isotropy group. Let h;; : G — G be group
isomorphisms, v, elements of G, and ¢;; : Y; —'Y; be the maps that are injective
and h;;-equivariant. Suppose

(A1.74) ®ij © ik = Yijk * Pik-

Then ~;ji, satisfies (A1.71).
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Proof. Let g € G, and y € Y}, with trivial isotropy group. Then ¢;;(y) also has a
trivial isotropy group because ¢;; are assumed to be injective and h;i-equivariant.
Again by the h;j-equivariance of the map ¢;;, we obtain

Yigh - hir(9) - @ik (Y) = Yiji - Gik(g - y) = dij(jk(g y))
= hij(hji(9)) - @i (@5x(y) = hij(hir(9)) - Vijk - i (y)-

Because ¢;(y) has a trivial isotropy group, (A1.71.1) follows.
Similarly for y € Y; we calculate

hij (Vikt) - Yiji - Pa(y) = hij(Vike) - i (051(y)) = dij (Vi - d51(y))
= 0ij(Djk(Dr1(Y))) = Yigr - Gin( Dk (y)) = Yigr - Virt - Pir(y)-
This implies (A1.71.2). O

In the definition of Kuranishi structure the groups I'), are assumed to be a finite
group and the space V,, is a smooth manifold. One can show that effectivity of
the action of I', automatically implies existence of a point with trivial isotropy
group. And we also assume that the map ¢, is an hp4-equivariant embedding and
in particular injective. Therefore the same argument used in the proof of Lemma
A1.73, implies that 7,4, in Definition A1.5 satisfies (A1.71.2).

Lemma A1.75. The relation ‘isomorphism’ in Definition A1.70 is an equivalence
relation.

Proof. We use notation of (A1.72) and put
(R Vi) = (Lba)w(hag, Yige),  (higs vign) = (lagy, 1)« (hiy, vige)-

We also put (pij, 1)« o (1,%)s = (fig, Pi)s-
We remark that

(A1.76) (1,:)x 0 (1,9) s = (1,10 0 ).
We next claim
(AL7T) (igs 1) 0 (pgo 1w = (ptig - i 1)
Let us prove (A1.77). We put
(i D Chigs vige) = (Bigovign)s (pags V(g viin) = (B, vie)-

Then 2 ’ 1 7 \—1
hij :Hz’j'h"'(:uij) )
Yok = mij - by (i) - vige - (ig) "
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Therefore we have

hi; = i - iy - hay - (i)™t gt

and

Voik = taj - 1 (k) - Viik - g
1 1

= paj - ;- By () - (i) ™0 s b (W) - Vg - (i) ™+ i
= g~ iy - g (g - 153) - Yigne - (i~ i) ™"

(A1.77) is proved.
We next claim

(A1.78) (L, 9)x 0 (kig, 1) s = (¥i(iz), i)«
Let us prove (A1.78). We put
(,U’ija 1)*(h11]7711]k) = (hzgj77z‘2jk)a (17¢1)*(h12j7712j]€) = (hf)j?’)/i’]k)

Then , X B
hij = g - Tz - pggs
712jk = Hij - h}j(ﬂjk) '%’1jk : (Mz’k)_l-

Therefore we have

hiy =i o (g - hij - pi') ot =i(pag) - (Wi o hij o5 h) - hypiz) ™"

and
Viik = Yilig) - Yi(hij(ge)) - i(vin) - ilpir) "
We next put
(L@bi)*(hzlja%‘ljk) = (h?jv’yr?jk)a (Vi (piz), 1)*(h?ja’yf}k) = (h?j77?jk)'
Then

h?j =1; 0 hzlj ° %'_1, %4]'14; = %’(%‘1]‘1:)-

Therefore hY; = h}; and

Yoir = Wilphas) -l (W5 (ge)) - Vign - i(ppin) ™"
= i (pij) - Vi(hi;(ie)) - Yi(vie) - Yilpan) ™" = Y-

(A1.78) is proved.

(A1.76), (A1.77) and (A1.78) imply that we can compose isomorphisms. Hence
the relation ‘isomorphic’ is transitive.

On the other hand, (A1.76) and (A1.77) imply that each isomorphism has an
inverse. Hence the relation ‘isomorphic’ is reflexive. [J
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Remark 1.79. We assume (h;;, ;) satisfies (A1.71). We define (h;;,vi;,) by
(A1.72). We can check that (hj;,v;;;,) satisfies (A1.71), in a similar way as the
above calculation. For example we consider the case ¥; = 1 and check (A1.71.2) as
follows. We have

%{jk ) %{kz

= pij ~ i () Yige - oan (pwe) - Y - pigg

= i - g () - Yigh - Pare(pwt) - Vign - Pag (viwd) - it - iy
On the other hand, we have

z] (’Y]kl) ’Y”l
= ptij - g (pjn - Pyn(pre) - Yk 'Mﬁl) . ijl i hag (g - Vit - b
= tij - hij (k) - Yijie - Pie(prr) %}i < hij (Vike) - hij(uj_ll) T
g - hag () - Vg - by
Hence follows (A1.71.2).
Definition A1.80. Let &’ = {U; | j € J} be another covering of M and let
i(+) : j + i(j) be amap J — I such that U} C Uy(;). We define a map :

i(-)" : Sh((M,U); G) — Sh((M,U'); G)

by

() ({hiyin b {Virinis 1) = {0550 1 AV, s 1)
where

Rigs = Pii)iGa)s  Visgads = ViGG)ila)i(is)-

We thus obtain an inductive system U — Sh((M,U);G). We use inductive limit
with respect to this inductive system and define :

Sh(M, G) = lim Sh((M,U): G).

An element of Sh(M,G) is said to be a sheaf of category G on M.

Remark A1.81. (1) There is more general notion that is a stack. It is defined by
Grothendieck ([Grot62], [Grot71]). See also [Bry93|, [Gir70]. We only consider the
case when the stalk is independent of the point and is the category G.

(2) In case when G is commutative, (A1.71.1) implies
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Therefore it defines a G local system &. Then (A1.71.2) becomes
Yijk + Yikt = hij(Virr) + Viji-

Namely {v;;x} defines a Cech cocycle in C?(U, ®).
Next we assume that ({hi;}, {7ijx }) is isomorphic to ({hj; }, {7i;.}). Then (A1.72.1)
and (A1.72.2) imply that the induced local system is isomorphic and {7/}, } is the

same Cech cocycle as {7;x } under this isomorphism. (A1.72.3) and (A1.72.4) imply
that

Vigk = Vigk = Hij + i (k) = pin-
Namely {7{;;} is cohomologous to {;%;}.
Thus
Sh(M,G) = U H2(M; ®)

&:G local systems

in the abelian case.

(3) Usually (but not always) the effectivity of the (finite) group I'j, action on V,,
is assumed when one defines the notion of a chart (V,,I'y,4,) of an orbifold. On
the other hand, there is no such assumptions for stacks.

Note (A1.71.1) is the same formula as the first formula of (A1.6.2) in the definition
of Kuranishi structure. In (A1.6.2) we assumed only the ezistence of 4. Namely
it is not a part of the structure. Also the formula corresponding to (A1.71.2) is not
in Definition A1.5. On the other hand, in Definition A1.70 we include ;;; as a part
of the structure.

Actually, in the situation of Definition A1.5 where the I', action is assumed to
be effective, the element 7,4, satisfying (A1.6.2) is unique if it exists. Moreover a
formula corresponding to (A1.71.2) can be proved. (Lemma A1.73.)

In our situation where the G action on M is trivial, ;5 is not determined from
the other data and so we include it as a part of the structure. Also (A1.71.2) is put
as a part of conditions.

When the notion of orbifold was discovered by Satake [Sat56], he assumed the
effectivity of the action of I',. When Thurston renamed Satake’s V-manifold as orb-
ifold, he did not change its mathematical contents and still assumed the effectivity
of I',. The authors here include the effectivity of I', as a part of the definition of
orbifold, since it is confusing to change the definition, 50 years after its discovery,
and after it had been used in various branches of mathematics.

(4) Consider the situation of Definition A1.45. Then in a similar way as Lemma
A1.73, we can prove

(A182) Ypap'q’ * hp’q’ (f}/qrq’T’) Vg = pp(’)’pq'r’) “Vprp'r!

where (p) =/, p(q) = ¢, o(r) =1, ¢ € Pp(s5,1(0)/Ty), 7 € Yy(s,(0)/Ty). Since
(A1.82) is automatic, we did not put it as a part of assumptions in Definition A1.45.
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In the situation where effectivity of the I', action is not assumed, (A1.82) will not
be automatic.

(5) Using the language of category theory, we can rewrite the definition of
Sh(M,G), as follows. (Our discussion below is informal since we do not use it
in this book.)

We first define a category O(M). Its object is an open set of M. There is no
morphisms from U to V if U is not a subset of V. If U C V, there exists exactly
one morphism from U to V.

We next consider the 2-category G as follows. There is only one object in it. The
category of morphism from this object to itself is G.

Then an element of Sh(M, G) is regarded as a pseudo-functor from O(M) to G,
in the sense of [Grot71] Exposé VI 8.

Let us explain how a pseudo-functor O(M) — G is related to an element of
Sh(X,G). A pseudo-functor O(M) — G first assigns a functor Fyy : G — G for
each U C V. Such a functor is nothing but a homomorphism ¢y : G — G.

If U3 C Uy C Uy, then the pseudo-functor associate a natural transformation

TU3U2U1 : FU3U1 - FU3U2 © FU2U1

which is (in our situation) automatically an equivalence. By definition of the cat-
egory G, such a natural transformation is given by an element vy,y,, € G such
that

VU Uy - QUsU, = PUsU, © QUL U, -
This formula corresponds to (A1.71.1).
For the pair (Fyv,yu,u,u, ) to be a pseudo-functor we need to assume a compat-
ibility condition between them, that is the commutativity of the following diagram
for each Uy C U3 C Uy C U;.

Tuyusuy Tu,u,uq
Fy,u, o Fu,u, Fu,u, Fu,u, o Fu,u,
l(FU‘lUS)*(TUsUQUl) (FU2U1)*(TU4U3U2)l
Fuy,u, o Fu,u, © Fu,u, — Fy,u, ©o Fy,u, o Fu,u, .-

(See [FGIKNVO05] Definition 3.10 (iv)(b) or [Grot71] Exposé VI Proposition 7.4.)
The commutativity of this diagram is equivalent to

YULU3Us “ YULURU; = ¢U4U3 (7U3U2U1) “YULU3U; -

This formula is the same as (A1.71.2). (A1.71.1) is a consequence of the fact that
Tv,u,u, is a natural transformation.

We remark that, in the definition of pseudo-functor in [FGIKNV05] Definition
3.10, there are other conditions (ii), (iv)(a). In our situation, it will become

hii(g) = %Yiii * 9 * %-_u-la Yiig = Viiis  Vijj = hij (%‘jj)~
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They follow from (A1.71). In fact the first formula follows from (A1.71.1) by putting
i = j = k. The second formula follows from (A1.71.2) by putting ¢ = j = k. The
third formula follows from (A1.71.2) by putting j = k = [.

We can continue and rewrite (A1.72) using category theory. We do not try to
do it here. In fact the theory of stack which is well established is based on category
theory, and in this subsection we try to give a self-contained account of the part of
it which we need, without using category theory.

(6) We did not assume

hii = Zd, hij O hji = Zd,

in Definition A1.70.
There seems to be a version which assumes the above identities together with

Vijk = ’Vi_;f}, Yijk = Pij(Vjki)-

In the abelian case, these conditions will become the condition that h;;...; is anti-
symmetric with respect to the change of indices. It is well known that we have the
same Cech cohomology, whether or not we assume the anti-symmetricity.

A1.6.2. The normal bundle of the singular locus X=(T).
Now we apply the above discussion of stacks to the circumstance given in §35 in
relation to the study of normal bundles of the singular locus X = (T').

Example-Definition A1.83. Let G be a finite group acting effectively and smoothly
on a smooth manifold X. Consider the orbifold X = X /G. Let T be an abstract
group. We put

X*M)={zeX|L=T}G,

where
I, ={g9€G|gx =z}

It follows from (A1.84) below that X=(T') is a smooth manifold.

We now give a construction of an element of Sh(X=(T),G). Decompose X = (T')
according to the conjugacy classes of I, and study each of them separately. For
each subgroup I'y C G with I'g 2 I', we consider

X=([o) ={z e X|I, =T}
Denote the normalizer of I'y by
N(To) ={g € G| glog™" =To}.
Then H(Io) = N(I)/Ty acts freely on X=(T'g) and by definition we have

(A1.84) X=(I) = | JX=(T'o)/H(Ty),
o
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where the union is taken over all conjugacy classes of subgroups of GG isomorphic to
I'. We have an exact sequence

We choose a sufficiently fine good covering U = {U; | i € I} of X=(T') and a lift
U; ¢ X=(T'y) of U; so that the projection X — X restricts to a homeomorphism
from [71 to Uj;.

For each ¢,j with U; NU; # 0 there exists a unique h;; € H(Tp) such that
U; N (ﬁijﬁj) # (). We remark that hij - by, = hy, in H(Do), if Uy "NU; N U # 0.

We choose lifts Eij € N(I'o) of hy;.

We define h;; : T'g — I'g by

~ ~1

hij(g) = 15 'g‘ﬁz’j .

We define ;51 € I'g by

Yijk * hy = ﬁij ﬁjk

Then it is easy to check (A1.71).

We can generalize the construction above and include the case of orbifold which
is not necessarily a quotient of manifold globally. We do not discuss it here since
we do not use it in the main application (the proof of Proposition 35.52).

We remark that we can choose v;;, = 1 if the exact sequence (A1.85) splits. But
this is not always the case.

Example A1.86. Let us consider the orbifold X in Example A1.68. Then X=(T') =
S2. The Z, local system is necessarily trivial on S?. So

Sh(S% Zy) = H*(S* L) = Ly,

The element thereof defined in Example-Definition A1.83 is the generator of Z,, and
hence is nonzero.

Lemma A1.87. The element of Sh(X=(T'),G) represented by (hij,Viji) is inde-
pendent of various choices involved in the construction.

Proof. We first fix U = {U; | i € I}. We change U, to o;U; where a; € N(Ty). We
also change h;; to

_ -1

Then h;; € Aut(G) is transformed to

h;lj = ad(ozi) @) hzy @) ad(ozj)_l,
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where ad : N(I'g) — Aut(['g) is defined by ad(g)(¢') = g-g' -9~ '. We put ¢; =
ad(cy) and p;; = 1. Then (A1.72.1), (A1.72.3) are satisfied and hence defines an
isomorphism.
We also have
Vige = 0 Yigk 0+ = i(Yige)-

Therefore the isomorphism class is independent of the choice of U;.
We next fix U; and change the lift h;; € N(I'g) of h;;. We put
~/ ~

ﬁij = [Mij EU

Then we have

~/ ~/ ~/

-1 —1
Vije = hij - Bgr - (hag) ™ = g - g (Rgi) - Vg - i
as required. The invariance under the refinement of the covering is easy to prove. [

Definition A1.88. We call the structure defined by ({h;;},{7ijx}) in Example
A1.83, the standard stack structure on X=(T).

Going back to the general case of topological space M, we next define a vector
bundle on the stack defined by an element of Sh(M,G). Let ({hi;},{vijr}) €
Sh((M,U),G).

Definition A1.89. A wector bundle on ({hi;},{vijx}) € Sh((M,U),G) is a pair
({Fi},{gij}) such that F; is a vector bundle on U; with G action and g;; is an
h;j-equivariant bundle isomorphism

gl] : FJ|UlﬁUJ - F’L U;NU;

such that :
(A1.90) 9ij © 9ik = Yijk - Gik-

We assume that ({p;}, {1:}) is an isomorphism ({hi; }, {7vijr}) — ({hi;}, {W;Jk})
An isomorphism from a vector bundle F = ({F;},{gi;}) on ({hi;}, {7ijx}) to a vec-

tor bundle 7’ = ({F;'}, {gi;}) on ({hs;}, {7}, }) is a family {¢; }ier of ¥-equivariant
isomorphisms of vector bundles

such that
(A1.91) gij 0 &5 = pij - (di © gij)-

We say {¢; }icr is an isomorphism : F — F' over ({pij}, {wi}).
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Lemma A1.92. The relation ‘tisomorphic’ in Definition A1.89 is an equivalence
relation.

Proof. Let (pij, i)«(hij, Vi) = (hijvi) and (uiz, i)« (hi i) = (hivie)-
Let F¢ = ({Ff},{g§;}) be a vector bundle on ({Af;}, {~y;.}) and {¢i}ics : F' — F?

and {¢}}icr : F? — F?3 be isomorphisms over ({1;;}, {¢i}), ({#};}, {¥i}), respec-
tively. Then we can check easily by calculation that {¢} o ¢; };cr is an isomorphism

tF— FPover ({p;h A¥i}) o (s d {whi}) = (i - ¥i(mig) b Wi o s}). O
Lemma A1.93. Let F = ({F;},{gij}) be a vector bundle on ({hi;},{vijx}) and
let ({pij}, {ei}) be an isomorphism ({hi;},{vijx}) — ({hij},{'y{]k}) Let F! be a
G-equivariant vector bundle on U; and let ¢; : F; — F] be a ;-equivariant bundle
isomorphism. We define g;; by (A1.91).

Then ({F},{gi;}) is a vector bundle on ({hi;}, {Vi;.})-

Proof. 1t is easy to see that g;; is h}; equivariant. So it suffices to check (A1.90) for
/ /
gi; and ;.
We may divide the cases into (pi;, ;) = (1,%;) and (pij, ¥i) = (pij, 1).
In case (j,%i) = (1,;) we have
9ij © 91 © Ok = G © gij © gix = Di(Vijk - Gik)
= wi(%‘jk) ;0 gik = ’VZ{jk: : ggk o Qg
as required.
In case (uij, i) = (pij, 1) we have
9i5 © 91 0 Ok = gij © (k- (05 © gjir))
= hi; (k) - pij - @i © (9ij © gjk)
=tz - hij(pge) - Yigk - i+ (Gix © Ok
=Y - (i1 © Or),
as required. The proof of the lemma is now complete. [

We next discuss how a vector bundle behaves under the refinement of the cover-

ing. Let

()" ({Piyia by A inizin 1) = LG s {05100 -
See Definition A1.80. Then a vector bundle ({F;},{gi,i,}) on ({Piyis} {Virinis )
induces ({Fj}, {gj,;,}) on ({55, }s {Vj.sojs }) bY

Girja = 9iG)iG) U

Jj1d2

Therefore we can define a notion of a vector bundle on a pair (M, [{hi;}, {Vijr}])
where [{hi;}, {vir}] € Sh(M,G).
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Definition A1.94. We consider the situation of Example-Definition A1.83 and use
the notations there. We will define the normal bundle Nx= X over X=(I') with
the standard stack structure.
We identify U; € X=(I') with U; ¢ X=(T'g) by the projection and put F; =
Ny ‘X, the normal bundle of U; in X. T (C G) action on X induces one on F;.
We next define g;;. We have

~ 1~ ~ ~

(hy; U;)NU; € U; 2 U;.

N

We identify (h )U N U with U; N U;. Then an open embedding
Eij' : UiﬂUj —>(7ng1

is induced. It extends to a map X — X. We then have

gij ‘= (E”)* . Fj|U1ﬂUj = NE—1(~]{5{VV — Fi = Nﬁsz

¥

Since L _
ﬁz‘j 'ﬁjk = Yijk * Rk
we have (A1.90).
We put Ny=X = ({F;},{gi;}) which we call the normal bundle of X=(T).
We can generalize the construction above and include the case of orbifold which
is not necessarily a quotient of manifold globally. We do not discuss this here since
we do not use it in our main application (the proof of Proposition 35.52).

Lemma A1.95. ({F;},{g:j}) in Definition A1.94 is independent of the choices
1wvolved in the construction up to isomorphism.

Proof. We use the notation of the proof of Lemma A1.87.
We first change U to a; - U Then we have

;- NﬁiX — Nai-ﬁiX'

It induces

Since 1; = ad(q;) it follows that ¢; is v; equivariant.

implies that
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Since p;; = 1 in this case, we obtain the required isomorphism.
We next fix U; and change the lift Qij to

~1 ~

In this case we have F; = F! and ¢; = identity. (A1.96) implies

~/ ~

ggj - (ﬁiﬂ* = Hij - (ﬁq;j)* = Wij * Gij-
The invariance under the refinement of the covering is easy to prove. [

Example A1.97. In the situation of Example A1.68, the normal bundle does not
exist as a (usual) vector bundle on S?. But it exists over S? with (nontrivial) stack
structure, which corresponds to the generator of H?(S%;Z,).

Definition A1.98. We consider the situation of Example-Definition A1.83 and
let E be a G equivariant vector bundle on X. Tt induces an orbi-bundle E on
X = X/G. We will define a vector bundle E|x=r) on X=(T"). We use the notation
of Example-Definition A1.83 and of Definition A1.94.
We put
E; = E|g

and regard it as a vector bundle on U;.
As in Definition A1.94, we have an open embedding

ﬁij' : UiﬂU]‘ —>U1 gUi.

Since Eij € G it induces a bundle map

9ij : Ejlu,nu; — Ei.
It follows that g;; satisfies the required relation in the same way as Definition A1.94.
We define

Elx=r)={Ei},{9i;})

and call it the restriction of E to X=(T).

We can generalize the construction to the case of orbifold which may not be
globally a quotient.

In the same way as Lemma A1.95, we can prove that ({E;}, {g;;}) is independent
of the choices up to isomorphism.

Let F = ({Fi},{9gi;}) be a vector bundle over ({hi;},{vijx}) € Sh(X,G). As-
sume that the G action on the fibers of F; is effective. We are going to define an
orbifold structure on F/G. We define an equivalence relation ~ on |, F; as follows.
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(Here F; also denotes the total space of the vector bundle F;.) Let z € F; and
y € F;. Then z ~ y if and only if one of the following holds.

(1) i = j, x =~y for some v € G.

(2) m(xz) e UinNUj, y =7 - gji(x) for some v € G. Here 7 : F; — U;, 7 : F; = U;
are the projections.

It is easy to see that ~ is an equivalence relation. We put
F/al = F/ ~
i

and define a quotient topology on it. 7 : E; — U; C X induces a map

T |F/G| — X.
Let F be the fiber of the vector bundle F;. F' is a vector space on which G acts
effectively.

Lemma A1.99. |F/G| has a structure of orbifold. We denote it by F/G. If F is
isomorphic to F', then F /G is diffeomorphic to F' /G as an orbifold.

7w F/G — X is a locally trivial fiber bundle whose fiber is F/G and the structure
group is the group of orbifold diffeomorphisms of F/G.

Proof. We fix an order on the set of indices I. Let p € |F/G|. We put
Ilp)={iel|p=lz],x € Fi}.
Let i = i(p) = inf I(p). We put
Vo= () 7 (Vo).
Jel(p)

Here Vj; is the image of Uj; C U; by X — X. G acts on Vp. There is a map
Yy 1 V,/G — |F/G| which sends x mod G € V,,/G to the equivalence class of = in
|F/G|. We take (V,,,G,1,) as the orbifold chart of p.

Let g € 9,(V,/G). Let j = i(q). Since I(q) 2 I(p), it follows that j = i(q) <
i(p) = t.

By definition

9i§(Va) € Vp.

Hence (hpq, ¢pq) = (hij, 9i5) + (G, V) — (G,V,) gives a coordinate change of the
orbifold. By definition we have

hpq © hgr = Ypgr - Pipr - 'Yp_q%n ®pq © Pgr = Vpgr * Ppr
where
Tpar = Yi(p)i(@)i(r)-
We thus defined an orbifold structure on |F/G].

We omit the proof of the other part of the lemma and leave it to the interested
readers. [
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Lemma A1.100. (Tubular neighborhood theorem) Consider the situation of Example-
Definition A1.83. Then (Nx=r)X)/T is diffeomorphic to a neighborhood of X=(T')
m X as an orbifold.

Proof. We use the notation of Definition A1.94. We recall that
Nx=mX = ({Ei},{9:5})
where E; = Nﬁ,)z.
Let x : [0,00) — [0,€) be a diffecomorphism which is identity in a neighborhood
of 0.

We take a GG invariant Riemannian metric on X and use the exponential map to
identify F; = Ny X with a neighborhood U; in X by

e, )

expi:v»—>exp< o] v

We use also the notation of the proof of Lemma A1.99. Let p = [v] € |(Nx=r)X)/T|
and i = i(p). Now exp, defines a smooth map
fpiVp— X.

Here we recall

Vp,=<(ve€ N@X m(v) € ﬂ (Vi)
j€l(p)
It is easy to check that f, defines a diffeomorphism from (Nx=r)X)/T" to an open
neighborhood X=(T') in X as an orbifold. O

We remark that various operations of vector bundle such as Whitney sum, tensor
product, Hom bundle, symmetric tensor product, etc. can be generalized to the case
of vector bundle on [{hs;}, {vijx}] € Sh(M;G). For example, if F = ({Fi},{g};})
and £ = ({E;},{g/;}) are vector bundles on ({hi;},{7ijx}) then Hom(F,€) =
({Hom(F;, E;)},{gij}) where

E F\—
gij(uj) = 9ij ©Uj © (gz'j) L
We use the next lemma in §35.

Lemma A1.101. Let &€ = ({E;},{9i;}) be a vector bundle on ({hi;}, {vijx}) €
Sh(M,G). We put

E€ ={veE; |VyeGyv=nuv}
Then they are glued by g;; to define a vector bundle on the topological space M (in
the usual sense).
Proof. Let gg. : B¢ Ui, — EJG be the restriction of g;;. Then, since G action on EX
is trivial, it follows from (A1.90) that

G G _ G
9i; ° 95k = Gik-

The lemma follows. O
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Remark A1.102. In some situation we need to consider subspaces Y, C V), of a
space X with Kuranishi structure (V,, Ep, 'y, 1, sp) and put a Kuranishi structure
on the subspace. When the action of I',, is not effective, we need to add some I,
vector space F), to both Y, and obstruction bundle £, of each Kuranishi neighbor-
hood, in order to define a Kuranishi structure on the subspace U,Y,. We need some
care to carry this out. Namely we should glue those vector spaces by a family of
linear isomorphisms g,q : Upy — Hom(Fy, F},) so that

9pq © Ggr = Vpqr * Gpr

where 7,4, is the one appearing in (A1.6.2). For example, in the case of Kuranishi
structure with corners, we define Kuranishi structure on codimension k£ corner Sy X
as follows. We take the normal bundle to S X and add the normal bundle to both
Sk Vp and the obstruction bundle in order to make the I', action effective.

A1.7. Some errors in the earlier versions and corrections thereof.

A1.7.i) In Definition Al.1, we consider only a trivial bundle E, x V,, — V,,
as an obstruction bundle. It is not necessarily trivial as an equivariant bundle.
In [FuOn99II] we allowed more general bundle. The two definitions however are
equivalent, since locally any bundle is trivial and Kuranishi neighborhood of a point
can be chosen arbitrary small.

A1.7.ii) In the preprint version [FOOOO00] of this book, Definition A1.3 were
loosely stated, when we rephrase Definition 5.3 in [FuOn9911] without using the word
“smooth embedding of orbifolds”. In Condition (A1.4.2), we should require that the
induced map V,,/T'y — V, /I, is an injective map. We also add Condition (A1.4.6).
Note that Condition (A1.4.6) holds, if the h,,-equivariant smooth embedding ¢, :
Vog — V, induces a smooth embedding of orbifolds in the sense of p. 941 in
[FuOn99II]. Thus Definition A1.3 above (with (A1.4.6) included) is equivalent to
Definition 5.3 of [FuOn99II].

A1.7.iii) In Definition A1.5 (1.6.2) we include 7,4, in the formula. In (A2.1.11) of
[FOOO00], the term 7,4, is missing. This is an error as Example A1.65 illustrates.
On the other hand, the corresponding definition, Definition 5.3 in [FuOn991I], is
correct as it is. See Remark A1.67 which is related to this point.

A1.7.iv) We point out that Definition A1.14 is slightly different from the corre-
sponding one in [FuOn99II]. Namely in [FuOn991I] the isomorphism (A1.15) is not
required to be induced by the differential of the Kuranishi map but only existence
of such an isomorphism for which the diagram (A1.16) commutes. In fact, our proof
of Theorem 6.4 in [FuOnlII99] implicitly uses the condition that (A1.15) is induced

by dﬁber Sp-
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Therefore this is an error and Definition A1.14 is the correct definition of the
tangent bundle. (See §A1.5.) Example A1.64 illustrates a space X with Kuranishi
structure that has not the tangent bundle in the sense of this book but does in the
sense of [FuOn99II]. We need to exclude X in Example A1.64 so that cobordism
invariance of virtual fundamental cycle to hold.

In all the applications of the Kuranishi structure with tangent bundle to the
moduli problems in [FuOn991I] and in this book, the isomorphism (A1.15) is induced
by the differential of the Kuranishi map. So this error does not cause any problem.

In the proof of the existence of compatible multisection (Theorem A1.23) we
extend multisection in a compatible way. Namely we require the compatibility
condition in Definition A1.21. The original Kuranishi map is compatible in the
sense there only if (A1.5) is induced by the Kuranishi map. When the original
Kuranishi map is not compatible then we can not perturb it so that it is compatible.
So (A1.5) should be induced by the Kuranishi map to prove Theorem A1.23. In
(6.4.4) of [FuOn991I] the same compatibility condition was required.

If we consider the Kuranishi structure constructed in §29, both the normal bundle
and the quotient of obstruction bundle are isomorphic to the difference of the two
choices of E appearing (29.16). Therefore, the isomorphism (A1.5) is obtained by
the differential of s.

A1.7.v) In [FOOO00 §A3] we used normal bundle to Nx=r)X in a similar way
as §35 of this book. At the time of writing [FOOO00], the authors overlooked the
fact that the normal bundle to Nx=r)X, in the sense of the usual vector bundle
divided by I', may not exist. We have given rather detailed discussion on the vector
bundle over stack in §A1.6 and rectify this error in §35 of this book .

Added reference
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