Chapter 8. Lagrangian submanifolds in semi-positive symplectic mani-
folds.!

634. Statement of the results in Chapter 8.

So far we have been studying Floer cohomology with rational coefficients. If we
put some additional assumptions on our symplectic manifold, Floer cohomology can
be defined over Z coefficients or Zs coefficients. In this chapter, we discuss this point
and its applications. We remark that in Chapters 3-5, we developed the homological
algebra also with the coefficient ring of Z or Zs. So the necessary algebraic part of
the story has already been generalized. We first recall the following :

Definition 34.1. ([McD91]) A 2n-dimensional symplectic manifold (M, w) is called
semi-positive if w(B) < 0 for any f € mo(M) with 3 —n < ¢ (M)[B] < 0.

Remark 34.2.

(1)  Note that if n < 3, the semi-positivity automatically holds.

(2)  An n-dimensional Lagrangian submanifold L C (M, w) is called semi-positive
if w(B) <0 for any € mo(M,L) with 3 —n < ur(8) <0.If L C (M,w) is semi-
positive, then (M, w) itself must be semi-positive. We do not assume semi-positivity
of L but only assume semi-positivity of M.

For R =Q,Z or Zs = 7Z/27, we put

A(]J:i,nov — {§ :aiT)\iem

We define AZ Aarﬁov in the same way. (In Chapters 1,3,4,5,6,7, it is written as

Ao now(R) in place of AE, . ..)

0,nov"

)\Z'ERzo,niEZ,aiER, hm)\Z:oo}

1—00

Condition 34.3. We assume that there exists a compatible almost complex struc-
ture J on M such that every J-holomorphic sphere v : $? — M with ¢ (M)[v] =0
is constant.

For example CP™, C*, T?" or any monotone symplectic manifolds satisfy Con-
dition 34.3. The first main result of this chapter is :

Theorem 34.4. Let L C (M,w) be a relatively spin Lagrangian submanifold. We
assume (M,w) is semi-positive and satisfies Condition 34.3. Then we have the
following :

(1)  The filtered A algebra (C(L),m,) in Theorem 10.11 is defined over AF .
We write it as (C(L; AL, ,,), Ms).

0,nov
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(2)  If we take the Z-reduction, see (7.13), the cohomology ring of (C(L;Z), m,) is
isomorphic to the cohomology ring H(L;Z) of L.
(3) (C(L;A% . ..),m.) has a homotopy unit.

0,nov

(4)  Theorem 14.1 is generalized to this case. Namely if ¥ : M — M is a sym-
plectic diffeomorphism and L' = (L) then it induces a homotopy-unital homotopy
equivalence ¥, : (C(L; A%, ), m,) — (C(L';A%, ), m,). (See §15.3). Theorem

0,nov 0,nov
14.2 is also generalized to this case.

(5)  If (LM, LO) is a relatively spin pair of clean intersection, then the filtered Aso
bimodule C(L™M | LO); Ay 00) is defined over A% Namely we have C(L™M | LO); AZ

0,nov* 0,nov

which is a homotopy-unital filtered Aoy bimodule over C(LM: A% Y - C(LO; AL .

0,nov 0,nov

(6) Theorems 22.1 and 22.4 (invariance of the filtered Ao, bimodule under the ac-
tion of symplectic diffeomorphisms and under the Hamiltonian isotopy) over the ring

A%’nm} hold. Consequently, Theorems 14.3 and 14.4 (invariance of Floer cohomology)
hold.
(7)  Theorems 11.18 and 11.43 (sequence of obstruction classes) over Af ., hold.

(8)  For any field R, (24.6.1) and (24.6.2) in Theorem 24.5 (the spectral sequence
calculating Floer cohomology) remain to be the case after replacing the coefficient
ring AZ by AF Theorem 24.10 also holds.

0,nov 0,nov*

(9) If L is rational and rationally unobstructed with Z-coefficients, then the spec-
tral sequence converges with the coefficient ring A%mov. More specifically, the con-

struction in §25, especially (25.7), remains to hold.

Remark 34.5. As we mentioned in the introduction, it is very likely that Condition
34.3 can be removed. Since the argument for it is more involved and this condition
is satisfied in the situations when we apply it in this book, we assume it in this
book, and postpone the discussion to remove it to a paper which we are planing to
write.

Note that for the case R = Z, we do not have the canonical models (see §23)
of filtered A, algebra and filtered A, bimodule. Thus we can not state the Z-
coefficients versions of Theorems A and F in terms of cohomology as in Chapter 1,
but can state the corresponding results by using the filtered A, algebra C'(L; A% )

0,nov

in Theorem 34.4 (1) and the filtered A, bimodule C(L™ L("; A% Y in Theorem

0,nov
34.4 (5). Indeed, the following theorems are just restatement of some parts of
Theorem 34.4, which are regarded as the semi-positive versions of Theorems A and
F mentioned in Chapter 1.

Theorem As. Let L C (M,w) be a relatively spin Lagrangian submanifold. We
assume (M, w) is semi-positive and satisfies Condition 34.3. Then we can construct

the filtered Ao algebra (C(L;AZ, ), m.) over AL as in Theorem 34.4 (1).

0,n0v 0,n0v

If ¢ : (M,L) — (M', L") is a symplectic diffeomorphism, then we can associate
to it an isomorphism v, = (p=1)* : C(L; Af ,.0,) — C(L'5AF,.,,) of filtered A
algebras whose homotopy class depends only of isotopy class of symplectic diffeo-

morphism 1 : (M, L) — (M',L").
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The Poincaré dual PD([L]) € C°(L; A% ,.,,) of the fundamental cycle [L] is the

homotopy unit of our filtered Ay, algebra. The homomorphism 1, is homotopy-
unital.

Theorem Fs. Let (L(l), L(O)) be a relatively spin pair of Lagrangian submanifolds
of (M,w). Assume that L'©) and L) intersect cleanly. We assume (M,w) is semi-
positive and satisfies Condition 34.3. Then we can construct the filtered A bimod-
ule C(LMW  LO); AZ ) as in Theorem 34.4(5). Namely we have C(L™M, LO); AZ

0,nov 0,n0v
which is a homotopy-unital filtered Ao bimodule over C(LW); Af ow) - C (L) A%’nov).

Remark 34.6. There are several results in the previous chapters whose validity for
the Z coefficient in the of semi-positive case is still not clear to us. We make some
comments on them here. Among them, (1), (2) and (4) also apply to Theorem 34.7
below :

(1) Both the statement and the proof of Theorem 33.1 in §33 are based on the de
Rham theory and so are valid for the coefficient ring R. However it is clear from
the proof given below that the induced A, algebra (6(L;A%’nov),ﬁ*) obtained
by reducing the coefficient ring to Z is homotopy equivalent to the A., algebra
constructed in Theorem 9.8. In this sense, Theorem 33.1 (comparison of our filtered
Ao algebra to it classical part) is also generalized over Z.

(2) In a discussion of §13, we used the fact that our Novikov ring contains Q.
Therefore constructions of the operators q, p do not apply for the A%}nov coefficient.
Because of this, the proof of Theorem 13.41 is not generalized over the A%,nov
coefficients, and hence not Theorem 13.41 itself. Similar remarks apply to (24.6.3)
of Theorem 24.5.

(3)  When L is irrational, it is not clear to us whether the convergence result of
the spectral sequence in Theorem 24.5 holds over A%’nov. (See the paragraph right
after Theorem 24.10.)

(4) As we mentioned above, we do not have the canonical model over Z. However,
the construction given in §23 yields the following, (see also §27.1.) : Let L be a rela-
tively spin Lagrangian submanifold of a semi-positive symplectic manifold satisfying
Condition 34.3. Then for any subcomplex C of C(L;Z) which is a direct summand
as a Z-module and induces an isomorphism in cohomology with Z-coefficients, we
have a structure of filtered A, algebra on C® Af . The filtered A structure is
independent of choices up to homotopy equivalence. Thus if the cohomology group
H(L;Z) is a torsion free Z-module, then there is a structure of filtered A, algebra

on H(L;Z) ® A Moreover, for any CW or simplicial decomposition of L we

0,nov"*
can define a structure of filtered A algebra on the cochain complex over Af,,,

which is associated to the cellular or simplicial decomposition.

In the semi-positive case, we can also work over Zs which enables us to generalize
various results of Chapter 6 for L that is neither orientable nor relatively spin.
Because the Maslov index can be odd for unorientable L, we need to enlarge our
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0 00 [e}/?] so that it includes the square root e'/2. Recall that
deg e = 2 in our definition.

Novikov ring to AZ2

Theorem 34.7. Let L C (M,w) be a Lagrangian submanifold, not necessarily
relatively spin. We assume (M,w) is semi-positive and satisfies Condition 34.3.
Then, we can still define a unital filtered Ao algebra (C(L;A52  [€Y/?]),m,) as in

0,nov
Theorem 10.11. If LM LO) gre semi-positive Lagrangian submanifolds, then the
A bimodule C’(L(l),L(O);A%fnov[elﬂ]) is defined.

Theorems 14.1, 14.2, 14.3, 14.4, 22.1, 22.11 and Theorem 24.5 (24.6.1), (24.6.2),
and Theorem 24.10 are generalized to this case.

Theorems Bs, Cs, Ds, Es, Gs in the introduction directly follow from Theorems
34.4 and 34.7.

For the case R = Zs, we have the canonical model, since Zs is a field. So
Theorems A and F can be generalized directly to the situation of Theorem 34.5
over A5z 1el/2].

0,nov
Using Theorem 34.7 we have the following result which is similar to Corollary
24.20. This is nothing but Theorem L (1) in Chapter 1.

Corollary 34.8. Let L C M be a Lagrangian submanifold. We assume (M,w)
satisfies Condition 34.3, H*(L; Zy) = 0, and there is a Hamiltonian diffeomorphism
¢ such that

LNng(L)=0.

Then the Maslov index homomorphism puy, : mo(M, L) — 7 is not trivial.

Proof. We will prove this by contradiction. Suppose to the contrary that uj is
trivial for L. This in particular implies that L is semi-positive by definition. Hence
(M,w) is semi-positive. Since py, is trivial, all the obstruction classes for the Floer
cohomology over Zs coefficients lie in H?(L;Zs) = 0 because n — (n — 2 + ur) =
2. Since we assume H?(L;Zsy) = 0, all obstructions automatically vanish and so
we derive M(L;Z2) # 0. Now let b € M(L;Zs) and consider the corresponding
Floer cohomology HF ((L,b), (L,b)) =2 HF((L,b), (¢(L), ¢«(b)) is well defined. The
assumption L N ¢(L) = () then implies HF((L,b),(L,b)) = 0. On the other hand,
Theorem 24.12 is generalized to the Zs coefficient for the semi-positive case and
implies that HF'((L,b), (L, b)) cannot be zero which gives rise to a contradiction. [

Proof of Theorem Ks. Note that C™ is noncompact but bounded at infinity. There-
fore all the theorems in this book apply to compact Lagrangian submanifolds of
C™. For given compact Lagrangian submanifold L, we can easily find a Hamilton-
ian diffeomorphism ¢ : C" — C™ of compact support such that L N ¢(L) = (). Now
Corollary 34.8 finishes the proof. [J

We now point out some main ideas in the proofs of Theorems 34.4 and 34.7,
which deal with the case of the Z coefficients. Note that the only reason for the
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usage of rational cycles, instead of integral ones, in the stable map compactification
comes from the fact that the (finite) automorphism groups of stable maps we use
could be non-trivial. A simple examination of the constructions in [FuOn991l] or in
Chapter 7 of this book, however, shows that all the construction would work with
the Z or Zs coefficients, without assuming any other condition, as long as all the
stable maps involved in the construction have trivial automorphism groups.

In this respect, the following observation is important, although its proof imme-
diately comes from the structure of PSL(2;R).

Lemma 34.9. The automorphism group of a semi-stable bordered Riemann surface
(%,2) € Mglflln of genus 0 is torsion free if k > 0 and if it has no sphere components.
In particular, if a stable map ((3,2),w) € M (J; 3) with k > 0 has no sphere
bubbles, then the automorphism group of ((X,2),w) is trivial.

Here we specify J, the almost complex structure, in the notation }cnj’ln(J :0)
above, since the results of Chapter 8 (for example Theorem 34.11 below) may not
hold for arbitrary J but is correct only after choosing J appropriately. (For the
results of Chapter 3 ~ 7, we may take any .J, since the perturbation we use is an
abstract perturbation.) An immediate corollary is the following :

Corollary 34.10. Let k > 0. If an element ((2,2),w) € MPP(J; ) does not
have sphere components, then ((3,2),w) € Mgfil“(J; B3) have trivial automorphism
group. In particular, if (M,w,J) does not allow any pseudo-holomorphic sphere

then its automorphism group is trivial.

Let us now assume that (M,w) is semi-positive and satisfies Condition 34.3.
Hereafter we will use a compatible almost complex structure for which there exists
no pseudo-holomorphic sphere v : §? — M with ¢;(M)[v] < 0 other than constant
maps.

Now we consider the moduli space

R (85 Py Pr) o= MR (T3 8) X eor,oemy (Prx - X P,

We have a natural decomposition such that

;cn—iiln(ﬁ;Pla' o 7Pk)
= MPEENB Pr, - Pr)ree UMEER (B, Pry -, Pi)six.

Here M (6; Py -+, Pr)free (resp. M2 (6; Pr, -+, Pr)ax) is the set of elements
with trivial (resp. nontrivial) automorphism groups. The following theorem is the
main step of the proofs of Theorems 34.4 and 34.7.

Theorem 34.11. We assume (M, w) is semi-positive and satisfies Condition 34.3.
Let L C (M,w) be a Lagrangian submanifold and let Py,--- , Py be given singular
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simplices and B € II(M; L). Consider the moduli space glfiln(ﬁ; Py,--- Py) and
its decomposition given above. Then there exists a family of single valued piece-
wise smooth sections s¢ of the obstruction bundle in a Kuranishi neighborhood of

main

k+1 (6; P1,- -+, Py) and a decomposition

;cn-ﬁlln(ﬁa p17 e 7Pk:)56

(3412) main 5€ main 5€
:Mk:—H (ﬁ;Pla”’ka)freeU k+1 (6;P17"’7Pk)ﬁx

of the perturbed moduli space such that :

(34.13.1) main(3: Py, -+, Pr)iee 45 a PL manifold.

(34.13.2) (B Py - - , P,)*" has a triangulation compatible with the smooth
structure on M (B; Py, -+, Pr)fee-

(34.13.3)  w(MPHR(B; Py, - - , Py)&.) is contained in a sub-complex of dimension

dlmM?_ﬁlln(ﬂa Py, 7Pk)?r€ee —2.

(34.13.4) lime .05 = s, where s is the original Kuranishi map over
(B Py - -+, Pr) which is constructed in Chapter 7.

Once Theorem 34.11 (and the analogous statements for other moduli spaces used
in previous chapters) is proven, the rest of the proofs of Theorems 34.4 and 34.7 are
the straightforward analogs of the arguments used in the previous sections. We will
not repeat them here. In order to construct a section whose zero set has a smooth
triangulation, we work in the piecewise linear (or piecewise smooth) category. This
is the reason why the section we obtain in Theorem 34.11 is piecewise smooth (and
is not necessary smooth).

In §37, we describe an example which illustrates various constructions given in
this book. There we study in detail the case of Lagrangian submanifold L of C™*!
that is homeomorphic to S' x S™. We study the leading order contribution of the
holomorphic discs to the matrix coefficients of the filtered A, algebra associated to
L. The result is simpler to describe in the language of filtered L., algebras rather
than that of filtered A, algebras. The relevant filtered L., algebra will be obtained
by symmetrizing our filtered A, algebra. Because of this, we describe the story of
filtered L., algebras and the symmetrization of filtered A, algebras in §36 as much
as we need in §37.

In §38-§43, we study the intersection theory of the class of Lagrangian submani-
folds consisting the fixed point sets of anti-symplectic involutions. Such Lagrangian
submanifolds naturally arise in the study of real algebraic geometry as the real point
set of a complex algebraic variety. They are also previously studied by the second
named author [Oh95I] for the real forms of compact Hermitian symmetric spaces
in relation to the following conjecture.



CHAPTER 8. LAGRANGIAN IN SEMI-POSITIVE SYMPLECTIC MANIFOLD 7

Arnold-Givental conjecture 34.14. Let 7 be an anti-symplectic involution of
(M,w), i.e., be a diffeomorphism with T*w = —w. Assume that L = Fix T is non-
empty and ¢ : M — M is a Hamiltonian diffeomorphism such that L intersects
¢(L) transversely. Then we have

(34.15) #(LN (L) > rank H*(L; Zy).

We will prove this Arnold-Givental conjecture for semi-positive Lagrangian sub-
manifold under the following additional assumption 34.16. We remark that if 7 is
an anti-symplectic involution of (M,w) and if L = Fix 7 is non-empty, then L is
semi-positive if and only if M is semi-positive.

Condition 34.16. There exists J with the following properties. 7*J = —J and
every J-holomorphic v : §2 — M with ¢;(M)[v] = 0 is constant.

Theorem 34.17. Let (M,w) be a semi-positive symplectic manifold. We assume
L = Fix 7 satisfies Condition 34.16. Then L is unobstructed over Zo. Moreover we
can choose a bounding cochain b € M(C(L; AZ2 ) such that

0,n0v

HF((L,b), (L,b); A2 )= H*(L; Zy) ®z, N>

0,n0v 0,nov"

Theorem M in introduction is an immediate consequence of Theorem 34.17. Note
that L is not necessarily assumed to be orientable or relatively spin.

Since the real forms of compact Hermitian symmetric spaces satisfy Condition
34.16 because they are (positively) monotone, we have the following slight general-
ization of the result from [Oh95]], in that it eliminates some restrictions posed on
the real forms.

Corollary 34.18. The Arnold-Givental conjecture holds for the real forms of any
compact Hermitian symmetric spaces.

The proof of Theorem 34.17 will be given in §38—8§43. We like to note that we
will use Condition 34.16 only in §43. An idea of the proof of Theorem 34.17 is that
for fixed point set L = Fix 7 of anti-holomorphic involution 7 and for J satisfying
7.J = —J, any J-holomorphic disc ¢ : D? — M attached to L comes in pair and
their contributions cancel each other. (See §38 for the detailed description of this
symmetry.) We remark that the Zs-coefficient is used in Theorem 34.17 : This is not
only because we do not assume L is oriented but also because the above mentioned
cancellation occurs only over the Zs-coefficient. Namely holomorphic discs in pair

may or may not have opposite orientations. We discuss this orientation problem in
6§38, and §47 (Chapter 9) in detail.

Furthermore, using the discussion there we have the following results over Q.
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Definition 34.19. Let 7 : M — M be an anti-symplectic involution (that is 7*w =
—w, 72 = id). We assume that L = Fix 7 is non empty, (hence is a Lagrangian
submanifold). We say that L is 7-relatively spin if there exists st € H?(M;Zs) such
that st|, = wa(L) (the second Stiefel-Whitney class of L), and that 7*st = st.

Theorem 34.20. Let M be a symplectic manifold and T an anti-symplectic invo-
lution. If L = FixT is non-empty, oriented, and T-relatively spin, then the filtered
Ao algebra (C(L; AL, ), m) in Theorem 10.11 can be chosen so that

0,n0ov
(34.21) mkwg(Pl, cee ,Pk) = (—1)6mk77*/@(P]€7 cee ,Pl)
where )
UL
€= +k+1+ Z deg'PZ-deg’Pj.
1<i<j<k

Here deg’ = deg —1 is the shifted degree. Theorem 34.20 will be proved in §38 and
847 and Theorem O in Chapter 1 is an immediate consequence of Theorem 34.20.
(Note that we do not assume the semi-positivity of (M, w) or of L in Theorem 34.20
and in the rest of this section.)

Corollary 34.22. Let 7 and L = Fix 7 be as in Theorem 34.20. Assume that the
image of ¢ : mo(M) — Z is contained in 27 in addition. Then L is unobstructed
over Q and so HF (L, L) is defined. Moreover we may choose b € M(L; Agnov) 50
that the map

(=1)* D (mg), « HFE((L,b), (L, ) AG 100) @ HF (L), (L, b); Ag 00)

0,nov 0,no0v

— HF*(L,b), (L, b); A2, )

0,nov
induces a graded commutative product.

We remark that we do not assert that Floer cohomology HF((L,b), (L,b); A2, )

0,nov
is isomorphic to H*(L; Q) ® A%nov. (Namely we do not assert my = my.) The
authors believe that this is not the case for some special Lagrangian S x S? in a
Calabi-Yau 3-fold.

We remark that Theorem 34.20 and Corollary 34.22 can be applied to the real
point set L of any Calabi-Yau manifold (defined over R) if it is oriented and 7-
relatively spin. In particular, such L is unobstructed and so the Floer cohomology
HF((L,b),(L,b); AY . ) of L is defined for given b € M(L; Af,.,,)-

0,nov 0,nov
Proof of Theorem 34.20 = Corollary 34.22. By assumption, the Maslov index of L
modulo 4 is trivial. Therefore (34.21) implies mg «g(1) = —mg g(1). If follows by
the cancellation argument mentioned above that L is unobstructed. Then (34.21)
implies

(34.23) my Py, P) = (—1)He Prdes Pomy (P, ).
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We denote
Py Ug Py := (—1)deePrldes Potl) Zm2,[3(P17 Py).
B

Then a simple calculation shows that (34.23) gives rise to
Py Ug Py = (—1)derdesap) o py.

Hence Ug is graded commutative. [J

Remark 34.24. For the later purpose, we mention here that the same proof will
show that in the situation of Corollary 34.22 we have [, = [ if k is even. Here [ is
the symmetrization (C(L, AL, ), 1) of the filtered Ao algebra (C(L,AS, ), my),

0,nov 0,nov
and [y, is L, structure obtained as the reduction of the coefficient of (C(L, Agmv), (k)

to Q. We refer to §36 for their precise definitions. Note that over R we may choose
[z = 0 by Theorem V in Chapter 1. On the other hand, Theorem 36.19 shows that
[ =0 over Q.

Theorem 34.20 and Corollary 34.22 can be applied also to the diagonal of square
of a symplectic manifold. Namely we consider the following situation. Let (N, wy)
be a symplectic manifold. We consider the product

(M,CUM) = (NX N,(.UN®1—1®WN).

The involution 7 : M — M, 7(x,y) = (y,z) is anti-symplectic and its fixed point
set L is the diagonal
{(z,z) |x € N} 2 N.

We note that the natural map i, : H.(A,Q) — H.(N x N;Q) is injective and so
the spectral sequence collapses at Es-term by Theorem 24.5, which in turn induces
the natural isomorphism H(N;Q) ® Ag ney = HF(L,L). We also remark that the
image of Maslov index py, : mo(M, L) — Z is automatically in 47 for this case.
Therefore we can apply Corollary 34.22 and derive a graded commutative product
Ug : HF((L,b), (L,b); AY .00 JQHF((L,b), (L, b); Af 1iow) — HF((L,b), (L,b); AY 1100)

0,nov 0,nov 0,nov

given above. In fact, we can prove that the following stronger statement.

Proposition 34.25. The product Ug coincides with the quantum cup product on
(N,wyn) under the natural isomorphism HF((L, b),(L,b);Agnov) ~ H(N;Q) ®
AR

0,nov "
We will prove Proposition 34.25 also in §38.

We remark that for the case of diagonals, my (k > 3) define a quantum (higher)
Massey product. It was discussed formally in [Fuk97III]. We made it rigorous here.
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Remark 34.26. The authors thank Cheol-Hyun Cho for some helpful discussion
concerning Proposition 34.25.

There are some related works by Welschinger on real pseudo-holomorphic discs
in symplectic 4-manifolds. See [Wel05], for example.

As we mentioned already, the proof of Theorem 34.17 is based on the Zo-
symmetry on the moduli space of pseudo-holomorphic discs. To work out the details
of this idea we first need to choose an almost complex structure J on M for which 7
is anti-holomorphic. We need to choose J generic enough so that the semi-positivity
implies absence of the moduli space of pseudo-holomorphic discs of “wrong dimen-
sion”. This is necessary so that we can use this almost complex structure J to apply
Theorems 34.4 and 34.7. We discuss this point in §39.

The other important point (which the authors overlooked in the year-2000 preprint
version [FOOOO00] of this book) is that the canonical involution on the moduli space
of pseudo-holomorphic discs induced by 7 may have a fixed point. The pseudo-
holomorphic disc corresponding to a fixed point of this involution is called lantern,
and is studied in detail in §40. There we construct another involution on the moduli
space of lanterns which we use for a similar cancellation process. (We remark that
we do not need to study lanterns to prove Theorems 34.20 and Corollary 34.22.) We
construct a sequence of involutions on the interior of our moduli space in §41 and
show in §42 that they can be regarded as involutions on the spaces with Kuranishi
structure. (See §A1.3.) In §43, we study the boundary of the moduli space and
complete the proof of Theorem 34.17. Condition 34.16 is used only in this section.
See §43.1 for the reason we need this unpleasant assumption.

Remark 34.27. The authors thank U. Frauenfelder for pointing out an error in the
year-2000 preprint version mentioned above. The idea applied here to rectify this
error is due to the 4th named author and has been used by Frauenfelder also in his
paper [Fra04] which discusses a particular case of the Arnold-Givental conjecture.

635. Single valued perturbation.

The purpose of this section is to prove Proposition 34.11 and apply it to prove
Theorem 34.4 etc. In §35.1-3, we work with a global quotient by a finite group and
an orbi-bundle and explain how to construct a single-valued section that has the
properties required in Proposition 34.11. We use the stratification of the orbifold
by the isotropy group. On each of the stratum we can rather easily construct a
section whose zero set has the required dimension since each stratum is actually
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a manifold. The main point of our construction is how we paste those strata-wise
sections to produce a global single-valued piecewise smooth section whose zero set
carries a smooth triangulation.

This problem is thus naturally related to the theory of stratified set and to
the singularity theory of smooth maps. The proof in §35.1-3 is based on several
machinery established in the theory of stratified space.

In Appendix §A3, we will provide another argument to find a single valued section
whose zero set carries a triangulation. This approach is based on the triangulability
of real analytic sets and of Whitney stratified spaces. In that sense this approach
is closer to the method described in [FuOn0O1]. An advantage of this approach is
that we only need to use the statement of the results established in the theory of
Whitney stratified spaces : namely, Whitney stratified space has a C°-triangulation.
Although this result is rather difficult but is well-established. (In the approach of
§35.1-3 we need to go back to the proof of this result and uses some of the ideas
used in the proof of this result.)

Unfortunately, there is one drawback of the approach in §A3. Namely the trian-
gulation of Whitney stratified space is of C° but not smooth. This is a well-known
fact, which is related to the various basic points (and difficulty) in the singularity
theory of differentiable mapping. (For example this fact is related to the reason
why the set of stable map germs is not dense in C* topology.) However, the trian-
gulation of real algebraic set is sufficiently ‘close to smooth’ so that we may apply
the construction of previous chapters. Because of this drawback we present the al-
ternative argument in §35.1-3, by which we can actually construct smooth singular
chains and the argument of the previous chapters directly apply.

We next explain in §35.4, generalization of the results of §35.1-3 to the case of
Kuranishi structure.

Using the results of §35.1-4, the proof of Theorem 34.4 etc. are completed in
635.5. For this purpose we need to study an equivariant index of the lineariza-
tion of the Cauchy-Riemann operator. Our assumption (semi-positivity of ambient
symplectic manifold and Condition 34.3) are used only in this part.

35.1. Single valued piecewise smooth section of orbi-bundle : Statement
of the result.

Let M be a smooth manifold and GG be a finite group acting effectively on it.
The quotient X = M /G defines an orbifold. (Such an orbifold is said to be a global
quotient.) Let E — M be a I" equivariant vector bundle on it. It is, by definition, an
orbi-bundle E/G on X. A single valued section of this orbi-bundle is, by definition,
a G-equivariant section of £ — M.

Let I' be an abstract finite group. We denote

(35.1) X*T)={peM|I,=T}/G
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where I, is the isotropy group of p, i.e.,

(35.2) I, ={y€ G|y =rp}

We remark that X = (T') is a smooth manifold. In §A1.6, we define a standard stack
structure on it. (See Example A1.83.)

The set {X=(T) | T'} defines a stratification of our space of X. (We refer [Mat73]
for the basic facts on Whitney stratifications.) Our stratification is a Whitney
stratification. It is actually better than the usual Whitney stratification. Namely
for our stratification, the normal cone exists and is locally trivial in C'*° sense. (We
will define this notion later in Definition 35.12.) This is a consequence of Lemma
A1.100. In general the normal cone of a Whitney stratified space is locally trivial
only in C%-sense.

Example 35.3. Let C, = {(tz,ty,t) | -1 <2 <1,0<y <1+a—alz|,t >0}
and we put
X ={(z,y,z,w) | (z,y,2) € Cp,0 <w < 1}.

Using the fact that C, is not affine isomorphic to C, for a # b, we can prove that
a neighborhood of w axis in X is not diffeomorphic to the product R x Z for any
Z C R

The fact that each of our stratum has a normal cone which is locally trivial in
C* sense can be used to show that X has a smooth triangulation. (See Definition
35.12 for the definition of local triviality.) (We remark that the fact orbifold has
a smooth triangulation is well-known, of course.) We can use our smooth strati-
fication of X to define the notion of piecewise smoothness of sections of E/G : a
smooth triangulation of X induces a smooth G-equivariant triangulation of M. A
G-equivariant section of E that is piecewise smooth with respect to such a trian-
gulation is identified with a piecewise smooth section of E/G — X. (We remark
that in this section we never use multi-valued sections and use only single valued
sections.)

We now define the notion of locally trivial stratification (in C'*° sense) which is
appropriate for our purpose.

Definition 35.4. An affine polygon P is a closed subset of R™ which is defined by
a finite number of inequalities of the type

(35.5) a1x1 + -+ apT, < c.

A compact and connected subset P of a smooth manifold N is said to be a locally
polygonal set if, for each p € P, there exist a chart ¢ : U — o(U) C R™ of a
neighborhood of p in N and an affine polygon P C R™ such that

(35.6) p(PNU) = p(U) NP.
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We say (U, p,P) as above a chart of P.
We can define the notion of face (of arbitrary codimension) of an affine polygon

in an obvious way. Let P be a locally polygonal set. A closed subset ) of P is said
to be a face of P if :

(35.7.1) For each p € @ there exists a chart (U, ¢, P) of P such that

P(QNU) = (U IP’a) Np(U)

acA

where {IP, },c4 is a subset of the set of faces of P.
(35.7.2) No proper closed subset R C @ with dim R = dim @ has property (35.7.1).

We remark that in many cases ¢(Q NU) is an intersection of p(U) with a single
face of P. However it may happen that two different faces of ¢(U)NP are connected
somewhere away from U. This is the reason we allow ¢(Q NU) to be a union of
several components in (35.7.1).

Let F': X — Y be a continuous map between closed subsets of Euclidean spaces.
We say F' is smooth if it extends to a smooth map between open subsets of Euclidean
spaces.

Using this definition and local chart, we can define the notion of smoothness of a
map F' : P — @ between locally polygonal subsets. The notion of diffeomorphism
between locally polygonal subsets is defined also in the same way. We remark that
our locally polygonal subset is a closed subset and a smooth map is assumed to be
extended to its neighborhood. This is a much stronger notion than the smoothness
that is usually used in the study of stratified sets where each stratum is a locally
closed set and a smooth map is assumed to be smooth only on each of the stratum
(and not necessarily on its closure).

An (abstract) locally polygonal space is a topological space equipped with a home-
omorphism to a locally polygonal subset of some manifold, which we call a chart.
A smooth map or diffeomorphism between them are defined by using the same
notion for locally polygonal subsets. For each point p of locally polygonal set P,
the tangent space T}, P is defined even when p lies in its boundary or corners. (We
again recall that a smooth map on a closed subset is assumed to be extended to its
neighborhood.)

Let Y be a locally compact Hausdorff space with a stratification

(35.8) Y=JYa:
a€A
Namely

(35.9.1) each Yy, is a locally closed set.
(35.9.2) Y, \ Y, is a union of strata, Y;.
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Definition 35.10. The stratification (35.8) is said to be a locally polygonal strati-
fication, if the following holds :

(35.11.1) For each a, we are given a locally polygonal space P, and a homeomor-
phism ¢, from P, to a closure of Y. o
(35.11.2) If Y} is a stratum contained in Y, \ Yy, then there exists a face P, of P,

such that ¢, (P,;) = Y} and the composition

0, 0 alpy t Pay — Py

is a diffeomorphism.

The dimension of Y is defined to be the maximum dimension of P,’s. For the
spaces Y, Y’ with locally polygonal stratification {Y; }seca and {Y} }rep, we say a
homeomorphism F' : Y — Y’ between them is a diffeomorphism if there exists a
bijection a +— b = b(a) from A to B such that F' induces a diffeomorphism from
P, to Pl;(a) for each a. A continuous map F : Y — M from a space Y with
locally polygonal stratification to a smooth manifold M is said to be smooth if its
restriction to each P, is smooth. We say F' is a submersion if its restriction to each
stratum Y, is a submersion.

We next define the notion of local triviality. We can define the product of locally
polygonal stratifications in an obvious way. We can also restrict a locally polygonal
stratification to an open set. Let D C R™ be a compact affine convex polygon. We
define a cone CDD of D as the space

CD = {(tz,t) e R"™ | z e D,t € [0,1)}.

We can easily see the following : For each locally polygonal set P and any p € P
contained in the interior of k dimensional face, we have a chart (U, o, CP x RF)
such that (P NU) = CP x R¥. In fact the claim is obvious for the case of affine
polygons in Euclidean space and then the general case is easily reduced to this case.

We say a locally polygonal stratification is a polygonal stratification if each of
P, in (35.11.1) is diffeomorphic to a compact convex affine polygon. If Z has a
polygonal stratification, its cone has a locally polygonal stratification.

We now define local triviality of a locally polygonal stratification inductively over
the dimension.

Definition 35.12. In dimension 0 there is no condition. Assume that we have
defined local triviality up to dimension n — 1. Let (35.8) be a locally polygonal
stratification of Y of dimension n. We say that it is locally trivial (in C*° sense) if
the following holds : We use the notation of (35.11.1).

(35.13.1) Let x € Y,. Then there exists a space N with locally polygonal stratifica-
tions { N, }aea and an open neighborhood U of o, !(z) in P, and a diffeomorphism
from U x N to a neighborhood of Y in z.
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(35.13.2) Moreover N is diffeomorphic to a cone C'Z of a space Z of dimension
< n — 1 with locally trivial polygonal stratification such that {the cone point} x U
is mapped to an open subset of Y.

We note that stratification of a locally polygonal space by its faces is locally
trivial in the above sense.

Example 35.14. Consider the family of 4 lines
Li:x=0, Lo:y=0, Ly:z=vy, L4la):y=ax

in R?, where a € (0,1). This is a classical example of Whitney. We can easily see
that, for a; # ag, there exists no diffeomorphism of R? which simultaneously sends
L; to L; (1=1,2,3) and Ly(ay) to Ly(asz).

Let us take a nonconstant smooth map f: R — (0,1). We put

PZ':LZ'XR, i:1,2,37

and
Py ={(z,y,2) | (z,y) € La(f(2))}-

Each of them is divided into two by z axis, which we denote P,L-jE respectively. These
8 strata together with 8 open sets P; i = 5,---,12 obtained by decomposing R?
by Pii (i = 1,2,3,4) and the z-axis, Pj3, defines a stratification. They induce a
Whitney stratification.

It is also a locally trivial locally polygonal stratification. To see this, we remark
that the diffeomorphism in our sense of stratified set is a continuous map which
is a diffeomorphism on each stratum. In other words, it is assumed that a diffeo-
morphism on each stratum is extended to a diffeomorphism to its neighborhood.
However those extensions are not required to satisfy any consistency conditions
between different strata.

For example, the stratum

Ps ={(z,y,2) |0 <y < f(z)z}
is diffeomorphic to
{(z,y,2) |0 <y <=}
and hence is a locally polygonal space.

For the similar but slightly different example, X C R* in Example 35.3, it is not
diffeomorphic to any locally polygonal set.

We have thus defined the notion of locally trivial locally polygonal stratification.
We go back to the case of a global quotient X = M /G which we are interested in.
Let us decompose X =(T") into the connected components

(35.15) XH(I) = Jx=(T59).

The main reason we introduced various notions in this subsection is to state and
prove the following lemma.
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Lemma 35.16. For each global quotient X = M /G, the stratification

X = Jx=(Tyi)

i

defines a locally trivial locally polygonal stratification of the underlying topological
space | X|.

Proof. This is an immediate consequence of Lemma A1.100. [

Remark 35.17. For this lemma, we do not need to assume X to be a global
quotient. We just state Lemma 35.16 for the case of global quotient because we
prove Lemma A1.100 only in that case.

Let [p] € X=(T';¢) where p € M and X = M/G. We have a I" action on the fiber
E, of our vector bundle F. We put

(35.18) El ={veEE,|Vyel yw=u}.
Its dimension depends only on I',7 but independent of p. We define
(35.19) d(T;i) = dim X=(T';4) — dim E, .

In subsections §35.2-3 we will prove the following :

Proposition 35.20. For each C°-section s of the orbi-bundle E/G — X, there
exists a sequence of single valued piecewise smooth sections s. converging to s in
the C°-sense such that the following holds :

(35.21.1)  s-1(0) has a smooth triangulation. Namely for each simplex the em-
bedding A — X locally lifts to a map to M which is a smooth embedding.
(35.21.2) s71(0) N X=(T") is a PL manifold, such that each simplex is smoothly
embedded into X=(T).
(35.21.3) If A is a simplex of (35.21.1) whose interior intersects with X=(T),
then the intersection of A with X=(T') is A minus some faces and is smoothly
embedded in X=(T).
(35.21.4)

dim s_'(0) N X=(I';4) = dim X~ ([';i) — dim E; .

Remark 35.22. We remark that if s is a single-valued section and if [p] € X=(T)
then s(p) € E. So the dimension given in (35.21.4) is optimal.

We will use Lemma 35.16 in the proof of Proposition 30.20.

35.2. System of tubular neighborhoods.
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The proof of Proposition 35.20 is closely related to the proof of existence of a
triangulation of the space with Whitney stratification. (See [Gor78]). Especially,
we use the notion of system of tubular neighborhoods which was introduced by
Mather [Mat73]. Mather introduced this notion to prove the famous first isotopy
lemma. The first isotopy lemma implies that Whitney stratification has a C° locally
trivial normal cone (See [Mat73] 2.7). Note existence of smooth triangulation of an
orbifold is well-known which is not what we intend to prove. In order to show that
the zero set of our section has a smooth triangulation, we use various constructions
appearing in the proof of existence of a C°-triangulation on the Whitney stratified
space.

As we mentioned in the last subsection, we have a C'* locally trivial tubular
neighborhood in our situation. This makes the system of tubular neighborhoods
(or the system of normal cones) in this case carry properties better than that of
[Mat73].

Following §IT in [Mat73], we define a tubular neighborhood of the stratum X = (T")
in X by a quadruple (7r, Nx=m X, 0, ¢) satisfying

(356.23.1) 7 : Nx=r)X — X=(T) is a vector bundle in the sense of stack. (See
Definition A1.89.)

(35.23.2)  o:X=(T') — Ry is a smooth positive function.

(35.23.3) ¢ : B,(I')/T — U=(I) is a diffeomorphism onto a neighborhood U= (T")
of X=(T) in X. Here

B,(I') ={v € Nx=m)X [ [[v]| < o(rr(v))}.

We define
ar: U= (T) — X=(T)

as the composition 7 o ¢~ 1. We also define
pr:US(T) - R

by
pr(8(v)) = o]

We remark that both maps are smooth and 7 is a submersion. Moreover the pair
(mr, pp) : US (D) \ X=(I) — X=(T) x Rsg

defines a submersion.
We need to adjust them so that they become compatible for different I'’s.

Remark 35.24. In the situation of [Mat73], the maps 7, p are smooth only in the
interior of the stratum.
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Definition 35.25. A system of tubular neighborhoods of our stratification {X = (T') |
I'} is a family (71, p[.) such that

(35261) Ty O T = T
(35.262) pi'v oTr = piﬂ/

holds for IV D I". Here we assume the equalities (35.26.1), (35.26.2) whenever both
sides are defined.

Proposition 35.27. There exists a system of tubular neighborhoods.

The proof is actually the same as that of Corollary 6.5 of [Mat73]. Mather proved
the existence of a system of tubular neighborhoods for the space with Whitney
stratification. In his case the situation is wilder since the normal cone exists only
in C° sense. In our case, the proof is easier since the normal cone we produce by
Lemma A1.100 is already smooth. For the sake of completeness, we give the proof
of Proposition 35.27 later in this subsection (Proposition 35.33).

We next define the notion of a family of lines following Goresky [Gor78|. For
e >0 we put :

(35.28) S (€)= {p e US() | pr = €}
(35.29) U=(T;e) = {pc UZ(T) | pr < €*}.

We need to modify p. to pr in the following way. (See the lines 2 -5 from the
bottom of [Gor78] p 193. We warn that our notation pr corresponds to Goresky’s
pr and pf to Goresky’s pr.) We took pr(p) before as |[v]|? for p = ¢(v) where || - ||
is an appropriate norm. We take a function fr : X=(I') — R, that goes to zero on
the boundary. Then we define pr(z) = (fr o mr(z))pp(z). In this way we may not
need to use o given in (35.23.2).

Figure 35.1
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Definition 35.30. A family of smooth maps
rr(e) : US(T) \ X=(T) — S*(e)
is said to be a family of lines if the following holds for IV D T":

(35.31.1) 7€) orp(e) = rr(e) orp () € ST(e) N ST () for all ¢, ¢ > 0.
(35.31.2)  prorp(e) = pr.
(35313) pPr © 7”‘1"/(6) = pOr.
(35.31.4) 7 orp(e) = 7p.
(35.31.5) If0<e<€ <4 then rp(€) orp(e) = rr(€).
(35.31.6)  mrorp(e) = mp.
(35.31.7)  We define

hr : US(T;e) \ X=(T) — ST (e) x (0,¢€)

by
hr(p) = (rr(e)(p), vV pr(p))

and extend it to U= (T;€) by setting hr(p) = (p,0) on X=(T'). Then hr induces a
diffeomorphism from U= (T;¢) to the mapping cone of

7TF|SF(€) . SF(E) i X%(F)

We remark that the diffeomorphism in (35.31.7) is the one in the sense of Defi-
nition 35.10.

We remark that the above definition except (35.31.7) exactly coincides with that
of Goresky [Gor78]. The condition (35.31.7) is stronger than the corresponding
one from [Gor78]. This is because in our situation the normal cone is smooth and
diffeomorphic to a neighborhood U=(T") of X=(T').

Proposition 35.32. There exists a family of lines.

We can prove Proposition 35.32 in the same way as [Gor78] except that we
need some extra argument to check (35.31.7). Instead of working this out, we
give a slightly different self-contained proof of Propositions 35.27 and 35.32 below,
which exploits the special case of orbifolds (or the spaces with locally trivial locally
polygonal stratification). The proof below is simpler than those of Mather or of
Goresky. This is because we have already proved that there exists a normal cone
which is C'*° locally trivial. For the cases studied by Mather or Goresky, proving
existence of C? trivial normal cone is one of their main goals of their study. So our
proof here rather goes in the opposite direction to their study.

We will prove the relative versions of Propositions 35.27 and 35.32 below from
which they will immediately follow.

Hereafter we write (m, p,r) in place of {(7r, pr,rr) | I' C G} for simplicity. We
also write mor = 7 etc. in place of (31.3) etc. by abuse of notation.
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Proposition 35.33. Let X be a global quotient and K its compact subset. Assume
that there exists a system of tubular neighborhoods (7, p) and family of lines r in
a neighborhood U of K. Then there exist w, p and r on X that coincide with the
given ones in a neighborhood of K respectively.

For the proof of Proposition 35.33, we generalize it to the following relative
version. (Compare this with §5 [Mat73] where a similar procedure of the proof is
applied.) We recall that a map from a stratified space to a manifold is called a
submersion if its restriction to each stratum is a submersion.

Proposition 35.34. Let X be a global quotient and K its compact subset. Let
Ui,Uy be open subsets of X such that Uy O K and Uy D Uy. Assume that there
exists a system of tubular neighborhoods (m,p) and family of lines r on U;. We
assume moreover that there exists a smooth proper submersion pry : X \ Uy — N
where N is a manifold. We assume pry om = pry, and pryor =pry on Uy \ Uy.

Then there exist open sets U, Us with U; D UjH for 7 =1,2,3 and there exist ,
p and r on X which coincide with the given ones on Uy. In addition, pryor = pry
and pry o = pry hold on U \ Us.

Again we write pry o = pry etc. in place of pry o i = pry etc. by an abuse
of notations.

Proof. We may assume that X=(T',7) C Uy if and only if X~ (T',4) C U; for each T
We put

(35.35) d = dim X — inf{dim X~ (T,4) | X~ (T,4) is not contained in Uj }.

The proof is given by an induction over d. If d is 0, there is nothing to prove.

We assume that Proposition 35.34 is proved when (35.35) is d — 1 or smaller and
prove the case of d. Let X=(T',i) be a stratum of dimension dim X —d. Since this is
the stratum of smallest dimension in X \ Uy, it follows that it is a smooth manifold
outside Uy. We put X (I',i) = X=(I',4) \ Us 5. Here Us 5 is a neighborhood of K,
which is slightly bigger than Uy.

We take the tubular neighborhood (conical neighborhood) U (X (T',)) which is
diffeomorphic to N X2 (o)X /I by Lemma A1.100. We take and fix a diffeomorphism
between them.

We consider the submersion

(35.36) ONx=(rnX/T — X5 (T,i) =% N.

We may take the projection 7r : NXOE(F,Z‘)X/F — X, (T',i) so that it commutes
with pry, by choosing the Riemannian metric we use to prove Lemma A1.100 so
that each of the fibers of Pry are totally geodesic.
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We claim we can modify the tubular neighborhood and the family of lines on
(U1 \ Us.5) N ONx=p :X/I' (which is given by assumption) so that we can apply
the induction hypothesis to ONx= r X /T and the fibration

aNX(?(F,i)X/F — Xg (T,9).

In fact by assumption there exist a tubular neighborhood and a family of lines
(7', p’,r") on the set ONx= ;) X/I'N Uy. In particular, there exists

mp 1 ONx=  X/T — Xq (T,1),

such that if I'° D I, the map 7 commutes with 7., pp. and 7. in the sense of
(35.26) and (35.31.4). (Note that (I'°,T") here corresponds to (I',I') in (35.26) and
(35.31.4). )

We note that 7f- may not coincide with 7 given by Lemma A1.100. But we can
modify and glue them as follows : The difference between two projections (7. above
and 7r) can be chosen to be arbitrarily small (in C! sense), by taking the tubular
neighborhood small. Then we can use the minimal geodesic of a Riemannian metric
on X; (T, 1), to find an isotopy between them. Hence by a standard argument we
can glue them.

Thus we can apply our induction hypothesis to

ONx=rnX/T — X (T, 1)

and obtain the system (m,7, p) on ONy= ;5 X/I'. Since Nx=p ;) X/T" = U(Xy (D))
is a cone of ONy= ;) X/T', the system (m,r,p) on ONy= ;X/I' induces one on
Nxe,»X/I' in an obvious way. It commutes with the projection U(X, (T)) — N,
since U(X; (T')) — N factors through nr.

Recall that we have (m,7,p) on U; by assumption. On U; N U (X (T)), this
system may not coincide with the one we constructed above. We now explain how
we adjust this system to carry out the gluing process.

We first remark that the projection 7p : ONy=p ; X/I' — X4 (T,4) coincides
for the two systems on U; since they are already arranged so when we apply the
induction hypothesis above. Since both systems on U; are the cone of the same
system (7, p,7) on 6NX6=(F’Z~)X/F by the same map, it follows that they are the
same as an abstract structure.

However, the diffeomorphism from the cone of ON y= p ; X/I'NU to U(Xy (T,i)N
U (which exists by (35.31.7)) may not coincide. (Note this map is defined by r, the
family of lines of each of the structures.)

We can however show that they are isotopic by the same method as before.
Namely we go to the branched covering M and join the two diffeomorphisms by
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the minimal geodesic of a G-equivariant Riemannian metric that is totally geodesic
along the fiber of pry. Therefore we can glue them by the standard method.
Now we have extended the systems (7, p,7) to a neighborhood of X=(T",7). We
repeat the same construction for each X=(T',4) with dim X=(T',4) = dim X — d.
We thus reduce the problem to the case when d is strictly smaller. The proof of
Proposition 35.34 is now finished by induction. [

35.3. Single valued piecewise smooth section of orbi-bundle : Proof.

Let us fix a sufficiently small d > 0 and put

(35.37) IntX=(T) = X~(T)\ | J Int U(T";4).

ISl

We remark that by the definition of system of tubular neighborhoods we have
the following :

(35.38) US(T)NUT(T)#0 = TyClyorlyCly.

It follows from (35.38) that IntX=(T') is a smooth manifold with corners. The
codimension k corner of IntX=(T") is a union of

where
(35.40) [oT>-->T, OT.

Figure 35.2
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Later in this section, we will first define our section s. on [Jp IntX=(I") and then
extend it so that its zero set is a cone with respect to the family of lines. Thus our
proof is an analog to the proof given in §3-5 [Gor78§].

For the construction of our section s., we define a decomposition

(35.41) E,=E, ®Ey
on X(I';Tq,Tg, -+ ,T'x) where EpL be its complement in E, and
k
E) =P E,(I:) @ E,(T)
i=1
for k=0,1,2,---.

If T is maximal, we just set E,(I') = E} on X=(T'). Using local triviality of E(T),
we can extend our subbundle E(T) to the neighborhood U= (T;d) for a sufficiently
small d so that

E,(T) c BY

for p € US(T';d) N X=(I"). Here we note I' D I : We take a ['-invariant connection
V of E on U=(T';d) so that each of E' is a totally geodesic subbundle and that
the curvature of V is zero on each fiber of U= (I';d) — X=(T'). Then we can
use parallel transport with respect to V along the path contained in the fiber of
U=(T;d) — X=(T) to extend E(T) to U=(T;d).

We next consider p € X(I';T'1). We may assume that E,(I'1) is defined. Then
we define E,(I') as the orthonormal complement of E,(I'1) in E},. We extend them
to its neighborhood. We thus obtain

E, = E,(I'1) ® E,(T) & E; .

We can continue by a downward induction on #I', k£ and obtain the decomposition
(35.41).
To perform our construction of s, we also need the following lemma.

Lemma 35.42. Let f: M — N be a proper submersion between smooth manifolds
and F be a vector bundle on M. We fix a smooth triangulation of N. Let s be a
section of F'. Then there exists a family s¢ of piecewise smooth sections of F such
that

(35.43.1) s€ converges to s in C° topology.

(35.43.2) ¢ is of general position to 0.

(35.43.3) f o (s9)7Y0) — N is piecewise linear with respect to some smooth
triangulation of (s€)~1(0) and a subdivision of given triangulation of N.
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Figure 35.3.

Proof. Since f is a submersion we may choose a triangulation of M and a sub-
division of the given one on N with respect to which f is piecewise linear. (See
[Mun66], [Whi40].) In other words, there exist simplicial complexes Kjs, Ky and
homeomorphisms iy : [Kpy| — M, in : |[Kn| — N with the following properties :

(35.44.1)  The homeomorphisms iy, and iy restrict to diffeomorphisms onto its
image to each simplex.

(35.44.2) i;,l o foiys is induced from a simplicial map. Namely it sends a simplex
of K to a simplex of K and is affine on each simplex.

We next take a smooth triangulation of the total space F' of our vector bundle so
that the projection F' — M is piecewise linear. By taking an appropriate subdivision
of the simplicial decomposition, we may approximate our section s by a section
s¢ : M — F which is piecewise linear, C" close to s, and of general position to the
zero section. (Existence of such s is a standard result of piecewise linear topology.
See, for example, [Hud69].) Then (35.44.1) and (35.44.2) are satisfied. Since s€ is
piecewise linear, which is affine on each simplex, it follows that the intersection of
(5€)71(0) with each simplex is affine. Hence we can find a subdivision of K, and
Ky such that (s€)71(0) is a subcomplex and the restriction of f to (s€)71(0) is
piecewise linear. [J

We remark that (35.43.3) implies that the mapping cone of f : (s€)71(0) — N
has a smooth triangulation.
We now start the construction of our section s.. We will put

(35.45) se=@Psl@sl w0

according to our decomposition (35.41). Note the EpL—component is necessarily zero
because of the G-invariance. (In other words it is zero since s, is single-valued.)
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We will construct sL by the downward induction over the order of T

Let T' be maximal. We consider the vector bundle ET — X=(T'). We remark
that this is a vector bundle on a manifold and is not an orbi-bundle. So we can
take a smooth section s!' which is transversal to 0.

We extend sl to a section of E(I') on U=(T') so that it is constant along the fiber
of w T.

We next consider X=(T') N ST (d) assuming

(35.47) oIt X4T) = | ) X(T;Iy)

ror

and the right hand side are disjoint with I'y maximal. By assumption we have
defined s already. We now apply Lemma 35.42 to

mr: (") 7H0) N X(T;Ty) — (s7)710) N X (T'y)

and the bundle E(I') — (s')71(0) N X(I";T';). We then obtain s' on (s'1)~1(0) N
X(T;Ty). We extend it to X (T;T1) \ (s'1)71(0) in an arbitrary way. (It does not
matter how we extend since it will not change the zero set.)

We have thus defined s, = st @ s' on (35.47). Note on

Int X(T) \ 0 Int X*(I")

E is decomposed to EY' = E(T') and E+. (We remark that we decompose E' to
E(T1) @ E(T') only at their boundaries.) On the boundary we defined the section
of E¥ = E(I') @ E(T'1) already which is of general position relative to zero. We
can then extend it to Int X¢(T") so that it is of general position to zero. (Note E+
component is necessarily zero again.) We then extend this to its neighborhood so
that it is constant in each of 7 fibers.

Now the main induction step goes as follows : Assuming s' is defined for #I” >
#I', we consider I'. Take the decomposition

(35.48) OInt X4(T') = | JX(T;T1, T, ,T)

of the boundary of dInt X¢(I'). We then define s' on X (I';T'y,T9,---,I%) by a
downward induction on k.

We consider a chain of isotropy groups I'y,--- , 'y given as in (35.40) for which
X(I;Tq,Tg,- -+ ,I'k) is nonempty. Let k be maximal among such choices. We now
apply Lemma 35.42 to

ar, (T @@ st TH0) N X (T, Ty, -+, T)

(35.49) r, A
—>(S D---Ds ) (O)QX(Fk;Fl,PQ,"',Fk_l),
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and E(I') — X(I';T1,Tg,--- ,T'x). Here we remark that the well-definedness of
(35.49) is a consequence of compatibilities of 7w and r stated in Definitions 35.25
and 35.30.

We thus obtain s* on (s't @ -+ @ s'*)=1(0) N X(T;T,Tg, -+ ,Tx) which we
extend to X(I';T'1, g, - -+ ,T'x) in an arbitrary way.

Now we can extend s to various X(I';T'y,T'g,---,T) by a downward induction
on ¢ using an appropriate relative version of Lemma 35.42. Namely we assume s’ is
defined on X (I'; 'y, T, - -+ ,I'x) for k > £ then s' is defined on X (I'; T'1,Ta, -+, T'y).
Then we extend it to X (I';T'1, 'y, -+ ,T'y) by applying a relative version of Lemma
35.42 to

(s @ @5 ) 7H0) N X (15T, Ty, Ty)

— ("o o) TN 0) N X (T Ty, Ty, -+, Tely)

and a bundle E(T).

Figure 35.4

We thus constructed s on (35.30). Again we extend sr to Int X¢(T) so that it is
of general position to 0.

Thus we have constructed s. on the union

(35.50) |J It X(T).
T

We will extend this to X as follows : We first remark

X\ Yt X4T) = (U= (@5d) Ny (Int X4UT))) \ X=(T))

Let
p € (UZ(T;d) Ny (Int X)) \ X=(T)
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and consider
re(d)(p) e ST C | It XUT)
I/CT, T#£LY

and
mr(p) € Int X4(T).

Figure 35.5

By construction, s'(7r(p)) coincides with s' (rr(d)(p)) under the identification

Errp)(T) = Erp(ay ) (1)

We now put

(35.51) selp) = e () + YL S i),

d ISy
This section coincides with previously defined one when +/pr(p) = 0 or d. Hence it

defines a piecewise smooth section on X.
We remark that by definition

s71(0) N (UZ(T;d) Np H(Int X4(T)))
is the cone of the map

7 s2H(0) N ST(d) — XF(T).
Since we constructed our section applying Lemma 35.42 repeatedly, it follows that

this cone is has a smooth triangulation. (We use (35.31.7) and the argument of §3,4
[Gor78] for this.) On (35.50) we have a transversality and hence (35.21.2) holds.
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(35.21.3) and (35.21.4) are also obvious from construction. The proof of Proposition
35.20 is now complete. [J

35.4. Single valued perturbation of a space with Kuranishi structure.

In this subsection we generalize Proposition 35.20 to the case of the obstruction
bundle of Kuranishi structure.

Proposition 35.52. Let X be given a Kuranishi structure that has a tangent bun-
dle in the sense of Definition Al1.14. Let {(Vp, Ep,Tp,¥p, 8p) tpep be a good coor-
dinate system. Then there exists a family of piecewise smooth sections s¢ = {5;)}
parameterized by € so that X® = Up(sg)_l(O) has the following properties for any
r.

(35.53.1)  XZ(T):=U,(s5)""(0) NV, *(T) is a PL manifold.

(35.53.2) The dimension of XZ (T') is d(T; p; k), which depends only on the con-
nected component of X% (I).

(35.53.3) Up(sg)_l(O)/I‘p has a triangulation compatible with the smooth struc-

tures of X& (T).
(35.53.4) lim._,os° = s, where s is the Kuranishi map of the given Kuranishi
structure, and the convergence is a C° convergence.

For the proof we need the following relative version of Proposition 35.20. In the
next proposition we say a piecewise smooth single-valued section of an orbi-bundle
E/G — X = M/G to be normally conical if the following holds :

(1) There is a decomposition of X = M/G to
Jmex™(r) u | Jx(r) \ IntX™(I))
r r

as in (35.37).

(2) On IntX=(T") the E-+-component s is of general position to 0. (The E' compo-
nent is necessarily 0.)

(3) On X=(T") \ IntX=(T"), the section s is given by (35.51).

Proposition 35.20°. Let X be a global quotient, K a compact subset and U a
neighborhood of K. Let s be a C°-section of the orbi-bundle E/G — X. We assume
that s satisfies (35.21) on U and is normally conical in the above sense. Then there
exists a sequence of single-valued piecewise smooth sections s. converging to s in C°
sense satisfying (35.21) such that sc = s on K.

The proof is the same as Proposition 35.20 and is omitted.
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Proof of Proposition 35.52. The proof is by induction on p € P with respect to the
order <. If p is minimal, we apply Proposition 35.20 to obtain s;,. Let us assume
that we have s for every ¢ < p. We consider s; and the image ¢pq(V;q). We

restrict s; on the image ¢pq(Vpq) and use the embedding quq to obtain a section of
Ey4lg,, (Vo) = Vog- We can extend it to its neighborhood, so that the compatibility
in the sense of Definition A1.21 is satisfied.

We remark that the required properties (35.53.1) - (35.53.4) above are satisfied
on the tubular neighborhood Ny (v, .y if it is satisfied by s.

Now we can use Propositions 35.20” to obtain the section s;. The proof of
Proposition 35.52 is complete. [

35.5. Proof of Theorem 34.11.

Now we will use Proposition 35.52 to prove Theorem 34.11. Let L be a Lagrangian
submanifold of M and consider the moduli space

X = Iklzl—ﬁff(67plaapk)
as in §9. Here znfllné(ﬁ) is the moduli space of genus zero stable maps (3, 0%) —

(M, L) with k+1 boundary marked points, ¢ interior marked points and of homology
class 3. And

zn—ﬁilliﬂ(ﬁ;Pla"'vpk>: gl—ﬁllr,lﬁ(ﬁ) X Lk (P1><"'><Pk).

We constructed a Kuranishi structure on X in Chapter 7, §29. We apply Propo-
sition 35.52 to obtain s¢. Then the perturbed moduli space My 1(8; P1,--- , Py)%
has a smooth triangulation. Here we remark that

glfiln(ﬁ; Pl?"' 7Pk) = ?jllr,l()(ﬁ’ Pl’.” ’Pk)

(In this subsection we will deal with the moduli space M?j‘lno (B; Pyy--+ , Py), since
the operators q defined via the moduli space kmjlﬁe (6; Py, -+, Pg) are not defined
over Z because of the absence of a necessary algebraic counterpart of handling the
cyclic symmetry. (See §13.) )
We put
RN (5 Py Py = X (1).

free

This space is smooth and of correct dimension.
We now study X2 (T') for I' # {1}. First note

MR (B Py, Poge = | X2(D).
r#{1}
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Let ((X,2),v,%) be an element of gljiln(ﬁ; Py, P;) : Namely ¥ is a genus
zero bordered Riemann surface, v : (X,0%) — (M, L) is pseudo-holomorphic, 2" =
(20, - ,zr) are boundary marked points of 3, and

T=(x1, - ,2), x; € P satisfying v(z) = fi(x;).

Here f; : P, — L are smooth singular chains of L which we write just as P; by an
abuse of notation.

We recall that the genus of X is zero and the disc components cannot have non-
trivial automorphism groups since it comes at least one special points, i.e., either
marked or nodal points, on the boundary. Therefore for every non-trivial element
¢ € Aut((%, 2),v) and any sphere component S? = $? C ¥ preserved by ¢, the
automorphism ¢ acts as the multiplication by e2mV =1t/ k.
271”\/—_18/14:2

Z e

with the identification S? = C U {oo}. And ¢ interchanges the other components

This is because any finite subgroup of PSL(2;C) = Aut(S?) which fix co is
conjugate to such a group.

As a consequence, the quotient space (2,%) = %/Aut((X, 2), v) is again a (pointed)
bordered Riemann surface of genus zero. The pseudo-holomorphic map v induces
a map 7 : X/Aut((X,2),v) — M on it. We call ((X,%),7,Z) the reduced model
of (£,2),v,%). We remark that the reduced model may be unstable. Namely
there may appear a sphere component with two singular points where the map ©
is trivial. Even in the case the reduced model is stable, it may have a nontrivial
automorphism.

Remark 35.54. We remark that the notions of “trivial automorphism” and “some-
where injective” are two different notions : Somewhere injectivity implies triviality
of the automorphism group, but not the other way around. For example, there is
a branched covering S? — S? with no nontrivial automorphism. For the abstract
perturbation s, its transversality to zero is related to the existence of nontrivial au-
tomorphism but not to the somewhere injectivity. (Somewhere injectivity is essential
if one uses perturbations only of J to achieve transversality.)

We now compare the virtual dimension of ((X, 2), v, &) € ./\/l]rffiln(ﬁ; Py, Py)
with that of its reduced model. We begin with the discussion of the deformation
complex of a multiple sphere. Let o € mo(M) and Mvreg(M ; ) be the set of pseudo-
holomorphic maps u : S? — M with [u] = a. For u € Me(M; ) we define
R (1) € M™8(M;ma) by Ry (u)(2) = u(z™).

For each v € M™8(M;ma), we consider the linearization

D, : T(S%;v*TM) — T'(S% A% (v*TM))
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of the Cauchy-Riemann section 9. We denote by C(v) = (Cy(v), Cy(v), D,0) the

elliptic complex, where we write
Co(v) =T(S*)v*TM), Cy(v) =T(S* A (v*TM)).

We consider the assignment of the pull-back complex C(R,,(u)) to u € M™8(M; a)
on which the group Z,, acts. We regard this assignment of Z,,-modules as a family
Zmm-equivariant index over M™&(M; a).

Lemma 35.55. The index of C(R,,(u)) as a Z,,-module is
2c1(M)(a) Regy,  @2nl.

Here Regy,  is the regular representation of Zy, and 1 is its trivial representation.

Proof. Let v be an element of Z,, with v # unit. We use the Lefschetz fixed point
formula by Atiyah-Bott [AtBo67] to obtain

ST (1) Te(y s H(C(Rm () — H*(C(Rm(w))) = 2n.

*=0,1

(Note there are only two fixed points of v and we take the trace over R.) On the other
hand, the numerical index of D, (,)0 is 2n 4 2mec; (M )(a), which coincides with
the super-trace of the unit element e € Z,,. The lemma follows immediately. [J

We remark that we can also prove Lemma 35.55 by directly calculating the kernel
and cokernel without using [AtBo67].

In particular, Lemma 35.55 implies that the Z,,-invariant part of the index of
C(R(u)) for the Z,,-cover of a holomorphic sphere is equal to the index of C(u)
for its reduced model. We will use this fact in the proof of Proposition 35.63 com-
ing later. Let (3, 2),v,T) € MP(3: Py,--- , P) and ((3, Z),7, &) be its reduced
model. We first recall the definition of the deformation complex of ((¥,2), v, Z)
which is an elliptic complex acted upon by the group I' of automorphisms of
(Z,2),0).

We decompose ¥ into irreducible components > = [, ¥, where ¥, is a sphere
or a disc and put v, = v|y,. We consider the elliptic complex

C(ve) = (Co(vy),C1(va), Dy, 0)
where

Dy, 0 : Cyo(vy) =T(84,084;viTM,viTL) — Cy(vy) = T(Z4; A% (vITM)).

a a
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sing
%

(The boundary condition v*TL is empty if 3, = S2.) For each singular point z

we take zfl?g € Xa(i)s zzslgg € Y,(i,2) which are 28 in 3. We put

60((27 2)? 'U)+ = @ CO(Ua)

(35.56) ¢
Co((%,2),v) = {(Wa) € & Co(va)

Wi (218) = Wa(z‘,2)(2f,i§g)} :

We put Cy((%, 2),v) = @, C1(va). The operators D, d induce
D, : Co((Z, 2),v) — C1((Z, 2), ).

Let Aut(X, 2) be the group of all automorphisms of (¥, 2). We have a canonical
homomorphism of its Lie algebra aut(, Z) into Co((Z, Z),v) : Note that by the
definition of Aut(X, 2) any element of aut(X, 2) has its value zero at the singular
points. The stability condition implies that this homomorphism is injective and
so we may regard aut(3, 7) as a subspace of Co((X,Z),v). Moreover the image of

aut(X, 2) lies in the kernel of D, 0. Therefore we have the following complex
(35.57) 0 — aut(X, 2) — Co((Z, 2),v) — C1((Z, ), v).
We put

Co((S, 2), v, &) = {((W@, (Vi)) ‘ (Wa) € Co((2,2),0), v; € Ty, P,
Wa,(z:) = (d:cifi)(vi)}'

Since Aut(X,Z) fixes the marked points Z, it induces an action on M (8 :
Py, -, Py) and so its Lie algebra aut(3, 2) injects to Co((X, 2), v, Z). This leads us
to define

Co((,2),v, %) = Co((2, 2), v, T)/ aut(%, 2)

C1((%,2),v, %) = C1((%, 2),v).
Here z; € ,,. The operator D,d also induces a homomorphism Co((%, ), v, ¥) —

Cl((27 2)7 v, 'i:)
We denote by

the complexes

Dy : Co((%, 2), 0, %) — C1((S, 2), v, 7),
DUE : 50((27 2)71)75) - 51((27 g)avaf)a

respectively. The group I' = Aut(X, 2) acts on these complexes in an obvious way.
To describe the relation between the deformation complex of ((3,2), v, #) and
that of its reduced model, we need one more notation.
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Definition 35.58. A point z € ¥ is said to be a free fixed point if the following
holds :

(35.59.1)  z is not a singular point.

(35.59.2) z is on a sphere component S? of X such that there exists v € I which
preserves S2 and acts nontrivially on S2. Moreover v(z) = 2.

Note here we are studying the case when there is no interior marked point. For
the case where there are interior marked points, we need to assume z is not a marked
point in (35.59.1) either.

For I" C T we denote by F(I") the set of all z satisfying (35.59.1) and (35.59.2)
for v € V. If I'” is normalized by I in ', then T acts on F(I'’) in an obvious way.

For IV C T we define
z€F(T)

the free vector space generated by F(I'). In case I'" normalizes a subgroup I''(C T'),
we put

CFMN = {ve C(FIT) | Vy eI, yv =0}

It is easy to see that

dime C(F(I)" = # (F(I)/T")
and in particular
(35.60) dime C(F(T))' = # (F(T)/T).

Definition 35.61. For each sphere component S?, we define its distance from the
disc components as the minimal edge distance of the vertex corresponding to the
component S2 from the vertices corresponding to the disc components in the dual
graph of X.

We recall that the minimal edge distance between two vertices in a graph is
defined to be the minimum number of edges in all connected paths between the two
in the graph. We denote by 3; the union of all disc components and the sphere
components whose distance from the disc components are < d. ¥ is by definition
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the union of all the disc components. See Figure 35.6.

Figure 35.6.
Let (S2, 5, 04) be a sphere component of ((X, 2),v), whose distance from the disc
components is d. Here o, is the point where S2 is attached to ¥4_; and p, are other
singular points, i.e., where some sphere components of distance d + 1 from the disc
components are attached. Put n, = #p, and let I', be the group of automorphisms
on (582, P, 0,) consisting of the restrictions of some elements of I' to S2. Denote by
CFm+1(CPY) the moduli space (i.e., divided by the action of PSLy(C)) of m + 1
points on CP'. Denote by Cfngrl(CPl) the moduli space of distinct m + 1 points
on CP! with the symmetry group I',,.

We define

— dimg Aut(S,, Py, 04)' e ifn, +1<3

IN —
“ Say ayQOa) =
P (S, Pa; 0u) { dimg CFLe ,  (CPY) ifn, +1>3.

Let (Sy, Py, 0) be a sphere component of the reduced model ((X,%),v). Here oy

is the point of Sj at which it is attached to 4_1, and ﬁb are those at which some
sphere components of distance d + 1 are attached. Put n; = #ﬁb. We define

L — dimg Aut(Sy, Py, 0p) if 7y +1<3
p(Sb, Dy 0b) :{ . N e
dimg CF7,+1(CPY)  ifmp +1 > 3.

Let (D2;5P,p7) be a disc component of ¥. Here 2 = (p2y,---,pL,..) be the
boundary marked points and > = (pas 15 s pﬁna) be the interior marked points.
We put

P(Dg;@?;ﬁf) = Mg + Qna - 3.
This number is the negative of the dimension of the automorphism group if m, +
2n, < 3 and is the dimension of appropriate moduli space (of CP! with marked
points) if m,+2n, > 3. (We remark that I'-action is trivial on each disc component.)
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—2 =D =S
We define p(Db ; pb Py ) by the same formula for the disc component (Di, Dy 2Dy )

of X.
Let {Sqp) | b € I} be the complete set of representatives of the orbit space of
the set of all sphere components of ((X, 2),v) under the action of I'.

_D —
Let 1P and I~ be the set of disc components of ¥ and X, respectively. Note that
there is a canonical identification between the two sets.
We define

PP((S,2),0) = D P O (Saqrys ) 0ary) + Y, p(D2i B3 0%)-
bel acIP

For the reduced model, we define
¥.%),7) —2 -D =S8
((%,2),0) = p(Ss, By, %) Z p(Dy;By Dy )-
bel beT”

Then we have the following :

Proposition 35.63.

Proof. We begin with the following lemma.
Lemma 35.64.

dimp Index(C((%, 2), v, Z))" = dimg Index(C((Z,

M|

wly
S—
<l

8y
S~—"
N—

Proof. Let us consider the complex C((%, %), v, Z)*
D, : Co((%,2),0,8)" — C1((%,2),v,7)

where we replace Co((%, 2), v, Z) by Co((Z,2),v, ). (See (35.56).)
We first prove
)").

Note the index of C((2, Z),v, )" is the sum of indices of its components. Since the
[-action is trivial on disc component, (35.65) is trivial for disc components. The
part of sphere components of the left hand side is

(35.66) > Index(Dy,, ).
bel

SN

(35.65) Index(C((2, 2),v, &) ")F = Index(C((T, %), 7,
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Here {Sy) | b € I} is the complete set of representatives of the I'-orbit space of the
set of all sphere components of (¥, Z,v) and the map v is the restriction of v to
Sa(v)- The group I,y is a subgroup of I' consisting of the elements which preserve
Sa(v)- We remark that I';;) is a cyclic group. Hence we can apply Lemma 35.55 to
show that (35.66) is equal to the sum of Index(Dy,d). Here Ty is the restriction of
U t0 Sa)/Taw) = Sp C . (35.65) follows.

We next remark that there exists an exact sequence

(35.67) 0— C((%,2),0,7) = C((%,2),0,8)" = @ TowM —0.
zE€Sing X
Here the ®x€Sing s; Ty(z)M is the sum over all singular points x of X.

We remark that I' action on €
It follows that

reSing x Lv(z)M is by interchanging the factors.

dim | @ Tuw)M | =2n#((Sing X)/T).
rESing X

We remark that (Sing ¥)/I" = Sing 3. Therefore (35.65), (35.67) and a similar
exact sequence for ¥ imply the lemma. [

We compare pla®) (Sa(b)s Da(b)s 0a(p)) and 5(Ss, Dy, 0). Note that Lo is isomor-
phic to Z If mapy =1, Loy = {e} and so it is obvious that

Mea(b)

(35.68) P14 (Sa(b), Pab)s Oa(b)) = P(Shs Pys Ob)-

Note that there are no free fixed points on S, ).
From now on, we assume that m, ) > 1. The marked point o, is a 'y fixed
point. Denote by g,y the other fixed point on S,;). Let g, be its image of the

reduction in Sy. There are two cases: Qa(b) € Pa(b) OF Qa(b) ¢ Pa(b)-
First consider the case qq) € Pab)s @ € ﬁb. We claim that

(35.69) P O (Sab)s Pa(b)s Oa(s)) = P(Sbs Pys 0b)-

It Na(b) = 17 then ny = 17 ﬁa(b) = Ga(b), ﬁb = qb' We have

At (Sa(): Ga(v)s 0a(r)) @ =2 AUt(Sa(p): da(v), Oa(n))-

Both Aut(Su(b); da(v)s 0ap))" *® and Aut(Sy,qy,05) are isomorphic to C* and hence
(35.69) follows.
In case ngp) > 2, we have my, > 2 and

I, o ~ = =2 _
Cfnaizi—kl(sa(b);pa(b); Oa(b)) = Cfﬁb-i-l(sb;pb? Ob)'
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Hence, we obtain (35.69).

We next consider the case qq ) ¢ Da(s); G» ¢ Pb- In this case, the position of g, in
the reduced model is not a part of the data of the reduced model, (gb,ﬁb,ﬁb). We
claim

(35.70) P O (Sav)s Pa(b)s Oa(v)) = P(Sb,0p) — 2.

If ngpy = 0, then @, = 0. Note that g, is a fixed point on S,3). Thus we find
that the automorphism group of (S, (), 9a(v), V|5, ) 18 isomorphic to

AUt(Sam), Pa(b)s Oa)) *® = Aut(Sas), da®)» Oab))s

which is isomorphic to C*. On the other hand, Aut(Sy,0) is isomorphic to C* o C
that is the group of all affine maps z — Az 4+ B with A # 0. (35.70) follows.
Suppose that 7, = 1. Denote by p, the unique point in ]_;b. In this case, we find

that CF,,°"), (CP") is a point and ny() > 2. On the other hand, Aut(CP", 5, 0)
is isomorphic to C*. (35.70) follows.

If 7, > 1, then pjp) consists of My 'y p)-orbits in S, 5) \ {ga(s), 0a(r) }- Therefore
we have

. 'y _
dimp CanEZ;H(CPl) = 2Ty,

On the other hand,
dimg CFr,+1(CPY) = 2(mp + 1).

We have (35.70) also.

Note that gqp) is a free fixed point if and only if guu) ¢ Pa(v)- Therefore
(35.70) is applied to the component S, if it contains a free fixed point. Other-
wise (35.68),(35.69) apply.

We remark that the contribution of disc component to p''((X,Z),v) coincides
with that of disc components to 5((%,z), D).

Combining these, we obtain

PH((2,2),v) = (3, %), ) + dimg C(F(D))".

This formula together with Lemma 35.64 implies Proposition 32.63. [

We next identify each side of Proposition 35.63 with the dimension of appropriate
moduli space.

Definition 35.71. We say that ((X, 2),v,Z) has the same combinatorial type as
(X, 27),v",2") if the following holds : There exists a homeomorphism ¥ — >/
preserving all the marked points together with the order. We also assume that the
restriction of v to each component of ¥ is homologous to the restriction of v’ to
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the corresponding component of ¥’. We denote by S an equivalence class of this
equivalence relation and call S the combinatorial type of ((3, 2), v, Z).
We denote by

PO Py PR)(S,T) (= MEEY (85 Py, P)(S)¥(D))

the moduli space of ((X, 2), v, ¥) with given combinatorial type S and isotropy group

I.
Let S be the combinatorial type of ((X%, 2), v, Z).
Lemma 35.72. The left hand side of Proposition 35.63 is

dimp MPER(3; P, Po)(S,T) + > deg P,

Proof. p' (X, Z,v) is the number of deformation parameters of (X, Z,v) keeping the
I'-equivariance and the combinatorial type minus the dimension of the automor-
phism group of (X, 2). (Note we did not include the parameter to resolve singularity
of ¥ in it. So this corresponds to the deformation keeping the combinatorial type.)

The condition that boundary marked points hit P; reduces the dimension by
>, deg P;. Lemma 35.72 follows. O

By Proposition 35.52 we may take piecewise smooth perturbation s so that each
of MM (B; Py, , P)*(T) is a PL manifold whose dimension coincides with the
virtual dimension. It is easy to see that we may choose s so that it respects the
stratification of the combinatorial type. Hence we may assume that

dim MPY(8; Py -+, Py)¥(S,T)

35.73 ~
( ) = dimg Index(C((%, 2), v, 2))' + pH (2, Z,v) — Zdeg P;.

To study the right hand side of Lemma 35.63 we need some notation. For each
((%,2),v, ) we consider its reduced model ((X,%), 7, #). We then add the image of
elements in F'(I") to the reduced model as additional (interior) marked points. We
denote them by Z, and the resulting stable map by ((,%, Z,),7, Z).

Note

#71 =#F(T)/T.
We call ((,%,7),7, ) the marked reduced model of (%, 2),v, ). In this way, we
have obtained a natural assignment
(%,2),0,%) — ((%,%,2,),7, D).
We remark that the reduced model ((3,%),7, ) may be unstable. On the other
hand the marked reduced model is always stable.

Let us denote by S the combinatorial type of the marked reduced model. We
consider Mznfllng (B; P1,- -, Py)(S), the moduli space of marked reduced models with
the combinatorial type S. Here ¢ is the order of F(T')/T. We now have :
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Lemma 35.74. The right hand side of Proposition 32.63 is equal to

dimg MY, (B; Py, -+, PL)(S) + > deg P

Proof. In the same way as the proof of Lemma 35.72, we find that
dimg Index(C((,%),7, %)) + p((T, Z),0) ZdegP

is the (virtual) dimension of the moduli space of reduced models. Adding marked
points Z; increases the dimension by 2#2, = 2#F(I")/T", which is equal to

dimg C(F(T))'.

OJ
We next show the following.

Lemma 35.75. Suppose that (M,w) is semi-positive and satisfies Condition 34.3
and S contains at least one sphere component. Then we have

dimp MY (55 Py, -+, Pr)(S) < dimp MY (B; Py, -+, Pr) — 2.

(Note the dimension here is the dimension in the sense of Kuranishi structure,
that is the virtual dimension.)

Remark 35.76. We have not used semi-positivity of (M,w) or Condition 34.3 up
to this point. Namely the proof of Lemma 35.75 is the only place where we use
these assumptions.

Proof. Let J be an almost complex structure such that it carries no non-constant
J-holomorphic sphere with 3 —n < ¢;(M)(8) < 0, which exists by the semi-
positivity and Condition 34.3. We consider a component S, of an element of

glj:iln(ﬁ;Pl, <o, Pp)(S). Let Z,,w, be the sets of all marked or singular points
on S,, 05,, respectively. Let v, = v|g,. We put k, = #2,, + #w,/2. We put s, =3
if S, is a disc component and s, = 6 if S, is a sphere component. Set

c(a) = 2¢1 (M)[vg]

for a sphere component and
c(a) = pr(va)
for a disc component.
We claim that

(35.77) cla) 4+ 2ky — 84 > —2
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holds for the sphere components.

In fact, if the map is trivial on this component, then 2k, > 6 and c(a) =
(35.77) holds. If the map is nontrivial on this component, then we have c(a) >
by the choice of J made in the beginning of the proof using Condition 34.3 and
semi-positivity. Since 2k, > 2 and s, = 6 for a sphere component, (35.77) also
holds.

We put €(a) = 2 for a sphere component and €(a) = 1 for a disc component. It
is easy to see from the index theorem that

0.
2

dimg MPS2(3; Py, Py)(S)

(35.78.1) —Z a)n + c(a) + 2k, — sq)
o acl

— (2n) #Sings2S — n #Singp2S — > " deg P,

where [ is the set of all components of S, #Singg2S is the number of singular points
which intersect with sphere components and #Singp2S is the number of singular
points which do not intersect with sphere components. We recall 2n = dim M.

We have the similar identity for dimg M2, (B; Py, -+, P,)(S). Namely for each

component S of S we define ky, 33, ¢(b), €(b) and obtain

dimg M (8; Py, -+, Pi)(S)

_Z b)n +¢(b) + 2ky, — 5p)
bel

— (2n) #Singg>S — n #Sing p=S — Z deg P;

(35.78.2)

where I is the set of all components of S.

For each component b € I we take a(b) € I such that Sa(v) is a branched covering
of Sy. (There may be several of them. We choose one of them.)

If Sy is a disc component, we have

(3579) E(b) + 2Eb — 8y = c(a(b)) + Qka(b) - Sa(b),

since the automorphism group is trivial on the disc components.
We next prove the following :

Sublemma 35.80.
E(b) + 2%1, -5 < c(a(b)) + Zka(b) — Sa(b)>

if Sp is a sphere component.
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Proof. We have 5, = s, = 6. By the semi-positivity we have ¢(b) > 0. It also
follows that ¢(b) < c(a(b)). If there is no free fixed point on Sy, then ky < kyp)
and we are done.

Now assume that there is a free fixed point on S,). In this case the degree,
denoted by deg, of the map S,y — Sp is greater than one.

We first consider the case when [vp] # 0. Then by Condition 35.3 we have
c(a(b)) > 2. Therefore

c(a(b))

o) = g < clalt) —2

(Note c(a),¢(b) are even numbers for the sphere components.) On the other hand,
since there exists at most one free fixed point on S, ), it follows that

ky < ka(b) + 1.

The sublemma follows in this case.

We next assume [vp] = 0. Then k,4) > 3 by stability. Namely there exist at
least 3 singular or marked points. The component S;, is identified with the quotient
of Sg) by the cyclic group I'y) of order deg € {2,3,---}. Let d be the distance
of S, from the disc components. Let o,y be the singular point on S,y where
Sa(v) is attached with ¥4_1. Clearly o, is a fixed point of I';). Since there is a
free fixed point on S, (), no other singular points are fixed by I'y(;). In other words
the image in Sy of the singular points of S, consists of 1+ (k) — 1)/ deg points.
Therefore

Eb =2+ —ka(b) _ 1.
deg
Since kq 3y > 3, we derive
ky < ka)-

The proof of Sublemma 35.80 is now complete. [
It follows from Sublemma 35.80 and (35.79) that
(35.81) ) (E(b)n+2(b) + 2k, —5) < Y _(e(a(d))n + c(a(b)) + 2ka) — Sa(v))-
bel berl
(35.77) implies that for each sphere component S, (a € I) we have
2n + c(a) + 2ky — 54 > 2n — 2.

Note that the number of sphere components of S and of S are equal to #Singg2S
and to #Singg2S, respectively. Therefore we have

> (ela)n + c(a) + 2kq — s4) — (2n — 2)#Sings>S

a€el

> 3" (e(b@))n + ea(b)) + 2kag) — sagr) — (21 — 2)#Sing .
bel

(35.82)
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We remark that SingpeS = Singp=S. The Formulas (35.40), (35.43) and (35.44)
imply o B

dimgp M (85 Py, - -+, Pr)(S)

< dimg MRS (3; Py, -+, Pr)(S) + 2(#Sings>S — #Sings-S).
On the other hand, we have

dimR Ilgl—ia—uln(ﬁﬂpla 7Pk)
= dimg Mfflln(ﬁ, Py, Pr)(S) + 2#4Singg2S + #Sing peS.

Since #8Singg2S > 1, we obtain the lemma. O

Let T' # {1} be an abstract group. If M}fjiln(ﬁ; Py, , Py)(S,T) is nonempty,
then the combinatorial type S has at least one sphere bubble. It follows from Lemma
35.75 that

(35.83)  dimg M (55 Pr, -+, P)(S) < dimg MPEN(B; Py, Py) — 2.
Therefore by Propositions 35.52, 35.63, Lemmas 35.72, 35.74 and (35.83), we have
(35.84)  dimg (MEEP(5; Pr,- - Po)*)* (1) < dimg MR (5 P+ Py)® — 2.

Note the dimension in (35.83) is the virtual dimension. On the other hand, the
dimension in (35.84) is an actual dimension of the simplicial complex. (This is a
consequence of Proposition 35.52.)

The proof of Theorem 34.11 is now complete. [J

Remark 35.85. We remark that semi-positivity alone, without Condition 34.3,
does not guarantee Lemma 35.75. In fact let us consider the case when S is a union
of a disc D? and a sphere S? where c1(M)[v|g24([S?])] = 0. We assume that v|g:
is a cyclic multiple cover of a map u. The reduced model consists of the same
configuration where the map v|gz is replaced by w. The virtual dimension of the
reduced model is the same as the virtual dimension of Mkmfiln(ﬁ;Pl, o PR)(S),
the moduli space with combinatorial type S. Since there is one sphere bubble,
the virtual dimension of the moduli space MPH"(3; Py, - -+, Py)(S) is the virtual
dimension of M (3; Py, -, Py,) minus 2.

However, since there is one free fixed point on the sphere bubble, it follows that

main

the virtual dimension of marked reduced model M} +1,1(B3 P, Pu)(S) is equal
to the virtual dimension of MP(5; Py, - - - , Py). Namely (35.83) does not hold.

This is the reason why we assume Condition 34.3 in this book.

If we can use the reduced model in place of the marked reduced model, this con-
dition would be removed. However it seems rather difficult to show the compatibil-
ity of the normally polynomial perturbation (which we constructed in Proposition
35.52) with the process of forgetting extra marked points in the marked reduced
model.
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Remark 35.86. In Condition 34.3 we assume an existence of J so that there
is no nontrivial J-holomorphic sphere of Chern number 0. This condition and
semi-positivity do not immediately imply that there exists such J that has no
nontrivial J-holomorphic sphere with non-positive Chern number. However we can
use genericity argument and Gromov compactness to show the following for each
given E, under Condition 34.3 and semi-positivity of (M,w) : There exists J such
that there is no nontrivial J-holomorphic sphere u : S? — M with non-positive
Chern number and w(u) < E.

This statement is enough to obtain a filtered A, algebra over Z, by using the
method of §30.

636. Filtered L., algebra and symmetrization of filtered A, algebra.

In the next section, we will study Lagrangian embeddings of a manifold in C**+!
that is homeomorphic to S! x S™ and illustrate calculations involving the Floer coho-
mology, spectral sequences and the filtered A, algebra associated to the Lagrangian
submanifold. It turns out that our calculation of the leading order contribution of
holomorphic discs can be more conveniently described in the language of L, algebra
than that of A, algebra.

In this section we review the basic definitions of L., algebra and explain the
symmetrization of filtered A, algebra. The symmetrization is a canonical process
of obtaining a (filtered) L., algebra out of a (filtered) A, algebra. (The sym-
metrization of A,, algebra is well established in the literature. See, for example,
[LaMa95].)

Let C be a free graded module over Ag 0. (In this section we use Ag oy =
Ai)Qinm].) Let C[1] be the free graded Ag 50, module obtained by shifting the grading.
We consider By (C]1]) and an action of & (the symmetric group of order k!) on it
by

J(xl R---® xk) = (_1)5(U)x0(1) ® - @ Ty(k)

where o : {1,--- |k} — {1,--- |k} is a permutation and

(36.1) s(o) = Z deg’ z; deg’ z;.

i<j,0(i)>0(j)

Here deg’ is the shifted degree. Let Ey(C[1]) C Bx(C[1]) be the set of all elements of
By (C[1]) fixed under the & action. The energy filtration of C[1] induces an energy
filtration F* on Ej(C[1]). Let E(C[1]) be the completion of @,-, Ex(C[1]).

We put

]' Eive
21l = 5 2 () a0y @ S,
lASGHA
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They generate Fi(C[1]). The coalgebra structure on B(C[1]) induces a (formal)
coalgebra structure

~

A: E(C[1)) — E(C[1]) & E(C[1).

We remark that A is graded cocommutative.
We consider a sequence of operations

w : Ey(C[1]) — C[1]

(k=0,1,2,---) of degree +1 such that

(36.2.1) L (FEL(C[1])) € FA(C1)),
(36.2.2) (1) € | FMC)).
A>0

[, : Ex(C[1]) — CI1] induces coderivation

~

dy : E(C[1)) — E(C[1))

in the same way as (7.15), but replacing the tensor product by the bracketing
[x1,--+ ,x,]. More precisely, it is defined by

Bullor, ) = S0 PO )]

Here the summation is taken over all the ‘(n — k, k)-shuffles’ i.e., the permutations
of length n satisfying

{ar, - an—k} U{b1, -~ ,bp} ={1,--- ,n}; a; <ajt1, b <bit1,

and x is given by

n—k
* = Z deg’ x4, + Z deg' x,, deg’ ay,.
=1 a; >b;

We can prove that d = Yok di converges and induces d : E(C[1]) — E(C[1]) in the
same way as Lemma 7.17.
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Definition 36.3. We say that [ = {l; }x>0 defines a structure of filtered Lo, algebra
on Cifdod=0.

We can define the center of a filtered L., algebra, in the similar way as the unit
of a filtered A, algebra. Namely e is said to be in the center if and only if

((le, 21, - ,2p—1]) =0

for all k and xq,--- ,xp_1.
We can define a filtered L., algebra to be G-gapped in the same way as Definition
7.29. Hereafter we fix an isomorphism

C=C®qA§

0,nov

and [y : E,(C[1]) — C[1] is the operations induced by .
The restriction of the coefficient ring to Q gives rise to an (unfiltered) Lo, algebra.
(We assume [p = 0 for the unfiltered L, algebra.)

Example 36.4. Let (C,d,[,-]) be a differential graded Lie algebra over Q. We
put
h(x) = (-1)*5%dz,  T([a,y]) = (~1)*87 @B D[z y]

and set all other [, = 0. Then it is easy to check that (6, fk) is an L., algebra.

We next define the symmetrization of a filtered A, algebra. Let (C,m,) be a
filtered A, algebra. Hereafter we write [y(z1, - ,z)) in place of lg([z1, -, zk])
for simplicity. We put

(36.5) (e (21, 1) =5 Z 1)* O my(zo1), 5 To),

where s(0) is as in (36.1) and the the summation is taken over all o in the permu-
tation group of {1,--- ,k}. Obviously [ induces a homomorphism [ : E,(C[1]) —
C[1].

Proposition 36.6. [ : E(C[1]) — C[1] defines a structure of filtered Lo, algebra.

Proof. Let d : B(C’[l]) — B(C[1]) be the coderivation induced by m. It suffices to
prove that d(E(C[1])) € E(C[1]). In fact it will then imply that d : E(C[1]) —
E(C’[l]) coincides with the restriction of d : B(C’[l]) — B\(C’[l])

We consider oqp, @ {1, ,¢} — {1,--- £} (0up € Sy) such that o,(b) = a,
Tap(a) = b, oap(i) =i for i # a,b. Let m; : B(C[1]) — By(C[1]) be the projection.
We calculate

(oap om0 d)([z1, -+, ak])

¢
1 Sl (e
= 1 0ab Z (-1 )Zxa(l) ® @M1 1(To(i), > To(ith—0)) @+ @ T ()-
A2 L=
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Here
i—1
8/(0) = S(U) + Z deg/ To(45)s
j=1
where s(0) is as in (36.1). We put

A=) (1) Dz, @ @ M1 (Togiys 0 To(ivh-t) @ @ Togr)-
ceEG

It is easy to see that
oabAa = Ap, Ay = Au,  owpdi = A; (I # a,b).

Hence R R

(Oab OTy O d)([xla T 7$k‘]) = (ﬂ-f o d)([xlv e 7'7:/4:])
as required. [J
Definition 36.7. We say (C,[) the symmetrization of (C,m). We can define a
symmetrization of an (unfiltered) A, algebra (which is an L, algebra) in the same
way.

Example 36.8. Let (C,d,A) be a differential graded algebra. By putting
(36.9) my(z) = (1) %z, My(z,y) = (—1)der(desvt (5 Ay)

and My, = 0 for k # 1,2, we obtain an A, algebra (C,m). We define a differential
graded Lie algebra (C,d,[-,]) by

1
(o 9] = 5z Ay - (—1)deszdesyy A g).

It is easy to check that the symmetrization of (C,m) is the L., algebra obtained
from (C,d, [-,+]) as in Example 36.4.

Proposition 36.10. Let (C,m) be a filtered Ay algebra. Suppose that the reduction
(C,m) of its coefficient to Q is obtained from a differential graded algebra (C,d, A) by
(36.9). We assume that (C,d, \) is graded commutative. Then the symmetrization
(C, 1) satisfies

(L, =0 mod AT

0,nov

for k # 1.

Proof. It suffices to show [, = 0, since [, = 0 for k > 3 obviously follows from
m;. = 0 for k£ > 3. We calculate

2{2(l',y> = ﬁ2(335 y) + (_1)deg/wdeg/ me(y7x)
_ (_1)dega:(degy+1)x Ay + (_1)deg'xdeg’y—i—degy(degm-{—l)y A .
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Since (C,d, ) is graded commutative, we find that the second term is

(_l)deg’mdeg' y—l—degyw Ay = (_l)degw(degy+1)+1x Ay

and cancels with the first term. O

We will apply Proposition 36.10 to the symmetrization of the canonical model of
(C(L; Ao,nov), m) later in this section.

Remark 36.11. In the year-2000 preprint version of this book the same calculation
as the proof of Proposition 36.10 was mentioned (at page 105) as a trouble to define
symmetrization of filtered A., algebra. We now understand that it is not a trouble
at all.

We next define a filtered Lo, homomorphism. Let (C;,[?), i = 1,2 be filtered
Lo algebras. For k =0,1,2,--- we consider maps fi : Ex(C1[1]) — Cs3[1] of degree
0 such that §z(F*E(C1[1])) € F*Cs[1]. Tt induces a coalgebra homomorphism

o~

¥ E(C1[1]) — E(C3[1]), in the same way as (7.28).
Definition 36.12. We call f = {fx}x>0 a filtered Lo homomorphism from C; to

Cy if/f\o dl = 2 o/f\. A filtered Lo, homomorphism § = {fx }x>0 is said to be strict if
fo = 0.

We can define composition of filtered L., homomorphisms by

— -~

gof=gof.

Lemma 36.13. Any filtered Aoc homomorphism between two filtered Ao, algebras
induces a filtered Lo, homomorphism by the symmetrization.

The proof is easy and is omitted. We remark that there exist the unfiltered
and/or the unital version of Definition 36.12 and Lemma 36.13.

We can also define the gapped condition for filtered L, algebras and filtered L.,
homomorphisms in the same way as the A, case. Hereafter we assume that all
filtered L, algebra and filtered L., homomorphisms are gapped.

We next discuss the notion of homotopy between filtered L., homomorphisms.
Let (C, () be afiltered Lo, algebra. We define a graded Ag 50, module Poly([0, 1], C[1])
by Definition 15.9. The maps Incly, : E,(C[1]) — €, (Evals—s,)x : Ex(€[1]) — C are
defined in the same way as in the proof of Definition-Proposition 15.15.

Lemma 36.14. There ezists a structure of filtered Lo, algebra on Poly([0, 1], C[1])
such that Incl and Eval are filtered Lo, homomorphisms. Moreover they induce an

isomorphism on [y cohomology.

The proof is a straightforward analog to the proof of Lemma 15.13 and omitted.
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Remark 36.15. The other construction C'%! of the model of [0, 1] x C for filtered
A algebra C, does not seem to work for the filtered L., algebra, since it does not
respect the symmetry. (See Remark 15.21.) So the authors do not know how to
define homotopy between L., homomorphisms over Z or Zs. The symmetrization
of C191 will be an Lo, algebra. We need to work over Q for symmetrization.

Using the model (Poly([0,1],C[1]),[), we can define homotopy between filtered
L, homomorphisms, and prove that homotopy is an equivalence relation which
is compatible to the composition. We can then define the notion of homotopy
equivalence of filtered L., algebras in an obvious way.

Theorem 36.16. If f = {fx}r>0 is a filtered Lo homomorphism from Ci to Cs

and induces an isomorphism H(Ul;_[i) — H(@g;_[i), then there exists a filtered L
homomorphism g from Cs to C1 such that fo g and gof are homotopic to identity.

The proof this theorem is parallel to that of the proof of Theorem 15.45 and
omitted.
We next discuss the canonical models of filtered L., algebras.

Definition 36.17. A filtered L, algebra (C,[) is said to be canonical if [; = 0.

We remark that the symmetrization of a canonical filtered A, algebra is a canon-
ical L, algebra.

Theorem 36.18. Any gapped filtered L., algebra is homotopy equivalent to a
canonical filtered Lo, algebra.

The proof is a straightforward analogue of that of Theorem 23.2 in §23.3 and so
omitted.

Theorem 36.19. Let L be a relatively spin Lagrangian submanifold of M and
(H(L; Ao nov), m) the canonical filtered Ao algebra obtained in Corollary 23.6. Let
(H(L; Ao nov), ) be its symmetrization. Then for all k we have

(36.20) [, =0 mod A

0,nov"

For the proof we need :

Proposition 36.21. Let f: (C1,m) — (Cy,m) be a homotopy equivalence of As
algebra. Let (C1,m) be a gapped filtered Ao algebra deforming (C1,m). Then there
exists a gapped filtered Ao algebra (Cy, m) deforming (Ca, ™) and a homotopy equiv-
alence of filtered Ao algebras §: (C1,m) — (Co,m) such that f =§ mod Ay

0,nov "

Proposition 36.21 is a direct consequence of Proposition 30.130.

Proof of Theorem 36.19. Let (H},p(L;R), lcqn,r) be the canonical model of the Lo,
algebra obtained by symmetrization of the de Rham DGA (2(L),d, A). Since the
wedge product is graded commutative, it follows that [, r = 0.
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On the other hand, if (H*(L; Q), lzqy) is the Q reduction of (H*(L; Agnov), lean),

then (H*(L; Q), lcan ) @R is homotopy equivalent to (H} r(L; R), lcan k). Since both
are canonical, they are isomorphic. It follows that ., = 0, as required. [

Theorem 36.19 implies that contributions of the classical cup product and (higher)
Massey products become trivial under the symmetrization, of our filtered A, struc-
ture of Lagrangian submanifold.

§37. Floer theory of Lagrangian embedding S! x " — Cntl,

In this section, we illustrate calculations involving Floer cohomology, spectral
sequences and the filtered A, algebras associated to Lagrangian submanifolds.
A typical example of semi-positive Lagrangian submanifold L of C"*! is an em-
bedded Lagrangian submanifold diffeomorphic to S' x S™. We define a function
E : m(C" L) — R by E(B) = [w]|(B8). Gromov [Grom85] proved that E is
nontrivial for any compact Lagrangian embedding L in C*+1.

Unless otherwise stated, we will assume that n > 2 in this section. Then we have
7o (C"HL L) & 71y (L) = Z. We fix a generator 3 of mo(C™ 1 L) so that

E(B) > 0.
We denote v = 8 € m1(L).

By conformally scaling the embedding, we may assume E((3) = 1 without loss of
any generality. We note the Maslov index ur(y) of the class v € mp(L) lies in 27Z
since S! x S™ is orientable.

There are two kinds of Lagrangian embeddings S x S™ — C"*! known in the
literature. One construction is based on the following two results.

(37.1)  (Gromov [Grom85], Lees [Lee76]) If TL ® C is a trivial complex vector
bundle, then there exists a Lagrangian immersion L — C™. (Here n = dim L.)
(37.2)  (Audin-Lalonde-Polterovich [ALP94]) Let i : S™ — C™ be a Lagrangian
immersion, e.g., consider the so called Whitney Lagrangian immersion. (See [Wei77]
for the precise definition of the Whitney Lagrangian immersion.) Consider any
embedded circle i’ : S' — C which obviously becomes a Lagrangian embedding.
Then the Lagrangian immersion i x i’ : S' x L — C"*! is Lagrangian isotopic to a
Lagrangian embedding.

Note the standard embedding S! — C is a Lagrangian embedding with Maslov
index 2. Thus (37.1),(37.2) imply that there exists a Lagrangian embedding S x
S™ — C™*! such that pr(vy) = 2.

The other example is given by Polterovich [Pol911I]. Let us consider S™ = {x €
R ||z|| = 1} and put L = {ox € C"" |z € S",0 € C, |o] = 1}.
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Lemma 37.3. ([Pol911l]) L is a Lagrangian submanifold. py(y) = n+1. Moreover
L is diffeomorphic to S* x S™ if n is odd .

37.1. Floer cohomology and spectral sequence.

We start with proving a slight improvement of the result of second named au-
thor proven in [Oh96I]. Hereafter in this section, L ~ S x S™ stands that L is
homeomorphic to S x S™. With some additional arguments, one can weaken this
hypothesis to the condition that L is homotopy equivalent to S x S™.

Theorem 37.4. (Compare with [Oh961]) Let L be an embedded Lagrangian sub-
manifold of C**! that is homeomorphic to S x S™. Then we have the following.
(1)  Ifn is even, then pr(y) is either 2 or is (2 —n)/l for some { € Z~y.

(2)  Ifn is odd, then pp(y) = (n+1)/¢ for some £ € Z~g.

Proof. For the proof of Theorem 37.4 we use the Floer cohomology over Q. Later
on we will also use the Floer cohomology and the spectral sequence over Z in order
to obtain additional information.

Case 1 : L is weakly unobstructed: More precisely, we consider the case when
the cohomology groups containing all obstruction classes vanish. If L is weakly
unobstructed (over Q), then HF (L, L; A2, Y is defined and then HF(L, L; A2 ) =

0,nov nov

0, since there exists a Hamiltonian diffeomorphism ¢ : C**! — C"*! of compact
support such that ¢(L)NL = (). We now consider the spectral sequence in Theorem
24.5 or in §25.

We remark that the filtered A, algebra associated to our L is G-gapped where
G C Zso x 2Z and G = Z>o as a monoid. This is because E(y) = 1 and
7o (C™tL L) = Z. By (26.18) in §26, we defined a filtration on C’(L;Agmv) which
is used to construct the spectral sequence. We can take the number \g appearing

in (26.18) as \p = 1, since E(v) = 1.
When L is weakly unobstructed, we can take a bounding chain b of the form

(37.5) b= Tmem 0%,
meZ

This is because all the chains defining obstruction classes are of the monomial
Tme™* (/2 with some element from C(L; Q) as its coefficient and b,, will be con-
structed based on the vanishing of the cohomology group of the relevant degree. If

we choose b as in (37.5), the boundary operator m$ is written as

b = SO ThH O 2t
k
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In particular, L is rationally unobstructed. (See Definition 25.1 (25.2.2).) This
observation has led us to the following description of the differential of the spectral
sequence.

The differential do of the spectral sequence is decomposed to

n+1 n+1
b= PO, Er=H"(L;Z) 2 A%, = @ H™(L;Z) ® AL,
m=0 m=1

where the homomorphism

5™ H™(L; Q) @ AC

nov

— H™ e 0)(1: Q) © A

Y nov

has the form -
(Sém) =Te 2 Sém).

Moreover Ej, and §; are inductively defined and has the decomposition

n+1
Ey = @ E,E:m), 5]({:7”) . EIE:m) _ E}gm+1_(k—1)uL(’Y))
m=0

Y

where E™ = H™(L; Z) ® AZ

nov

E,(ﬁi is defined by the quotient

: Here §;, satisfies 5,(€m+1_(k_1)“(7)) oél(gm) =0 and

E(m) . Ker 5](€m)
LT I s D)

Furthermore 5]gm) also has the form
5™ = (b= 1) H5% pk—15(m)

(m)

where Ekm is the Q-vector space such that

B =B 0q AL,
and the map
g(m) =(m)  S(m+l-kpr(v))

k1t B — B
is induced by ml{’ k- appearing in the expression of m} above. We remark that &, is
induced by the moduli space

M((k = 1)B).
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Let a; € H'(S' x S™;Z) be the generators of H*(S! x S™;Z) which have degree
1 =0,1,n,n+ 1 respectively. We choose them so that they satisfy ag = 1 and

G Ja, = an+1 = Qg U Opt1-

Since i.([pt]) € Ho(M;Q) is nonzero, we derive from (24.6.3) that a,; = PD([pt])
is not in the image of the differentials of the spectral sequence. On the other hand
we have HF(L,L; A9 ) = 0. Therefore a, ;1 cannot be in the kernel of some

differential. Since H*(S* x S™;Z) is generated by a; for i € {0,1,n,n+ 1} and zero
otherwise, there must exist i € {0,1,n,n+ 1}, k € Z~o and 0 # ¢ € Q such that

(37.6) 50 (a,01) = ca.

Settingm =n+1, m+1— (k—1)ur(y) =i, we obtain
n+l—i=—-1+k—1Duwly).

Therefore n+ 1 —¢ must be odd in (37.6) and hence ¢ cannot be n+ 1. This implies
that ¢ must be one among 0, 1, n.

Since 5lin+1)(an+1) € E,gn+2_(k_l)“m), (37.6) implies that a; € E,gn”_(k_l)“('y)).
Therefore we obtain

(37.7) (k—Dur(vy) € {2,n+1,n+2}.

In particular, we have proved urz(y) > 0 and hence S' x S™ is monotone if and
only if it is weakly unobstructed. Recall that any orientable monotone Lagrangian
embedding is weakly unobstructed. See chapter 2.

Case 1.1 : n is odd. If n is odd, (37.7) implies that ur(vy) divides n 4+ 1 or 2.
Since n is odd this means that pr(y) divides n + 1 as asserted.

Case 1.2 : n is even. Let us consider the case with even n. We will prove by
contradiction that pr(vy) = 2.

Suppose to the contrary that py () # 2. Then we derive from (37.6) and (37.7)

that there exists k > 1 such that (k — 1)ur(y) = n+ 2 and 5,&”4—1)(%“) =cay €

H°(L;Q), where ¢ # 0. Since the generators a,,1,a0 are killed by each other, it
follows that there must exist £ and ¢’ # 0 such that

Eén)(an) =ca € H(L;Q),

because HF(L,L;A% ) = 0. A degree counting gives rise to (¢ — 1)uz(y) = n.

nov

Namely pr () divides both n and n 4+ 2. Therefore it follows py () = 2. This is a
contradiction to the hypothesis.
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Case 2 : L is not weakly unobstructed: We now consider the case where
L is not weakly unobstructed. From Theorem C, which is the weakly unobstructed
version of Theorem 11.43, we derive that the obstruction class

(37.8) g (L; weak) € H*™(L; Q)
is nonzero or some k = ko > 0. Here koy € Hy(L) = Hy(C™*!, L), and

(37.9.1) 2mg, = 2 — pr(koy) = 2 — kopr (7).

By Corollary 13.16, the obstruction classes of top dimension must vanish. In
other words, we have

(37.9.2) 2my, #n+1=dimL,

if oi;n’“ (L;weak) # 0.

We remark that oi:” (L; weak) is non-zero, only if 2my = 1,n,n + 1. Note also
that the Maslov index ur,(7y) is even. Therefore from (37.9.1) and (37.9.2), we derive
that 2my, = n and so n must be even. It follows that kour(y) = 2 — n. Namely

wr(y) divides 2 — n, as required. Combining Case 1 and Case 2, we have finished
the proof of Theorem 37.4. [

We next use the Floer cohomology over Z to obtain some additional information,
which we collect in Propositions 37.10 and 37.14.

Proposition 37.10. Suppose that n is even and L is an embedded Lagrangian
submanifold of C"T1 homeomorphic to S' x S™, then one of the following alternatives
oceurs :

(37.11)  ur(y) = 2. The differential of the spectral sequence is trivial except

—=(n+1
5; )(an-H) = £ay,

=(1
(5; )(al) = :|:Cl().

<(n+1)

—=(1
(37.12) ur(3) =2, 35 (ans1) = 0y (a1) = 0, and

<(n)

O(nt2)/2(an) = Fai,
<(n+1)
O(nt4)/2(8n41) = Fao.

(37.13)  pr(y) is negative and divides 2 —n with n > 3 or pr(y) =0 with n = 2.

Remark 37.14. We will sketch the argument to eliminate the possibility (37.12)
in ‘Proposition 37.83’. (The detail of it will appear in [Fuk07].)
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Proposition 37.15. Ifn is odd and L is as in Proposition 37.10, then one of the
following alternatives (37.16), (37.17), (37.18) occurs :

(37.16)  ur(y) = (n+1)/(k — 1) is positive and even. The differential of the
spectral sequence s trivial except

—=(n+1
Syt (@ngn) = %a,

35:_)1(11”) = +ay.
(37.17)  pr(y) = 2 and the differential of the spectral sequence is trivial except

those appearing in (37.12).
(37.18) ur(y) = 2 and the differentials satisfy

(37.19.1) 30 (@ns1) = Aan,
(37.19.2) 30 (a1) = Aag

with A ¢ {0,1,—1}. Moreover

(37.19.3) 5 (Jan]) = plao),

where A and p are relatively prime to each other. The differentials appearing in
(37.19.1) — (37.19.3) are all the nontrivial differentials of the spectral sequence.

Remark 37.20. Lemma 37.3 gives an example of (37.17). We can construct an
example of (37.16) with k = 2 by using (37.1), (37.2). The authors do not know
whether (37.18) actually occurs or not. Also we do not know whether (37.16) with
k # 2 occurs or not.

We remark that in the course of the proof of Theorem 37.4 we proved that L is
monotone, i.e., ur ()0 as long as n is even and (37.13) does not occur. In fact, the
argument there shows that L is weakly unobstructed also over Z, not just over Q in
this case. Therefore we will assume the Floer cohomology HF(L, L) is defined over
Af .0, as long as n is even and (37.13) does not occur. (Note Theorem 34.5 does
not apply if we deform Floer coboundary map by a bulk deformation (see §13.5).
So it is essential here to assume that L is weakly unobstructed without performing
any bulk deformation.)

We remark that L is rational since 71(L) = Z and also L is rationally unob-
structed as we showed before. So we can apply the construction of the spectral
sequence for the rational Lagrangian submanifolds in §25. The spectral sequence
constructed in §25 also converges for the coefficient AZ, . (We recall that it is not
known yet whether the spectral sequence in Theorem 24.5 converges over the coef-
ficient ring AZ_ . We proved this convergence only over the A _coefficient when

nov* nov

R is a field. See the remark after Theorem 24.10.)
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Proof of Proposition 87.10. Suppose (37.13) does not occur. Then we have shown
that L is weakly unobstructed and ur(y) = 2 in the course of proving Theorem
37.4. As we mentioned, Floer cohomology HF (L, L; AZ, ) of L is defined also over
Z and trivial in that case.

Note that since uz,(7) = 2, the differential d, has degree —1. Therefore we have

(37.21.1) 30 ™ (a41) = Aan
for some A\ € Z. We will prove in Corollary 37.29 that (37.21.1) also implies

(37.21.2) 53" (a1) = Aao.

For the other components of d5, we have gén) =0= 550) .
Now we consider the following three cases separately.

Case 1 : A= =£1.
Case 2 : A=0.
Case 3: A ¢{0,£1}.

In Case 1, E5 = 0 and hence (37.11) holds.
In Case 2, we obtain Sgﬂ(an“) =0= 5;1)(a1) and

=(n)

(37.22.1) O(nta)/2(an) = a1,
—=(n+1
(37.22.2) St a(@ns1) = Fap

We recall that we have derived

—=(n) —=(n+1)
5(n+2)/2(“n) = cap, 5(n+4)/2(an+1) = c'ag

for nonzero rational numbers ¢, ¢’ from the vanishing of Floer cohomology HF (L, L; A2 )
(over the rational number) in the course of the proof of Theorem 37.4.

Here we use the vanishing of Floer cohomology H F (L, L; AZ_ ) (over the integer),
which enables us to obtain the stronger statement (37.22). This gives rise to (37.12)
in Case 2.

Next we consider Case 3. In this case, we have E:gm) = (Z/|\Z) @ AZ, for

m = 0,n and Eém) = 0 otherwise. Therefore, since we have HF (L, L; AZ,) = 0,

nov

there should be some k such that 6,in) sends E,in) to E,io). This is impossible since n

is even and 5,(;” has odd degree. This finishes the proof of Proposition 37.10, except
the statement that (37.21.1) implies (37.21.2). O

Next we consider the case n is odd and prove Proposition 37.15.
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Proof of Proposition 37.15. In this case, Theorem 37.4 implies that ur () is pos-
itive, pr () divides n + 1, and L is monotone (and so weakly unobstructed). In
particular Floer cohomology HF(L, L; AZ_ ) is defined which must be trivial in C".
We consider the following two cases separately.

Case A :  prp(y) # 2.
Case B:  ur(y) =2.

We first consider Case A. We put (k — 1)ur(y) =n+ 1. Then we can prove

(37.23.1) 30 (a,01) = ay,
(37.23.2) 3521<an> = tay,

by the same way as the proof of Theorem 37.4. Here we derive that the coefficients
of the right hand side become +1, again from the vanishing of Floer cohomology
but this time over Z. The identity (37.23) then implies that E; = 0. Therefore
Case A give rise to (37.16).

We next consider Case B. Then by the same argument as before for case of even
n, we obtain the identities (37.21). Let A be the number given in (37.21.1). Again
we will see later in Corollary 37.29 that (37.21.1) implies (37.21.2) as well. We then
consider the three cases Case 1 - Case 3 A = +1, A =0 and X # {0, £1} separately
as for the case of even n, Proposition 37.10.

For Case 1 (A = £1), we have E3 = 0 which gives rise to (37.17).

For Case 2 (A = 0), putting (k — 1)ur(y) = 2(k — 1) = n+ 1, we again obtain
(37.23) which corresponds to (37.16).

Now we consider Case 3 (A ¢ {0,£1}). We then obtain

(m) Z]|\Z for m =0,n
ES — .
0 otherwise.

Putting 2(k — 1) = n — 1, we can write

(37.24) 01" ([an]) = pla)

for some integer u such that [u] € Z/|\|Z is a generator of Z/|\|Z : Namely A is
relatively prime to p. This gives rise to (37.18).

The proof of Proposition 37.15 is now complete, modulo the statement that
(37.21.1) implies (37.21.2). O

Remark 37.25. We can prove that the sign in (37.12.1) coincides with the sign
in (37.12.2). In fact this follows from Theorem 37.32. We can also prove that the
sign in (37.17.1) coincides with the one in (37.17.2). In case ur(y) = n+ 1 this fact
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follows from Theorem 37.21. We will give a sketch of the proof of other cases in
‘Proposition 37.78".

37.2. Filtered L., structure with inner product.

In this subsection, we study the L., algebra associated to a Lagrangian sub-
manifold L in C**! homeomorphic to S' x S™. We start with a canonical model
(H(L; Ao nov), ms) of the filtered A, algebra obtained in Corollary 23.6. Sym-
metrizing it as in §36, we obtain a filtered Lo, algebra (H*(L; Ao pov),lx). (Here
H*(L; Ao now) = H*(L; Q) ® Agnov.) We put

(37.26) g (@, @egn) = (@1, (@, - 2r, Tg1))-

Here (-,-) is a version of intersection pairing defined in Definition 47.16 in Chapter
9. We define mﬁ 41 In a similar way.

Proposition 37.27. Let L be an embedded Lagrangian submanifold of C"*t1 home-
omorphic to St x S™. Then l41 is cyclically symmetric modulo T?. Namely, we
have

G (@1, 2et)

(37.28) ’ !’ /
= <_1)deg xk+1(deg x1+--+deg xk)[z+1(xk+1’x1’ e 71'.16) mod TQ'

Postponing the proof of this proposition until the end of this subsection (and
§47.3 about the sign), we first state several consequences thereof. We start with the
following

Corollary 37.29. Suppose pr(y) =2. Then (37.21.1) implies (37.21.2).

Proof. We remark that if Sénﬂ)(anﬂ) = \a,,, we have 5§n+1)(an+1) = Aa,-Te k)

This implies

AT = (ay, 68" ™ (an41)) = 1§ (a1, ap11) mod T2.
(Note [; = my.) Also if gél)(al) = pag then uT = [ (ap11,a1) mod T2. Therefore
Corollary 37.29 follows from Proposition 37.27. [

We continue our analysis of our spectral sequence and the filtered L., structure
with some more details for the case of L =2 S' x S™.
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Theorem 37.30. Suppose pr(v) =n+ 1, and n is odd. Then we have
1 n
(37.31) 0o (@fF, an, apg1) = igé D27 mod T2,

Here the sign + is independent of k. Moreover the left hand side is independent
of the permutation of the variables modulo T?. All the other operations are zero
modulo T?.

The result in the other case is less complete.

Theorem 37.32. If ur(y) = 2, then there exists an integer A such that

1
(37.33) (a9, any) = el mod T2.
Here X\ is independent of k. Moreover the left hand side is independent of the

permutation of the variables modulo T?. All the other operations are zero modulo
T2.

We note that we do not assume n is odd in Theorem 37.32 unlike in Theorem
37.30. We can say more about A in Theorem 37.32, which we will discuss later in
this section (‘Proposition 37.84’).

Remark 37.34. (1) For the case of S x S™ constructed using small embeddings
St C C mentioned in (37.2), we can easily see that A\ = +1.

(2) We remark that the canonical model is well-defined only up to isomorphism.
This means the following : Let [;:jrl be the filtered Lo, structure on H(L; Ag nov)
obtained by symmetrizing another canonical model. Then there exists a sequence
of Ao nov linear maps ¢y, : Ex(H (L; Ao nov)) — H(L; Ao nov) such that it induces a
coalgebra isomorphism @ : E(H (L; Ao nov)) — E(H (L; Ao nov)) satisfying

(@21 @+ @ wpy1)) = [Z+1(CC1 ® - @z ®@Tpr1) mod T2

Therefore, strictly speaking, we should state Theorems 37.30 and 37.32 as “there
exists a canonical model such that ... 7. We will explain this ambiguity in more
detail later in §37.5.

Now we begin the proofs of Theorems 37.30 and 37.32. Let 3 € m(C""1 L)
be the class satisfying 93 = ~ where 9 : m(C"™! L) — (L) is the natural
boundary map. We consider the moduli spaces Mg () and M;j(3) of stable maps
(D?,0D?%) — (C™*L, L) in the class 3 and with zero (resp. one) marked point at the
boundary. We recall that M;(3) depends on the choice of almost complex structure
J.

For our purpose of proving Theorems 37.30 and 37.32, it will be useful to give
another description of M () and M, () which is equivalent to that of stable maps
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and more close to Gromov’s original description in [Grom85]. For given J € J,,, a
compatible almost complex structure on (C"*!, wy), we recall the definition

—~

M(J; ) ={w: (D* 0) — (C"*', L) | w is pseudo-holomorphic, [w] = 3}.

The group PSL(2;R) is identified with the group of biholomorphic maps ¢ : D? —
D?, and then it acts on M(3) by ¢ -w = wo p~t. We put

G ={p € PSL(ZR) | ¢(1) =1}.
It is easy to see that we have the isomorphism
G\M(5) = Mi(5)

and

Mo(B) = PSL(2;R)\M(B).

Now we state the following two lemmas concerning the structures of M (3) and

M (B).

Lemma 37.35. Let L ~ S' x S™ and Jy be any compatible almost complex struc-
ture on C"T1.  Then the moduli space Mq(Jo;3) is compact and any element
w € Mo(Jo; B) is somewhere injective.

In particular, for a generic almost complex structure J, the moduli space Mo (J; 3)
is a smooth compact manifold without boundary of dimension given by pur(v)+n—2,
as long as it is nonempty.

Proof. Assume M(Jo;ﬁ) # (). Then compactness of Mg(Jp;3) follows from the
Gromov compactness theorem since 3 has the smallest possible positive - symplectic
area E () = w([B]). The latter also implies that any element wy of M(Jy;3) is
somewhere injective in the sense of McDuff [McD87] : Otherwise, according to the
structure theorem of the image of pseudo-holomorphic discs from [KwOh0O], wy is

decomposed into
N
Wy = E w;
j=1

such that each w; is a somewhere injective J-holomorphic disc with boundary lying
on the same L, and their homotopy classes satisfy

[wo] = ) wy] inm(C"*, L), w([w;])0

N
j=1

which is impossible unless N = 1 because w([3]) has the smallest possible positive
symplectic area.
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Now once we have established the somewhere injectivity, we apply the standard
argument [McD87] of the Sard-Smale theorem to elements of the pairs

(J,w) € Ty x Map((D?,0D?),(C"*1, L); §)

near {Jo} x M(Jy; 3) for each given Jy. Then we derive that for a generic choice of

J, the moduli space M(J; 3) becomes a smooth manifold. The formula of dimension
follows from Theorem 2.32 when it is nonempty. Since somewhere injectivity also
implies that PSL(2;R) acts freely on M(Jo;ﬁ), the quotient space My(Jo; 3) =
PSL(Z;R)\./W(JO;@ is also smooth. [J

We also have

Lemma 37.36. For a generic almost complex structure J on C"T1, the mod-
uli space My(J;B) is a compact smooth manifold without boundary of dimension
wr(y) +n — 1, when it is nonempty.

We now take J as above and fix it throughout this section.

Since PSL(2;R)/G = S!, there exists an S* fibration 7 : My(8) — My(3). We
take a free S! action on M (/) so that 7 is identified with the natural projection
M1(B8) — M;1(B)/St. We embed S C PSL(2;R) so that 0 € D? is fixed by
elements of S*.
Lemma 37.37. There exists an S* equivariant map S : My(8) — M(B) such
that the composition ™o S of S with natural projection 7w : M(8) — M1(B) is the
identity.
Proof. Let vazl Vi = Mo(B) be an open covering such that V; are contractible.
We put U; = 7=V, € My(B) and Ule U; = U*. We will construct S on U* by
induction on k. Suppose we have defined S on U*~!. Since V}, is contractible we
have s : V, — M;(83) such that 7 o s is identity. We put W = s~1(U*~1) C V.
The restriction of S to s(Vj) N U*~! can be identified with a map S : Wy — G
since m1(s(Vy)) = Vi, x G. Therefore since G is contractible we can extend S to
S : Vi, — G. Now let z € U,,. There exists unique € V;, and t € S! such that
x=t-5(T). We put S(z) =t-(7,59()), where we identify 77 (s(Vy)) & Vi x G
and regard (Z,9(7)) € 7 1(s(Vx)) Cc M(3). O

Now we define

o™ = (evy,- -+, evp, evg) : M(B) x (S)F — LFH
by
B (g, (b1, 1)) = (pltr), - p(ta), 9(1):
Then we define ev™®) : My (8) x (S)k — LF+1 by
ev'®) = e o (8 x id).
Let zq, -, x5, 20 € H*(L; Q).
We will give the proof of the following later in §37.4.
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Proposition 37.38.

[;4"__'_1(1713 e 7xk7x0)

= :I:%e“L(V)/QT (ev(k)*(wl X - X xp X o) ([M1(8) X (Sl)k])> mod T2.

The intuitive picture behind Proposition 37.38 is quite clear from the defini-
tion. However the rigorous definition of [;: 41 1s rather complicate partly due to the
transversality problem : We first take perturbations in the fiber product, then go to
a canonical model, and finally symmetrize the corresponding A., operations. This
sequence of general abstract constructions, none of which are not so transparent,
makes the proof of Proposition 37.38 rather nontrivial. We postpone its proof until
later in §37.4.

Assuming Proposition 37.38, we are ready to finish the proof of Proposition 37.27.

Proof of Proposition 37.27. Except the sign, the proof is immediate from Proposi-
tion 37.38. The sign in Proposition 37.27 is related to the sign in Proposition 37.38
and follows from the sign convention we will work out in detail in the next chapter.
See §47.3. [

37.3. Free loop space of L and L., structure.

In this subsection, we exploit some topological information of the loop space
of the Lagrangian submanifold L in our study of the L., structures on L. More
extensive study on this aspect will be carried out in [Fuk07] (see [Fuk05II] for some
detailed outlines).

We denote by L£(L) the set of all smooth loops on L. Namely

L(L)={t:8* — L|{is smooth}.
We denote by L(L; ) the subset of L(L) consisting of the loops homologous to y. We
remark that £(L) and £(L;~) have an S! actions induced by the reparametrization
of the domain S'. The S! action on L£(L;~) is free : Recall that « is a nontrivial

primitive class which rules out a possible finite isotropy group.
There exists an obvious S' equivariant map

res : Mv(ﬁ) — L(L;~)
whose image res(¢p) is defined by (res(p))(t) = ¢(t) for ¢ € M(B). We denote

ev=resoS : M(B) — L(L;7).
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We now study the homology class
ev((M1(B)]) € Ho(L(L; ), Z).

Let 7w : £(L;y) — L£(L;7)/S! be the natural projection. It is a projection of S*
principal bundle and hence induces a homomorphism

' He(L(Lsy)/SY, Z) — Hyy1(L(Ls ), Z) -
If f:P — L(L;v)/S! represents a homology class f.([P]), then m}(f.([P])) is

represented by P X £ (1,451 L(L;7y) = Pandamap f: P — L(L;~) induced by f.
We have :

Lemma 37.39. ev,([M1(0)]) is in the image of m".

Proof. Using the fact that ev is St equivariant, we have ev : Mo(8) — L(L;v)/S*.
It is immediate from definition that 7} (ev.([Mo(5)])) = evi ((M1(5)]). O

Recall that we assumed that L is homeomorphic to S x S™. Identifying L with
St x S™ we define a map I : £L(S™) — L(L;v) by

(37.40) IN =X At) =t A1) e st x 5"
and I : £(S™) — L(L;~)/S' by I =mo .
Lemma 37.41. I is a homotopy equivalence.

Proof. 1t is enough to construct a homotopy inverse to I. We remark L£(L;~y) =
L(S™) x L(SY;7). It is easy to see that £(S';) is homotopy equivalent to S and
L(SY;~)/St is contractible. Existence of a homotopy inverse to I easily follows
from this fact. [

Now we recall some classical results on the cohomology of the loop space of a
sphere. We fix a base point pg € S™ and let Lo(S™) = {€ € L(S™)|¢(1) = po} be
the based-loop space. Let P(S™) = {¢:[0,1] — S™|£(0) = po}. We have a path
fibration £y(S™) — P(S™) — S™. Since P(S™) is contractible, we can calculate the
cohomology of L(S™) by the Leray-Serre spectral sequence.

We denote by E(r1,--- ,tm) the free graded commutative algebra generated by
the elements rq,- -+, of the degree degy;. More precisely, if all of r1,--- ,1,, are
of even degree, E(z1, - ,&m) is a polynomial algebra, and if all of them are of odd
degree, it is an exterior algebra and etc. We quote the following result by Serre

Lemma 37.42. (Serre [Serbl]) If n is odd, then there exists ¢ with degg =n — 1
such that H*(Ly(S™); Q) = E(x). If n is even, then there exists ¢ with degr =n—1
and v with degy = 2n — 2 such that H*(Lo(S™); Q) = E(r, ).

We next consider the fibration £o(S™) — L£(S™) — S™. (Here the projection
L(S™) — S™is ¢ — ((1).) Let 30,3n be the generators of degree 0 and n in H*(S™),
respectively. We consider the Leray-Serre spectral sequence

(37.43) H*(Lo(5"); Q) @ H*(S™;Q) = H(L(5"); Q).
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Lemma 37.44. (Poirrier and Sullivan [PoSu76]) If n is odd, then the differentials
of the spectral sequence (37.43) are all zero. If n is even, then the differentials of
the spectral sequence (37.43) are zero except :

d(v* ®30) = 2k(0" ' ®350), k=12,
With these preparations, we are now ready to give the proofs of Theorems 37.30

and 37.32. We start with Theorem 37.32.

Proof of Theorem 37.32. We recall the standing hypothesis p(v) = 2. By Lemma
37.36, M1 () becomes a smooth manifold of dimension given by

pr(y)+n—2+1=n+1.

Lemma 37.39 implies ev.[M;(5)] = 7] (€v.([Mo(5)])) and deg[M(3)] = n. Note
it follows from Lemma 37.42 and Lemma 37.44 that H,(L£(S");Q) = Q and is
generated by the dual class (1®3,)* of 1®3,,. Lemma 37.41 induces an isomorphism

I:H,(L£(S™);Q) — H,(L(L;7)/S";Q)
and hence H,(L£(L;7)/S% Q) = Q. Therefore we can write
(37.45) ev.([Mo(B)]) = M((1 @ 3n)7)
for a constant A where I is the map given in (37.40). We also recall
(1®3n)" = [S"] € Ha(L(S"); Q)

where S™ C L(S") is identified with the set of of constant loops.

We will now derive Theorem 37.32 from (37.45) and Proposition 37.38. First
Proposition 37.38 implies that the operations [;c"H depend only on the homology
class of [M(3)]. Since the right hand side of Proposition 37.38 is linear on [M(3)],
we may assume A = 1 without loss of generalities and write ev, ([Mo(0)]) = L.([S™]).

Then under the evaluation map ev = resoS : My (8) — L(L;7), ev«([M1(B)])
can be identified with the fundamental class of the set consisting of the loops ¢ €
L(L;~) defined by

b p(t) = (s +t,p) € ST x ™.

Obviously this set is diffeomorphic to S' x S™. Under this identification, the class
evﬁk)([/\/ll(ﬁ) x (SH¥]) € Hyy1 (L*1;Q) can be represented by the map

fr o (8T % 87) x (Sh)F — LM
defined by

Tk ((S,p), (tlv T ;tk:)) = ((S,p), (S + t17p)7 T 7(8 +tk7p))'
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Now Theorem 37.32 easily follows from Proposition 37.38 by replacing the chain
[M1(B) x (S1)*, ev™®)] by this chain [(S* x S™) x (S1)*, f] and evaluating

ev(k)*(an+1 X ap X -+ x ap)([Mq(8) x (Sl)k])
= (@1 x a1 - x an)(evt (M (B) x (51
= (Gpy1 X A X --- X a1)[frex (ST x " x (SH)F)] =1

where the last identity follows from the definition of f. [
We next turn to the case when ur(y) =n+ 1.

Proof of Theorem 37.30. In this case, we derive deg[M(3)] = 2n — 1 from Lemma
37.35. We recall the standing assumption that n is odd in this case. By Lemmas
37.42 and 37.44, Ho,,_1(L(S™); Q) = Q and is generated by the dual class (r ® 3,)*
to r ® 3,,. Again applying Lemma 37.41, we obtain an isomorphism

L« Hop 1 (L£(S™); Q) — Hap1(L(L;7)/S Q).
We put
(37.46) e, ((Mo(B)]) = AL((x @ 30)7)-

Lemma 37.47. If (37.46) holds, then
+ (ak _ 2Ly iy 2
(3748) [k+2(a1, A, an_|_1) = :ty/\e T mod T*.

Moreover the left hand side is independent of the permutation of the variables modulo
T2,

Proof. We remark that q o(Gna, a¥ a,) is independent of the permutation of last
k + 1 variables from its definition. Then Proposition 37.27 implies that it is inde-
pendent of all the permutations of variables modulo T°2.

To prove (37.48), it suffices to consider the case A = 1. We need to examine the
class (r ®3,)* in more detail. Let P C £(S™) be a chain representing the class (r ®
3n)* and consider the composition 7 : P — L(S™) — S™. By perturbing the chain if
necessary, we may assume py € S™ is a regular value of 7. We put Py = 7~ 1(pg) C
Lo(S™). Then by definition, Py represents the class t* € H,,_1(Lo(S™); Q) dual to
X

We then define a chain [Py x S, h] in S™ by the map h(x,t) = £,(t) where £,
is a loop corresponding to x € Py C Ly(S™). Since Py represents the class ¢*, it
follows from the definition of ¢ that [Py x S, h] represents the fundamental class of
S™. Therefore, if we define hy : P x S — S™ x S™ by (x,t) — (L.(t),£.(1)), we
obtain

(37.49) hyo([P x S') =[S™ x S™].
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We recall the commutative diagram

Mi() ——  L(L;7)
Mo(B) —— L(L;7)/S* —— L(S").
We have the identity

(M (B),ev] = ()" (1.[P]) = [P x S", Rot()] in Hon(L(L;7); Q)

where the map Rot(I) : P x S* — L(L;~) is defined by the map

Rot(I)(s,z)(t) = (t, o (t + 8)).

Then the cycle ev® 1) : My (3) x (1)1 — LF+2 = (81 x §7)k+2 is homologous
to the map
fk—l—l . (P % Sl) % (Sl)k+1 _ Lk—|—2

defined by

(37.50)
fk-i-l((l'v 8)7 (tlv e 7tk+1)) = ((8 + tlagx(“))? Ty (S + tk+1v€$<tk+1))a (37632(1)) .

Now we consider the map pr : LF+2 — (S1)* x 8™ x (S x S™), where

pr((ti,p1), -, (tk+1, Pr+1)s (f0,P0)) = (t1, -+, tk, Pk+1, (fo, Po))-

Then (37.49) and (37.50) imply

(pr o eo™ ) (IM1(B) x (S1)FH1)) = (pro frr1).([(S" x S™) x (81)F1)
= [(SHF x 8™ x (ST x S™)].
By a similar evaluation as in the end of the proof of Theorem 37.32, we obtain
Lemma 37.47 from Proposition 37.38. [J
Lemma 37.51. A = +1 in (37.46).

Proof. (37.48) implies [ (a,,a,41) = AT mod T?. Hence my(a,) = li(a,) =
Ae(®*tD/2T¢ mod T?. Therefore A\ = 41 by Proposition 37.15. (Note we are in
the case (37.16) and ur(y) = n+1.) (We also remark that the proof of Proposition
37.15 was completed when we proved Corollary 37.29.) O

We now have completed the proof of Theorems 37.31 except the proof of Propo-
sition 37.38, which we will carry out in the next subsection. [
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37.4. The de Rham version of the filtered L., algebra : A simple case.

In this subsection we will prove Proposition 37.38. For this purpose, we need to
perform some construction used in the de Rham version of the filtered A, structure
and to prove that this is isomorphic to the ‘singular homology’ version which we
have worked out in detail in this book. Combining the results of this book with
various additional ideas, especially those using the loop space homology, Chas-
Sullivan bracket [ChSu99] and the iterated integrals [Chen73|, we can construct the
de Rham version in its full generality. This will be carried out elsewhere in the
future. (See [FukO7II].) In this subsection, we restrict ourselves only upto what we
need for the proof of Proposition 37.38. The rest of this subsection will be occupied
with this proof.

Proof of Proposition 37.38. Our proof below is based on a generalization of the
argument used in the proof of Theorem 33.1. Let (Q(L),d,A) be the de Rham
complex of L. It is a differential graded algebra which can be regarded as an A,
algebra (2(L), m) with the definitions of m; and ms and my = 0 for £ > 3 as in
Remark 7.4 (2).

We will deform this A, algebra adding contributions by holomorphic discs. For
the purpose of proving Proposition 37.38, we will need only its leading order terms.
The description of the leading order terms is now in order.

We recall that M () is a smooth manifold for the case of our interest. How-
ever the evaluation map ev : My() — L may not still be a submersion in gen-
eral. Therefore we will increase the dimension of the moduli space by including
an obstruction bundle and enlarge M;1(3) to M1(8)" equipped with the obstruc-
tion bundle E — M;(3)" and a section s thereof so that s~1(0) = M;(3) and
evt : M1(B8)T — L becomes a submersion. In other words, M1 (3)" is nothing but
a Kuranishi neighborhood constructed in Proposition 29.1.

We then take a manifold Wy and a family {s, }wew, of perturbations of s pa-
rameterized by w such that, as a section of the bundle E — M (8) x Wy, s is
transversal to the zero section and so the zero set

M1 (8)" = {(z,w) € M1(B) x Wy | 5(x) = 0}

becomes a smooth manifold. By suitably choosing s, we can also assume that the
restriction of the map given by (x,w) — ev™ (z) to M1(8)* defines a submersion

evy : My (8)° — L.

We take a smooth form wyy, with compact support in Wy and of the top degree
such that fWo ww, = 1. We pull it back to M;(5)® and denote it by the same
symbol. Now we explain how to define a k-linear map

mg's « Be(Q(L)[1]) — (L)
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for each integer k > 1. Let uq,--- ,ur € Q(L) and

Ck:{(tla"' 7tk)€[071]k|t1<"'<tk}.

We define
eo(e = (evf, -+ evg, eng) s My(B)° x Ci — LM
by T
Oy (e2mV 1) for ¢ # 0,
ev; ((x,w), (t1, -+ ,tx)) =
((z,w), (1 2 { (1) for i = 0.

Here /, : S' — L be the boundary value of the map corresponding to .
Now we put

(37.52) mZ%(ul, ceug) = e ((ev], -+ evd) (ur X -+ X ug) Awwy) -

Here evg, is the integration along the fiber. We remark that the right hand side of
(37.52) is a smooth form since ev§ is a submersion and wyy, has compact support.
We then take the sum

(3753) mZR(l) — ﬁk + Z eML(’V)/Qng%
B

where ‘(1) stands for the ‘first order’. (Here and hereafter in this section, we omit
the detail of argument on signs. Actually, it can be handled in the same way as
in §33 and §53.) We say that (C,m) is a filtered Ao, algebra modulo T? if the Ao,
relations hold modulo T2.

Lemma 37.54. The family of the operators mZR(l) defines a structure of filtered
Ao algebra modulo T? on Q(L) ® A§

0,nov*

Proof. Since M1([) is a manifold without boundary, mg% : BRQ(L)[1] — Q(L) can
be easily shown to be a chain homomorphism. The lemma follows easily. [J

_ We remark that Theorem 31.1 implies that there exists a homotopy equivalence
f from (RX, m) to (Q(L), m). Here (RXy, m) is the tensor product

(RX, W) = R® (ZXp, m")

where (ZX,m") is the A, algebra constructed in Theorem 9.8.
We recall that in the course of the construction of the filtered A, algebra in
§30, we take a complex C(L;AQ ) containing QX7. By the same way as in

0,nov

the proof of Theorem 33.1 we can extend the As-morphism f to C(L; Ag,,,,) =
C(L; A2, ) ®g R. We denote this extension by the same symbol f.

0,nov
The next lemma is the most essential part of the proof of Proposition 37.38.
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Lemma 37.55. There exists a strict Ao, homomorphism § modulo T? from
(C(L; AG o) m) to (L) @ AF 1105 maBW)Y) which reduces to | after reducing the
coefficient ring to R.

Since the proof of this lemma is rather lengthy, we postpone the proof until the
end of this subsection and first complete the proof of Proposition 37.38 using this
lemma.

Because § is a homotopy equivalence, Lemma 37.55 and the obvious analogs
of Lemma 30.74, Lemma 30.128 and Proposition 36.21 imply that there exists a
structure of filtered A, algebra méf on Q(L)®AE, = which coincides with (Q(L)®

AH§ now ZR(D) modulo T2. Moreover there exists a homotopy equivalence f from

(C(L;R), m) to (L) ® AF ,,,,, m?7) which is equal to f) modulo T2. Therefore it
suffices to study the canonical model of the symmetrization of (Q(L) ® Af ,,,,, m*).

Let (L) ® Af oy, [*%) be the symmetrization of (Q(L) ® Af 0, m*). Let
x; € H*(L;R) be a cohomology class and u; € (L) any smooth form representing
the class x;. Then it is easy to see from the definition of [gfl that

0,nov

[ﬁil@j’l? e ,Uk,U()) =
37.56
( ) + %euL(’Y)/2T <6U(k)*(331 X oo X X X xO)([Ml(ﬂ) % (Sl)k])) mod T2

Thus we only need to show that (37.56) implies the same formula for the canonical
model. To prove this, we need to recall the proof of Theorem 36.18 which is an L
analog to the proof of Theorem 23.2 given in §23.4. The construction of the filtered
L, structure [.,, on the canonical model and that of the filtered L., homomorphism
from (Q(L) ® A§ 100, [*7) to its canonical model can be done by the same induction
argument using the versions of (23.34) and (23.36) if we replace m by [¢F. Here we
remark that [{® =0 mod T for k # 1 by Proposition 36.10 and [{# = +d mod T°.
We denote the set of harmonic forms on L with respect to a metric on g by

H(L) - Q( ) & A0 nov"*

Then it is easy to see from (23.34) and (23.36) that f restricts to the identity on
H(L) mod T and [# restricts to [,y mod T2 on H(L). The identity (37.56) then
implies the same formula on H (L) which in turn implies Proposition 37.38 because
H(L) is a canonical model of Q(L) ® Ag,,,,,. The proof of Proposition 37.38 is now
complete modulo the proof of Lemma 37.55. O

Now the proof of Lemma 37.55 occupies the rest of this subsection.

Proof of Lemma 37.55. We may regard §, as a filtered A, homomorphism modulo
T from (C(L; A ,0,):m) to (Q(L) ® A ,,,,). We will add the term fi g to f to get
a filtered Ao, homomorphism f + q“L(W)/ 2Tf5 modulo T2. For this purpose we use
an argument similar to the one used in §30.9 and §33.5.



CHAPTER 8. LAGRANGIAN IN SEMI-POSITIVE SYMPLECTIC MANIFOLD 69

For the construction of A, homomorphism, we need to use the moduli spaces

wil ({Jp,so b+ Biton(p))

and

—

WAl ({Jp.s0}p t Bitop(p); P)

as in Definitions 19.8 and 19.10. In this section, we only need to consider the choices
Yv=1id, {J,}, withJ,=J

of the symplectic diffeomorphism 1) and of the family with J, = J of almost complex
structures, and 8 a generator of m1(C"™1 L). (We recall the standing hypothesis
L~ Stx8m)

We recall that the moduli space MPM2({J, s}, = B;top(p)) given in Defini-
tion 19.8 is the set of equivalence classes of the bordered stable Riemann surfaces
decorated by the time allocation, which was denoted by ((X, 2), (ua), (pa))-

Let ¥ = Ua Yo be the decomposition as in Definition 19.6 : Namely each X,
contains a single irreducible disc component to which a finite set of bubble trees
of sphere components are attached. The map u, : (3q,08,) — (C"T1, L) is J,,
holomorphic. Namely it is J holomorphic in the current context. Now we assign a
special point z, € 0%, to each « as follows : If ¥, is the component containing
the 0-th marked point, we put z, to be the 0-th marked point. On the other hand,
if ¥ is not the component, we note that there exists a unique o’ such that X,/ is
adjacent to ¥, and

Yo > 2g

where > is the order defined in Definition 19.6. This follows from the definition of
the order > and from the fact that ¥ has genus zero. This allows us to define z, to
be the singular point z, € ¥, N X, for such o/. (See Figure 19.4.) Then we derive
the following from the fact that ( is a primitive class :

(37.57.1) There exists one and only one «, say ag, such that ((X4,2a), uq) is an
element of M; ().
(37.57.2) If a # «v, then u, is constant.

—

Recall that in §30.8 we used the moduli space M2 ({J,}, : B;top(p); P) in our
definition of the filtered A, homomorphism between the A., algebras associated
to two Lagrangian submanifolds. In the current context involving the de Rham
model, we need to use a modification of the moduli space because our A, algebra
Q(L) satisfies my, = 0 for £ > 3. This modification is somewhat similar to the way
we construct Ny, out of N1 in Theorem 29.51. (See the proof of Proposition
33.43.)

More precisely, we will cut-down M2 ({J,}, : B;top(p); P) by an equivalence
relation ~ which similar to (33.44).
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Definition 37.58. Let ((3, 2), (ua), (pa)) € MP*({J,}, : Bitop(p)). We con-
sider the union of all the components ¥, with the following properties.

(37.59.1)  po = 1.
(37.59.2)  X,, < X4, (a # ap), where g is as in (37.57.1) and < is defined in
Definition 19.6.

We denote its union by .
Recalling all u,, are constant maps for a # «g, we say

((27 Z)? (ua)7 (pa)) ~ ((Z,v Z)v (uix)7 (pix))v

if the complement X\ ¥y together with the restriction of 2, (uy ), (pa) there coincides
with the restriction of ((X/, 2), (u),), (pl,)) to X'\ Xf. We denote the quotient space
by

NI::—H(B) = Ilgl—ﬁlln({*]p}p : Btop(p))/ ~

We alert the readers that N, () here has nothing to do with the moduli space
that appeared in Definition 5.36, although we happen use the same calligraphic
letter AV for the notations.

Lemma 37.60. N|_,(83) has a Kuranishi structure.

Proof. For the proof, we can repeat the same arguments used in §29.5 using the
moduli space N (8) instead of MP#*({J,}, : B;top(p)) : This time N/, re-
places the role of N1 used in §29.5 and Proposition 33.43 replaces Theorem 29.51
in the proof. [J

We next study the boundary of N/, (). We first remark that a compactification
of M1(3) x Cy, together with evaluation maps, can be identified with M2 (5) as
a space with Kuranishi structure. We recall that in §33.5 we constructed a family
of spaces N 41 which we used in the definition of the homomorphisms fr. The
boundary of the space Nj_ () can be described in the following Lemma 37.61,
which is similar to the descriptions in (33.42) and Lemma 33.45 of the boundaries
of other somewhat similarly defined moduli spaces. Let k™ = {1,--- ,k} U {*} and
A € (k*)". We denote by N, (8) a copy of N/, (8). M5 (8) and N, are as in
(33.42).

Lemma 37.61. 8/\/(’1’”_ ,k)(ﬁ) 18 a union of the following five types of components.

(37.62.1) ?;fil ey BV XN iiveir gy 054,006, i+ < k)
(37.62.2) MY 0 (B0) X N iivesn. (ﬁ) (0<4d, 1< i+<k)
(37.62.3) N . g)(ﬁ) (41 1) (1<(< k-1, )

(37.62.4) N . XNy ny(B). 1<L<k-1)
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(37.62.5) (HZL (eiilﬂ’_“’ei)) X M (B) where 0 = by < £y < -+ < by =
k1.

See Figures 37.1 - 37.4.

Figure 37.1 (37.62.1)

Figure 37.2 (37.62.2)
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Figure 37.3 (37.62.3)

Figure 37.4 (37.62.5)
Remark 37.63. When k£ + 1 = 2, Lemma 37.61 implies

ONTy) (8) = (ME™"(8) x Ny oy UNT, 1)) U (Nry x MEER(8))

It corresponds to the formula

(dofis —fipod)(@) = (=1)*F "Fy(z, mo5(1)) + falmos(1), @) — mP(F, ().
Proof of Lemma 37.61. We remark that an element ((3, 2), (uq), (pa)) of

it ({ o : 85 top(p)
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is on the boundary if p, = 0 or p, = 1 for some «a. (Other boundary components
cancel one another in the same way as (19.9.1) cancels (19.9.2).)

The case p, = 1 for some « are divided into two cases. One is the case p,, =1
where «y is as in (37.57). The other is po, # 1.

If we take the quotient of the totality of elements of ((¥,2), (uq), (pa)) with
Pa, = 1 by the equivalence relation ~, then we obtain (37.62.5). From the other
case po = 1, pa, 7 1 we obtain (37.62.3) or (37.62.4) after taking the quotient by

Let us consider the case p, = 0 for some a. If p,, = 0, we obtain (37.62.1). (We
use the fact that the equivalence relation ~ is a version of the one that appeared in
(33.44).) If po, = 0 for some a but p,, # 0, then we obtain (37.62.2). The proof of
Lemma 37.61 is complete. [

The rest of the proof of Lemma 37.55 is a straightforward analog of §33.5. Let
P; be the chains in C(L; AY,,,,). We remark that there is an evaluation map

0,n00
ev = (evy, - ,evg, evg) : Ni 1 (8) — LML
We put
(37.64) ki1 (B Py Pr) = N1 (B) (g sevn) X ok (P - X Py).
Then N}, 11 (B; Py, -+, Py) has a Kuranishi structure and carries the evaluation map

evg IN]:H_l(ﬁ;Pla"' 7Pk) — L.
Now we have the boundary of N} ,(3; Pi,--- , Py)
ONg 1 (85 Pry- -+, i) = (ONg 11 (B)) evy i sevn) Xpw (PL X -+ X P)

k
+ ) AN (Prx e X QP x -+ By).
j=1

Here the terms in the summation sign of this boundary correspond to
(M od) (P, Py).
The first term of the boundary, which now is the same as
(@of” =1 od)(Pr, - Py).

can be described using Lemma 37.61. More precisely, the five types (37.62.1)-
(37.62.5) of the boundary components of N, () give rise to the corresponding
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boundary components (37.65.1)-(37.65.5) of N} (8; P1,---, Px) given below, re-
spectively.

For each given A = (a1, - ,am) € ()™, we define Ny (8; Pa,, -+ , Pa,,) by the
same way as (37.64). Then we define

(37.65.1) N{i .. iwivor1, gy ev Xpr—est (PrX o Py X Qi1,0 X Piygy1 - % P)
where we define

Qiv10=my(Pit1, -, Pixe) = evo . (Mog1(8) xpe (Pig1,- - Pixe)),

and

(37652) (/1’.., Jiyksidl41 - k) (ﬁ: P17 e 7P’i7 Ri-l—l,fa P’H-Z-‘rla e 7Pk)

where we define
Riy1e=m¢(Piy1,--, Piye),

(37653) '/\/-(,1’... 0) (67 P17 T 7P€) X (A/’(/g+17... k) ev X pk—t (P€+1 X X Pk))a
(37654) ( (/1’... L) €ev Xpe (Pl X X P£)> X (/£+17.."]€)(ﬁ; Pf+1a U aPk)a
(37.65.5)

m
%ﬁirll(ﬁ) Xpm H ( (/eifl‘f'l,"'vfi) ev X pti—ti 1 (Peifl‘f'l X X sz)) :
=1

Now we take a family of sections t;, 11 of some Kuranishi neighborhoods of
fa.k+
wt1(B; Pr,- -+, Py) inductively over k so that they are compatible with the follow-
ing (families of) sections :

(37.66.1) The family of sections constructed at the earlier stage of induction.

(37.66.2) The W, parameterized family tglzlﬂ P of sections defined in Lemma

33.54 in §33.5. It was used to define f,(Py,--- , P).

(37.66.3) The W parameterized family s of sections on M22%(3)* used to define
mls.

(37.66.4)  The multi-section 5&52’;1’13"1) of M2an(3: Py, -+, P,,) used to define
Mm,3.

Existence of such sections tglk’;l’P’“) is a consequence of the standard transversality

theorem. B
In the way similar to the definition of f, we can use this family of sections

tg;lk’;l’Pk) on Ny ,(8;P1,---, Py) to obtain fg, which we now explain.
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Let our family t;, x11 be parameterized by le = Wi x Wy x W, where Wy, is
as in §33.5, Wy is as in the beginning of this subsection, and the additional factor
W is a manifold of sufficiently large dimension. On each Kuranishi neighborhood
Vj of Nigt1(08; P1, -+, Pr) we consider the zero set

X; ={(z,w) € V; x WI:_ | 55, k41 (2, w) = 0}

We may choose tj; x41 so that X; is a smooth manifold. (Note in our case the
automorphism group is trivial.) By gluing the families obtained for various j’s,
we obtain a smooth manifold X with the projection map © : X — W,j and the
evaluation map evg : X — L. We then define

(37.67) fe.8(8; Py, Py) = GUO!(W*WW;)

where evq, is the integration along the fiber and wy;, + is a smooth probability mea-
k

sure on W,j . Then we put

(37.68) fo=Tfp+ Y err2Tg 4.
B

We now prove that (37.68) defines a filtered A,, homomorphism modulo 72. We will
use Lemma 33.10 and the description (37.65) of the boundary of Ny, 1(8; P1, -+ , Px)
for this purpose. Observe that (37.65.1)-(37.65.5) give the following terms

(37.69.1)  frpp_1(Pr,--- s meg(Pig1, -, Pige), -+, Pr),

(37.69.2)  frge—1,8(P1, - Me(Piy1, -, Piye), -+ Pr),

(37.69.3)  fes(Pr, PO Afyo(Prvrs -+ Po),

(37.69.4)  f,(Pr,--+, Po) ANe—ep(Pey1, -, Pr),

(37.69.5)  mif (o, (Pry -+ Pa)e s Focg, (Pesins oo P2

respectively. Thus we conclude that the sum of the terms (37.69.1), ... ,(37.69.5)
is equal to

(doft? =i od)(Pr,---, By).

This is implies that f is a filtered A,, homomorphism modulo T?. The proof of
Lemma 37.55 is now complete. (We remark that the sign can be handled in the
same way as in §53.) O

Remark 37.70. We remark that the proof of Proposition 37.38 works not only for
S1x 8™ but for the general semi-positive Lagrangian submanifolds with no essential
change and can be used to study the leading order term of the filtered L., structure.

37.5. Dependence of the filtered A, algebra on perturbations : An
example.
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In §37.3, we have used de Rham theory to simplify the discussion on the contri-
bution from the (classical) rational homotopy type of L. Since our constructions in
the previous chapters are based on the distribution valued forms represented by sin-
gular chains, it is not manifest how the two constructions are related to each other.
Therefore we illustrate a direct use of distribution valued forms or singular chains
in our computation of (the leading term of) the A, structure. Along the way, we
also demonstrate, by an example, that our A, structure itself really depends on
perturbations, although its homotopy type does not. (See Chapter 4.)

Consider the Lagrangian submanifold L C C™

L~S'%x 8" with pg(y) = 2.

Then My () is a compact smooth manifold with dim M(5) = n. We also assume
that the evaluation map

evg : My(B) — L~ St x S™
pushes down to the diffeomorphism on the quotient
Mo(B) = My (B)/S" — (5" x §7)/S" == 5™,

where the S'-actions on both sides are the obvious ones. Then each x € S™ has
a unique correspondence with a holomorphic map (D?,dD?) — (C"*! L) whose
boundary value is the horizontal loop given by ¢, (t) = (¢,x) (upto the reparameteri-
zation). (We remark that at least in the homology level such an example indeed can
be constructed from the example mentioned in (37.2) which is constructed from the
standard embedding S! — C and the Whitney Lagrangian immersion S™ — C".)

Then, without perturbation, M,@“j‘ln(ﬂ) becomes a compact smooth manifold
(with boundary and corners) for a generic choice of almost complex structure, and
in fact we have

MEEN(B) 2 8™ x ST x Cy.

Under this identification, the the evaluation map ev = (evq,--- ,evg,evy) can be
written as
(3771) 6U(($,t0), (tlv T 7tk)) = ((ZB,tO + tl)a Ty (CL',tO + tk)v ($,t0)).

Let P(s) = {s} x S™ be a cycle representing the cohomology class a;. (Precisely
speaking we fix a simplicial decomposition of S™ and regard P(s) as a singular
chain.) If s1,--- , si are all distinct, we have

mi5(P(s1), -, Psk))) = evo MR (B) x pr (P(s1) X -+ X P(s1)))
(B7.72) { [(sk,s1) x S if (s1,---,sk) respects the cyclic order of S*,

0 otherwise.
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Here (sg, s1) denotes the arc between s and s; i.e.,
(sg,51) :={s € S* | (s1," - , 5k, 5) respects the cyclic order}.

By symmetrizing my g, we obtain
1
(37.73) es(P(s1), -, P(sg))) = E[Sl x S™].

This is consistent with Theorem 37.32.

It is more difficult to study the case where s; = s; for some 7 # j. This is be-
cause transversality breaks down and we need to perturb the moduli chain. For
simplicity, we consider only the case £k = 2 and s; = s; = s. In this case,
the fiber product M52(3) xpr (P(s) x P(s)) is not transversal. So to define
mo g(P(s), P(s))) we need to perturb the moduli chain (M5?"(5),ev). Since we
know the space M5 () itself is smooth, we will perturb just the evaluation map
ev = (evy,evq,evg) : We choose § with its absolute value sufficiently small and

perturb ev = (e, evy, evg) to
ev’((z,t0), (t1,t2)) == ((z,to + t1 +6), (z,t0 + t1 — 6), (z,%0))

near t; = t3. We denote by mg 5 the corresponding perturbed mg 5. Then in the
limit § — 0, the chain mg’ﬁ(P(s), P(s))) has the formula

[S1x S"] if§>0andd— 0,

6
(87.74) ma,5(P(s), P(s))) = { 0 if 5 <0andd— 0.
This, in particular, demonstrates that different perturbations lead to different Ao
operators m. For each of the two perturbations, the operator is defined over Z. Its
average, which however is not defied over Z, gives a result consistent with Theorem
37.32.

Let m2% and mI% be the operations defined by the above perturbation with
0 > 0 and 0 < 0, respectively. As we already proved in Chapter 4, there exists a
filtered Ao, homomorphism f : (C(L;Ag nov), m7%) — (C(L; Ao now), me?) that is
a homotopy equivalence. We now describe (a part of) f in this case, following the
construction of Chapters 4 and 7.

The key to the construction of an A., homotopy equivalence is the construc-
tion of an A, homomorphism between the classical parts, (C(L;Q),m.") and
(C(L;Q),m=?). For this purpose, we need to understand the classical parts m; s
of the Ao, homomorphism between them.

For k£ = 2, it turns out that we have

(37.75) my Y (P(s), P(s)) = my°(P(s), P(s)) = 0.
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To see this, we recall the construction from §30 and the proof of (37.74). We
remark that the intersection P(s)N P(s) = P(s) is not transversal since dim P(s) <

dim L. Therefore we need to choose a suitable perturbation of the moduli chains to
define which led us to the perturbed chains m5°(P(s), P(s)) and m5°(P(s), P(s)).

main

The perturbations should be consistent with that of [M5¥"(5), ev] given above :
More precisely speaking, we first perturb M5 (5y) to define m5 " and then choose
a perturbation of MY?"(3) so that it is consistent with the definition of m2<’%.
Following the recipe in §30, we consider a pair of diffeomorphisms

(po,6,01,5) 1 L—LxL

given by
(wo,5(t, ), p1,5(t,2)) = ((E+6,2), (t = 6,2)).

Then according to §30.3 we have
5 (P(s), P(s)) = {p € L | 0,5(p) € P(s),1,5(p) € P(5)}
for & > 0 and similarly for § < 0. It easily follows that
iy (P(s), P(s)) = 0 = w5 (P(s), P(s)).
Now to construct an A,, homomorphism
(C(L;Q), %) — (C(L; Q) mr?),
we need to take a homotopy between the two perturbations, one corresponding to

(0,5, p1,6) and the other corresponding to (o _s,¢1,—5) for § > 0. The obvious
choice of such a homotopy is H : L x [—1,1] — L x L defined by

<p7 u) — ((pO,u5<p)7 P1,ué (p)>
By the definition of the map f, which is induced by H, we obtain
f2(P(s), P(s)) = {p € L|3u € [-1,1], H(p,u) € P(s) x P(s)}

which gives rise to )

F2(P(s), P(s)) = [P(s)]-
Note we do not need to perturb moduli chain (MP*#"(5),ev) to define the map
my g. This is because it follows from the formula (37.71) that the fiber product

T (B) 1 P
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is always transversal for any chain P C L. In particular, this leads to the identity

mioﬁ = mfoﬁ and allows us to choose f; = id for the map f,;. We also derive

my(P(s)) = [S" x S"]

from (37.71).
Combining all these, we obtain the identities

s 5(fL(P(s)), 1 (P(s)))
(37.76) =1, 3(P(s), P(s)) = [S" x S"]
= my 5(j2(P(s), P(s))) + 5 5(f1 (P(5)), f1 (P(s)))-

The identity between the first line and the last in (37.76) is precisely the one required
for § to be a filtered Ay homomorphism modulo 72.

37.6. Further study of Floer theory of S' x §* c C*tl,

We next explain some ideas how one can improve the proofs of Theorems 37.30
and 37.32 and obtain additional information on the integer A\ given in (37.33) and
others.

We recall the definition of [} 41,5 from (37.26). The following information can be
easily read off from Lemma 37.41, 37.42 and 37.44.

Proposition 37.77. Let L C C"*! be a Lagrangian submanifold which is homeo-
morphic to S* x S™. Then [IJCF‘FLﬁ =0 mod T? unless one of the following alterna-
tives holds :

(2) n is odd and pr(y) =n+1,

(3) n is even and pr(y) =2 —n.

Proof. When n = 1, the assertion is obvious. So we may assume that n # 1. Let
~v = 0p € m1(L) be the boundary class of 5. Based on Proposition 37.38, it suffices
to show that €0, ([Mo(0)]) € Hpy (1)+n—2(L(L;7)/S"; Q) is zero otherwise.
Suppose to the contrary that ev,([Mgo(3)]) is non-zero. According to Lemmas
37.41, 37.42 and 37.44, the homology group H,,(L(L;~)/S;Q) is nonzero only for

m=k(n—1), or k(n—1)+n for k € Z>o when n is odd,
and

m=0, (204+1)(n—1), or 2{(n—1)+n for £ € Z>¢ when n is even.
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Therefore it is easy to see that one of the three possibilities must occur if py () +
n—2 < 2n—1. On the other hand if py(y)+n—2 > 2n—1, we have ur(y) > n+2
: This has been already ruled out in Theorem 37.4. This finishes the proof. [J

Possibilities (1), (2) are the cases discussed in Theorems 37.21 and 37.22 and
indeed occur as shown in (37.1), (37.2) and Lemma 37.3. (Compare Remark 37.5
also.)

The discussion in the rest of this section will be brief the details of which will
be treated elsewhere. We will study the first nonzero term of the [: 1 barticularly
for the case where the homology class ev,.([Mo(8)]) € H,, (1)+n—2(L(L;7)/SH Q)
is zero.

‘Proposition 37.78°. Suppose that n is odd and lur(y) =n+ 1 with £ # 1, ”TH
Then, we have :

1
(37.79) [ o(al, an, ang1) = igd"“)/?ew mod T+,

Here the + is independent of k. Moreover the left hand side is independent of the
permutation of the variables modulo T*T1. All the other operations are zero modulo
T,

We have the same conclusion when g (y) = 2 = (n+1)/¢ and [} (af, ap41) = 0
mod T72.

Sketch of the proof. We proved that ev.([Mo(8)]) € H,, (v)+n—2(L(L;7)/S; Q) is
zero in the course of the proof of Proposition 37.77 under the given hypotheses
on pr (). We assume that ev,([Mgo(B)]) is zero not only as a homology class but
also as a chain. Then by the same argument as the proof of Lemma 37.36, we can
prove that Mo(253) is a manifold without boundary for a generic almost complex
structure. Its homology class lies in Hy,,, (4)4n—2(L(L;7)/S'; Q) and hence is zero
by the degree reason, unless ¢ = 2. We assume that €v.([Mo(23)]) is zero as a
chain. Using this assumption, we can continue. Then (under these assumptions)
we find a manifold without boundary Mg (¢3) which represents a homology class in
Hop, 1 (L(L; 64)/S; Q). This is because H.(L(L;¢v)/S*; Q) =0 for x =n+1,n +
2, 2n—2and mur(v)+n—-2€{n+2,n+4,--- 2n—2}form=1,--- £ —1.

Using M (¢3) we can repeat the proof of Theorem 37.30 and obtain the following
conclusion : Define A by

(37.80) v, ([Mo(€8)]) = M((x ® 3n)")-

(Compare this with (37.40) and (37.45).) We remark that in our case I : £L(S™) —
L(L;¢v)/S* is not a homotopy equivalence. (Compare Lemma 37.41). However it
induces an isomorphism on homology group over Q.

We first prove

A
(37.81) (Fo(al, an, apgr) = j:HeW“)/Qﬁ’fTK mod T+,
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By the linearity, it suffices to consider the case A = 1 in (37.80). Then we may
assume in addition that ev, ([Mq(£3)]) is realized by P x S! where P is a chain on
L(S™) as in the proof of Lemma 37.47. Then

€Uk+1 . Ml(‘gﬂ) % (Sl)k—i—l N (Sl % Sn)k:—l—l
is given as

ev® 1 ((z,5), (t1, -, thg1))

(37.82)
= (), 5+ 001),  (Caltirn)s s + Esn), (G (1), ).

We remark that (37.82) is slightly different from (37.50). Namely we have s + ¢¢;
in place of s+¢; in the right hand side. We use (37.82) to show (37.81) in the same
way as the proof of Lemma 37.47.

We next show A = 1. This follows from [;(a,,) = Ae("1/2T*qy and Proposition
37.15.

Therefore we have proved (37.79).

Thus, the proof of Proposition 37.78 is finished under the assumptions mentioned
above. However one of the chains Mo(mf) in Hy,,; (4)4n—2(L(L; my)/S*; Q), which
is zero as a homology class, may be nonzero as a chain. Therefore to handle the
fictitious assumptions in the above proof, we need to work everything in the chain
level and to inductively find a sequence of chains on the loop space that bounds
the cycles ev,([Mo(mf)]) for various m’s. This inductive argument is very similar
to those presented in the earlier chapters of this book. The only difference is that
we have constructed bounding chains as the chains on the manifold L itself in this
book, while we now need to do a similar construction on the loop space of L. An
outline of the details of this construction is given in [Fuk05II] and the full details
thereof will be provided in [Fuk07]. O

We remark that ‘Proposition 37.78" also implies that the sign in (37.17.1) coin-
cides with sign in (37.17.2).
We next consider the case when n is even.

‘Proposition 37.83°. The possibility (37.12) does not occur.

Sketch of the proof. We prove this by contradiction. Suppose to the contrary that
(37.12) occurs. Then, by the argument in the proof of Theorem 37.4, we have
d2 = 0. This means that ev,([Mo(03)]) is zero as a homology class. We assume
that it is zero as a chain. Now we repeat the process similar to the sketch of the
proof of ‘Proposition 37.78" until we arrive in the first nontrivial homology class
et ([Mo(mf3)]). On the other hand we have the formula (37.12),

=(n)
O(nt2)/2(0n) = Fa1



82 FUKAYA, OH, OHTA, ONO

which we proved under the assumption (37.12). This implies that the homology
class ev, ([Mo(((n + 2)/2 — 1)B)]) € Han_2(L(L;7)/St; Q) is nonzero. This is
however impossible since Ha, _2(L(L;7)/S'; Q) = 0 by Lemmas 37.41, 37.42 and
37.44 unless n = 2. (We remark that n is even in our situation. The nontriviality
of the differential in Lemma 37.44 plays a crucial role here.) In case that n = 2, we
find that Hy(L(S' x 52%;7)/SY; Q) = Hy(L(S?); Q) is generated by 1 ® 3. We can
use it to show that m; g(a,) = 0 again. The current proof is incomplete because
of the same reason as that of ‘Proposition 37.78 is. (But it is rigorous in case

n=2) 0O
‘Proposition 37.84°. When n is even, A in Theorem 37.32 satisfies A = £1.

Proof. By ‘Proposition 37.83” and Proposition 37.10, we have Sél)(al) = +ag. This
implies A = 41 in Theorem 37.32. [

638. Anti-symplectic involutions.

In the rest of this chapter we work in the following situation. Let (M,w) be
a compact symplectic manifold. An involution 7 of (M,w) is assumed to be anti-
symplectic. Namely we assume

(38.1) ™ (w) = —w.

We also assume that the fixed point set L = Fix 7 of 7 is non-empty. It is then
easy to see that L is a Lagrangian submanifold.

Let J. be the set of all w compatible almost complex structures, and J be its
subset consisting of almost complex structures J satisfying

(38.2) Tud = —J.

Such an almost complex structure J is said to be T-anti-invariant.

Lemma 38.3. The space J] is non-empty and contractible. It becomes an infinite
dimensional (Frechet) manifold.

Proof. For given J € J7, its tangent space T); 7] consists of sections Y of the bundle
End(T'M) whose fiber at p € M is the space of linear maps Y : T, M — T, M such
that

YJ+JY =0, wl¥v,w)+ww Yw)=0, 7Y =-Y.
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Note that the second condition means that JY is a symmetric endomorphism with
respect to the metric g5 = w(-,J-). It immediately follows that [J] becomes a
manifold. The fact that J] is non-empty (and contractible) follows from the polar
decomposition theorem by choosing a 7-invariant Riemannian metric on M. [

We recall Definition 5.17 where we introduce the I'-equivalence relation ~ and
the quotient group
I(L) = ma(M, L)/ ~

which is abelian. Then for each € TI(L), we defined the moduli space M(J; 3) as

the union
U M(J; B).

BepCme(M,L)

We also recall that Myi1.,,(J;3) is the set of all bordered stable maps of genus
zero representing the class § with k£ + 1 boundary and m interior marked points.

Let M7, ,,(J; B) be its subsets consisting of all elements [((3, 2, 27), w)] such that

¥ = D?. Here Z = (29,--- ,2,) are boundary marked points, and zfr, ezt are
interior marked points. (See Definition 2.27.)

We now go back to our discussion. Let J € J]. For a J holomorphic curve
w: (D?,0D?) — (M,L), u:S? — M, we define w, u by

(38.4) w(z) = (T ow)(Z), u(z) = (1 ou)(Z).

For [(D?,w)] € M*8(J; 3), [(D?, 2, 2%),w)] € M}%, .. (J; B) we define

(385) ~((D%w)]) = [(D%@),  7((D*775),w)) = [(D%Z3),d)),
where .
Z= (%0, %), 2z =3, ,Eh).

For 8 = [w], we put 7.8 = [w]. Note if 74 : mo(M, L) — mo(M, L) is the homomor-
phism induced by 7 then 7,8 = —7m33. This is because z — Z is of degree —1. In
fact we have

7(8) = B

on II(L), since T, preserves both energy and Maslov index.

Lemma 38.6. The definition (38.5) induces the maps

Tt MIE(T;0) — ME9(J50), 7 s ML, (T3 6) — MG, (T3 5).

Proof. If (w, (z0, -+, zx), (27, , 25)) ~ (W', (2, - - - ,z,’c),(zﬁ,--- ) m)) then there
’ Zz _SD(ZZ% z _ (IO( < )

exists p € PSL(2,R) = Aut(D?) such that w’ = wo ¢~

—_
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We put 3(z) = (¢(2)). Then p € PSL(2,R) and @' = wop ', z, = p(z;),
zit =9(F). O

We remark that the mapping ¢ — », PSL(2,R) — PSL(2,R) is orientation
preserving.

In §44.1 Chapter 9, we will show that a choice of relative spin structure on L
induces an orientation on My n,(L; B) for any given § € II(L). Hereafter we use
this orientation to regard Myy1 ., (L; 3) being oriented as a space with Kuranishi
structure.

The notion of the group action on the space with Kuranishi structure is defined
in §A1.3 Definition A1.45.

Proposition 38.7. Let J € J]. The map 1. : M*™8(J; 3) — M ™8(J;3) induces
an involution of the space with Kuranishi structure. It is orientation preserving if
pur(B) =0 mod 4 and is orientation reversing if pur(f) =2 mod 4.

We will prove this proposition in §47.2 (Chapter 9). Here we give some examples.

Example 38.8. (1) Consider the case of M = CP", L = RP". In this case, each
Maslov index pr, () has the form

pr(B) = €s(n+1)

where 3 = £ times the generator. We know that when n is even L is not orientable,
and so we consider only the case where n is odd. On the other hand, when n is
odd, L is relatively spin : The class st will be the generator of H?(CP"™;Z,), which
is preserved by 7 if and only if n is odd. Hence L is 7-relatively spin if n is odd.
Using the above formula for the Maslov index, we conclude from Proposition 38.7
that the map 7, : M™8(J;3) — M 8(J; 3) is orientation preserving if and only if
{5 is even.

(2) Let M be a Calabi-Yau 3-fold and L C M be the set of real points (i.e.,
the fixed point set of an anti-holomorphic involutive isometry). In this case, L is
orientable (because it is a special Lagrangian) and spin (because any orientable
3-manifold is spin). Furthermore pr(8) = 0 for any 5 € mo(M,L). Therefore
Proposition 38.7 implies that the map 7, : M™8(J; 3) — M"™8(J; ) is orientation
preserving.

We next include markings. We consider the moduli space M7, | (J; ).

Lemma 38.9. 7. : M7, (J;8) — MP,  (J;B) induces an involution of the
space with Kuranishi structure. It is orientation preserving if and only if pp(8)/2+
k+1+m is even.
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Proof. The first half follows immediately from Proposition 38.7. To prove the second
half we consider the diagram :

(Sl)k-i—l % (D2)m ¢ (Sl)k-i—l % (Dz)m
inclusion inclusion

(SHFEx (D)™ ——  ((SHM! x (D)™)o

— Lemma 38.9 s
Miefl,m(J; B) — Miefl,m(J; f)
forget forget
/’\/l‘-’reg(J; ﬂ) Proposition 38.7 /’\/l"’reg(J; ﬂ)
Diagram 38.1.
Here c is defined by (21 -+, 21,27, -+, 25,20) = (Z1, -+ , 26, 24, -+ , 210, Z0) and
forget are the forgetful maps of marked points. ((S1)*+! x (D2?)™)g is the set of all
c(z1-++ 21,20, -, 2k, 20) such that z; # zj, 2] # z;' for i # j.

Lemma 38.9 then follows from Proposition 38.7 and the fact that Z, action of
PSL(2,R) is orientation preserving. [J

We will next extend 7, to the compactification and define a continuous map
(3810) Ty - Mkz—‘rl,m(']; 6) - Mk-i—l,m(J; ﬁ)

Proposition 38.11. The map 7 defined on M,F, | (J; ) extends to a map 7. as
in (38.10). It can be regarded as an involution on the space with Kuranishi structure.
It preserves orientation if and only if ur(6)/2+k+ 14 m is even.

Proof. We define 7, by a double induction over E(3) and k. Namely we define an
order on the set of triples (3, k,m) by the relation

(38.12.1)  E(B) < E(B).
(38.12.2)  E(B) = E(B), ¥ < k.

With respect to this order, we will define the map (38.10) for (3, k, m) under the
assumption that the map is already defined for all (3, k', m') smaller than (3, k,m).

Let [((3,2,21),w)] € Mpg41.m(J; 8). We first assume that 3 has a sphere bubble
52 C . We remove it from ¥ to obtain Xj. We add one more marked point to ¥
at the location where the sphere bubble used to be attached. We then obtain an
element

[((Z0, 2, 79),w0)] € Mps1.me1—e(J; 8).
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Here ¢ is the number of marked points on S?. By the induction hypothesis, 7, is
already defined on My 41 m+1-¢(J;5") since E(B) > E(5). We denote

7—*([((2075’ Z(O))vwo)]) = [((2675/72(0)/)’@”6)]‘

We define v|g2 : S? — M by
v(z) = wl|g2(Z).

We assume that the singular point of S2, i.e., the point in ¥ N S? corresponds to
0 € CU{oo} = 5% We also map ¢ marked points on S? by z — z whose images we
denote by z(1) € S2. We then glue ((52%,7(V)), @) to ((Xh, 2/, 2(9"), w) at the point
0 € S? and at the last marked point of (2o, 7, 27(0)) and obtain a curve which is to
be the definition of 7. ([((X, 2, Z1), w)]).

Next suppose that there is no sphere bubble on Y. Let Yy be the component
containing the 0-th marked point. If there is only one irreducible component of
Y, then 7, is already defined there. So we assume that there is at least one disc
component other than ¥y. Then ¥ is a union of ¥y and ¥; fori =1,--- ;m (m > 1).
We regard the unique point in 3yN3; for i = 1,--- ,m as marked points of >y. Here
each of ¥; itself is a union of disc components and is connected. We also regard the
point in £y NY; as 0 € D? 2 HU {oo} where D? is the irreducible component of ¥;
joined to X, and also as one of the marked points of ¥;. This defines an element
(25,20, 20F) w,))] for each i = 0, ,m. By an easy combinatorics and the
induction hypothesis, we can show that 7, is already constructed on them. Now we
define 7. ([((%, 2, 2+), w)]) by ghuing . ([(Zi, 29, Z0+), wg))).

We next consider Kuranishi structure on a neighborhood around the element
7 ([(Z,2,Z21),w)]) in Myy1.m(J;3). We first observe that the map u — & on the
moduli space of spheres defined in (38.4) can be regarded as an involution on the
space with Kuranishi structure, in the same way as the proof of Proposition 38.7.
Then we can show that (38.10) induces a map of the space with Kuranishi structure
by the same induction process as its construction. More precisely, we will prove
existence of an involution for Myy1 ,,,(J; 8) assuming that 7. induces involutions
on spaces with Kuranishi structures on My 1 mi1-¢(J; 8’) for all (8, k', m’) smaller
than (3, k,m).

Let [(%,2,27),w)] € Myy1,m(J;0). Ifit is in M;78, | (J;3), we have defined
an involution on its Kuranishi neighborhood in Proposition 38.7. If 3 is not irre-
ducible, then [((3,Z,Z7),w)] is obtained by gluing some elements corresponding
to (B',k',m’) < (B,k,m). For each irreducible component, the involution of its
Kuranishi neighborhood is constructed by the induction hypothesis. A Kuranishi
neighborhood of [((%, 2, ZT), w)] is a fiber product of the Kuranishi neighborhoods
of the gluing pieces and the space of the smoothing parameters of the singular
points. By definition, our involution obviously commutes with the process to take
the fiber product. For the parameter space smoothing the interior singularities, the
action of the involution is the complex conjugation. For the parameter space of
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smoothing boundary singularities, the action of involution is trivial. The analysis
we worked out in §29 of the gluing is obviously compatible with the involution.
Thus 7, defines an involution on My, (J; 8) with Kuranishi structure.

The statement on the orientation follows from the corresponding statement on

M;:El m( 5) O

We next restrict our maps to the main component of My n,(J;3). We remark
that 7. : Myy1.m(J;8) = Mpgg1,m(J; B) does not preserves the main component
for £ > 1. On the other hand the assignment given by

(38.13) (w, (21,22, , 2k—1, 2k 20)) = (W, (Zk, Zk—1," "+ , Z2, 21, 20))

respects the counter-clockwise cyclic order of S' = @D? and so preserves the main
component, where w is as in (38.4). Therefore we consider this map instead which
we denote by

TR M (T3 B) — MY (5 ).

Lemma 38.14. The map %" defines an involution of the space with Kuranishi
structure.

The proof is the same as the proof of Propositions 38.7 and 38.11 and so omitted.
We now have the following commutative diagram,

/

(Sl)kJrl X (DZ)m ¢ (Sl)k+1 % (Dz)m

inclusion inclusion

’

((SHFF1 X (D) ™)g0 —— ((SH)*! x (D?)™)oo

main

e T M)
forget forget
M(T: ) —— M(T; )
Diagram 38.2.
where ¢ is defined by ¢ (21, 2k, 27, -, 28, 20) = (Zgy -+, 21,27, 5 25, %0)

and forget are the forgetful maps of marked points. ((S1)*T! x (D%)™)q is the
open subset of (S1)*+! x (D?)™ consisting of the points such that all z;’s and zj’s

are distinct respectively.
Let Revy : L1 — Lk+1 be the map defined by

Revi(z1, -, zk, 20) = (T, -+, T1, Z0)-
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It is easy to see that
(38.15) ev o T, = Revy o ev.

We remark that Revy, = id, and 78" = 7, for k =0, 1.
Let Py, -, Py be chains on L. By taking the fiber product and using (38.13) we
obtain an involution

(38.16) pmain L AW (T3 Py Py) — MPER(T; B Pry e, Py).

We put
e=pr(B)/24+k+1+ Z deg’ P; deg’ P;.

1<i<j<k

Lemma 38.17. The involution (38.16) preserves orientation if € is even, and re-
verses orientation if € is odd.

The proof of Lemma 38.17 is in §47.2 (Chapter 9).
Now we are ready to give the proofs of Theorem 34.20 and Proposition 34.25.

Proof of Theorem 34.20. We can take a system of multi-sections s on

pain(J; B; Py, - - -, Py) which is preserved by (38.16). This is possible since (38.16)
is an automorphism of order 2. (Namely we take quotient by Lemma A1.49, take
a perturbed multi-section of the quotient, and lift it.) Theorem 34.20 then is an
immediate consequence of the definition of the operator m; and Lemma 38.17. (We
remark that there may be a fixed point of (38.16). But this does not cause any
problem as far as we work with multi-section and study virtual fundamental chain
over Q.) O

Proof of Proposition 34.25. Let (N,w) be a symplectic manifold, M = N x N, and
wy = wnB(—wn). Weconsider7: M — M, 7(z,y) = (y,z). Then L = N = Fix .
Let Jn be a compatible almost structure on N, and Jy; = Jy ® 1 —1® Jy. The
almost complex structure Jy; is compatible with wy;. Let v : S2 — N be a Jy-
holomorphic map. We fix 3 marked points 0,1,00 € S? = C U {oo}. Then we
consider the upper half plane H C {oc0} C CU{oc0} and define the map I(v) : H — M

by
I(v)(2) = (v(2),v()).

Identifying (H, (0,1, 00)) with (D?,(—1,1,1/=1)) with (=1,1,v/~1) € 9D?, we ob-
tain a map from (D?,0D?) to (M, N) which we also denote by I(v). One can
easily check the converse : for any given map Jjs-holomorphic w : (D?,0D?) =
(H,RU{o0}) = (M,N) = (N x N,Ay), the assignment

) {w(z) for z e H
v(z) =
Tow(Z) for z€ C withz e H
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defines a Jy-holomorphic sphere on N. Therefore the map v — I(v) gives an iso-
morphism between the moduli spaces of Jy-holomorphic spheres and Jy;-holomorphic
discs with boundary in N. We can easily check that it is induced by the isomorphism
of Kuranishi structures. Proposition 34.25 follows. [

Proof of Theorem N. Let L be as in Theorem N. By Theorem 34.20 we have
mo,g(1) = —mgp(1) =0

for all 3 € TI(L) and hence M(L;Q) # 0.
On the other hand, ¢;(M) = 0 implies pu;, = 0. (Recall that L = Fix 7.)
Therefore the conclusion follows from Theorem 24.21. [J

§39. Generic invariant almost complex structure and semi-positivity.

In this section we show that for I = Fix 7 the transversality result in Chapter 7
and §35 can be proved using only the 7-anti-invariant J’s :

™I =—J.

We first prove the following proposition.

Proposition 39.1. Let M be a semi-positive symplectic manifold with an anti-
symplectic involution 7. Then there exists a T anti-invariant compatible almost

complex structure J, such that every J-holomorphic sphere v : S? — M satisfies
(M) n[v] > 0.

Proof. For the proof we need some notations. Let J € J7.

Definition 39.2. A J-holomorphic sphere v : $? — M is said to be T-somewhere
injective if there exists z € S? such that

(39.3.1) v is an immersion at z,

(39.3.2)  w(z) ¢ v(S*\{2}),
(39.3.3)  w(2) ¢ 7(v(S?)).

Let w : (D? 0D?) — (M, L) a J-holomorphic disc. We say that it is 7-somewhere
injective if there exists z € Int D? such that

(39.4.1)  w is an immersion at z,

(39.4.2)  w(2) ¢ w(D*\{z}),
(39.4.3)  w(z) ¢ T(w(D?)).
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Let v : S2 — M be a J-holomorphic sphere and w : (D?,0D?) — (M,L) a
J-holomorphic disc. Recalling the definition of the non-linear Cauchy-Riemann

operator denoted by 0, we consider its linearizations along the map-direction
(39.5) D, :T(S?,v*TM) — I'(S?, A% @ v*T M)

and

(39.6)  D,0:T((D*0D?), (w*TM,w|}p:(TL))) — T'(D?* A% @ w|}p.TM).

Lemma 39.7. For generic J € JJ, (39.5) is surjective for any T-somewhere in-
jective sphere v and (39.6) is surjective for all T-somewhere injective disc w.

Proof. The proof is a minor modification of that of [McD87]. Let v : S — M be a
T-somewhere injective J-holomorphic sphere. By considering the linearization of 0
along the J-direction, we obtain a linear map

D;0:T;J7 —I'(S% A% @ v*TM).

To prove the first half of the statement, it suffices to show

'(S?, A @ v*TM) = Im D,0 +Im D ;0
where the right hand side is the same as the image of the total linearization of 9 at
v,J).
| Le)t z € 5% be a point as in (39.3). Then we can choose a small neighborhood W
of v(z) in M such that

Wnr(W)=10

and a small neighborhood U of z in S? that satisfies

Wno(S2\U) =0, Wnr(S?))=0.
Denote by 7, (W) the set of all compatible almost complex structures J’ that coin-

cide with J outside W. (Note that elements of 7, (W) may not be T-anti-invariant.)
Then it follows from [McD87] that

(39.8) (D;0)(T;TJ,(W)) + Im(D,0) = I'(S%, A>! @ v*TM).
We define a map S : J,(W) — JJ by putting

S(J/) _ _T*(J/) on T.(W)7

J’ outside 7(W)

for J' € J,(W). Using the property W N 7(W) = 0 of W, we can easily check
that S(J') is T-anti-invariant. On the other hand, it follows from the property
T(W)Nwv(S?) =0 that D;0 0 DS = D0 at (v, J). Therefore

(D) (T3 Tu(W)) C (DsONT1T])-
Combining this with (39.8), we have proved

(D;O) (T3 J7) +Im(D,0) = T'(S?*, A% @ v*T M)

which is precisely what we wanted to prove. This finishes the proof for the spheres
v. The argument for T-somewhere injective discs is similar and omitted. [
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Remark 39.9. McDuff proved that every J-holomorphic sphere is a branched
covering of somewhere injective sphere [McD87]. On the other hand, if we define
somewhere injectivity of J-holomorphic disc by (39.4.1) and (39.4.2), then it is not
the case in general that every J-holomorphic disc is branched covering of a some-
where injective disc. While analyzing the structure of the image of J-holomorphic
discs requires more delicate study given as in [KwOh0O0] (see [Lazz00] also), we do
not need the deep structure theorem in the proof of Proposition 39.1.

Now we go back to the proof of Proposition 39.1. Let us take a compatible
almost complex structure satisfying the conclusion of Lemma 39.7. Then the semi
positivity of M implies that there exists no 7-somewhere injective J-holomorphic
sphere v : S — M with ¢;(M)([v]) < 0 obviously because T-somewhere injectivity
implies somewhere injectivity. Note that in general J-holomorphic sphere is not
necessarily a branched covering of 7-somewhere injective one. So we need some
more argument to prove Proposition 39.1.

Let v : S2 — M be a J-holomorphic sphere satisfying c;(M)([v]) < 0. Then v
cannot be 7-somewhere injective by Lemma 39.7 and by the semi-positivity of M. If
v is not somewhere injective either, we can find a somewhere injective sphere v such
that v is a (branched) covering of ©. Evidently we have ¢;(M)([t]) < 0. Therefore,
replacing v by v if necessary, we may and will assume that v : $2 — M is somewhere
injective. However ¥ itself may not be necessarily 7-somewhere injective.

Since v is somewhere injective, it is immersed away from a finite number of points
in S2. On the other hand, since it is not T-somewhere injective, it follows that

T(v(S?)) = v(5?).
Therefore 7 : M — M induces an involution
7:8%256°

by the formula
VOT =Touw.

Using the immersion property of v, one can check that 7 is smooth. Furthermore
it also satisfies T7 o0 j = —j o T'T, i.e., T defines an anti-holomorphic involution on
S2. (In this section we denote by T'f the differential of a map f.)

We consider the linearization map along the v-direction

(39.10) D,0 : T(S* v*TM) — T'(S?, A @ v*TM).
Using 7 and 7, we define an involution I on I'(S?, v*T M) by

(39.11.1) (I(u))(z) = (T7)" ' (u(7(2))).
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An involution I on I'(S%, A%! @ v*T M) is also defined by
(39.11.2) (I(a))(2) = (T7) "' o a(7(2)) o TT,
where a(z) € (A% @ v*T M), is regarded as an anti-complex linear map : 7,3 —

Ty M.
It is easy to see that D,0 commutes with I. Let

[(S?,v*TM) =T(S?,v*TM)* @ T'(S%,v*TM)~
be the decomposition of I'(S?,v*T'M) according to the I-invariant and I-anti-

invariant parts. We define I'(S?, A®! @ v*TM)* in a similar way. Then the complex
(39.10) splits into

39.12.1 D,O)T :T(S%,v*T M)t - T'(8?, A% @ v*TM)™T,
( ) (

(39.12.2) (D,0)™ : T(S* v*TM)™ — I'(S*, A% @ v*TM)~.
Lemma 39.13.

Index(D,0)t = Index(D,0)".
Here Index stands for the real index.

Proof. J induces isomorphisms on I'(S?,v*T'M) and I'(S?, A% @ v*T M) by u —
Jow and a — J o a, respectively. (Here we are using the notations of (39.11).) We
denote them also by J. It is easy to see from (39.11) and the definition of J that
IJ = —JI. Hence J exchanges T'(S%, A% @ v*T M)+ and T'(S%, A% @ v*TM)~.

Moreover J commutes with the symbol of the operator D,d. (Note J may not
commutes with D,0.) The lemma then follows from the fact that the index depends
only on the symbol. [

Now we prove the following lemma.

Lemma 39.14. For a generic element J of JJ, the operator (39.12.1) is surjective
for any somewhere injective sphere v (which may not necessarily be T-somewhere
injective).

Proof. The lemma follows from Lemmas 39.7 and 39.13, if v is 7-somewhere injec-
tive. Therefore it remains to consider the case where v is not T-somewhere injective.
Then there exists an anti-holomorphic involution 7 : S? — S? defined by Tov = vo7T
as before. This induces the splitting

[(S%, A" @ v*TM) =T(S*, A% @ v*TM)* @ T'(S% A @ v*TM)~
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corresponding to the eigenspaces of I with the eigenvalue +1. Using the same
notation as in the proof of Lemma 39.7, we consider the linearization of @ in the
J-direction

D;0:T;J7 — T(S? A" @ v*TM).

We denote by (D;0)* the projection of D ;0 with respect to the above splitting. It
now suffices to show

(39.15) (D) (T;T7(W)) +Im((D,0)") = T'(S*, A% @ v*TM) ™"

by a similar reason as for (39.8). By the somewhere injectivity of v, we have a point
z € S? that satisfies (39.3.1) and (39.3.2) ( but not necessarily (39.3.3)). By slightly
moving z, we may assume that z is not a fixed point of 7. Then we can choose an
open neighborhood U of z such that 7(U) N U = (). We also choose an open subset
W of M such that v(U) C W and 7(W)NW = (). Again we have (39.8).

We now recall the set J, (W) and the map S : J,(W) — J7 defined in the end
of the proof of Lemma 39.7. We will now prove

(39.16) (D;0)T 0o DS = (D;0)"
at (v, J). Let 0J € Ty(J(W)) C I'(W,Endr(TM)). Then we have
(39.17) (DS)(6J)r(p) = —(T1) toéJ(p)oTT

for p e W C M. On the other hand, from the definition

_ 1
(39.18) v = 5(Tv+JoTvoj)

we have the formula
— 1
(39.19) (D;0)(8J) = §5J oTvoj

for 0J € Ty J C I'(M,Endr(TM)). Combining joTT = —T70j, (39.11.2), (39.17)
and (39.19), we derive

(IoD;d0DS)(8J)(2)
1

= §(T7)_1 o DS(6J)zy0TvojoTT
1

= §DS(5J)p o(TT) Y oTvoTToj.

By differentiating 77! o v o 7 = v, we show that the last term becomes 1 DS(6.J), o

Tv o 7 from which we conclude

(IoDj00DS)(6J)=(D;00DS)(J)



94 FUKAYA, OH, OHTA, ONO

at (v,J). Projecting this identity to the eigenspace I'(S%, A®! @ v*TM)™T of I (with
eigenvalue 1), the identity (39.16) follows.
Then (39.16) and (39.8) imply (39.15) which finishes the proof of Lemma 39.14. [

Now we assume that J satisfies the conclusion of Lemma 39.14 and Lemma
39.7. We now wrap up the proof of Proposition 39.1 by showing that for such J
Proposition 39.1 holds. Suppose to the contrary c¢;(M)[v] < 0 for a J-holomorphic
v. By the semi-positivity of M, this implies

aa(M)([v]) <3—=n or ci(M)(Jv]) +n < 3.

By taking Lemma 39.13 into account, this implies that the real index of the operator
(39.12.1), which is given by ¢1(M)([v]) + n, is less than 3.

On the other hand, since Lemma 39.14 shows that the operator (D,0)T at v
is surjective by the choice of J, ¢1(M)([v]) + n is the actual real dimension of the
T-invariant part of the moduli space containing v. There are two cases for the
restriction of 7 to the domain of v. Namely, the reflection along the equator or the
antipodal map. In the first case, the group of automorphisms of CP' commuting
with the reflection is isomorphic to PSL(2;R). In the second case, the group of
automorphisms commuting with the antipodal map is SO(3). In both cases, the
automorphism group is real 3-dimensional. Since v is non-constant, the actual
dimension of the 7-invariant part of the moduli space must be at least greater than
equal to 3, which gives rise to a contradiction. The proof of Proposition 39.1 is now
complete. [

Corollary 39.20. Let M be a semi-positive symplectic manifold with anti sym-
plectic involution 7. Let L = Fixt. Then there exists J € J], such that every

J-holomorphic disc w : (D* 0D?) — (M, L) satisfies ur([w]) > 0.

Proof. We choose J satisfying the conclusion of Proposition 39.1. Let w : (D?,0D?) —
(M, L) be a J-holomorphic disc. We consider its double v : §* — M, which is a
J-holomorphic sphere. Proposition 39.1 implies ¢ (M)[v] > 0. On the other hand,

a simple topological calculation proves the gluing formula

2¢1 (w1 #W2) = pr(wr) + pr(ws2)

for two discs w; : (D?,0D?) — (M, L), i = 1, 2 satisfying w1|spz = wa|sp=. Here
wo denotes the obvious map induced by ws which is defined on the lower hemi-
sphere by considering the reflection along the equator of S2. (See [Vit87] for its
proof.) On the other hand, when L = Fix7 and wy; = w and wy = w, this reduces
to c1(M)[v] = pr(Jw]) because we have pp([w]) = pr([w]). Therefore Proposition
39.1 implies pz([w]) > 0. O

By the proof of Theorems 34.11, we can use the almost complex structure J
satisfying the conclusion of Proposition 39.1 and Corollary 39.20, and an abstract
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perturbation (that is, a perturbation of the Kuranishi map) to obtain the filtered A
algebras mentioned in Theorems 34.4 and 34.7. However to apply the cancellation
argument, we still need to construct a 7.-invariant perturbation s¢. When 7, does
not have a fixed point, such construction is easy to carry out. However, since 7, may
have a fixed point in general, it is not a trivial matter to construct a 7,-invariant
(abstract) perturbation s¢ so that the 7-invariant version of Theorem 34.11 holds.
We will resolve this trouble in the next four sections.

§40. Lantern.

Let J be an almost complex structure of M that we fixed at the end of the last
section and 3 € II(L). Hereafter we will write M 2"(3) in place of M (J; 3).
We are going to study

(40.1) ot MR (B) — MY () = MY (B),  (k=0,1)
defined in (38.5) where we recall
B =70 in II(L).

In the rest of this chapter, we omit the symbol “main” since there is only one
component for £ = 0, 1. In this section we study the fixed point set of .

We first consider My (3). In this section we consider its subset M5®%(3). Here
M5 () is a subset of My 1(0) consisting of elements [((X, 2), w)] such that ¥ =
D?%. (Namely it consists of the elements without bubble.)

To study the fixed point set of 7., we construct a map
D MyE(B) = MPE(B+ 7.8) = My*(28).
Let ((D?, (20, 21)),w) represent an element [((D?,(29,21)),w)] of M5%(3). By re-
quiring zg = 1, 21 = —1, the representative ((D?, (1, —1)), w) is uniquely determined
modulo the action of Aut(D?;1, —1) which is isomorphic to R.
Denote the upper and lower semi-discs by

Di={z€D?*|+Imz>0}.

We take a conformal isomorphism p; : D3 — D? such that pi(+1) = £1 and

define the conformal isomorphism p_ : D2 — D? by p_(2) = (p.(2)).
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Now for a given w : (D? 0D?) — (M, L) with L = Fix 7, we define another map
w: (D?,0D?) — (M, L)

w(p_(2)) if z € D%,
(40.2) @(2) = {

(T ow) <p+(z)> if 2 € D}
by gluing w and 7 o w. Using this gluing, we define the map ® by
(40.3) D([((D?, (1,-1)),w)]) = [(D*, (1,-1)), @)].

We like to remark that we have given the definition of ® only for the regular
elements [((3, (z0,21)),w)] i.e., on M5™(3).

Lemma 40.4. The definitions (40.2) and (40.3) give a well-defined map
D =Dg: My*(B) — M*(28).
® is independent of the choice of py.. Moreover ® satisfies

(40.5) T 0D =19.

Proof. If z € D2 N D1 = RN D?, p_(z) = pi(z) by definition of p1 and so
w(p—(2)) = w <p+(z)) Since both the upper and lower parts of w are pseudo-
holomorphic, this matching condition along D2 N D3 implies that @ is smooth

on D? and pseudo-holomorphic. Furthermore it follows w(0D?) C L from the
definition (40.2) of w. Therefore w defines an element in M5 ®(24).

If we take another choice p/, of a conformal diffeomorphism from D? to D? with
p+(£1) = £1, then we have p/, = py or where r € Aut(D?;1,—1) = R. Therefore
the map w’ defined as in (40.2) this time using p/, will satisfy w’ = w o r. This
implies [w'] = [w] as an element of M3 (23). This proves that the definition (40.3)
is independent to a representative (D?,(1,—1),w) but depends only on the stable
map [(D27 (L _1)7w)] in Mgeg(ﬁ)'

The identity (40.5) immediately follows from the definition (40.3) of ®. O

A fixed point of 7, (that is an image of ©) is a pseudo-holomorphic disc that can
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be pictured as in Figures 40.1 and 40.2 below.

Figure 40.1.

Figure 40.2.

Now we describe the fixed point set of 7, : M5™®(8) — M5®(3) in more detail.
Lemma 40.6. If v € M5®(8) with 7.(tv) = w, then there erist 3 and w' €
ME(B') satisfying
(40.6.1) B +rp =208 =03 wn=2D().

In other words, the fized point of 1. on M5®(8) coincides with the image of © of
ME(B).

Moreover 3’ and v’ are uniquely determined by to.
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Proof. We may assume that t is represented by ((D?, (1, —1)),w). By assumption,
there exists r € Aut(D?;1,—1) = R such that (7 ow)(z) = (wor)(z). Using the
fact that r commutes with complex conjugation and 7 is an involution, we have

w(Z)=(toTow)(Z)=(rowor)(z)=(woror)(z).
This implies that r o r is the identity and so is r. Therefore we derive
(40.7) (Tow)(z) = w(z)

from the last identity of the above equation. It follows that (7 o w)(z) = w(z) and
so w(z) € Fix7 for 2 € RN D?. Namely we have w(R N D?) C L.

We consider the map w’ defined by w’ = wo p_. It follows from w(RN D?) C L
that w’(0D?) C L and hence w’ € M5®(3') for ' = [w’'] € TI(L). By the definition
of ®, (40.7) implies

D(((D?, (1, -1)),w)]) = [(D?, (1, ~1)),w)].

Now we prove the uniqueness of 3’ and w’ among those satisfying (40.6.1). Suppose
w="9(w'), f =[w'] and

D((D?, (1, -1)),w")]) = [(D?*, (1,-1)),w)].

Then by the discussion as above, we prove that there exists r € Aut(D?;1, —1) such
that wo p_ = w’' or, i.e., that w’ is uniquely determined by w modulo the action
of Aut(D?;1,—1). Hence the equivalence class of w’ depends only on w. [

Remark 40.8. One may be able to extend the definition of ® to the whole com-
pactified moduli space M2 (3) but the analog to Lemma 40.6 more specifically the
uniqueness result will no longer hold. See §43.1.

By iterating the construction in Lemma 40.6, we now obtain the following propo-
sition.

Proposition 40.9. For each o € M5®(3) there exist unique 50, o € M5E(5()
and ¢ respectively such that
0 =Dy), /=26,
and
tog 7§ Tx (1’00).
Here ®° is the (-th iteration of ®. (£ =0,1,2,---).

Proof. Let v € M5™®(f3) be a fixed point of 7, and let 4’ w’ be those obtained in
Lemma 40.6. We consider the image of 7,(t0’) again. If 7.(w’) # w’, we are done
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with £ = 1, g = 1o’ and $(» = g’. If not, we apply Lemma 40.6 to w’ again. By
repeatedly applying Lemma 40.6, we obtain a sequence of elements

Wy € My*#(Buy) i=0,1,--

such that to(;_q) = D(1(;)) with ro(_;) := . By construction, we have w(to; 1)) =
%w(m(i)). On the other hand, there exists ¢ > 0 depending only on (M, J,w) and
L such that E(w) > ¢ > 0 for any J-holomorphic disc w : (D?,dD?) — (M, L).
Therefore the above iteration process should terminate in finite steps, say in the
{-th step. We put g = o, and 5O = [to(¢y]. This finishes the proof. [

We can reduce the case of M7 (3) to the case of M5™(3) by using the following
lemma.

Lemma 40.10. If o = [((D?, 2),w)] € M®(B) is a fived point of T., then
there exists wt = [((D?, (20, 21)),w)] € M525(8) such that .t = w* and that
forget(ro™) = ro, where forget : M5 (8) — M8(B) is the map forgetting the second
marked point. Such ot is unique.

Proof. Without loss of any generality, we may assume zp = 1. Let h : H — D?
be a conformal diffeomorphism, where H = {z € C | Imz > 0} with h(cc) = 1,
h(0) = —1 and h(z) = h(—Z%). Existence of such a conformal diffeomorphism can be
easily seen from the symmetry consideration of the Riemann mapping theorem, or
by an explicit construction. We like to note that the imaginary axis /—1R, C H
is mapped to the diameter R N D? C D? under any such h.

We denote w’ := w o h. We remark that under the isomorphism h the complex
conjugation ¢ : z — z on D? is transformed to the anti-holomorphic involution

Zr —Z
on H. Therefore by the assumption to € Fix 7, which in particular implies Towoc =

w modulo the action of Aut(D?;1), it follows that there exists ¢ € Aut(H; oo) such
that

(40.11) (tow")(=2) = (w' 0 p)(2).
Since ¢(00) = 00, ¢ must be of the form
o(z) =az+b
for some a, b € R with a > 0. Now we obtain a chain of identities

w'(=%) = (torow)(—%) = (tow’)(az+b) = w'(a(—(az + b))+b) = w'(—a*Z+b—ab).
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Hence a = 1 and so ¢(z) = z 4+ b. To construct a fixed point of 7, in M5™(3) out
of w € M*(f), it is enough to find a point z; € R that solves the equation

—Z1=—21 = gO(Zl) =2z + b

which results in z; = —%. Now translating these information on H back to D? via
h, it follows that ™ = [((D?, (1, h(=b/2))), w)] has all the required properties. The
uniqueness automatically follows from this construction. [

§41. Symmetry and invariant perturbation of the moduli space.

In this section and the next, we construct an appropriate perturbation of the

Kuranishi map on M5®(3) that is invariant under the given symmetries. In §43,

we will complete the proof of Theorems 34.17 using this perturbation.
For given 8 € II(L), we define

DB = {f e (L) [ 271G + 2" g = B, MEE(B') # 0

By Lemma 40.6, Proposition 40.9 and the property 7.3 = (3, it follows that
D, () is either empty or consists of a single element. We write {27} = D, ™ ()
if it is nonempty. We obtain a map

D™ MFEQ27™ ) — MEE(S).
We denote
(41.1) MEET(3) = Tm (D™ : MFEQ27™B) — MFE(B)) .
It is easy to see that
(41.2) ME(3) 5 M D (),

Namely M58 (™) (3) defines a downward stratification of MX8(3). Moreover there
exists an integer m(3) such that

(41.3) M= gy 20, MmO (g) — g,
(See the proof of Proposition 40.9.) We note that 7. induces an involution

(41.4) Tt MEB(27MB) — MEB(2 ™).
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This involution induces an involution

(41.5) ™ MEE T (8) — My ()
on ./\/lgeg’(m) (B), that is defined by the identity

(41.6) Mopm=9mor,.

(41.5) is well-defined by Proposition 40.9. We remark that the well-definedness of

ﬂgm) strongly depends on the uniqueness statement on tog in Proposition 40.9.

Since My ® (m+1) () is the image under ©™ of the fixed point of (41.4), it follows
from (41.3) that there exists an integer m such that 7™ is well-defined and
different from tv. -

The secondary involution 7, looks like drawn as in Figures 41.1 and 41.2 below.

Figure 41.1.

Figure 41.2.
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Now an idea to resolve the trouble coming from the presence of fixed points of
T, can be summarized as follows. On the part where the involution Tim) is free,
we can apply the proof of §35 and obtain a section s¢ that satisfies the conclusion
of Theorem 34.11 and is invariant under T,Sm). Then we can use the cancellation

argument of 7-symmetric pairs mentioned before to prove Theorems 34.17.
To carry out this plan, we first need to extend the involution T*m) to a (Kuranishi)
neighborhood of M5® »(m) (B).

Proposition 41.7. M5*(3) has a Kuranishi structure, (which we call the ambient
Kuranishi structure in this proposition to distinguish it from Kuranishi structures
on various fized point sets of involutions), with the following property : For each
m, there exists a Kuranishi neighborhood U (3) of M;"'g’(m) (B) in the ambient

Kuranishi structure and an involution T,Em) on it satisfying the following:

(41.8.1) 7 defines an involution of the space with Kuranishi structure. (See
§A1.3 Definition A1.45 for the definition of the group action on a space with Ku-
ranishi structure.)

(41.8.2)  When we restrict ™ o M;eg’(m) (B), it coincides with the one defined
by (41.6).

(41.8.3) Form < £, the set U™ (3)NUW(B) is invariant of both ™ and 19

On this set, we have :

77 0.0 = 70 o 1)

(41.8.4) evo mim = ev\Mgcg,(m)(ﬁ). Here 7™ ME (m)(ﬂ) — My® (m)(ﬁ) is

the involution given in (41.6) by (41.8.2) and ev : M5®(3) — L? is the canonical
evaluation map.

We will prove Proposition 41.7 in the next section.

We next treat the case of M;eg’(m)(ﬁ). Consider the forgetful map
forget : M5™®(3) — M™(B)
and put
(41.9) MY () = forget(M5™ ™ (3)).
We remark that forget : ./\/l;eg’(m) (B) — Mﬁeg’(m)(ﬁ) is a homeomorphism by the

uniqueness part of Lemma 40.10.

Proposition 41.10. M[*%(8) has a Kuranishi structure, (which we also call am-
bient Kuranishi structure as in Proposition 41.7), with the following property : For

each m, there exists a Kuranishi neighborhood U™ (3) of ./\/l;eg’(m) (B) in the am-

bient Kuranishi structure and an involution ﬂgm) on it satisfying the following:
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(41.11.1) 7™ can be regarded as an involution of the space with Kuranishi struc-
ture.

(41.11.2)  forget(U™(B)) C U™ (B) and ™o forget = forgeto 7,

(41.11.3)  Form < £, the set U™ (3)NU® (6) is invariant of both 7™ and 7"

On this set, we have :
Am) g (0 _ (0 o (m)

Tx OTx " = Tx  OTx
(41.11.4)  evo 7™ = ev. Here ev : Mi®(B) — L is the evaluation map.

The proof of Proposition 41.10 follows on the same line as that of Proposition
41.7 which will be given in the next section.

We now explain how we use Propositions 41.7 and 41.10 for the construction
of a single-valued section of some Kuranishi structure on each of My™’ (m) (8) and
Mieg’(m) (3). In general, 7™ may have a fixed point in U™ (3). We will take

another Kuranishi neighborhood U’(")(3) such that 7™ s fixed point free on
u'tm ().

We will define the subset U’™)(3) c U (3) by a downward induction on
m=20,1,2,--- so that the following hold :

(41.12.1)  U'mB)(g) = Um®B) ().
(41.12.2)  U'0™(p) is a Kuranishi neighborhood of M5®’ (m) (B)\ Upar, U'O(B)
(m)

and is invariant under 7,
(0)

Obviously we have 7.’ = 7, from definition and (41.12.2) implies that

{U'm) (B )}2(:’6) covers My®(3). By shrinking U’(™)(3) further if necessary, we
can choose U'("™)(3) so that they satisfy the following additional conditions :

(41.12.3) 7™ is free on U'(™)(p).
(41.12.4)  U'M(B) N U (B) is invariant under 7™ and 7.

We define U'™) (3) ¢ U™ (B) in a similar way.

Let P be a chain on L. By taking the fiber product U'"™(3) .,, x1, P we obtain
U'm)(8; P) © MI8(3; P). Tt follows from (41.8.4) that 7™ induces an involution
on U'™)(B; P), which we also denote by .

Proposition 41.13. There exists a family of single valued sections s of the
obstruction bundles on Mi®(3) and on M5™(3). The sections s¢ are transversal
to zero and satisfy the following property :

(41.14) The sections ¢ are invariant under 7™ on U’ (B; P) and U'"™(B)
respectively.

Before proving Proposition 41.13, we explain how we will use this proposition in
the proof of Theorem 34.17.
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We use the sections s¢ provided in Proposition 41.13 to define a filtered A,
structure of L (over Zsy). Let 8 # By = 0. Then we prove

(41.15.1) (evo) (M5 (8; P)*")
(41.15.2) (evo) (MEE(B)*) = 0

0,

as Zs-chains. To prove (41.15.1), we use (41.14). We consider
(41.16) (evo)w (MYB(B; P NU'™) (3, P)), m=0,1,2,-

It follows from (41.14), (41.12.3) and (41.8.4) that (41.16) is zero as a Zy-chain.
Since U,,U'"™)(3; P) > M5®(B; P), (41.15.1) follows. The proof of (41.15.2) is
similar. To finish the proof of Theorem 34.17, we need to study the singular part
of the moduli spaces, i.e., the strata consisting of stable maps whose domains are
not the smooth disc D?. This will be carried out in §43.

Proof of Proposition 41.13. Take the open subsets (in the Kuranishi neighborhood)

U (8; P) = U™ (8; P) C U™ (B P) - C U515 (8 P) € U™ (85 P)

so that

(41.17.1)  The closure of U(m) (8; P) is in the interior of U,L-(_ﬁ)(ﬁ; P).
(41.17.2) U(m)(ﬁ P)n U(e)(ﬁ, P) is invariant under the actions of 7™ and 7.
(41.17.3)  The action of 7™ is free on U2 (ﬂ)+2(6, P).

Let J be the set of all M = (mq, -+ ,my) with 0 < my < --- < my < m(B). We
put ¢ = |mi|. For m € J, we define
(41.18) Wa(BP)= [ Usials (3 P).
J=1,-,|m|

Note that {W,;(8; P) | m € J} forms a covering of M5™®(3; P).

Lemma 41.19. For each m € J, there exists a section s of the obstruction bundle
on Wy with the following properties.

(41.20.1)  s&, is invariant under 7mi) (j=1,---,|m]).

(41.20.2)  s&. is transversal to zero.

Proof. We first observe that, on M7 (), the automorphism groups (that is the
group I'), appeared is the definition of Kuranishi structure (Definition A1.1)) is
always trivial.

We take the quotient by the (free) Z|2 "action generated by 7 (my) (j=1,---,|m])

on Wy and obtain a Kuranishi structure on the quotient space. (See §A1.3 Lemma
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A1.49.) The automorphism group is still trivial. Hence we obtain a perturbation
of the Kuranishi map transversal to zero. We then lift it to W to obtain desired
se.. O

We next glue the sections s, to obtain the section s¢ required in Proposition
41.13. For my = (mq,--- ,myg), m/ = (m},--- ,m},) € J, we say
m<m' if {my, - ,me} C{my, -, my}.
We denote
(41.21) Upi(8: P) = Wi (8: P) \ N T 5P,

F7(m}) (m})

where U1+2|ﬁl,|(ﬁ, P) is the closure of U1+2|m/|<ﬁa P).

Lemma 41.22. The collection {Uz(3; P) | m € 3} covers M5®(3; P).
Proof. We first remark

(41.23) Wa(8; P) € Un(B; P) U Wi (8; P).
In fact, by (41.17.1) and (41.18), we have
77(m}) (m})
) U5 BiP)C [ Uppapmn (B; P) = Wi (5; P).

The inclusion (41.23) then follows from (41.21). Using (41.23) and a downward
induction on ||, we can prove

U wWa(3P)C | Un(B:P).
7 > 7 >
Since {W(8; P) | m € T} covers My ®#(; P), this proves the lemma. [

Lemma 41.24. If Uy (6; P) N U™ (B3; P) # (), then iy contains m.

Proof. We assume m ¢ m. We put m™ = m U {m}. Then m™ > m. Therefore
(41.21) implies

(41.25) Un(B:P)0 () Tyl (B:P) = 0.
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We remark that

—(m;') 75(my;) m
ﬂ Ul oy (B P) = Ui apmp+2(B; P) N U1(+2)|m|+2(ﬁ; P)

j:L... ,|m+\ j:L... ’|m|
D W (8; P)n U™ (8; P)
D U (8; P) N U™ (8; P).

Then using (41.25), we have obtained Uy (3; P) NU'(™) (B; P) = (). This contradicts
the hypothesis and hence the proof. [

Now, we take a partitions of unity {(x.s : Uxn(0; P)) | m € J} subordinate to the
covering {U(3; P) | m € T} of M5®8(83; P) so that y,; is invariant under a series

of involutions ngmj ) and define

§¢ = E XS -

Lemma 41.26. s¢ is invariant under 7™ on U'(™) (B; P).

Proof. Lemma 41.24 implies that if y,» is nonzero at some point of U'("™)(3; P) then

s is 7{™ invariant. The lemma follows immediately. [

By the argument used in the proof of Lemma 41.19, we can also prove that for a
generic choice of s¢,, the section s¢ is transversal to zero. Thus s¢ has the required

properties. The proof for the case Mieg’(m)(ﬁ) is similar, and so omitted. Now the
proof of Proposition 41.13 is complete. [

642. Family index and extension of
symmetry to a Kuranishi neighborhood.

The purpose of this section is to prove Propositions 41.7 and 41.10. We first
reduce the problem to a problem of family index. To make more transparent the
problem for us to deal with, we describe the problem in the general context of spaces
with Kuranishi structure.

We study a space X with Kuranishi structure on which the group Zs acts by the
involution 7. Let F' C X be the fixed point set of 7. For each x € FF C X we take
its Kuranishi neighborhood (V, E, T, s,v) in X. Let Vg CV, Er C E,Tp CT be
the fixed point set of Z, actions respectively. By the definition of the action of a
group on a space with Kuranishi structure (see Definition A1.45), (Vp, Ep,Tp, )
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defines a Kuranishi structure on F. Let 7/ be another Zs action on this space F
with Kuranishi structure. We are looking for the condition under which this second
Zsy action can be extended to a Kuranishi neighborhood of F' in X.

For x € F', we consider the fiber derivative of s, which we denote by d,s : T,V —
E,.. If F is the trivial bundle £ =V x Ej as in Definition Al.1 where E; denotes
a typical fiber, the fiber derivative is nothing but the ordinary derivative of the
FEy-component of s : V — V x Ey. With an abuse of notation, we will write the
corresponding map 71,V — Ejy by the same notation d,s : T,V — FEj.

The fiber derivative d,s gives rise to the following diagram

l l

v —%*, g

Diagram 42.1.

Here the vertical arrows are the obvious inclusions. When we move x, both of
dys:T,Vy — (Ep), and ds : T,V — E, can be regarded as bundle systems. (See
Definition 5.10 [FuOn99II] or §A1.1 Definition A1.33 for the definition of bundle
system). Diagram 42.1 may be regarded as an inclusion between bundle systems.
We remark that we have the action of 7/ on the bundle system d,s : T,Vy — (Er),
and that of 7 on d,s : T,V — FE,. Moreover restriction of the 7-action to the
bundle system d,s : T,Vy — (EFp), is trivial.

Proposition 42.1. We assume that the 7’'-action is lifted to the bundle system
{dys : T,V — E,}zev so that the lifted action covers the ' action on the base F
and that the lifted T'-action commutes with the T-action on dys : T,V — E,, v € F.
Then the T’ -action on F extends to its Kuranishi neighborhood so that the extension
commutes with the T-action on it.

We prove a more general statement (Proposition 42.5) later.

In Proposition 42.1, we consider the case where we have only two actions. To deal
with the case of Proposition 41.7, we need to consider an arbitrary finite number of
actions. We now describe the general setting which enables us to study the general
case in a systematic way.

First, let X be a space with Kuranishi structure acted by an involution 7. We
call the Kuranishi structure on X the ambient Kuranishi structure in this section to
distinguish it from Kuranishi structures on various fixed point sets of involutions.
Denote by F{ the fixed point set of 7,

F() = FiXT().
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At each = € F;, we consider the mp-invariant part of its Kuranishi neighborhood
(Ve, By, Ty, s2:) which we denote by

(VLL‘TO’ E;—O ? ]'—‘;07 Sx)'

This defines a Kuranishi structure on Fj.
Next, suppose that we are given an involution 71 on Fj in the sense of Definition
A1.45. We denote by F; be the fixed point set of 71,

Fl == FiXTl.

At each x € Fy, the above defined Kuranishi structure on Fyy provides a Kuranishi
neighborhood (V7°, E70,I'70, s, ) of x € Fy. Since 7 is an involution on Fy regarded
as a space with Kuranishi structure, it induces an involution on (V,J°, E7°,T'70, s,).
We denote by

(VmTO’Tl , E;}'mﬁ , 1“;0,7'1 , 855),

the fixed point part thereof under the 7i-action, which then define a Kuranishi
structure on Fj.

Next we assume that there exists an involution 75 on F} as above, and put Fy =
Fix 7. Then we similarly obtain a Kuranishi neighborhood (Vo-™, ET0:™ T'70:71 g, )
of Fy at each x € F, C Fy. By considering the m-fixed point set of this Kuranishi
neighborhood, which we denote by

T0,7T1,7T2 T0,7T1,7T2 T0,7T1,T2 )
(V:E ) Eq; 9 Px y Sz ),

we obtain a Kuranishi structure on F5. We inductively impose the hypotheses that
there exist a sequence of involutions 7, defined on F,,_1 for m =0,--- ,mg where
F_1 =X and F,,_1 = Fix7,,,_1 for m > 1.

In summary, we have defined a Kuranishi structure on F;,, assuming the existence
of an involution 7,, on F,,_1 in the sense of Definition A1.45. Furthermore we
assume that the action of 7,,,, on F),,_; is free.

In this situation, we would like to extend the involution 7, on F,, 1 to its
Kuranishi neighborhood in X. Proposition 42.5 below provides a sufficient condition
for this extension to be possible.

To describe this condition we need to prepare with some more notations. Let
x € F,, and assume that for each m’ < m and z € F;,, a Kuranishi neighborhood

o T o T Tor e T _
(Vo im! DR T 1s,) of @ on Fi,r has been defined. We consider

(42.2) dex . TxVITo,..A Tm! (E;O,A.. ’Tm/)x'

Varying x € F,,, the maps (42.2) over z € F,, define a bundle system on F,.
We denote this bundle system by Tan%ﬁ) for each m’ € {—1,0,--- ,;m}. Here Tan
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stands for tangential complex and Tang:ln) for m’ = —1 stands for nothing but the
restriction of the initial bundle system d,s : TV, — (E,), on X.

For given m” < m’ with m” < m’ < m, we have the obvious inclusion of bundle

systems Tangi) — Tangz ) i.e., the commutative diagram

Ty Ty dys TOs " s T/
vax ) sTm AN (Ex ) yIm )m

! l

TOs " sTop !/ dgs TOy " s Ty’
vax ’ o (ECII ’ o )J}

Diagram 42.2.

We consider the group Zg”“ and write its generators 7o, 71, -+, Tint1, 1.€.,

»
m=(L- 1, —1,1,---,1).

The group Z72”+2 acts on Fj, in the way that the action of 7; is trivial for ¢ =

0,1,---,m. Recall that 7,11 is an involution defined on F,, and that we put
Fr1:=Fix7,41.

Assumption 42.3. The action of ZJ"** on F,, lifts to an action to Tan%i) for
each m’ = 0,--- ;m. This action satisfies the following properties :

(42.4.1)  If m” < m/, then the action of 7,,~ on Tang:) is trivial.

(42.4.2) The action of 7,41 on Tangz) coincides with one induced by 7.,/ 41
action on F,,.

(42.4.3)  The embedding Tan%n;/) — Tangz”) is Z7'? equivariant for m'” < m/'.
Now we are ready to state a generalization of Proposition 42.1 we need.

Proposition 42.5. Let 19, -+ ,Tma1 be a sequence of involutions given as above

that satisfy Assumption 42.3. Then, we can perturb the Kuranishi map s :V — F,

so that, for each m, there exists a Kuranishi neighborhood U,, = Vi, Eny Uiy Sm)
of Fy, in the ambient Kuranishi structure with the following properties :

(1) The Zs-action on F,, via T,,41 extends to U,, as an action on a space with
Kuranishi structure.
(2) For m/,m"” < m, the intersection U,,» N U, is invariant under the actions

of both T,y and T,,. Moreover T, commutes with T, on Uy N Uy,

Proof. At x € F,,,, we have the decomposition

m T0, " »Ti—1
Tme I ’
~ TOy" " sTm
V=@ 8LV, .
i=0 ~T°F
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Therefore we have the isomorphism

m TxVxTO’m’TFl
(42.6) (oo onVado =@ 7 v

where NVE"'Ov“'ﬂ'm V, is the normal bundle of V°">™ in V, with respect to the
Kuranishi structure of F,,. It follows from Definition A1.45 that we are given
a Tm41-action on V0 7™ since T,,4+1 acts on [y, and Vo™ is a Kuranishi
neighborhood of x.

The Z;"H—action on the tangential complex in Assumption 42.3 canonically in-
duces a ZJ'"2-action on Nyro.mm Vi via (42.6).

Therefore an identification of a neighborhood of V"™ in V, with that of
the zero section of the normal bundle Nyro..rm Vy, induces a 772 action on a
neighborhood of V7™ in V. Then (42.4) implies that this action can be glued
and the glued action is one that has the required properties. Moreover we can
lift the Z4"2-action to the obstruction bundle E since existence of such a lift is
assumed in Assumption 42.3. Finally we perturb the Kuranishi map s. Take a
small open neighborhood i, of F},, for each m. By choosing another neighborhood
0,, if necessary, we may assume that

G 0., DX,

m=0

Q]m N F,, :@ if m’ >m,

and that there exists a Zj' ™ action on U,,. Let x,, be a Z5""*-invariant partition
of unity of X subordinate to the covering {0,,}. We then define

S(m) — 27(m+2) Z po SO p7 S/ = mes(m)'

pery 2

It is easy to see that s’ defines a Kuranishi structure on its zero point set and also
it is Z2"*? invariant in the neighborhood of F,,,. [

Now we restrict our study to the case considered in Proposition 41.7. We first
explain how the case considered in Proposition 41.7 can be put into the context
of Assumption 42.3 and its proof is reduced to that of Proposition 42.5 : The
space M5 8(3) is our X. The first involution on it is 79 = 7.. Its fixed point set
F, is ./\/l;eg’(l)(ﬁ) which is the image of ® on M5®(3") with 8’ + 7.3" = 3. Let
p € M5®(3') and let

Us(p), En(p): I'n(p): $2(p))
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be a Kuranishi neighborhood of D(p) in M3*(5). Denote by Ug .\, EZ ) I'5p)
the fixed point set of 7y acting on the Kuranishi neighborhood. Then the Kuranishi
structure of Fj at D(p) is defined by the collection of Kuranishi neighborhoods

Us(p) Eop) I'D(p) 52(0)

of D(p) for p € Fp.

Lemma 42.7. The Kuranishi structure on Fy = M;eg’(l)(ﬁ) defined above is iden-
tified with the Kuranishi structure on M5®(2713) by D.

Proof. The proof is immediate from construction. [

Now the involution 7, on MX8(2-13) defines an involution 7, = " on Fy =

M;eg’(l)(ﬁ). Its fixed point set is F} = M;eg’@)(ﬁ). We can continue and identify
Fon1= M;eg’(m)(ﬁ). We also have :

Lemma 42.8. The Kuranishi structure on F,,_1 = Mgeg’(m) (B) defined above is
identified with the Kuranishi structure on M3y™®(27™3) by D™.

The proof is immediate from Lemma 42.7.

Thus we are in the situation of Proposition 42.5. Therefore for the proof of Propo-
sition 41.7, it suffices to check Assumption 42.3 for the case considered. Namely
we need to define a lift of ZJ'"! action to the tangential complex Tan%:zl for
m’ < m — 1 satisfying (42.4). (Note that since

M;egV(m) (6) = Fm—17

we adopt the situation in Assumption 42.3 for the case of m — 1. )
Consider the strip
Y={zeC||Imz| <1}

which we know is conformally isomorphic to D? \ {#1}. We use the standard
coordinate z = s++/—1t, [t| < 1 on ¥ C C. Note that (zg,21) = (1, —1) corresponds
to (0o, —00). (In this and the next sections we use s in place of T as the coordinate
of the first factor in order to avoid a confusion with the involution 7 : M — M.)

Let w € M35®(3) and regard it as a map from X. Now we will construct a
Zg”“—action in a Kuranishi neighborhood of

D™ ([((%; (00, —00)), w)]).

Let
Yp={2€9¥ | tlmz >0}, 0¥ =0YXNX..
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We define I+ : 3 — X4 as follows

z—+/—1

2 9

(42.9.1) I_(2) = L(2) =1_(2).

I_ is holomorphic and I is anti-holomorphic.
Let w : ¥ — M be a pseudo-holomorphic map with w(9¥) C L. We define
D(w) : X — M by

(42.9.2) D(w)(z) = { w(I_lﬁ)) =w(2z +v/~1) if Tm 2 < 0,
+

T(w(I;'(2)) = 7(w(2z + v/-1)) if Im z > 0.

It is easy to see that

[((%, (00, =00)), D (w))] = D([((%; (00, =00)), w)]).

We consider the deformation complex of w in our moduli space. It is induced by
the operator defined in (29.9). We recall its definition in the current context. See
Lemma 29.5. Let § > 0 and let |- |’ be a smooth function : R — [0, 00) such that
|s|” = |s| outside a compact set.

Definition 42.10. We consider triples (V, (v4o0,V—0)) such that

(42.11.1)  V is a section of w*(TM) of W "-class.
(42.11.2)  wioo € Top(roo) L respectively.
(42.11.3)

+oo 1

/ / Sl ([V(V = Palvgoo)|P + |V — Palvy oo |P) dsdt < oo
0 —1
0 1

/ / ! (IV(V = Palv_oo)|P + |V — Palv_o|?) dsdt < .
—oo J —1

Here Pal : Tiy(4+00) M — Tiy(s,,)M stands for the parallel transport.
(42.11.4) V(S, —1) S Tw(s,—l)L'
(42.11.5) V(S, 1) € Tw(s,l)L-

We remark that vioo € Tiy(+o0) L satisfying (42.11.3) are determined by V' above.
We denote by
Cop(B,w)

the set of such (V, (v400,V_00))’s. The p-th power |(V, (v400,V—o0))[P of the L1P
norm of (V, (v4e0,V—o0)) is, by definition, the sum of the two terms in left hand
side of (42.11.3) and |v_co|? + |v4+00|P. Equipped with this norm, C’g’p(Z,w) then
becomes a Banach space.
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We define the Banach space
WA (8,05 w TM, wlysTL) = {V | (V. (0,0)) € C2,(Z, w)}.
Next we define the Banach space
Wy P(8,0-%,04%; w*TM,w|j_sTL, Julj, sTL)

to be the set of all V' such that (V,(0,0)) satisfies (42.11.1)-(42.11.4) with (42.11.5)
replaced by the following condition

(42.11.5")  V(s,1) € JTysn) L.

Finally we denote
C3 (3, w) = WP (S; A% @ w* T M)

which is the set of all sections V of A% (X) @ w*T'M of LY -class that satisfy

—+o00 1 ,
/ / 1 |VIP dsdt < co.
—0o0 —1

The formal linearization D,,0 induces the following Fredholm operators
Dwg : C(?,p(z)? w) - C(%,p(za w)a
DY0 : Wy P(2,08; w*TM,w|jsTL) — C} (X, w),
D0 : WP (2,0-%,0,%; w'TM,wly_yTL,J-wlj yTL) — Cj ,(S,w).

Ql

As we discussed in §29, the operator D,,0 defines the tangential complex
(C5,(E,w), Dy0)
of the deformation of w € M5®(3) whose index of D,,d is given by ur(3) + n.
Now we firstly define a Z5-action on the tangential complex
(C5,(3,9%(w)), Dor (1)0).

After that we will define one more Zy-action which commutes with the Z5-action.
For each section V' of w*T'M satisfying (42.11.4), (42.11.5), we define

V(IZY(2)) = V(22 + v—1) z€X_

(42.12.1) (37(V))(2) = { (TT)"Y(VI7Y2)) = (Tr)" V(22 + V=1) z€ %y,
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and for one satisfying (42.11.4), (42.11.5"), we define

{ V(IZ'(2)) zex_

12, IWV))(z) =
(42.12.2) (3Z(V))(z) —(Tr) N (V(ITH2) 2 €3,

Here we denote by T'7 the differential of 7 and see (42.9.1) for the definition of the
maps I4.
These give rise to the linear maps

3 CFp (3, w) — €, (8, D (w))

30 WP (8,0-8,0,.5; w TM, wl_sTL, Juwlj, sTL) — C3,(3,D(w))
defined by

jii,—o(v7 (U—f—oo, U—OO)) = (jif—o(v)v (U-i-oo, U—OO))a
30(V,(0,0)) = (32(V), (0,0)).

Similarly we also define the maps 7'} : Cs (B, w) — C§ (2,9 (w)) by the formula

V(I~i(z z€X_
(42.12.3) (’j;’l(V))(z) = { (157_)_—1((‘)/)([—1(2)) P i P
+ )
and then (3°'(V)) by
S = [ VU E) e (T Fen
zizd) G-V = { ~(TT) o (VT (2)) o (TL) ™ z €%

(T'Iy is the differential of It respectively.)
Let 7 : ¥ — X be the anti-holomorphic involution 7(z) = Z. We define the
involution 7, on Cg’p(E, w) for each i =0, 1 by

Vo) = | g((v‘f)) (V1000 v—0)) -0
where we set

(42.13.1) (r(V)(2) = (TT)_I(V(?(z)) 1=0
(42.13.1) (m(V)(2) = (TT) o V(F(2)oTT i=1

(Compare these definitions with those in (39.11). Note in (39.11) we wrote [ in
place of 7.)

Hereafter we simply write 7, for both of 7 and J’/' when no confusion can
occur.
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Lemma 42.14. (1) 3!, and 3°_ are well-defined. 3’ is an isomorphism onto
{V = (V. (0400, v-)) € C3,(3,D(w)) | .V = V7.
(2) 3" is an isomorphism onto
{(v,(0,0)) € C3 ,(,D(w)) | 7.V = =V}
(3) And 3’ restricts to an isomorphism between
WP (2,0%; w TM,w|h)sTL)
resp.
WP (2,0-%,0,%; w'TM,w|y_yTL, Jw|j, 5TL)
and
{V ewr(2,0.5,0.5; D(w) TM, D(w)[s_xTLD(w)[, 5 TL) ‘ nV =4V},
respectively.

Proof. Using the fact that dr = id on TL and dr = —id on J(T'L), we can show
that J/ (V) are continuous along ¥4 N ¥_ and so are well-defined. The rest of
the proof is straightforward and omitted. In the claim (2) we remark that 7(V) =
—V implies T4 (Vio0) = —Vioo and Tu(V_ny) = —V_oo. Thus by (42.11.2) we have
(V400, V—00) = (0,0). O

Consider a family of the bundle maps K; : TM — T M defined by

21y g (oS0 v (D) .

This induces a linear map
K : WiP(2,0%; w* TM, (w]ss)*TL)
— WiP(%,0-%,0.%; w'TM, (w|s x)*TL, J(w|s,s) TL)
by
(42.16) (K(V))(s,t) = K¢ (V (s,t)).
It follows that K is an isomorphism. We define another linear map, which we denote

by the same letter,
K Cg,p(zaw) - Cg,p(za w)

by the same formula.
We put

(42.17) Jy=3" and J_=7" oK

and J(;) = (J4,73_). Then J;) defines isomorphisms

(42.18.1)  TJpy: CF,(S,w) @ WyP(2,05; w'TM,w|;sTL) — C§ ,(2,D(w))
and

(42.18.2) Ty Cs,(B,w) & C5 (3, w) — C5,(5,D(w))

respectively.



116 FUKAYA, OH, OHTA, ONO

Lemma 42.19. Let w : ¥ — M be a pseudo-holomorphic map with w(9%X) C L
with finite energy, and ¢ € R be any given constant. Then there ezists § = 6(w) > 0
depending only on w, such that we have the identity

~— Y ~ _ Y Y ﬂ-
35} e (D)@ +¢) 0 Iy = (2Dud + ¢,2D, + ¢ — 7 )
modulo a compact operator
as a Fredholm linear map from
C9 (2, w) & WP (8,08 w* T M, w|)sTL)

to
ngp(z, w) B C(%’p(E, w).

Proof. Let V is an almost complex connection of J. Then we have the linearization

_ 1 ow ow
Dw3—§(V%+JV%)+ (T(%J/) +JT (E?V))

where T is the torsion tensor of the connection V. Since the terms involving T" are
of the zero-th order, it follows from a straightforward calculation that we have

(42.20) (Ko Dydo K)(V) = (Dyd)(V) — gv + Err_(V),

for any J-holomorphic map w, where Err_ is the term involving the torsion 7" and

G (w(s, ).

Now from the definition (42.9.2) of ®(w) and J(;), we can calculate ’J(_lﬁoD@(w)go
J(1) separately on ¥y = R x [0,1] and ¥_ = R x [-1,0]. We start with ¥_. On
R x [—1,0], we have

(32) © Dowyd 0 I1))(V)(2) = (3= 0 K) ' 0 Do) 0 (3L 0 K)(V)(2)

= K71 (3217 o Dgw) 0 I2) (K(V))(2).
Now, recalling that I_ is a conformal map given by

(=21

it is straightforward to check that (42.20) implies

(3) © Do(w)0 0 31)(V)(2) = 2(Dwd)(V)(2) — %V(Z) +Err_(V)(2)
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for z € R x [—1,0]. Here the term Err_(V)(z) does not involve derivatives of V'
and decays as fast as e~9'lsl for some & > 0 which depends only on the exponential
order with which w(s,t) converges to w(+o00) as s — co. On the other hand, such
§" always exists : For the finite energy condition of w : ¥ = R x [-1,1] — M
together with the Lagrangian boundary condition w(9%) C L enables one to apply
the removable singularity theorem and to get the Holder estimates around +oo.
(See [Proposition 3.6, Oh92].) This then is translated back into the exponential
decay estimate of w on X.

Next we consider 3(_6 0 D ()0 © J(1) on the domain ¥ =R x [0, 1]. This time
it is much easier to verify that

(35} © Doy 031y ) (V)(2) = 2D,8(V)(2) + Bury (V) (2)

where Erry (V) is a term that has the decay estimates similar to Err_ (V).
Combining the two, if we choose a constant § > 0 even smaller than ¢, the

operator
Err = (Erry, Err_)

becomes a compact operator. This finishes the proof. [

Now we consider ™ (w) and will promote the isomorphisms (42.18) to the iso-
morphisms

(42.21.1)

Timy : Cf (B, 0) & (Wi P (2,08 w*TM, w|jsTL)®E" "D — Cf (£,D™(w))
and
(42.21.2) Timy © Csp(S,w)®E") — €} (2,9™(w))

for general m > 2.
Let € = (€0, y€m—1) € {£1}™. To define the isomorphism (42.21.1) we write
an element of

O3 (s w) & (W3 P (2,055 w T M, w|psTL)E" Y
as (Ve)ee{+1ym, where V(; ... 1) denotes the C’gvp(Z, w)-component. We denote

(42.22.1) Tegoon =

~
€0, s €m—1 O”‘OJ

]

€m—1 €0

where
~ j+ lf € = +1
Je = ~ .
J_ ife=-—1,



118 FUKAYA, OH, OHTA, ONO
(see (42.17) for the definition of J1) and then define

(42'22~2) j(m) = (3605’“ 7€m—1)(€07"' 7€mfl)e{i1}m :

The definition of (42.21.2) is the same. Lemma 42.14 implies that (42.21) are
isomorphisms.

Now using the isomorphisms (42.21), we are ready to define a Z3'-action on the
spaces
O3, (5, w) & (Wy P (2,055 w*T M, w5 TL))®" Y

and Cgvp(Z,w)@(Qm). Let (Veg, - sem_1)(cor- em_1)e{£1}m be an element of either of
the two spaces, and p'= (po, -, pm—1) € {£1}"™ = Z5*. We define an action of g
by

(pV)EO:"':Emfl = H €i ‘/;0’...767”71.
33pi=—1

This action induces a Z3*-action on Cj (D™ (w)) via the isomorphisms (42.21) for
each ¢ = 0, 1 respectively.
We next define one more Zy action on the bundle C’g’p(lm oM

Cip(MmD™) : | Jw} x C; (™ (w)) — ImD™

which lifts ﬂgm) by

(Fem (Veosem o)) 2™ ()
— (j(m)((T*‘/em JEm—1 )(60,... ,Em—1))7 :Dm(T*U))> .

We remark that
D" (raw) = 7™ D™ (w).

It is easy to see that this Zy action commutes with the Z3" action and hence defines
a ZQ”H action. By abuse of notation, we use the same notation (pg, -+ , Pm—1, Pm)
to denote an element of this group Z;”H.

We next verify that this action satisfies the properties analogous to (42.4). (We
remark again that we adopt the situation of (42.4) for the case of m — 1, because

Mgeg’(m) = F,,—1 in our notation.) We have an embedding
(42.23) IG5, (D (w)) = C3 (D™ (w)),

which is the k-th iteration of J,. We define a homomorphism I, : ZJ* — z7+r+1
by Ik(pO; ,,Om) = (va"' 7:0m717"' 71)
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Lemma 42.24.

(42.25.1)  Consider the action of Z5'"" on the bundle Cs ,(Im DR induced by
Ii.. Then the embedding (42.23) is equivariant under this 75" -action.

(42.25.2) Let (1,---,1,—1) € Z9*'. The (1,---,1,—1)-invariant part of the
bundle C5 ,(ImD™) coincides with the image of 34 : C§ (Im Dm-1) — Cs,(ImD™).
(42.25.3) The natural action of T, = 79 on Cs,(ImD™) coincides with the
action of (—=1,1,---,1).

The proof is obvious from definition.

We now verify Assumption 42.3 in our present context of M5™®. For this purpose,
we use Lemma 42.24 and the fact that our Kuranishi structure is constructed from
the deformation complex

Dom(u)d : Gy, (D™ (w)) — C; (D™ (w))
by a finite dimensional reduction. The next lemma will be also used in an essential
way.
Lemma 42.26. For p € Zg”l, the operator
D@Tn(w)g — ﬁO D@Tn(w)g (0] ﬁ . ngp(@m(w)) — C(%’p(@m(w))
18 a compact operator.

Proof. We first express the conjugate of the linearization ng(w)g by the isomor-
phism (42.21). We denote this conjugate by

D:CY(E,w) ® (W P(8,08;w TM,w|3sTL)*" Y — O} (S,w)®E")

with D = (Dz)ec{—1,41} Where its é&component is given by

m
(42.27) De=2™m (Dwé =) 21— ei)7r> :

i=1

Applying Lemma 42.19 inductively over m, we can prove that
D0 J(m) = Im) © Do ()0

is a compact operator. Obviously the Zgnﬂ—action commutes with D. Now this
implies Lemma 42.26 via (42.21) and (42.25.2). This finishes the proof. We remark
that the first eigen value of the operator %Ja% on WtP([-1,1],0]-1,1];C*, R") is
equal to 7m/2 which satisfies

m
T .
5> ._212 3701 — ).

O

To construct a Kuranishi structure from the tangent complex, we need to choose
a finite dimensional subspace &, of Cj (p) for each of p € My™®(3). (See §29.)
In case p = D™(p’) with p’ = [((Z, (00, —00)),w)] € M5E(27™f3), we choose
Ep C C5 (@™ (w)) so that the following condition is satisfied.
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Condition 42.28. Let y : {#1}™*! — [0, 1] be a function such that

Y X =1

pe{£1}mtt

Consider the operator Dy, : C3 (D™ (w)) — C5 (D™ (w)) defined by

Dy = Z X(P)(70 Domyd o p).

pe{£1}m+t

Then &, satisfies
D + & = O}, (9™ (w))

m—+1
ZZ

for any x. We also assume that &, is invariant under the above -action.

We can find such &, by Lemma 42.26, since the set of all such x is a compact
subset of [0,1]2""".

We want to use this choice of £,’s to construct a Kuranishi structure in the
same way as in §29. We need to handle one more trouble. Namely the map
(Z,w') — Ow' = s(w') may not be invariant under the ZJ"*' action when we
vary [(X, (0o, —o0)),w’] in a neighborhood of p = ©™(p’) in the Banach mani-
fold Wy P((%,0%), (M, L)) /R. (W, P ((2,0%), (M, L)) is defined in the same way as
Definition 29.3.)

Now we explain how we take care of this trouble. For each m < m((3), we consider
a small neighborhood ‘J,,, of

F._ = ./\/l;eg’(m) (8)

in W,?((2,0%), (M, L)/R for m = 0,1,---. (Here F_; = M({)"&.) Shrinking
0,, if necessary, we may assume that
m(B)
(42.29.1) U D > M5E(B),
m=0
(42.29.2) By N Fpy, =0 if mg > my.

We can choose U,, so small that the infinitesimal ZJ'"*-action on C3 (D™ (w))

induces a Zg”“ action on *U,,, by exponentiation, and this action can be lifted to an
action of the bundle p — C’g’p(p) where p € U,,. We also assume that the actions

on various U,,’s are compatible on the overlapped parts. Then we define s(™ by

s (p) = 27" 3" (5o s)(7p) € CL,(p)
pery
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on each U,,. Here s denotes the original Kuranishi map given by
s(p) = 0w, p=((%,(c0,—)),w) € V.

We observe that s(™) ig Zgnﬂ—equivariant.
Choosing a partition of unity x,, subordinate to *U,,, we define

$(P) =Y xm(P)s"™ (p).

Now we use Condition 42.28 and choose 2,,, sufficiently close to F},,_1 = /\/l;eg’(m) (8)
so that the composition

o dPS/ : Cg,p(p) - C(%,p(p)/gp
is surjective. Therefore we replace the equation (29.16) by
(42.30) s'(p) =0 mod &

to define a space with Kuranishi structure. Then we derive from (42.29.2) that
(42.30) is invariant under the Zg”“—action on the neighborhood U,, of F,,_1 =

M;eg’(m) (8). This implies that the Kuranishi structure thus constructed carries a
Z5action on V,,. Then it follows from Lemma 42.24 that this action satisfies
Assumption 42.3. Applying Proposition 42.5, we now finish the proof of Proposition
41.7. The proof of Proposition 41.10 is similar and omitted. [

§43. Completion of the proof of Theorem 34.17.

The main purpose of this section is to complete the proof of Theorem 34.17. We
remark that we did not use Condition 34.16 yet in the previous sections. It is in
the discussion of this section we need to use this unpleasant assumption.

Because we will often use the moduli space of pseudo-holomorphic spheres of M
in this section which we denote by M (M; «r), we write M(L; ) in place of M(f3) for
the moduli space of pseudo-holomorphic discs to avoid causing possible confusion
from the readers.

43.1. A problem to extend Tﬂgi) to the compactification.
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The principal reason why we need to assume Condition 34.16 lies in the fact that
the perturbation s¢ we produced in §41 and §42 may not extend to the compactified
moduli space.

Note we need Condition 34.3 (which follows from Condition 34.16) in order to
apply Theorem 34.7. However we will be able to remove Condition 34.3 from The-
orem 34.7 by a method which we will discuss elsewhere. On the other hand, we do
not know the way to remove Condition 34.16 from Theorem 34.17 at the time of
writing this book.

First, we provide an example which illustrates how this continuous extension
is obstructed. Let S = R x [~1,1] C C, where z = s + y/—1t is the standard
complex coordinate of C, and a compatible almost complex structure J on M be
given. Consider a pseudo-holomorphic map u : (S,95) — (M, L) and denote by
[((S, (+00, —00)),u)] the corresponding element in M5™®(L;3). Here oo are the
marked points on 95 which is the limit of s — +co. We will often denote by the
same letter S for the compactified disc including the two ‘infinities’ to S. This
should not cause any confusion. Suppose u satisfies

(43.1.1) T« (S, (400, —00) ), u) = ((S, (+00, —0)), u).
By definition, we have

u(R x {0}) CFixT =L, 7(u(s,—t)) =u(s,t).
In addition, we suppose
(43.1.2) (8, (+00, —00)), u) # ((S, (+00, —00)), u).

Let v : S? — M be a pseudo-holomorphic sphere such that 7(v(z)) = v(2).
Here we regard S?2 = C U {oc}. Then ((5%,0),v) is an element of Ml(M;B), the
moduli space of pseudo-holomorphic sphere with one marked point. It follows that
v(R) C L where R C C C S?. We restrict to the case of v’s such that v satisfies
v(0) = u(0,0) and its group of automorphisms is trivial.

We glue S? to S by identifying 0 € S? with (0,0) € S and denote by X the
resulting semi-stable curve.

We now define a stable map w : (X,0%) — (M, L) by setting

w=1wu onS and w=wv on S?.
Obviously we have
7—*((27 <+OO> _OO))7 IU) = ((Z’ (+OO, _OO))7 'U})

and (3, (400, —00), w) € Ma(L; 8+ (). We are going to observe that 7Y does not
extend to ((2, (400, —00)), w).
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Recall that the set of smoothing parameters of the double point of ¥ is C and for
each 3 in a neighborhood of 0 we obtain a smooth curve which we denote by ¥;. If
the obstruction bundle of My (L; B+ 3) at ((, (400, —00)), w) is zero, for example,
then ((3;, (+00, —00)),w;) € Ma(L; 5+ ) would converge to ((Z, (400, —00)), w)
as 3 — 0 and satisfies

Te((35, (00, =00)), w;) = (X5, (+00, —00)), wy).

In particular for the real parameter r € (—¢,+€) \ {0}, we obtain an element
(X, (00, —0)),w,) € M5®5(L; 3+ 3), which is fixed by 7.. Therefore we can
define 71&1)((271, (400, —00)), w,) as in §41. We claim

(43.2) 11%7,5”((&, (+00, —00)), wy) # lim (2, (+00, —c0)), wy)

which will show that the map PR MSE(L; B+ B) — M5B (L; 8+ 5) cannot be

continuously extended to the compactification Mo (L; 3 + [3).

To show (43.2) we give the descriptions of the right and left hand sides thereof.
We regard the restriction of v : CU {oc0} — M to H as a map v; : (D?,8D?) —
(M, L) where 0 € OH is identified with 1 € dD2.  Then (((D? 8D?),1),v1) €
Ml(L; ﬁl) Let T*(((D27 8D2)7 1)7 vl) = (((DQ’ 6D2)7 1)a UZ) € Ml(L; 52) (In faCta
if we regard 3; € mo(M, L), then B2 = 7.(81).) Then v is obtained by gluing v; and
vo along their boundaries.

We take two copies of D? and denote them by D2, D%r respectively. We glue
S with D? and Di by identifying (0,—1) € S with 1 € D? and also identifying
(0,+1) € S with 1 € D2. We denote by ¥’ the bordered semi-stable curve obtained
by it. We define w; : (3(0,0y, 0X(0,0)) — (M, L) for i = 1,2 as follows. See Figures
43.1 and 43.2.

M) (z) z€8
(43.3.1) wi(z) = ¢ vi(2) 2z e D?
\ UQ(Z) z € D2+7

(P ) (z) z€8
(43.3.2) wa(2) = ¢ wva(2) z e D2
L v1(2) z€ D2,
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Figure 43.1

Figure 43.2

It is easy to prove
lim 7. (S, (00, =00)), wr) = ((S0,0), (+00, —00)), 1)

lim 7.7 (S, (00, —00)), wr) = ((S(0.0), (+00, =00)), wn).

(43.4)

Thus the argument of §41 and §42 to cancel the effect of pseudo-holomorphic
discs by secondary and higher involutions does not directly apply at the singular
strata. In fact the trouble becomes more serious if the sphere bubble v as above is a
multiple (say 2*-th) cover. In that case there is a non trivial automorphism (cyclic
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group of order 2) in the sphere bubble side. On the other hand, in the disc bubble
side, we have an element of the image of ®*~1 as the disc bubble. The symmetry
we find for such element is Zg_l. It appears that these two symmetries are not
compatible to each other as, for example, the groups are different.

Here enters the additional assumption Condition 34.16 which will make the image
of the evaluation map of the bubble have smaller dimension than that of M5™(5+03).
This will enable us to derive vanishing of the obstruction of Floer cohomology and
and collapsing of the associated spectral sequence in the Es-level, which will lead
to the proof of Theorem 34.17.

43.2. Estimate of the dimension of the ‘infinity’ of the moduli space.

Now we restate Condition 43.5 here and use that to prove that the image of the
‘infinity’, i.e., the singular strata of the moduli space of pseudo-holomorphic discs
has strictly smaller dimension than the image of the regular part. (See Proposition
43.9.)

Condition 43.5. Let L = Fix 7 be a semi-positive Lagrangian submanifold. There
exists J € J7 with the following properties. Every J-holomorphic sphere v : $% —
M with ¢;(M)[v] = 0 is constant.

Remark 43.6. (1) We remark that Condition 43.5 implies that there is no § €
7o (M, L) such that My1(L,J; 3) # 0 and ur(3) = 0.

(2) Note that this condition depends on J € J7, the almost complex structure of
M. If the condition is satisfied for some J, then for any fixed £ > 0 we can choose a
neighborhood U of J in J such that for any J’ € U, all the J-holomorphic sphere
v:S% — M with ¢;(TM)[v] = 0 and w([v]) < E is constant. This can be proved
by a simple application of Gromov’s compactness theorem. With this observation
and an inspection of the arguments to be used hereafter, without loss of generality,
we can assume that J in Condition 43.5 is generic and in particular satisfies the
conclusion of Proposition 39.1 and Corollary 39.20. See Remark 43.46.

Note that in stating Condition 43.5, we regard (3 as an element of mo(M, L).
Hereafter and until the end of this section, we will regard 5 as an element of II(L).
Before launching the main goal of analyzing the structure of singular part of the
moduli space Ma(L; 3), we first need to equip ourselves with a variety of definitions.

Let Mskiigl(L; B) = Miyy1(L; B) \ M5 (L; B). We take a set of smooth singular
cycles P; = (|P}l, f;) with j = 1, -, dim H(L; Zy) whose homology classes generate
H,(L;Z>). Note a singular cycle P; of degree d; is written as

k]
Pi=) (A% f
J ) Jé
=1
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where f; is a smooth map from the simplex A% to L. Since dP; = 0 as a singular
chain we can glue simplicies to obtain a simplicial complex |P;| and a piecewise
smooth map f; : |[P;| — M.

We denote

(43.7) M;ing(L;ﬁ,Pj) = M;ing(L§B) evi X f; ‘Pj|-

We now fix a positive constant Ey > 0, which will be determined later. Consider the
set of all § with E(8) < Ey and My11(L;3) # 0. It follows from Gromov’s com-
pactness theorem that this set has a finite order. We denote the set by {5o, -, v}
so that E(ﬁl) S E(ﬂH—l)

For o € my(M), we denote by M}°®(M; «) the moduli space of pseudo-holomorphic
spheres with one marked point and of homotopy class a. We denote by M7 (M; o)™
(resp. M™&(M;a)™) the set of elements of M[®(M;a) (resp. M™8(M;a)) rep-
resented by somewhere injective spheres, and we put

MEE(M; )7 1= forget™ (MIE(M; )"07)),
Here M™8(M;a)™7 is the 7-fixed point set of M™&(M; )™ and
forget : M8 (M; )™ — M™8(M; )™

is the forgetful map of the marked point. The map eviy; : My (M;a) — M denotes
the evaluation map at the (unique) interior marked point.

Let M;7¥, | (L;3) be the moduli space of pseudo-holomorphic discs with one
interior marked point and k41 boundary marked points and of the class in 5 € TI(L).
We denote by evjyy : ./\/lzefl 1(L; B) — M the evaluation map at the interior marked

reg

point, and ev; : M, b1 (L 5) — L is the evaluation map at the i-th boundary
marked point for 1=0,1,2,--- , k respectively.

Proposition 43.9. Under Condition 43.5, the following holds for generic T-invariant
perturbation of the almost complex structure J as in Condition 43.5 : There exist
a finite number of (paracompact) smooth manifolds S(5;,£), S(Bi,¢,j) and fis :
S(Bi,£) — L, fie;:S(Bi,l,5) — L such that the following holds.

( ) dim S(B;,¢) < dim My (L; 3;) — 1

( ) dim S(8;, 4, j) < dim Mo (L; B;, P;) —
(43.10.3) U, fi.e(S(Bi,0)) = evo(M"8(L; B1)).

E ; Ue fi.0,5(S(Bi, £,5)) = evg(M53(L; Bi, P})).

For each given 3; and {, we have

m fi, ( (ﬁu U fzf’ ﬁzagl

KCS(B;,£) is compact <t
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(43.10.6) For each given (3;, £ and j, we have

N Fiei(SBL ENNK) | € | fiw (S8 ))-

KCS(B:,¢,5) is compact <t

We remark that the conclusion of Proposition 43.9 is related to the notion of
pseudo-cycle. (See [McSa94, §7.1].)

We note that we will not use abstract perturbations but only use perturbations
of J for the proof of Proposition 43.9. After we have proved Proposition 43.9, we
will fix J and then use abstract perturbations in §43.4 and §43.5. We need to use
both perturbations of J and abstract perturbations to prove Theorem 34.17.

In the proof below we use the non-existence of J-holomorphic disk of Maslov
index 0 but will not use yet the non-existence of J-holomorphic sphere of Chern
number 0.

Proof. Let € II(L).

We consider the following four kinds of moduli spaces :

(43.11.1)  M™®(L; 8'). Here E(8') < E(B) and pr(8') < pr(B).
(43.11.2) ./\/llieg(M, a)m ., xyr L. Here the element o € mo(M) is assumed to

satisfy E(a) < E(f), 2c1(M)(a) < pr(5).
(43.11.3)  MB(M;a)™ cpp Xevn MIT(L; 7). Here the elements a € mo(M),
G € TI(L) are assumed to satisfy

E(a) + E(B) < EB), 2a(M)(a)+pur(B) < pe(B).

(43.11.4)  MIE(M;0)™ oy, Xew, MyG(L; 3'). Here a, 3 are as in (43.11.3).
See Figures 43.3-43.5.

Figure 43.3. (43.11.2) Figure 43.4. (43.11.3)



128 FUKAYA, OH, OHTA, ONO

Figure 43.5. (43.11.4)

The following lemma will be crucial for the proof of Zs-unobstructedness of L =
Fix 7 in §43.4.

Lemma 43.12. The image evo(M38(L; 3)) is contained in the union of images
of the evaluation maps of the moduli spaces (43.11.1) — (43.11.4).

Proof. Let (2, z0), w) € M3™8(L; 3) be a singular element of M1 (L; 3), i.e., assume
that ¥ has at least two irreducible components. We denote by Yy the component
of 3 that contains the 0-th marked point zj.

(Case 1) : We first consider the case where w is non-constant on ¥y. Let 5/ =
[w|s,]. It follows from stability of ((X,zp),w) that there exists at least one other
component >; on which w is non-constant.

If 33, is a disc, then Proposition 39.1, Corollary 39.20 and Condition 43.5 imply
that

E(B) < EB), pr(8)<pc(B).

Therefore the images evg((X, 20), w) = w(zp) of such w is contained in the image of
the evaluation map of the moduli space in (43.11.1).

Next assume Y is the only non-constant disc component of . Then 37 must
be a sphere component. By re-choosing >; if necessary, again by the stability of
((3, 20),w), we may assume that there exists a point z; € ¥; such that w(z) =
w(z]) for 21 € ¥y. Replacing w by its reduced curve, we may assume that the
restriction of w on ¥ is somewhere injective.

If 2] € Int X, we glue ¥y and ¥; at 2] and z; and obtain a connected ¥'. We
denote the restriction of w to ¥’ by ((¥',29),w’). Then this defines an element of
the moduli space (43.11.3) and hence the image evg((X%, zg), w) = eve((X', 20), w’)
lies in the image of the moduli space (43.11.3). If 2§ € 9%, then we find that
evo((X, 29), w) lies in the image of the moduli space (43.11.4).
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(Case 2) : We next consider the case where w is constant on Xy, but there is
another disc component ¥ on which w is non-constant. Then by re-choosing 33,
if necessary we can find a connected chain of disc components {¥;} joining 3 and
¥, such that w is constant on each 3;. Then we have z{, € 0% at which w satisfies
w(z0) = w(z)). We put w’ = wls, and 8’ = [w|x;]. Then replacing ((X9, 20), w)
by ((£§,2(),w"), we can apply the same argument as in (Case 1) and prove that
the image w(z()(= w(zp)) is contained in the image of the evaluation map of the
moduli space in (43.11.1), (43.11.3) or (43.11.4).

(Case 3) : Finally we assume that w is constant on all the disc components of X'
We take a sphere component 3; on which w is non-constant. By the same argument
as in (Case 2), we may assume that ¥; has attached to ¥ and so there is a point
z1 € 31 with w(z1) = w(2p). Denote a = [w|x,]. Then evy((X, 20),w) = w(z) is
contained in the image of the evaluation map of the moduli space in (43.11.2). As
before we can replace w by somewhere injective one.

The proof of Lemma 43.12 is then complete. [J

Now we order the moduli spaces appearing in (43.11.1)—(43.11.4) by the energy
E(6), E(a) or E(F') + E(«) respectively. We denote them as S((,¢) which are
precisely those appearing in Proposition 43.9.

The identity (43.10.3) immediately follows from Lemma 43.12 and (43.10.5) fol-
lows from the proof of Lemma 43.12.

We now check (43.10.1). If S(3,¢) is the moduli space from (43.11.1), then
(43.10.1) is obvious by the inequality pr(8") < pr(5).

Next consider the case where S((3,¢) is one of the moduli spaces of the type

(43.11.2.1) (MEB (M5 00) ™\ MYE(M5 )™ ) oy, X ar L

from (43.11.2). We note that spheres in M| (M; )™ \ M (M;a)™7 are 7-
somewhere injective by definition and so Lemma 39.7 implies that for a generic
choice of J € J7, eving : (M8(M; )™\ M®(M;a)™7) — M is transversal to
L. We remark that it is essential here to remove M;*®(M; )™ since we need to
take J € J7 for our purpose. (See Remark 43.15. There we will show an example
that this transversality breaks down without removing M3 (M;a)™7.) Then we
dim (M8 (M; )™ \ M°8(M;a)™7) ey, X L)
=24 (2n+ 2¢1(M)(a) —6) +n —2n
<n+upr(B) —4 <n+pr(B) —2=dimM,;(L;B),

as required for the type (43.11.2.1). On the other hand, we find that the removed
part

(43.11.2.2) ME (M 0) ™7 oy X L
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n (43.11.2) has smaller dimension than (43.11.2.1) because we have
dim (M]ieg(Mm‘)inj’T cvim, XM L)
1
=24 5(271-1— 2c1(M)(a) —6) +n —2n

<24 (2n+2¢1(M)(a) —6) +n —2n
< dim M (L; §).

We recall that M7 (M; )™ 7 is not the 7-fixed point set of M7 (M; )™ but is
the inverse image of the T-fixed point set M*8(M; )7 in M ™8(M; )™ under
the forgetful map of the marked point. So ev;j,; may not take values in L = M7.

Here we used the following slight modification of Lemma 39.14 for the calculation of
the dimension of (43.11.2.2). Hence we have checked (43.10.1) for the case (43.11.2).

Lemma 39.14bis. Let () be a smooth singular chain in M. For a generic J € J
(depending on Q), the evaluation map eviy, : M8(M; )7 — M is transversal
to Q in addition to the condition that the operator (39.12.1) is surjective.

We next consider the case of (43.11.3). We also separate the argument into two
cases as above. We observe that the fiber product

(I31131)  (MIFM5a)™ \ MFM ) oy X MIF(L:B)

is transversal for a generic J € J7. (We again use the fact that the T-invariant part
M8 (M; )7 was removed from M (M;a)™.) Hence

dim ((Mreg(M; O‘)inj \M;eg(M§ a)injﬂ-)e'uint X eving Mreg( ﬁ ))
= (2n+ 2c1(M)(a) = 4) + (n + pr(8) — 2n
<n+pL(B) —4 <n+pL(B8) —2=dim M (L; B),
as required. For the case

(43.11.3.2) M (M 0)™ 7 o Xewy MIS(L; 8,

we can show, by using Lemma 39.14bis, that it has smaller dimension than (43.11.3.1)
in a way similar to the case of (43.11.2).
We finally consider the case (43.11.4). In the same way as above, we have

dim ((Mieg(M a)mJ \Mieg(M a>mJ ") evine Xevs Mreg( 5/))
= (2n+2c;(M)(a) —=4) + (n+ pr(6) =1 —2n
< dim./\/h(L;ﬂ),
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as required. For the part M *®(M;a)™ 7y, Xew, Myg(L; 3), the argument is
similar.

Therefore we completed the proof of Proposition 43.9 for the part S(5;,¢) or
Msmg< ,ﬁ)

Now we consider the case of S((;,¢,7). This will involve the moduli spaces
Mo (L; 3, Pj). We will show that the singular strata thereof consist of the following
types, which replaces (43.11) for this case :

(43131) reg( 51) XL Mreg(L;52> o X Mreg( ;ﬁm) X7, Pj. Here m > 1
and Y7, E(6h) < E(8), Y, (3 < i (9). (Figure 43.6).
(43.13.2)  M5®E(L; 8, P;). Here E((3') < E(B) and pr(8) < pr(B).

(43.13.3)  M®(M; )., . X Pj. Here the element o € mo(M) is assumed to
satisfy F(a) < E(8), 2¢c1(M)(«) < pr(8). (Figure 43.7).

(43.13.4.1)  MIB(M;0)™ oy, Xevn, Myt (L; 8/, P;). Here
MY(L; B, Py) = My (L B) evy X1 P

The elements a € (M), ' € II(L) are assumed to satisfy E(«a) + E(5) < E(f)
and 2, (M)(a) + iz (6") < iz (). (Figure 43.5).
(13.13.42)  MEE(M;0)™ 1 X0, MEE(L: 6, Py). Here

reg( ﬁ P) Mreg( B)G'UI XLPJ"

The elements a € my(M), ' € II(L) are assumed to satisty E(a) + E(5) < E(f)

and 2c¢1(M)(«) + pr(8) < pr(B). (Figure 43.9).

(43.13.4. 3) (eVing (MTE(M; a)™) N Pj) X v, My5(L; 3'). Here the elements a €
mo(M), 5" € II(L) are assumed to satisfy E(«) + E(ﬁ’) < E(B) and 2¢1(M)(«) +

ML( )<,uL( ). (Figure 43.10).

(43.13.5.1) (Pj x MYE(M;a)™) (4 come) X(evr,evs) My o(L; 3'). Here the ele-

ments a € my(M), ' € II(L) are assumed to satisfy F(a) + E(5') < E(B) and

2¢1(M)(e) + pr(B) < pr(B). (Figure 43.11).

(43.13.5.2)  (MB(M;0)™ X Pj) (cvime,fy) X(evrevs) Mag(L; 8). Here the ele-

ments a € my(M), ' € II(L) are assumed to satisfy F(a) + E(5') < E(B) and

21 (M) () + pr(B") < pr(B). (Figure 43.12).

(43.13.6)  MI*®(L; ') ev, ¥ Pj. Here E(B") < E(B) and ur(8') < pr(B). (Fig-

ure 43.13).
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Figure 43.6. (43.13.1) Figure 43.7. (43.13.3)

Figure 43.8. (43.13.4.1) Figure 43.9. (43.13.4.2)
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Figure 43.10. (43.13.4.3)

Figure 43.11. (43.13.5.1)
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Figure 43.12. (43.13.5.2)

Figure 43.13. (43.13.6)

The following lemma will be essential for the proof of collapsing of the spectral
sequence associated to the Floer coboundary map in the Fs-level. See §43.5.

Lemma 43.14. The image evo(M3 (L, 3, P})) is contained in the union of the
image of evaluation maps of the moduli spaces in (43.13.1) — (43.13.6).

Proof. Let (%, (z0,21)),w,z) be an element of M3"%(L; 3, P;). (Namely we have
(2, (20, 21)),w) € M3"8(L; 3) and x € P; such that w(z1) = f;(z).)
We consider the minimum union ¥’ of (disc) components of ¥ such that ¥’ is
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connected and contains both zg and z;. (Figure 43.14).

Figure 43.14.

(Case 1) : If ¥’ contains at least two components on which w is nontrivial, then

67}0((27 (ZOv Zl))? w, .%‘) = w(zﬂ)

lies in the image of evy of the moduli space of the form (43.13.1). (See Figure 43.6.)

(Case 2) : We next assume that ¥’ contains exactly one component ¥, on which
w is nonconstant. Let 3 = [w[sy]. (¥ may or may not coincide with ¥.) There
exist z(, 2] € Xf such that w(zg) = w(z(), w(z1) = w(z}).

If there is at least one disc component other than ¥{) on which w is nonconstant,
then Condition 43.5 implies that pr(8') < pr(8) and E(5') < E(B). Therefore
w(zo) = w(zg) is contained in My (L; ', P;) satisfying (43.13.2).

Let us assume X, is the only disc component of ¥ on which w is nonconstant.
Then there exists a sphere component 5 on which w is nontrivial. We may assume
that there exist 24, € X, and z3 € 3o such that w(z}) = w(z2).

Then w(z{) is contained in the evy image of the moduli space in either (43.13.4.1)
or (43.13.4.2),(43.13.4.3),(43.13.5.1),(43.13.5.2), according to whether 24 is in the
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interior or the exterior of the disc 3. (See Figures 43.15-43.18 below.)

Figure 43.15. (43.13.4.1)

Figure 43.16. (43.13.4.3)
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Figure 43.17. (43.13.5.1)

Figure 43.18. (43.13.4.2)

(Case 3) : We next consider the case when w is constant on ¥'.

We first consider the case when there is a disc component ¥y (outside ¥’) on
which w is nonconstant. We may assume that there is a union X" of disc components
joining Y’ to X5 such that w is constant on X" and that X is connected. It follows
that there exists zo € g such that w(zg) = w(z1) = w(z2). Therefore w(zg) is
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contained in the evy image of the moduli spaces in (43.13.6). (See Figure 43.19
below.)

Finally we consider the case when w is constant on all of the disc components of 3.
We then can find a sphere component Y5 and z5 € Y5 such that w is nonconstant on
Yo and w(zp) = w(z1) = w(zz). Thus w(zp) is contained in the image of (43.13.3).
(See Figure 43.20 below.) We may replace w|y, by somewhere injective one.

The proof of Lemma 43.14 is now complete. [

Figure 43.19. (43.13.6)

Figure 43.20. (43.13.3)



CHAPTER 8. LAGRANGIAN IN SEMI-POSITIVE SYMPLECTIC MANIFOLD 139

We define S(;,¢,7) by ordering the moduli spaces in (43.13.1) ~ (43.13.6) ac-
cording to its energy.

The properties (43.10.4) and (43.10.6) are easy to check from Lemma 43.14 and
its proof. It is also easy to check (43.10.2) in case (43.13.1),(43.13.2). In case
(43.13.3) we have

dim (M (M3 @)™\ MIB(M;0)"™7) e X Fy)
=(2n+2(M)(a) —4) +dim P; — 2n
<dimP; —4+ pr(B) <dim P; — 1+ pr(8) = dim Mo (L; B, P;j),
as required. Thanks to Lemma. 39.14bis again, we can estimate the dimension of
the removed part M| (M;a)™7 ., X Pj in a way similar to the case S(8,¢)
as before and get also the required inequality for this part. So we do not repeat
the argument. As for the other cases below, the treatment of the 7-fixed part is
similar. Thus we only consider the case where the fiber product of the 7-fixed part
M (M; )™ is removed below.
In case (43.13.4.1), we have
dim (M (M )™\ MEE(M; Q)™ 7) ey, Xewe Mo t(L; 55 Py))
=2n+2c1(M)(a) —4) 4+ (dim P; + 1 4+ ur(8")) — 2n
<dimP; — 3+ pur(B) <dimP; — 1+ pr(8) = dim Ma(L; 8, Pj),

as required. In the cases (43.13.4.2), we have
dim (M (M; )™\ ME(M;0) ™) Xew, ML B P)))
=(2n+2c(M)(a) —4) + (dim P; — 1+ ur(8')) — 2n
<dimP; =5+ pur(f) <dim P; — 1+ pr(B8) = dim Mo (L; 8, P;),
as required. In the cases (43.13.4.3), we have
dim ((evine (MEE(M; @)\ MES(M; 0)™57) A1 Py) X o, MEE(L; 3)
=((2n+2c;(M)(a) —4) + dim P; — 2n) + (n — 14+ ur(8')) — n
as required. In case (43.13.5.1)
dim ((Pj X (Mlieg(M5 O‘)inj \Mieg(M3 a)inj’T)) (fj,evint) X (evi,evs) M?&?g(L; ﬁ/))
=dim P; + (2n + 2¢1 (M)(a) = 4) + (n+ pur(8')) — 3n
<dim Py — 4+ pp(B) < dim Py — 1+ pg(8) = dim My (L; B, Pj),

as required. Note we are taking fiber product over L x M whose dimension is 3n.
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The case (43.13.5.2) is similar. In case (43.13.6), we have
dim M1 (L, #')ev, %1, P;
=+ pL(f)—2) +dimP; —n = pur(8') — 2+ dim P;
<dimP; — 1+ pr(8) = dim Ma(L; 3, P;),

as required.
The proof of Proposition 43.9 is now complete. [J

Remark 43.15. Proposition 43.9 does not hold without Condition 43.5 as the
following example illustrates.

Suppose that M(L,J;3) # 0 and ur(8) = 0. Let w : (D?,8D?) — (M, L)
be a J-holomorphic disc representing an element of M(L;/3). We obtain a map
u: S? — M by gluing w and 7,w along their boundaries. We glue u with a trivial
disc (at its interior) to obtain an element of MJ"#(L;3 + 7.3). By varying the
element (D2, w) in M*8(L; 3) we obtain a family X of elements of M3"&(L; B+7.3).
The image by evg of this family X is an n — 2 dimensional chain in L. We remark
that n — 2 = dim M[*®(L; 8 + 7.3). Therefore we can not find S(8 + 7.3, £) that
satisfies (43.10.1) and (43.10.3).

We remark that this phenomenon always occurs as far as there exists a pseudo-
holomorphic disc with Maslov index zero.

We note that this example is also the example for which we can not extend
’7151). (See §43.1.) Because of the presence of this phenomenon, the authors have
not been able to prove the Arnold-Givental conjecture for semi-positive Lagrangian
submanifold in general yet at the time of writing this book.

43.3. A topological lemma.

The condition below is the conclusion of Proposition 43.9.

Condition 43.16. We consider a sequence of smooth manifolds S;, and smooth
maps fi¢:S; ¢ — L and positive integers d; . We assume that

(43.17.1) dim S@g < di,g.
(43.17.2)  For each given i and ¢, we have

ﬂ fi,é(Si,é \ K) - U f@g/(S@p).

KCS; ¢ is compact £’<€,di’4/ <d;.
. d _ .
(43.17.3)  The union S =, 4, ,<q fi,¢(5i,) is compact.

We fix a metric on L. For each subset X C L and ¢ > 0, we consider the
neighborhood given by

B(X)={z e L|d(x,X) <e}.
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Lemma 43.18. Suppose that S; ¢, fie and d;, satisfy Condition 43.16. Then for
each § > 0 there exists € > 0 such that the inclusion B.(S%) — Bs(S%) induces zero
on Hy(Bc(5%);Zs) — Hy(Bs(S%); Zs).

Proof. Choose a closed domain U C Bs(S¢) that has smooth boundary and con-
tains Bs/2(S¢). Let (Qx, 0Qk) € C.(U,0U) (k =1,2,---) be the n — d dimensional
relative (singular) cycles that generate H,,_4(U, OU;Zz). By the standard transver-
sality theorem and a dimension counting argument, we can perturb (Qx so that
QN fi.e(Sie) = 0 for all ¢, ¢ with d; y < d. This can be carried out inductively over
¢ using the conditions (43.17). By compactness of @); and by the finiteness of the
sets S ¢, there exists € > 0 such that QN B.(S;¢) = 0. The conclusion now follows
from the Poincaré duality. [

For each given ¢ > 0, let
e(S{.9)

be the supremum of ¢ > 0 satisfying the conclusion of Lemma 43.18. We define the
function of ¢

h(t; %) = inf{6 | e(SY,5/2) > t}.

The following corollary is easy to prove by definition and Lemma 43.18, whose proof
is left to readers.

Corollary 43.19. Let h(t; S?) be as above. Then the followings hold :
(43.19.1) The natural homomorphism

Ha(B(S{); Z2) — Ha(By(esa)(S7): Z2)

induced by the inclusion B.(S%) — Bh(ﬁ;sd)(sgi) becomes zero for each integer d.

(43.19.2) We have lim._q h(e; S¢) = 0.
(43.19.3) The function t +— h(t; S?) is defined on a neighborhood of 0 in [0,1).

In the next two subsections we will consider another functions A defined on a
neighborhood of 0 in [0,1) such that lim. o h}(e) = 0. Using these functions, we
will inductively define hi(e; S) by the formula

h'(6S) = h(e;S), h'(eS) = h(hi(h'(¢;9)); 9),
h(e; S) = max h(e; ) or  max h(e; Sfj),
i\d ivd,j :

2,

(43.20)

where S = Uy 4 ,<q fi,0(Si) is given by (43.17.3) with S;, = S(8;, () or S, =
Ued; s <d fi,&j(Si:g,j) with S; ¢ ; = S(8:,4, j), respectively, as in Proposition 43.9.
The former case will be used in §43.4 and the latter will be used in §43.5. Note that
in our situation the possibility of 7, d, j is finite.
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43.4. L is unobstructed over Z,.

In the rest of this section, we assume that L satisfies Condition 43.5. Our goal
of this subsection is to prove that L is unobstructed over Zs. For given E > 0, we
consider the set

{6 €(L) | M(L,3) #0,E(8) < E}
which we know has finite order. We enumerate the set as
0= 050, B, , B € I(L) = mo(M, L)/ ~
so that E(8;) < E(f;+1). We list the energies in the set {E(5;) | i =0,---m'} as
Ey<Ey << Ep,.

For simplicity of notation, we assume that

E(Bo) < E(B1) <+ < E(Bm),

that is,
/
m=m'.

We will prove the following by induction on 3.

Proposition 43.21. There is a choice of

(1) a sequence of b(B;) € C1=rL(B)(L),

(2) a sequence of functions hl : [0,€) — R satisfying h}(e) — 0 as e — 0,
(3) a compatible system of single valued sections ¢ of obstruction bundles,
(4) the countable set of chains Xy(L) as in §30,

so that they satisfy the following properties :
(43.22.1)  For each i, we have

myo(b(8:)+ DY M s, 0 (0(Bicr)s -+ 5 b(Biy)) = 0.
k *
Here summation * is taken over all i(0),--- ,i(k) such that
ZE(ﬁi(j)) = E(5), ZuL(ﬁi(j)) = pur(Bi)
J J

(43.22.2) The support of cochain b(3;) is contained in \J, Bpi(e,s)(fi,e(S(Bs,£))).
Here h' is inductively defined by (43.20), using h'; given in (2) above.
(43.22.3) s satisfies the conclusion of Theorem 34.11.
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Proof. The proof is by induction on i. For the first step By = 0 there is nothing
to show. We assume the proposition for all ¢/ with i’ < ¢ and prove it for i. We
consider

mo,5,(1) = (evo)s (Ma(L; 3)%) € G2 0(L; 2,),

(s¢ will be determined later). We denote

o(Bi) =mop (1) + > Y mpg ., 0By, b(Biw))-
k *

Here the summation * is taken over all i(0), - - - ,i(k) satisfying > E(B;(;)) = E(8:),
> ur(Bi)) = pr(Bi). As in the proof of Theorem 11.8, we find that

(43.23) 5(0(53;)) = 0.

We now prove :

Lemma 43.24. There ezist functions h} such that h(e) — 0 as e — 0 and we can
choose s¢ so that the support of the cochain o(3;) defined above is contained in

Bh’i(hi—l(e;S)) (U f’i,f(s(ﬁiv E))) :
L

Proof. Proposition 41.13 implies that we may choose s¢ so that the chain
eVox (/\/ll(L; ﬂi)sé) cancels each other to give zero outside an arbitrary small neigh-
borhood of evo, (M5 8(L; 3;)). Therefore we may choose s¢ so that the support
of mg s, (1) is contained in the set By (ni-1(e5))(Uy fi.e(S(Bi;£))). More precisely,
in a neighborhood of | J, fi,¢(S(6:,£)), we take a normally polynomial perturbation
as in §35 and use Proposition 43.13 outside a neighborhood of |J, fi¢(S(6:,¢)) to
obtain s¢. Here it is essential to use normally polynomial perturbation in order the
perturbed moduli space to have a smooth triangulation.
Let us consider the other terms

(43.25) M 5,00, (0(Bi1)) -+ b(Bick)))-
By the induction hypothesis, the support of (43.25) is contained in the union of

:
(43.26) evo | Mis1(L, Bi)) ¥ px | [ Bri-1(a9) <U fi(j),é(S(ﬁi(j)ag))> ;

J=1 ¢

where we have Zj E(ﬁi(j)) = E(8), Zj HL(ﬁi(j)) = pur(Bi).
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Sublemma 43.27.

€Vo MIC+1< ﬁz(O) Xk HUfz(]) ¢ ﬂz(])7 )) C evg (U fzé 617 ))) .

j=1 ¢

Proof. We recall that S(53;(;,£) is one of the moduli spaces of the form (43.11.1),
(43.11.2), (43.11.3) or (43.11.4). After taking a fiber product, we obtain an element
of M™8(L; 8') with E(8") < E(8:), pr(8') < ur(B;). Sublemma 43.27 then follows
from Lemma 43.12. O

Sublemma 43.27 implies that we can choose R : [0,¢;) — R4 for some €; > 0 so
that (43.26) is contained in the neighborhood

Bhg(hi—l(e;s)) (U fz‘,[(eUO (S(8s, E))))
l

of U, fi,e(evo(S(B;,¢))). The proof of Lemma 43.24 is complete. O

Lemma 43.24, (43.23) and Lemma 43.18 imply that we can find b(5;) satisfying
(43.22.1) and (43.22.2). We may choose X,(L) so that C'(L) contains b(3;). The
proof of Proposition 43.21 is now complete. [

Proposition 43.21 implies that we can make the choice so that the obstruction
vanishes up to the m-stage for any given m. We then prove the following

Corollary 43.28. L is unobstructed over Zs.

Proof. We have already proved that L is unobstructed modulo 7% for any E > 0.
To complete the proof, we proceed in the same way as in the proof of Lemma
30.156. We replace C(L; A%znov) by the canonical model (H*(L; A%2nov) m). Then
the existence of b(3;) up to E(3;) < E is equivalent to the existence of a solution of
finitely many algebraic equations with finitely many variables. In particular (since
we are working over the Zs-coefficient), the set

B(E) = {be H'(L; \* )| d(e®) =0 mod TF}

0,nov

)/TEH (L Af:

0,nov

is a finite set. For E < E’, there exists a natural map B(E’) — B(E). It follows
that this defines an inverse system {B(F)}. The projective limit

lim B(E)

coincides with //\/lv(H *(L A%QMU) m) (that is the set of all bounding cochains).

Proposition 43.21 implies that B(FE) for each given E > 0 is nonempty. Since they
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are finite sets, it follows that the projective limit is also nonempty. This implies
that L is unobstructed over Z,. [

43.5. Degeneration of spectral sequence for HF (L, L) over Z,.

In this subsection we prove existence of a bounding cochain b for which we have
the isomorphism

HF((L,b),(L,b); A2 )2 H(L;Zs) @ AL?

0,nov 0,nov

and complete the proof of Theorem 34.17.
We recall that the cohomology classes dual to {P; | j = 1,--- ,dim H(L;Zs)}
form a basis of H(L;Z3). We will construct Q(f;, P;) so that the chain

i; B(Bi)<E

will satisfy

(43.30) m(e®, Pj,e’) =0 mod TP,

This then implies that §,[P;] = 0 for r satisfying r\g < E.
For this purpose, we will prove the following by the induction.

Proposition 43.31. There exist a choice of b (a bounding cochain modulo TF),
a sequence of chains Q(0;, Pj) € CdengJrl_“L(ﬁi)(L;Zg), a compatible system of
single valued sections s of the obstruction bundles, the countable set of chains
Xy(L) as in §30, and the functions h), with the following properties.

(43.32.1) We have :

> m(el, TEEN et BN2Q (5,0, Py), €

<4

+m(eb,Pj, eb) +my g (TE(Bi)eNL(ﬁi)/2Q(Bi’Pj)) =0 mod TFi+1.

(43.32.2)  The support of Q(Bs, P;) is in U, Bpi(e;s)(fi,e.;(S(Bi4,7))). Here h' is
inductively defined by (43.20), using h%, as in Proposition 43.21.
(43.32.3) s satisfies the conclusion of Theorem 34.11.

We remark that (43.32.1) is equivalent to (43.30).
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Proof. We first choose b’s for which Lemma 43.24 holds. The lemma will then be
proved by induction on i. Suppose that Q(8;/, P;) have been constructed for [
with E(8;) < E(B;). We then define

O(Biv P]) =
Z Z mk,ﬁi(o) (b(ﬁi(l,l))7 T, b(ﬁi(l,kl))v

k1,k2,4'<i,j (1)
Q(ﬁl’ ) Pj)7 b(ﬁi(2,1))7 R b(ﬁ’l(Q,kQ)))
+ Z kaugi(o) (b(ﬁi(l,l))a T 7b(6i(1,k1))7

ki,k2 (2)
Pja b(ﬁi(Z,l))v e 7b(ﬁi(2,k2)))'

Here the first summation over (1) stands for the summation over i(0), (1, %), (2, %)
and 7’ that satisfy

E(Bioy) + E(Bi1,1)) + -+ E(Bi(1,ry)) + E(Bir)
+ E(Bi2,1)) + -+ E(Bi2.k)) = E(Bi),
1z (Bioy) + L (Bia,ny) + -+ pL(Bi,k)) + pr(Bir)
+ 1z (Bi2,1)) + - + 1 (Bi2,ks)) = 1L (Bs).

(43.33)

The second summation over (2) is taken over those i(0), i(1,*) and i(2,%) that
satisfy

E(Bi0))+E(Bi1,1)) + - + E(Bi(1,x,))+
E(Bi2,1)) + -+ E(Bi2,ks)) = E(Bi),
pr(Bioy)+rr(Biany) + -+ pr(Biak

(43.34)
)+
pr(Bie,y) + - A+ 1n(Bi2,ky)) = 1L (Bi)-

(43.32.1) then is equivalent to

(43.35) o(Bi, Pj) +m1,5,(Q(B:, Pj)) = 0.

Lemma 43.36. my g,(o(8;, P;)) = 0.

Proof. By the induction hypothesis, we have

(43.37) Zm((eb, et B 2TEBDQ (B, Pj), e?) +m(e®, Pj,e?) =0 mod TF:.

i/ <13
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Then, by definition,

Zm((eb,eML(/Bi/)/zTE(Bi,)Q(ﬁi’,Pj),eb) —I—m(eb,Pj,eb)
(43.38) i<i
= TE(Bi)e’uL(ﬁi)/zO(ﬁi, Pj) mod TFi+1

The A, formula and c/l\(eb) = 0 imply

(43.39)
Z m(eb7 m(ebv euL(ﬁi/)/zTEi/Q(ﬁi’v Pj)? eb)a eb) + m(eb7 m(ebv Pj? eb)’ eb) = 0.

i <i
By (43.38) the coefficient of TE(F)err(8:)/2 of (43.39) is my g,(0(Bi, P;)) =0. O

Lemma 43.40. We can choose h), with lim._.ohj(e) = 0 and then s° so that the
support of o(B;, P;) defined above is contained in

(43.41) B (hi-1(¢;8)) (fi,,5(S(Bi 4, 5)))-
Proof. The term my g, (P;) is
(43.42) €v0 (Mz(L; Bi, Pj>5€> -

By Proposition 41.13 and Proposition 43.9, we may choose s¢ satisfying (43.32.3)
such that the support of (43.42) is in (43.41). By induction hypothesis the support
of the sum of the other terms are contained in the evg . images of the unions of

k1
M 1 kar2(L; Bi(o)) X pr1+ke H Bpi-1(¢;9) Ufi(l,j),@j (S(Bic1,5):45))

j=1 ¢

(43.43) x| Brimi(as) (fire(S(Bir, 4, 5)))
0

ka
X HBhifl(e;S) Ufi(Q,j),Eg (S(ﬁi(lj)’g;’))
j=1 4

with (43.33), k1 + k2 > 0 and

k1
M 1 kov2(L; Bigo)) X pra+ke H Bpi-1(e;9) Ufi(l,j),éj (S(Bi1,5),45))
=1 0
(43.44) !

ko
x Py x [[ Br-1(as) Ufi(2,j),e; (S(Bic2.5),45))
j=1 v



148 FUKAYA, OH, OHTA, ONO

with (43.34), k1 + k2 > 1. We can use Lemma 43.9 and Sublemma 43.27 to show
that the evg . image of (43.43) is contained in (43.41). In the same way as the proof
of Lemma 43.14, we can show that the evg . image of (43.44) is contained in (43.41).
The proof of Lemma 43.40 is complete. [

We go back to the proof of Proposition 43.31. Combination of Lemmas 43.18,
43.36 and 43.40 now give rise to the construction of Q(f;, Pj)’s. The proof of
Proposition 43.31 is complete. [

Corollary 43.45. For each m, we can choose s¢ and b(3;) so that the differential o,
of the spectral sequence to calculate HF((L,b), (L,b); A% Y is zero for 2 < i < m.

0,nov

Proof. We define P; by (43.29). Then Proposition 43.31 implies (43.30). Let us use
the filtration SQC(L;A%anU) =T qAOC(L;A%?nOU) to define our spectral sequence.

(See §24.1.) Therefore, if mAy < Ejy, then the differential d,[P;] is zero for 2 < r <
m. (This is a consequence of (43.30).) Corollary 43.45 follows. [

Remark 43.46. In the above argument we consider the moduli spaces M(L;f3)
for E() < Ey for some fixed Ej only. This is the reason we may perturb .J generic
so that Condition 43.5 is still satisfied. Compare Remark 43.6.

Corollary 43.47. We may choose b so that the spectral sequence calculating the
Floer cohomology HF((L,b), (L,b); A%2 ) degenerates at the Es-level.

0,nov

Proof. We replace C(L;A%fnov) by the canonical model (H *(L;A%fmv),m). Let

Py,---, P, be a basis of H*(L;Z3). We put d; = deg P;. We consider the set of
b, Py,---, Ppy) such that

43.48.1) be HY(L;A% )/TPH'(L;A> ).

0,n0v 0,nov
43.48.2) Py e H%(L; AL, )/TPH® (L; AZ2,,,).

)

) B
43.48.3)  d(e’) =0 mod TF.
43.48.4) P, = P; mod Af%

0,nov"

43.485)  m(eb, Pj,e?) =0 mod TE.

Let BDeg(FE) be the set of such (l;, Py,---,P,)’s. It follows that this is a finite
set. We also have a natural map BDeg(E’) — BDeg(E) for E' > E which defines
an inverse system {BDeg(E) | E > 0}. It follows from Corollary 43.45 that the
BDeg(FE) is nonempty for each E. Hence the projective limit

(
(
(
(
(
(

lim BDeg(E)

as F — 0o becomes nonempty. This proves Corollary 43.47. [J

Finally, the proof of Theorem 34.17 has been completed by Corollaries 43.28 and
43.47. O

Added reference
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