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Does (Genus 0 one boundary component)
Open Gromov-Witten theory

determine

Closed Gromov-Witten theory (genus zero) ?



(X,w) : symplectic manifold.

Take compatible almost complex structure J
Close (topological) string
= Gromov-Witten invariant

=Count the number of
¢ :2— X; X:Riemann surface, ¢ :holomorphic

Q, 0,

Q. :cycleson X

Q5



In genus zero it defines Comm_ structure.

gw, : H(X;A) — H(X;A,)

A, = {Eai

s A, T+oo}

2 %J\H(%I\H(yl’yz’yl)’y3’yf)

[+J={4,..

= Z %J!+l(%1]+1(yl’y3’y1)9y2’yJ)

[+J={4,..



Special case: Associativity

%(%(Yz 9)71)9373) — %(yz 9%()’19)’3))

> P, (P, (V15Y55Y1):Y35Y;)

[+J={4,..0}

= 2 %Jhl(%lhl(yl7y3’y[)ay2ayj)
b

I1+J={4,..0



Comm_ relation



:E: gzzphd(gzzph4(}ﬁ’}b’}Q)a}%’}v)

I[+J={4,..

= Z %Jhl(%qﬂ()ﬁ9Y3»y1)a)’29)’1)

[+J={4,..



(P53,
r 0:5°—> X holomorphic\
= 2 TR @i 3 [l |
7 €S, o(z)eQ,

A 1O 1=,

o] =0

), Vi



Symmetry : (Frobenius algebra etc.)

<%(y1’“ -’yz)’yo >PDx

— i<%(ya(l) e s ,yo-(g))ayG(O)>PDX



(X,w) : symplectic manifold.
Take compatible almost complex structure J
L c X :Lagrangian submanifold

Open (topological) string

= Countof @ :(X,0X)— (X,L) @ holomorphic
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Incase Y = D? itdefines Aoo structure.

m, : H(L;A,)" — H(L;A,)
k=0,1,2,...

Aoo relation

kl
0= 2 z:imkl (X sees My (X s Xy )see s X))

ki+ky,=k+1 i=1



»’.U

boundary
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<mk(x1,...,xk),xo>

_ 2 Tﬁmw # 4

Ber, (X,L)

-

(¢;Z17- . °9Zk 9Z())

¢ :(D*,0D*) = (X,L) holomorphic\
[o]=P

z, €dD?, respect cyclic order

¢(z;) € F,
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Cyclic symmetry

<mk()c1 .. ..,xk),x0> = i<mk(x0 , X, 5 ..,xk_l),xk>

Cyclic (= CalabiYau) A_  algebraon H(L, AO)

(Fukaya-Oh-Ohta-Ono,
hereafter abbreviated to FOOO)



Can be generalized by including several Lagrangian submanifolds

1 — {L19'°'9LN} Li is transversal to LJ- L# ]

- ® AJpl i#] |
CF(L ,L) = < pebinL; Floer's chain complex

my, 1 CF(Lyg L)) ® CF(Ly ), L)) ® -+

®CF(L;;_»,,L;;_1,)) ® CF(L,,_,,,L;,) > CF(Li o, Ly ;)



m, :CF(Ly.Lyy,)® CF(Lyy Ly ® -
®CF(L1(/€—2) 9Li(k—1)) ® CF(Ll(k—l) ’Li(k)) —> CF(LZ(O) ’Ll(k))

CF(Li(O) ’Li(l))

output
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Aoo relation

kl
0= z Z‘dimk1 (xl,...,mk2 (xl.,...,kaz_l),...,xk)

ki+ky,=k+1 i=1
Symmetry Cyclic symmetry

(mk(xl,. ..,xk),x0> = i(mk(xo,xl,. ..,xk_l),xk>

Cyclic (filtered) A_ category ,4(,1)



QU estion: (genus 0 only)

(1)

DOES Open topological string =  Cyclic (filtered) Aoo category /4(‘1)

determine closed topological string = Comm_ algebra ?

gw, : HX;A,) — H(X;A,)

(2) if yes how big does £ = {Ll"“’LN} must be for (1) to hold.
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Answer:
(1) NO
X =CP’

_Z The set of all Lagrangian submanifolds with nontrivial
Floer homology

A (‘1) determine % = gquantum cup product

but not determine % or higher.
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Remark
Open closed topological conformal field theory = oC

Closed topological conformal field theory = C

Open topological conformal field theory = O

oC



Remark

C

Comm_

/

restrict to genus 0

algebra

\

O

|

Cyclic A_ category
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oc exists an adjoint functor

(Costello, Advanced Math. 210 2007)
? Kontsevitch ?

restrict to genus 0 Hﬂ

Comm_ algebra Cyclic A_ category
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oc exists an adjoint functor
(Costello, Advanced Math. 210, 2007)
? Kontsevitch ?

C O

restrict to genus 0 H

Comm_ algebra Cyclic A_ category

From cyclic Aw category ¥ (,Z) we geta Comm_ algebra structureon H(X;A,)

However, in general it does not coicide with Comm_ algebra structure defined by
by Gromov-Witten invariant.

(There is another possibility that | will mention later.)



Open closed (topological) string (genus 0 and O loop)
= count of :

<

Use cycles of
bothon L andon X 0,

25



Open closed (topological) string determines two operators

Output is chainon L Hochshild cohomology
g H (X;A,)— HH (A4(L),4#(L))

(FOOO, (earlier work by Kontsevich, Seidel))

Output is chain on X

£ HH.(A4(L))— H.(X;A,)

Hochshild homology
or

£ HC.(A4(L))— H.(X;A,)

Cyclic homology

(FOOO, (monotone case by Albers independently))



(Hereafter abbraviated to AFO0O.)
Theorem (Kontsevich, Seidel, FOOO, Biran-Cornea, Abouzaid-FOOO etc.)

g :QH*(X;AO) — HH*(%(‘Z),%(J)) is a ring homomorphism.

% is detected by /4(‘4) if g is an isomorphism.

Theorem (FOOO(arXive1009.1648)) If X is compact toric then there exists a finite set

‘4 of torus oribit for which % is an isomorphism.
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Conjecture (FOOQO, related to works by Mau-Wehrheim-Woodward)

g QH*(X, Ay))— HH*(%(J),%(.Z)) extends toan A_ homomorphism.

Remark

QH*(X;AO) isan A_ algebra.

guantum Massey product (FOOO arXive 0912.2646)

HH*(%(J),%(.Z)) isan A(><> algebra.  (general fact on homological algebra.)

But we want to know Comm,_ structure < ©

Comm_ o 28



To see Poincare duality of X from the point of view of L and study %

or higher, we use #

HH ., (A4(£L
Theorem (AFOOO) <;¢(X),y>PDX _ <X,g(y)> XyEe H*()((/f( )

the right hand side is a duality between
Hochshild homology and Hochshild cohomology of

cyclic Aoo category.

Theorem (AFOOO) If [ X]eIm(z: HH.(#(£) —> H.(X))
then £:HH,.(4#(Z))— H.(X)
% :QH " (X; Ay)— HH (A4(L),4(<Z))  are isomorphisms.

An answer to Problem (2).
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Problem: Let us consider

s:HH . (A4L)—> H.(X) £ :HC.(4(L)— H.(X)

Can we calculate
Z,(X,,X,)= <ﬁ(X1)’/@(X2 )>PDX
Z,(%,%,,X3) = (920, (£(%,), £(%,)), £(X3)) .

Z,(X,,X,,...,X; ) = (%_l(ﬁ(xl),- o £(X 1)), £(X )>PDX

in terms of the cyclic filtered Aoo category #(LZ) 7

Yesfor Z, and Z, No for Z, or higher.



Formula for 22 (X1 ,X2) — <ﬁ(X1)aﬁ(X2 )>PDX

X, ®x', =x X, =X, x,x', € H(L)) X, EH(Lz)

1 1 1 2
.\ xz .\ xz
X5 X,
L, L,
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D gg (my(x,,x" e,) e, )(my(x,.e,) e, ) + Z g 8" (m,(x,.e,),e )(m; (x;,¢,,x')) ;)

a,b

.c,d

ab,c,d

- Theorem (AFO0O, FOOQO ....)

Z,(X,,X,)= <ﬁ(X1 ), £(X, )>PDX

abasisof HF(L,,L,) 8w =(€.5¢)
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How to obtain a formula for Z3

Metric Ribbon tree

or 22

Example: 2 loop

Bordered Riemann surface
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R =r+r,

R, =r,+r,

3 Rc:’/'l+r3
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R =r+r,

R, =r,+r,

3 Rc:’/'l+r3
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Moduli of metric ribbon graph ws 77{1 g X Ri \

K,

Moduli of genus g Riemann surface
with [ marked points

This was appeared in Kontsevich's proof of Witten conjecture
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%l X Ri is identified with moduli space of bordered Riemann surface.
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In our case

Moduli of metric ribbon graph  wwss M, , X ]Ri \

of 2 loop genus 0

Ra
HsTy 515 R
b
One point
Rc
Ra — rl + r2
R =r,+r,

Rc:rl_l_rfi
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Fix Cl ,C2 ,C3 and consider the family ]_é(c) = (CC’1 ’CCZ ,CC3)

We obtain a family of bordered Riemann surfaces 2.(¢) parametrized by ¢ € R>0

2(c)
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Study the limit when

c—0

c— 0

cC,

2.(c)
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Counting holomorphic maps:

(G20, (4(x ), £(X,)), £(X3))
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Counting holomorphic maps from @
gives a formula of 7 v X3
3

It becomes a similar formula as 22 are both disks

Z gabng <m3(x1 X ’ea)’ec><m2(x2 ’eb)’ed>

ab,c,d

~~—

In particular it is written explicitly by 71, and <



Thus

(o0, ((x ), £(X,)), £(X;))

- something written explicitly by 71, and < >

What's wrong when we try to do the same for

(920,((x ), 6(x,), 6(X,)), £(X,)) 7
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c— 0

2(c)
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It appears maps from

0
b ¢
0
b
a

That can not be calculated by operators mk

because Q is not a disk but is an annulus

(Note the point where length becomes 0 is related to the
Delignhe-Mumford compactification.

So the relation with Costello's work is related to this.
(Costello may not take compactification.)
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Proof of the fact

X =CP’

‘Z The set of all Lagrangian submanifolds with nontrivial
Floer homology

;4(1) do not determine % or higher.



Need to recall some more facts (FOOO)

Object of ,4(_4) is a pair (L,b)

be H(L;A,)  Zmb-b)=Wb)1,
W(b)eA,

AL =] 41
A

(L,b)e #(L; ) W)= 2



Theorem (AFOOO)
x, € HH(A(<Z; 1)) A‘l == /12
= <ﬁ(x1)’/@(xz)>PDX =0
G%, (,@(Xl),,@(Xz)) =0
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OH(CP)=AXAXA
A(L)=A(LA)O AL L) AL L)

HH(A4(Z; ;Li ))=A Corresponds to each of the factors

% between two different factors are zero.



OH(CP)=AXAXA
AL)=A(LA)O AL L) AL L)

HH(;?(,Z, )vi )) =A Corresponds to each of the factors

% between two different factors are zero.

However

% between two different factors are NOT zero.

So they do not come from mk
QED.



